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Abstract:

The Wigner function for the Dirac oscillator in spinor space is studied in this paper. Firstly,

since the Dirac equation is described as a matrix equation in phase space, it is necessary to define the Wigner

function as a matrix function in spinor space. Secondly, the matrix form of the Wigner function is proven to

support the Dirac equation. Thirdly, by solving the Dirac equation, energy levels and the Wigner function for

the Dirac oscillator in spinor space are obtained.

Key words: Dirac oscillator, Wigner function, Dirac equation, spinor space

PACS: 02.40.Gh, 03.65.-w, 03.65.Pm

1 Introduction

In recent years the Wigner function has enjoyed
popularity in virtually all areas of physics. In fact,
the Wigner function was first introduced in 1932
[1]. As a quasi-probability distribution function in
phase-space as well as a special representation of
the density matrix, it is of great value in quantum
measurement [2, 3]. It has also been useful in de-
scribing quantum transport in quantum optics, nu-
clear physics, decoherence (e.g. quantum computing),
quantum chaos, signal processing, etc. Moreover, the
Wigner function is a highly semi-classical approxi-
mation [4-7]. Nevertheless, a remarkable aspect of
the Wigner function was not pioneered until 1975 by
Moyal according to the internal logic of Quantum Me-
chanics. With the Moyal x-eigenvalue equation [8—12]
as its general form, the Wigner function is as valu-
able as other formulations, such as the Schrodinger,
the Hesneberge regularization operator, Feymen path
integral quantization, etc. In this logically complete
and self-standing formulation, one need not choose
sides — coordinate or momentum space — because the
function works in full phase-space, accommodating
some uncertainty principles. What’s more, as a time-
independent function and a quasi-probability distri-
bution function in phase space, the Wigner function
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is of significance in modern quantum measurement.
Take Ref. [13] for example, the Wigner function of an
ensemble of helium atoms was skillfully tested there
and the result was the same as that obtained through
theoretical calculation.

In this paper, we generalize the method of quan-
tization in phase space into spinor space with a focus
on the spin-1/2 particles. To be clear, this paper
is organized as follows: in Section 2, we review the
interpretation-quantization in a non-spinor space; In
Section 3, we generalize the method into the spinor
space with a detailed discussion of spin-1/2 space and
the Wigner function in a spinor space; In Section 4,
we calculate the energy level and the Wigner function
for the Dirac oscillator. Conclusions are given in the
last section.

2 Wigner function and =x-eigenvalue
equation

In this part we begin to discuss the Wigner func-
tion in non-spinor space. As a quasi-probability dis-
tribution function in phase space, the Wigner func-
tion is a very good semi-classical approximation, with
great importance in physics measurement. It is known
that in phase space with the degree of freedom s=n,
the general form of the Wigner function is described
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W(Z,p,t) =

1 T A T A T
1y _Z =z
) Jmoo dye <:v 2|p|x+ 2>.
(1)

While in a stative situation the Wigner function reads

W@ = G 271171)” J: dy* (:E’— %) oy (m g) .
(2)
This is a special representation of the density matrix.
According to the definition of Eq. (1), we can prove
that the time-independent Wigner function has the
following dynamic evolution equation
oW pow  JdVOW (3)
Jt m dF JF 9P’
which is similar to Liouville theorem in classical
mechanics. In fact, with the Hamiltonian H(Z,p),
Eq. (3) can also be written as the following Moyal
equation [9]

oW _ HxW-WxH (4)
ot in
where the *-product is

—

w=c4(0:0,409,04) (5)

Since the x-product involves exponential opera-
tors, which causes much difficulty in real calculations
and A is a very small volume, x-product, as a series
expansion, can be expressed as [9]

ih— ih—
gt =1 (045 3, -5 3 )l
(6)
and

f(x,p)*g(z,p) = f(z,p) g (w - %“51,, p+ %336) .
(7)

In this way, the Wigner function meets the more bind-
ing *-eigenvalue equations [9]

H(z,p)x W (x,p)

- H(w+?3p, p—%3x> W (z,p)=EW (8)

and
H (z,p)*W (x,p)

— ih «—
Ty 0ty 9. ) =EW. (9

2

—H(I,p)W<ZE—ﬂ 5

Here F is the energy eigenvalue of Hy = FE1. Us-
ing Egs. (8) and (9) the Wigner function and energy
levels can be obtained.

