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Lepton-number-violating decays of singly-charged Higgs

bosons in the type-(...+///) seesaw model *

REN Ping(?³)1) XING Zhi-Zhong(0�§)2)

Institute of High Energy Physics, Chinese Academy of Sciences, Beijing 100049, China

Abstract The lepton-number-violating decays of singly-charged Higgs bosons H± are investigated in the

minimal type-(.+/) seesaw model with one SU(2)L Higgs triplet ∆ and one heavy Majorana neutrino N1

at the TeV scale. We find that the branching ratios B(H+
→ l+α ν̄) (for α = e,µ,τ) depend not only on the

mass and mixing parameters of three light neutrinos νi (for i = 1,2,3) but also on those of N1. Assuming that

the mass of N1 lies in the range of 200 GeV to 1 TeV, we figure out the generous interference bands for the

contributions of νi and N1 to B(H+
→ l+α ν̄). We illustrate some salient features of such interference effects by

considering three typical mass patterns of νi, and show that the relevant Majorana CP -violating phases can

affect the magnitudes of B(H+
→ l+α ν̄) in this parameter region.
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1 Introduction

As the Large Hadron Collider (LHC) will soon

bring us to a new energy frontier, major discoveries

of new physics beyond the Standard Model (SM) at

the TeV scale are highly anticipated [1]. Indeed, the

observation of solar and atmospheric neutrino oscil-

lations has provided us with the first convincing ev-

idence for new physics beyond the SM [2]; i.e., three

known neutrinos are massive and their flavors mix

with one another. Whether the origin of non-zero

but tiny neutrino masses can be understood at the

LHC is an open but interesting question. It has re-

cently been conjectured that possible new physics, if

it exists at the TeV scale and is responsible for the

electroweak symmetry breaking, might also be rele-

vant to the neutrino mass generation [3].

The conventional seesaw picture [4], named nowa-

days as the type-. seesaw mechanism, gives a nat-

ural explanation of the smallness of neutrino masses

by introducing a few heavy right-handed Majorana

neutrinos. Another popular way to generate tiny neu-

trino masses, the so-called type-/ seesaw mechanism,

is to extend the SM by including one SU(2)L Higgs

triplet [5]. One may also combine the two scenarios by

assuming the existence of both the Higgs triplet and

right-handed Majorana neutrinos, leading to a more

general seesaw mechanism which has several different

names in the literature [6]. To avoid any literal confu-

sion, here we follow some authors and simply refer to

this “hybrid” seesaw scenario as the type-(.+/) see-

saw mechanism. The gauge-invariant neutrino mass

terms in a type-(.+/) seesaw model can be written

as

−Lmass = lLYνH̃NR +
1

2
N c

RMRNR +

1

2
lLY∆∆iσ2l

c
L+h.c. , (1)

where MR is the mass matrix of right-handed Majo-

rana neutrinos, and

∆ ≡
(

H− −
√

2 H0

√
2 H−− −H−

)
(2)

denotes the SU(2)L Higgs triplet. After the sponta-

neous gauge symmetry breaking, we obtain the neu-

trino mass matrices MD = Yνv/
√

2 and ML = Y∆v∆,

where 〈H〉 ≡ v/
√

2 and 〈∆〉 ≡ v∆ correspond to the
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vacuum expectation values of the neutral components

of H and ∆. To minimize the degrees of freedom as-

sociated with ML, MD and MR, one may assume that

there is only one heavy Majorana neutrino (denoted

as N1) in the model with MR and MD being 1×1 and

3×1 respectively. Such a simplified seesaw scenario is

phenomenologically viable [7–10] and can be referred

to as the minimal type-(.+/) seesaw model, whose

simplicity makes it interesting and instructive to re-

veal some salient features of the type-(.+/) seesaw

mechanism. We shall focus our attention on this sim-

ple case in the present paper.

Our purpose is to investigate the lepton-number-

violating decays of singly-charged Higgs bosons H± in

the minimal type-(.+/) seesaw model. Such decays

can naturally happen because ∆ is allowed to couple

to the standard-model Higgs doublet H and thus the

lepton number is violated by two units [5]. If the mass

scale of ∆ is of O(1) TeV or smaller, then both H±±

and H± can be produced at the LHC via the Drell-

Yan process qq̄ → γ∗, Z∗ → H++H−− and through

the charged-current process qq̄′ →W∗ →H±±H∓. In

some optimistic scenarios, one can investigate differ-

ent seesaw models by searching for the clean signals

of lepton number violation in the decays of doubly-

and singly-charged Higgs bosons at the TeV scale

[9–13]. When it comes to large Y∆ and small v∆ (say,

v∆ < 10−4 GeV), the dominant decay channels of ∆

will be the leptonic modes [12], such as H++ → l+α l+β
and H+ → l+α ν̄ (for α,β = e,µ,τ). An analysis of

H±± → l±α l±β decays in the minimal type-(.+/) see-

saw model has been done in Ref. [9]. Here we are go-

ing to calculate the branching ratios of H+ → l+α ν̄ and

H− → l−α ν in the same model. The importance of the

lepton-number-violating decays of H± has been em-

phasized in Ref. [12] within the type-/ seesaw frame-

work. Our interest is to explore the interplay be-

tween type-. and type-/ seesaw terms in H+ → l+α ν̄

or H− → l−α ν decays within the type-(.+/) seesaw

framework.

Following Ref. [12], we obtain the decay rates of

H+ → l+α ν̄β as

Γ (H+ → l+α ν̄β) =
1

4π
|(Y∆)

αβ
|2MH+ . (3)

The branching ratios of H+ → l+α ν̄β turn out to be [12]

B(H+ → l+α ν̄)≡
∑

β

B(H+ → l+α ν̄β) =

∑

β

|(ML)
αβ

|2

∑

ρ,σ

|(ML)
ρσ

|2
,

(4)

where the Greek subscripts run over e, µ and τ. It be-

comes obvious that the magnitudes of B(H+ → l+α ν̄)

are only relevant to the matrix elements of ML. Note

that the matrix elements of ML rely both on the mass

and mixing parameters of three light neutrinos νi (for

i = 1,2,3) and on those of N1 in the minimal type-

(.+/) seesaw model [9]. When the contribution of

N1 to B(H+ → l+α ν̄) is negligibly small, our result can

simply reproduce that obtained in the type-/ seesaw

model [12]. But when type-. and type-/ seesaw

terms are comparable in magnitude, we have to take

care of their significant interference effects. Assum-

ing the mass of N1 to lie in the range of 200 GeV to

1 TeV, we figure out the generous interference bands

for the contributions of νi and N1 to B(H+ → l+α ν̄).

We illustrate some salient features of such interfer-

ence effects by considering three typical mass pat-

terns of νi. We also show that the relevant Majo-

rana CP -violating phases can affect the magnitudes

of B(H+ → l+α ν̄), unlike the case in the type-/ seesaw

mechanism [12]. Although our numerical results are

subject to the minimal type-(.+/) seesaw model,

they can serve as a good example illustrating the in-

terplay between light and heavy Majorana neutrinos

in a generic type-(.+/) seesaw scenario.

2 Interference bands and Majorana

phases

After the spontaneous electroweak symmetry

breaking, we rewrite Eq. (1) as

−L′
mass =

1

2
(νL N c

R)

(
ML MD

MT
D MR

)(
νc

L

NR

)
+h.c. . (5)

We assume the existence of only a single heavy Ma-

jorana neutrino N1. The 4×4 neutrino mass matrix

in Eq. (5) is symmetric and can be diagonalized by

the following unitary transformation:

(
V R

S U

)†(
ML MD

MT
D MR

)(
V R

S U

)∗

=

(
M̂ν 0

0 M1

)
, (6)

where M̂ν = Diag{m1,m2,m3} with mi being the

masses of three light neutrinos νi and M1 denotes

the mass of N1. Following Ref. [14], we parametrize

V and R as

V =




c14 0 0

−ŝ14ŝ
∗
24 c24 0

−ŝ14c24ŝ
∗
34 −ŝ24ŝ

∗
34 c34


V0 ,
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V0 =




c12c13 ŝ∗
12c13 ŝ∗

13

−ŝ12c23−c12ŝ13ŝ
∗
23 c12c23− ŝ∗

12ŝ13ŝ
∗
23 c13ŝ

∗
23

ŝ12ŝ23−c12ŝ13c23 −c12ŝ23− ŝ∗
12ŝ13c23 c13c23


 ,

R =




ŝ∗
14

c14ŝ
∗
24

c14c24ŝ
∗
34


, (7)

where cij ≡ θij , sij ≡ sinθij and ŝij ≡ eiδij sij with θij

and δij (for 1 6 i < j 6 4) being the rotation angles

and phase angles, respectively. If the heavy Majorana

neutrino N1 is decoupled (i.e., θ14 = θ24 = θ34 = 0), V

will become a unitary matrix and take the standard

form [2]. Hence non-vanishing R measures the non-

unitarity of V .

Now we make use of Eqs. (6) and (7) to recon-

struct the matrix elements of ML in terms of mi, M1,

V and R. It is easy to obtain ML = V M̂νV T+M1RRT.