3 Wigner function in spinor space

We are now in a position to describe the Wigner
function and the Dirac equation in phase space for a

1
particle with spin—g. As is known, the Dirac equa-

1
tion for a spin—§ particle is a first-order differential

equation. In the case of potentials its form is

02— a  pm V@)E (10

and the four-dimensional vector j* = 1yt is con-
served d,, j* =0. Thus, the probability density j° is
tr(p*) =% =y = [thr [* + o + s |* + ], (11)
which is clearly positive. j° can be the probability
1
density. Therefore, for a particle with spin—g, the

Wigner function is meaningful and the quantization
in phase-space can be extended to spinor space with

spin—§ particles.
We define the Wigner function W* for a particle

1
with spin—§ as

1 . Y, Y
s d 1PU< —_Z|p® _>
%4 o | ye x 2|p |3:—|—2
1 i Yy Yy
- - ipy _ 0\2 7
o | Y ¢ <x 2|¢>(7) <¢|w+2>
1 T s Y Y
- e (e 2)ofesd). 0o
o |4V € PHz=3)v(e+3). (12)

where the spinors ' (:C— %) and (x—i— %) each
have four components. Therefore, the Wigner func-
1
tion for a particle with spin—§ is generally a four-order
matrix function with sixteen components
Wi Wi, Wiy Wiy

S S S S
W3, Wiy, Wiy, Wa,

(13)
W3 Wa, Wiy W,
Wi Wi, Wis Wi,
where
s 1 —1i * y y
W5 = g o e (= 5) s (+45).
(i, = 1,2,3,4). (14)

It is useful to split up the spinor ¥ into two two-
component spinors ¢ and x so as to solve the
Dirac equation. The Wigner function is then re-
duced to a diagonally partitioned matrix. However,
with appropriate representation, the Wigner func-
tion can also be approximately transformed into a
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diagonal matrix, and its amount should be

Now, generalizing the quantization in phase space
to the Dirac equation, we can prove that in the phase

04j . Y Y space with spin, the general product should be re-
ws = |4 ipy ¥ (p— 2 ) z )
“ 27th J' y ey (:v 2)% (QH— 2)’ placed by the x-product, and the Wigner function
described as a four-order matrix function. This can
(i,7 = 1,2,3,4). (15) | be supported by the following.
H%W*® = (c@-p+PBmc*+V(x))« W= ! cal- _'—KLS + pmc?
- P = 2m)? pmgos
V(@) - |a (59 w( y)¢( +y)f L fay (ea- (7= 7. 4 gme
z y exp |—if(pt5 0z T-3 rtg)= CDE y | cd 5 07 me
+V(z+ ng exp (—igp)ipt (a:— g) Y (x—l— g) = de exp (—igp) | ca- 9, — ﬁ?»
2 2 2 (2mh)3 o2 "
L b Yy Yy 1 - Yy Yy
2 = L T _Z) = _ L T _Z
+Bmec +V(m+2y)>w(a@+2)w (:v 2) (2ﬂﬁ)3de exp ( 1y;6’)Ew(:v+2)z/J (x 2)
= EW*® (16)
Symmetrically,
WexH® = W (ca-p+ fmc* +V(x))
1 . ih—= y Y L (. ih< .
= — — _— - T _—— — . _— - 2
oy Udy exp( iy (p 5 a,c))w (:v 2)¢($+2):| (ca (p+ 5 ax) + Ome —l—V(m))
- —idh Y (oY= EWe
= @) de exp (—igp)y (x—i— 2) Ey (x 2) EwWs. (17)

Obviously, in phase space with spin the Wigner
function is a matrix function and its Dirac equation
becomes a * engenvalue equation.

4 Wigner function for the Dirac oscil-
lator

In this section we investigate the enegy level and
the Wigner function for the Dirac oscillator. It is
known that in a stationary state the relativistic equa-
tion for the Dirac oscillator is described as

(e - (p'— imw ) + Bmc|ih(7) = Ep(7) (18)
where
NG
Y(r) = < bl F))’

I

| Thus, the Wigner function has the following form

ws@ 0
W =
0 Wwe®
Wi Wit 00
W wei 00

20
wio wie |

Wi wis”

0
0

0
0

Obviously, the Wigner function is transformed to a
diagonal matrix.
In phase space the Dirac oscillator is defined by

the following equation
[c@- (p—imwBr) + Bmc?]*xW* = EW?®, (21)

where o and (8 are Pauli matrixes. If the eigne-state
of the operator o, is chosen, the Wigner function is

simplified as
we— ( ) .