Taking the approximation c13 ≈ ci4 ≈ 1 based on

current experimental constraints s13 < 0.16 [15] and

si4 . 0.1 (for i = 1,2,3) [16], we arrive at

∑

β

|(ML)
eβ
|2 = m2

1c
2
12 +m2

2s
2
12 +m2

3s
2
13 +M1s

2
14 (s2

14 +s2
24 +s2

34)+

2m1M1Re[c12ŝ14 (c12ŝ14− ŝ12c23ŝ24 + ŝ12ŝ23ŝ34)]+

2m2M1Re[ŝ∗
12ŝ14 (ŝ∗

12ŝ14 +c12c23ŝ24−c12ŝ23ŝ34)]+

2m3M1Re[ŝ∗
13ŝ14 (ŝ∗

13ŝ14 + ŝ∗
23ŝ24 +c23ŝ34)] ,

∑

β

|(ML)
µβ

|2 = m2
1s

2
12c

2
23 +m2

2c
2
12c

2
23 +m2

3s
2
23 +M1s

2
24 (s2

14 +s2
24 +s2

34)−

2m1M1Re[ŝ12c23ŝ24 (c12ŝ14− ŝ12c23ŝ24 + ŝ12ŝ23ŝ34)]+

2m2M1Re[c12c23ŝ24 (ŝ∗
12ŝ14 +c12c23ŝ24−c12ŝ23ŝ34)]+

2m3M1Re[ŝ∗
23ŝ24 (ŝ∗

13ŝ14 + ŝ∗
23ŝ24 +c23ŝ34)] ,

∑

β

|(ML)
τβ

|2 = m2
1s

2
12s

2
23 +m2

2c
2
12s

2
23 +m2

3c
2
23 +M1s

2
34 (s2

14 +s2
24 +s2

34)+

2m1M1Re[ŝ12ŝ23ŝ34 (c12ŝ14− ŝ12c23ŝ24 + ŝ12ŝ23ŝ34)]−

2m2M1Re[c12ŝ23ŝ34 (ŝ∗
12ŝ14 +c12c23ŝ24−c12ŝ23ŝ34)]+

2m3M1Re[c23ŝ34 (ŝ∗
13ŝ14 + ŝ∗

23ŝ24 +c23ŝ34)] ; (8)

and
∑

ρ,σ

|(ML)
ρσ

|2 = (m2
1 +m2

2 +m2
3)+M 2

1 (s2
14 +s2

24 +s2
34)

2
+

2m1M1Re
[
(c12ŝ14− ŝ12c23ŝ24 + ŝ12ŝ23ŝ34)

2
]
+

2m2M1Re
[
(ŝ∗

12ŝ14 +c12c23ŝ24−c12ŝ23ŝ34)
2
]
+

2m3M1Re
[
(ŝ∗

13ŝ14 + ŝ∗
23ŝ24 +c23ŝ34)

2
]

. (9)

By combining Eqs. (8) and (9) with Eq. (4),

we are then able to calculate the branching ratios

B(H+ → l+α ν̄). If the heavy Majorana neutrino N1 is

essentially decoupled (i.e., θi4 ≈ 0 for i= 1,2,3), then

the unitarity of V will be restored. In this case, the

results of B(H+ → l+α ν̄) are the same as those given

in the type-/ seesaw model [12].

If the contributions of νi and N1 to (ML)αβ are

comparable in magnitude, there will be significant in-

terference effects on the branching ratios of H+ → l+α ν̄

decays. To be explicit, we take ∆m2
21 ∼ 7.7×10−5 eV2

and |∆m2
32| ∼ 2.4×10−3 eV2 [15] as the typical inputs

and assume M1 to lie in the range of 200 GeV to

1 TeV. There are three possible patterns of the light

neutrino mass spectrum: (1) the normal hierarchy:

m3 ∼ 5.0× 10−2 eV, m2 ∼ 8.8× 10−3 eV, and m1

is much smaller than m2; (2) the inverted hierarchy:

m2 ∼ 4.9× 10−2 eV, m1 ∼ 4.8× 10−2 eV, and m3 is

much smaller than m1; (3) the near degeneracy: m1 ∼
m2 ∼m3 ∼ 0.1 eV to 0.2 eV, which is consistent with

the cosmological upper bound m1+m2+m3 < 0.67 eV

[17]. In each case, the contributions of νi and N1 to
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(ML)αβ in Eq. (8) will be of the comparable magni-

tude if the mixing angles θi4 satisfy the condition [9]

si4sj4 ∼ max{m1,m2,m3}
M1

∼ 10−14 · · ·10−12 , (10)

where i, j = 1,2,3. This rough estimate allows us to

set
√

si4sj4 ∼ 10−8—10−5 as the interference bands of

B(H+ → l+α ν̄) for M1 to vary between 200 GeV and

1 TeV. Because the CP -violating phases δi4 are com-

pletely unrestricted, they may cause either construc-

tive or destructive effects in the interference bands.

To see the impacts of the Majorana phases on the

branching ratios B(H+ → l+α ν̄) in this arresting pa-

rameter region, we may properly redefine the phases

of three charged-lepton fields and then reexpress the

neutrino mixing matrix V in Eq. (7) as

V =




c14 0 0

−s14s24e
iφ c24 0

−s14c24s34e
i(φ+ϕ) −s24s34e

iϕ c34


V0 , (11)

where

V0 =




c12c13 s12c13 s13e
−iδ

−s12c23−c12s13s23e
iδ c12c23−s12s13s23e

iδ c13s23

s12s23−c12s13c23e
iδ −c12s23−s12s13c23e

iδ c13c23







eiρ 0 0

0 eiσ 0

0 0 1


 (12)

denotes the standard parametrization of the 3×3 uni-

tary neutrino mixing matrix [2], and the relevant CP -

violating phases are defined as φ = δ14 − δ24 − δ12,

ϕ = δ24−δ34−δ23, δ = δ13−δ12−δ23, ρ = δ12 +δ23 and

σ = δ23. It is clear that ρ and σ are the so-called Ma-

jorana phases because they have nothing to do with

neutrino oscillations but may affect the neutrinoless

double-beta decay. With the help of Eqs. (12) and

(13), we may rewrite Eqs. (8) and (9) as follows:

∑

β

|(ML)
eβ
|2 = m2

1c
2
12 +m2

2s
2
12 +m2

3s
2
13 +M 2

1 s2
14 (s2

14 +s2
24 +s2

34)+

2m1M1Re
[
c12s14e

2iδ14
(
c12s14−s12c23s24e

−iφ +s12s23s34e
−i(φ+ϕ)

)]
+

2m2M1Re
[
s12s14e

2i(δ14−ρ+σ)
(
s12s14 +c12c23s24e

−iφ −c12s23s34e
−i(φ+ϕ)

)]
+

2m3M1Re
[
s13s14e

i(2δ14−2ρ−δ−φ−ϕ)
(
s13s14e

i(φ+ϕ−δ) +s23s24e
iϕ +c23s34

)]
,

∑

β

|(ML)
µβ

|2 = m2
1s

2
12c

2
23 +m2

2c
2
12c

2
23 +m2

3s
2
23 +M 2

1 s2
24 (s2

14 +s2
24 +s2

34)−

2m1M1Re
[
s12c23s24e

i(2δ14−φ)
(
c12s14−s12c23s24e

−iφ +s12s23s34e
−i(φ+ϕ)

)]
+

2m2M1Re
[
c12c23s24e

i(2δ14−2ρ+2σ−φ)
(
s12s14 +c12c23s24e

−iφ −c12s23s34e
−i(φ+ϕ)

)]
+

2m3M1Re
[
s23s24e

i(2δ14−2ρ−2φ−ϕ)
(
s13s14e

i(φ+ϕ−δ) +s23s24e
iϕ +c23s34

)]
,

∑

β

|(ML)
τβ

|2 = m2
1s

2
12s

2
23 +m2

2c
2
12s

2
23 +m2

3c
2
23 +M 2

1 s2
34 (s2

14 +s2
24 +s2

34)+

2m1M1Re
[
s12s23s34e

i(2δ14−φ−ϕ)
(
c12s14−s12c23s24e

−iφ +s12s23s34e
−i(φ+ϕ)

)]
−

2m2M1Re
[
c12s23s34e

i(2δ14−2ρ+2σ−φ−ϕ)
(
s12s14 +c12c23s24e

−iφ −c12s23s34e
−i(φ+ϕ)

)]
+

2m3M1Re
[
c23s34e

2i(δ14−ρ−φ−ϕ)
(
s13s14e

i(φ+ϕ−δ) +s23s24e
iϕ +c23s34

)]
,

∑

ρ,σ

|(ML)
ρσ

|2 = m2
1 +m2

2 +m2
3 +M 2

1 (s2
14 +s2

24 +s2
34)

2
+

2m1M1Re
[
eiδ14

(
c12s14−s12c23s24e

−iφ +s12s23s34e
−i(φ+ϕ)

)]2
+

2m2M1Re
[
ei(δ14−ρ+σ)

(
s12s14 +c12c23s24e

−iφ −c12s23s34e
−i(φ+ϕ)

)]2
+

2m3M1Re
[
ei(δ14−ρ)

(
s13s14e

−iδ +s23s24e
−iφ +c23s34e

−i(φ+ϕ)
)]2

. (13)
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We see that the conventional Majorana phases ρ

and σ together with other CP -violating phases show

up in the interference terms. Hence they may affect

the branching ratios of H+ → l+α ν̄ decays to some ex-

tent. We shall numerically calculate B(H+ → l+α ν̄)

in the subsequent section to illustrate both the inter-

ference bands and the effects of Majorana phases for

different mass spectra of three light neutrinos.

If M1 .O(1) TeV and the values of si4 lie in the

interference bands obtained above, it will be impossi-

ble to produce and observe N1 at the LHC. The rea-

son is simply because the interaction of N1 with three

charged leptons is too weak to be detected in this pa-

rameter space [9]. Given the integrated luminosity

to be 100 fb−1, for example, the resonant signature

of N1 in the channel pp̄ → µ±N1 with N1 → µ±W∓

at the LHC has been analyzed and the sensitivity

of the cross section σ(pp̄ → µ±µ±W∓) ≈ σ(pp̄ →
µ±N1)B(N1 →µ±W∓) to the effective mixing param-

eter Sµµ ≈ s4
24/(s2

14 + s2
24 + s2

34) has been examined

in Ref. [18]. It is found that Sµµ > 7.2× 10−4 (or

equivalently, s2
24 > 2.1× 10−3 for s14 ∼ s24 ∼ s34) is

required in order to get a signature at the 2σ level

for M1 > 200 GeV. This result illustrates that there

will be no chance to probe the existence of N1 in the

interference bands at the LHC. However, it is pos-

sible to produce H± and H±± at the LHC and to

observe the signatures of H+ → l+α ν̄, H− → l−α ν and

H±± → l±α l±β decays provided M
H±

. O(1) TeV and

M
H±±

. O(1) TeV [12]. In this case, the measure-

ments of relevant decay rates or branching ratios are

difficult to tell whether the existence of H± and H±±

is due to a pure type-/ seesaw model or due to a

(minimal) type-(.+/) seesaw model.