With a straightforward calculation, the following two

Ws(a)
0

0

Ws(b) (22)
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simultaneous equations appear

cd - (P —imwBr) W™ = (E —mec* )W (23)
and

o - (P —imwBr)« W™ = (E4+mc? )W) (24)

In both Eq. (24) and Eq. (25) W*® is a small com-
ponent, which tends to be zero in the non-relativistic
limit. Inserting Eq. (24) into Eq. (23), we can have

[(p® + m*w?r?) — 2hwmc?
—4mc?(w/R)L-8)]|*W*® = (B2 —m*c)W*® (25)

where L is the angular momentum operator, and S is
the spinor operator. If the eigne-state of the operator
0, is chosen, the Wigner function also reduces to

Wi o
we=| ! w | (26)
0w

In the two dimensions, we deduce by using the
matrix-equation that the Wigner function satisfies a
Dirac oscillator in a non-relativistic state as the fol-
lowing

hz
P} +93) +mw? (@] +a3) - Tmw?(3, ;)

h? h?
-1 (821 +ai2) +2mw (21 ps — Top1) + 7mw(812 O,
—0,,9,,)} Wi o0\ e 0
z1 Upa s(a) | s(a)
O WQQ O 6VI/YZZ
(27)

where € = E? —m2c¢*. With further calculation we
arrive at the following equations

hz
P} +93) +mw? (@] +a3) - Tmw?(9, ;)

h2
(ail +8i2) +2mw(z1ps — T2p1) + ?mw(az d

2 YP1

hZ
4

— 04, 0, }WY = WYY (28)

and
2

h
A +p3) +mPw? (a +a3) =m0, +9},)
h2 2 2
_Z(axl 49, )+ 2mw(z1p2 — 22p1)

hz s(a s(a
+?mw(ax2 0y, —0q, 0y, ) JWost) = W™, (29)

This equation is similar to the Landau problem and is
equivalent to the movement of a relativistic charged
particle in an external magnetic field. For Eq. (29),

X, = ( 2nlwp1+ %:@)7
X5 = ( 2nlwp2+ %&)7
(o )
Xa = ( 2n1wp1_ %b) (30)

By straightforward calculation we can derive
A83mw (X3 +X7) —mw(X?+X2)
3h? h?
- ?mw(ai{2 + 814) + gmw(ail
+ O3 IWay? = e Wi (31)
With two more new variables £ and 7,

2 2
g;zﬁ(Xf—i-Xg), n:Zﬁ(ng-i-Xf)a (32)

Eq.(32) may be rewritten as follows,

Amw [6 <g -nd’ —an>

-2 <§ —£9; —agﬂ Wi =aWi  (33)

With the separation of variables, Wi (¢,n) =
W™ (Wi ()2, € =662 —2¢', we have

Amw E — €07 —0¢ —el} Wi (e =0 (34)
and

2w |2 —nd? —a, —2| W™ ()2 =0 35

cmw | 7 =nd, =y —e* | Wii™ (n)” =0. (35)

Finally, we can find the solutions for Eq. (34) and
Eq. (35)

Wiy, = S

—&/2 1,
m T[h e m (5)7

1
el = <m—|—§) Amhw, m=0,1,---  (36)

[
N
I
T~
3
_l’_
|
~
Q
[
:
3
Il
o
“)—‘

(37)
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Thus, we have

(_1)m+n

Wit (&) m = W&@MW L (§)Ln(n),

€e=206 (n—l—%) Amhw

1
-2 (m—i— 5) AEmhw. (38)
Symmetrically, we can find the solutions for W;éa)
W () = T 2 ()L, ()
’ (mh)? ’

1
e=6 (n—i— 5) mhw

-2 <m+ %) AEmhw. (39)

This is the very Wigner function and energy level
for an oscillator in phase space.

5 Conclusion

In summary, by defining a matrix Wigner function
in spinor space, this paper first provides the Dirac
equation which a four-order matrix Wigner function
obeys in a phase space with spin. From this, one
knows that in phase space the Dirac equation should
be described as a matrix equation with a x-product,
and in spinor space the Wigner function can be de-
scribed as a matrix function. As a result, by solv-
ing the Dirac equation in phase space, the energy
level and the Wigner function for a Dirac oscillator
in spinor space are obtained. In addition, in recent
years increasing attention has been paid to the non-
commutative feature of the Wigner function [14-22].
This is to be reported elsewhere.
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