3 Numerical examples

For the sake of simplicity, here we take θ12 =

arctan(1/
√

2) ≈ 35.3◦, θ13 = 0◦ and θ23 = 45◦;

i.e., V0 takes the exact tri-bimaximal mixing pat-

tern [19]. The small deviation of V from V0 implies

the effect of unitarity violation. We shall do the

numerical calculations in two different ways. First,

to examine the nontrivial role of new CP -violating

phases δi4 in B(H+ → l+α ν̄), we switch off the con-

ventional CP -violating phases δ12, δ13 and δ23. We

fix ∆m2
21 = 7.7×10−5 eV2, |∆m2

32| = 2.4×10−3 eV2

and M1 = 500 GeV in our calculations. To further

reduce the number of free parameters, we shall con-

sider one special case for the mixing angles θi4 (e.g.,

θ14 = θ24 = θ34) and two special cases for the CP -

violating phases δi4 (either δ14 = δ24 = δ34 = 0 or

δ14 = δ24 = δ34 = π/2). Secondly, to illustrate the re-

markable effects of two conventional Majorana phases

ρ and σ on B(H+ → l+α ν̄), we switch off other CP -

violating phases and take θ ≡ θ14 = θ24 = θ34 = 10−6.5

as a typical input within the interference bands. Our

results and discussions can be classified into three

parts in accordance with three possible mass patterns

of three light neutrinos.

3.1 Normal hierarchy

We simply take m1 = 0, such that m2 ≈ 8.8×10−3

eV and m3 ≈ 5.0×10−2 eV can be extracted from the

given values of ∆m2
21 and |∆m2

32|. For chosen val-

ues of θ12, θ13 and θ23 together with the assumption

δ12 = δ13 = δ23 = 0, Eqs. (8) and (9) can now be

simplified to

∑

β

|(ML)
eβ
|2 =

1

3
m2

2 +M 2
1 s2

14 (s2
14 +s2

24 +s2
34)+

2

3
m2M1Re[ŝ14 (ŝ14 + ŝ24− ŝ34)] ,

∑

β

|(ML)
µβ

|2 =
1

3
m2

2 +
1

2
m2

3 +M 2
1 s2

24 (s2
14 +s2

24 +s2
34)+

2

3
m2M1Re[ŝ24 (ŝ14 + ŝ24− ŝ34)]+

m3M1Re[ŝ24 (ŝ24 + ŝ34)] ,

∑

β

|(ML)
τβ

|2 =
1

3
m2

2 +
1

2
m2

3 +M 2
1 s2

34 (s2
14 +s2

24 +s2
34)−

2

3
m2M1Re[ŝ34 (ŝ14 + ŝ24− ŝ34)]+

m3M1Re[ŝ34 (ŝ24 + ŝ34)] ,

∑

ρ,σ

|(ML)
ρσ

|2 = m2
2 +m2

3 +M 2
1 (s2

14 +s2
24 +s2

34)
2
+

2

3
m2M1Re(ŝ14 + ŝ24− ŝ34)

2 +

m3M1Re(ŝ24 + ŝ34)
2 . (14)

Our numerical results for the branching ratios B(H+ → l+α ν̄) are shown in Fig. 1(a) and Fig. 1(b).
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Fig. 1. Branching ratios of H+
→ l+α ν̄ decays for the normal hierarchy of mi with m1 =0: (a) θ14 = θ24 = θ34 ≡ θ

and δ14 = δ24 = δ34 = 0; (b) θ14 = θ24 = θ34 ≡ θ and δ14 = δ24 = δ34 = π/2; (c) θ14 = θ24 = θ34 = 10−6.5 and

δ14 = φ= ϕ = δ = σ =0; (d) θ14 = θ24 = θ34 = 10−6.5 and δ14 = φ= ϕ = δ = ρ =0.

Fig. 1(a) is obtained by taking θ14 = θ24 = θ34 ≡ θ

and δ14 = δ24 = δ34 = 0. We see that B(H+ → µ+ν̄)

and B(H+ → τ+ν̄) are approximately the same in the

whole parameter space due to an approximate µ-τ

symmetry.

Fig. 1(b) is obtained by taking θ14 = θ24 = θ34 ≡ θ

and δ14 = δ24 = δ34 = π/2. We see more obvious inter-

ference effects for θ changing from 10−7 to 10−6, which

can be understood with the help of Eqs. (4) and (15).

In particular, B(H+ → e+ν̄) is strongly enhanced be-

cause of the destructive interference effect in its de-

nominator, while B(H+ → µ+ν̄) and B(H+ → τ+ν̄)

may reach their minimal values due to the destructive

interference effects in their numerators at θ∼ 2×10−7.

On the other hand, let us simplify Eq. (14) by

taking δ14 = φ = ϕ = δ = 0:

∑

β

|(ML)
eβ
|2 =

1

3
m2

2 +M 2
1 s2

14 (s2
14 +s2

24 +s2
34)+

2

3
m2M1s14 (s14 +s24−s34)cos2(ρ−σ) ,

∑

β

|(ML)
µβ

|2 =
1

3
m2

2 +
1

2
m2

3 +M 2
1 s2

24 (s2
14 +s2

24 +s2
34)+

2

3
m2M1s24 (s14 +s24−s34)cos2(ρ−σ)+

m3M1s24 (s24 +s34)cos2ρ ,

∑

β

|(ML)
τβ

|2 =
1

3
m2

2 +
1

2
m2

3 +M 2
1 s2

34 (s2
14 +s2

24 +s2
34)−

2

3
m2M1s34 (s14 +s24−s34)cos2(ρ−σ)+

m3M1s34 (s24 +s34)cos2ρ ,



No. 4 REN Ping et al: Lepton-number-violating decays of singly-charged Higgs bosons in the type-(.+/) seesaw model 439

∑

ρ,σ

|(ML)
ρσ

|2 = m2
2 +m2

3 +M 2
1 (s2

14 +s2
24 +s2

34)
2
+

2

3
m2M1 (s14 +s24−s34)

2
cos2(ρ−σ)+

m3M1 (s24 +s34)
2 cos2ρ . (15)

Our numerical results for the branching ratios

B(H+ → l+α ν̄) are shown in Fig. 1(c) and Fig. 1(d).

Fig. 1(c) is obtained by taking both θ14 = θ24 =

θ34 = 10−6.5 and σ = δ14 = φ = ϕ = δ = 0. We see that

B(H+ → e+ν̄), B(H+ → µ+ν̄) and B(H+ → τ+ν̄) are

all sensitive to the Majorana phase ρ changing from

0 to 2π.

Fig. 1(d) is obtained by taking θ14 = θ24 = θ34 =

10−6.5 and ρ = δ14 = φ = ϕ = δ = 0. The slight dif-

ference between B(H+ → µ+ν̄) and B(H+ → τ+ν̄) is

easily understandable from Eq. (16). Compared with

Fig. 1(c), Fig. 1(d) reveals a rather mild dependence

of B(H+ → l+α ν̄) on the Majorana phase σ. The reason

is simply because the terms proportional to cos2(ρ−σ)

are more suppressed than those proportional to cos2ρ

in Eq. (16), as a straightforward result of m2 < m3.

3.2 Inverted hierarchy

We take m3 = 0 for simplicity, such that m1 ≈
4.8× 10−2 eV and m2 ≈ 4.9× 10−2 eV can be ex-

tracted from the given values of ∆m2
21 and |∆m2

32|.
For chosen values of θ12, θ13 and θ23 together with

the assumption δ12 = δ13 = δ23 = 0, Eqs. (8) and (9)

can now be simplified to

∑

β

|(ML)
eβ
|2 =

2

3
m2

1 +
1

3
m2

2 +M 2
1 s2

14 (s2
14 +s2

24 +s2
34)+

2

3
m1M1Re[ŝ14 (2ŝ14− ŝ24 + ŝ34)]+

2

3
m2M1Re[ŝ14 (ŝ14 + ŝ24− ŝ34)] ,

∑

β

|(ML)
µβ

|2 =
1

6
m2

1 +
1

3
m2

2 +M 2
1 s2

24 (s2
14 +s2

24 +s2
34)−

1

3
m1M1Re[ŝ24 (2ŝ14− ŝ24 + ŝ34)]+

2

3
m2M1Re[ŝ24 (ŝ14 + ŝ24− ŝ34)] ,

∑

β

|(ML)
τβ

|2 =
1

6
m2

1 +
1

3
m2

2 +M 2
1 s2

34 (s2
14 +s2

24 +s2
34)+

1

3
m1M1Re[ŝ34 (2ŝ14− ŝ24 + ŝ34)]−

2

3
m2M1Re[ŝ34 (ŝ14 + ŝ24− ŝ34)] ,

∑

ρ,σ

|(ML)
ρσ

|2 = m2
1 +m2

2 +M 2
1 (s2

14 +s2
24 +s2

34)
2
+

1

3
m1M1Re(2ŝ14− ŝ24 + ŝ34)

2
+

2

3
m2M1Re(ŝ14 + ŝ24− ŝ34)

2
. (16)

Our numerical results for the branching ratios

B(H+ → l+α ν̄) are shown in Fig. 2(a) and Fig. 2(b).

Fig. 2(a) is obtained by taking θ14 = θ24 = θ34 ≡ θ

and δ14 = δ24 = δ34 = 0. We see that B(H+ → µ+ν̄) =

B(H+ → τ+ν̄) holds in the whole parameter space due

to µ-τ symmetry.

Fig. 2(b) is obtained by taking θ14 = θ24 = θ34 ≡ θ

and δ14 = δ24 = δ34 = π/2. One can see more obvi-

ous interference effects for θ changing from 10−7 to

10−6, which can be understood with the help of Eqs.

(4) and (17). In particular, B(H+ → e+ν̄) under-

goes a minimum because of the destructive interfer-

ence effect in its numerator, while B(H+ → µ+ν̄) or

B(H+ → τ+ν̄) undergoes a maximum due to the de-

structive interference effect in its denominator when

θ varies in the interference band.

On the other hand, we simplify Eq. (14) by taking

δ14 = φ = ϕ = δ = 0:

∑

β

|(ML)
eβ
|2 =

2

3
m2

1 +
1

3
m2

2 +M 2
1 s2

14 (s2
14 +s2

24 +s2
34)+

2

3
m1M1s14 (2s14−s24 +s34)+

2

3
m2M1s14 (s14 +s24−s34)cos2(ρ−σ) ,
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∑

β

|(ML)
µβ

|2 =
1

6
m2

1 +
1

3
m2

2 +M 2
1 s2

24 (s2
14 +s2

24 +s2
34)−

1

3
m1M1s24 (2s14−s24 +s34)+

2

3
m2M1s24 (s14 +s24−s34)cos2(ρ−σ) ,

∑

β

|(ML)
τβ

|2 =
1

6
m2

1 +
1

3
m2

2 +M 2
1 s2

34 (s2
14 +s2

24 +s2
34)+

1

3
m1M1s34 (2s14−s24 +s34)−

2

3
m2M1s34 (s14 +s24−s34)cos2(ρ−σ) ,

∑

ρ,σ

|(ML)
ρσ

|2 = m2
1 +m2

2 +M 2
1 (s2

14 +s2
24 +s2

34)
2
+

1

3
m1M1 (2s14−s24 +s34)

2
+

2

3
m2M1 (s14 +s24−s34)

2
cos2(ρ−σ) . (17)

Our numerical results for the branching ratios B(H+ → l+α ν̄) are shown in Fig. 2(c) and Fig. 2(d).

Fig. 2. Branching ratios of H+
→ l+α ν̄ decays for the inverted hierarchy of mi with m3 = 0: (a) θ14 = θ24 =

θ34 ≡ θ and δ14 = δ24 = δ34 = 0; (b) θ14 = θ24 = θ34 ≡ θ and δ14 = δ24 = δ34 = π/2; (c) θ14 = θ24 = θ34 = 10−6.5

and δ14 =φ =ϕ = δ = σ = 0; (d) θ14 = θ24 = θ34 = 10−6.5 and δ14 =φ =ϕ = δ = ρ= 0.
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Fig. 2(c) is obtained by taking θ14 = θ24 = θ34 =

10−6.5 and σ = δ14 = φ = ϕ = δ = 0. We see that

B(H+ → e+ν̄), B(H+ → µ+ν̄) and B(H+ → τ+ν̄)

are all sensitive to the Majorana phase ρ varying

from 0 to 2π. Fig. 2(d) is obtained by taking

θ14 = θ24 = θ34 = 10−6.5 and ρ = δ14 = φ = ϕ = δ = 0.

Hence the results of B(H+ → l+α ν̄) in Fig. 2(d) are

the same as those in Fig. 2(c), as a straightforward

consequence of the ρ-σ permutation symmetry which

can be seen from Eq. (18).

3.3 Near degeneracy

We assume m1 ≈ m2 ≈ m3 ≈ 0.1 eV. Then

m2 −m1 ≈ 3.9×10−4 eV and m3−m2 ≈±1.2×10−2

eV can be extracted from given values of ∆m2
21 and

|∆m2
32|, respectively. For chosen values of θ12, θ13 and

θ23 together with the assumption δ12 = δ13 = δ23 = 0,

Eqs. (8) and (9) can now be simplified to
∑

β

|(ML)eβ
|2 ≈ m2

1 +M 2
1 s2

14 (s2
14 +s2

24 +s2
34)+

2m1M1s
2
14 cos2δ14 ,

∑

β

|(ML)
µβ

|2 ≈ m2
1 +M 2

1 s2
24 (s2

14 +s2
24 +s2

34)+

2m1M1s
2
24 cos2δ24 ,

∑

β

|(ML)
τβ

|2 ≈ m2
1 +M 2

1 s2
34 (s2

14 +s2
24 +s2

34)+

2m1M1s
2
34 cos2δ34 ,

∑

ρ,σ

|(ML)
ρσ

|2 ≈ 3m2
1 +M 2

1 (s2
14 +s2

24 +s2
34)

2
+

2m1M1 (s2
14 cos2δ14 +s2

24 cos2δ24 +

s2
34 cos2δ34) , (18)

Fig. 3. Branching ratios of H+
→ l+α ν̄ decays for the near degeneracy of mi with m3 > m2: (a) θ14 = θ24 =

θ34 ≡ θ and δ14 = δ24 = δ34 = 0; (b) θ14 = θ24 = θ34 ≡ θ and δ14 = δ24 = δ34 = π/2; (c) θ14 = θ24 = θ34 = 10−6.5

and δ14 =φ =ϕ = δ = σ = 0; (d) θ14 = θ24 = θ34 =10−6.5 and δ14 =φ =ϕ = δ = ρ= 0.
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where we have omitted the small mass differences of

νi. We fix m3 > m2 and keep two small mass differ-

ences in our numerical calculations. The results for

B(H+ → l+α ν̄) are shown in Fig. 3(a) and Fig. 3(b).

Fig. 3(a) is obtained by taking θ14 = θ24 = θ34 ≡ θ

and δ14 = δ24 = δ34 = 0. We find that B(H+ →
e+ν̄)≈B(H+ → µ+ν̄)≈B(H+ → τ+ν̄) approximately

holds in the whole parameter space, as one can sim-

ply see from Eq. (19). Similar results are also ob-

tained in Fig. 3(b), where θ14 = θ24 = θ34 ≡ θ and

δ14 = δ24 = δ34 = π/2 have been taken. In both cases,

the changes of B(H+ → l+α ν̄) with θ are very mild.

On the other hand, we simplify Eq. (14) by taking

δ14 = φ = ϕ = δ = 0:
∑

β

|(ML)
eβ
|2 ≈ m2

1 +M 2
1 s2

14 (s2
14 +s2

24 +s2
34)+

2

3
m1M1s14 [(2s14−s24 +s34) +

(s14 +s24−s34)cos2(ρ−σ)] ,
∑

β

|(ML)
µβ

|2 ≈ m2
1 +M 2

1 s2
24 (s2

14 +s2
24 +s2

34)−

1

3
m1M1s24 [(2s14−s24 +s34) −

2(s14 +s24−s34)cos2(ρ−σ) −

3(s24 +s34)cos2ρ] ,
∑

β

|(ML)
τβ

|2 ≈ m2
1 +M 2

1 s2
34 (s2

14 +s2
24 +s2

34)+

1

3
m1M1s34 [(2s14−s24 +s34) −

2(s14 +s24−s34)cos2(ρ−σ) +

3(s24 +s34)cos2ρ] ,
∑

ρ,σ

|(ML)
ρσ

|2 ≈ 3m2
1 +M 2

1 (s2
14 +s2

24 +s2
34)

2
+

1

3
m1M1

[
(2s14−s24 +s34)

2
+

2(s14 +s24−s34)
2
cos2(ρ−σ) +

3(s24 +s34)
2
cos2ρ

]
, (19)

where we have omitted the small mass differences of

νi. We fix m3 > m2 and keep two small mass differ-

ences in our numerical calculations. The results for

B(H+ → l+α ν̄) are shown in Fig. 3(c) and Fig. 3(d).

Fig. 3(c) is obtained by taking θ14 = θ24 = θ34 =

10−6.5 and σ = δ14 = φ = ϕ = δ = 0. We see that

B(H+ → e+ν̄), B(H+ → µ+ν̄) and B(H+ → τ+ν̄) are

all sensitive to the Majorana phase ρ changing from

0 to 2π.

Fig. 3(d) is obtained by taking θ14 = θ24 = θ34 =

10−6.5 and ρ = δ14 = φ = ϕ = δ = 0. We see that

the behaviors of B(H+ → e+ν̄), B(H+ → µ+ν̄) and

B(H+ → τ+ν̄) changing with the Majorana phase σ

are different from and milder than those in Fig. 3(c),

as one can easily understand from Eq. (20).

4 Summary

We have studied the lepton-number-violating de-

cays of singly-charged Higgs bosons H± in the mini-

mal type-(.+/) seesaw model with one heavy Majo-

rana neutrino N1 and one SU(2)L Higgs triplet ∆ at

the TeV scale. Their branching ratios B(H+ → l+α ν̄)

depend not only on the masses, flavor mixing angles

and CP -violating phases of three light neutrinos νi

(for i = 1,2,3) but also on those of N1. We have

focused our attention on the interference bands of

B(H+ → l+α ν̄), in which the contributions of light

and heavy Majorana neutrinos are comparable in

magnitude. We emphasize that both constructive

and destructive interference effects are possible in

the interference bands, and thus it is very difficult to

distinguish the (minimal) type-(.+/) seesaw model

from the type-/ seesaw model in this parameter

space. While the lepton-number-violating decays of

H± are independent of the conventional Majorana

phases ρ and σ in the type-/ seesaw mechanism,

they do depend on ρ and σ in the type-(.+/) see-

saw scenario. Although our numerical results are

subject to a simplified type-(.+/) seesaw model,

they can serve as a good example for illustrating the

interplay between type-. and type-/ seesaw terms

in a generic type-(.+/) seesaw framework which

involves more free parameters.

We are grateful to W. Chao and S. Zhou for useful

discussions.
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