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Abstract We present recent lattice results on the baryon spectrum, nucleon electromagnetic and axial form

factors, nucleon to A transition form factors as well as the A electromagnetic form factors. The masses of

the low lying baryons and the nucleon form factors are calculated using two degenerate flavors of twisted

mass fermions down to pion mass of about 270 MeV. We compare to the results of other collaborations. The

nucleon to A transition and A form factors are calculated in a hybrid scheme, which uses staggered sea quarks

and domain wall valence quarks. The dominant magnetic dipole nucleon to A transition form factor is also

evaluated using dynamical domain wall fermions. The transverse density distributions of the A in the infinite

momentum frame are extracted using the form factors determined from lattice QCD.
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1 Introduction

During the last five years we have seen tremen-
dous progress in dynamical lattice simulations using
a number of different fermion discretization schemes
with quark masses reaching closer to the physical
pion mass. Many collaborations are contributing
to this progress. The European Twisted Mass Col-
laboration (ETMC) is using twisted mass fermions
(TMF), which provide an attractive formulation of
lattice QCD that allows for automatic O(a) improve-
ment, infrared regularization of small eigenvalues and
fast dynamical simulations! ?. Automatic O(a) im-
provement is obtained by tuning only one parameter
requiring no further improvements on the operator
level. A drawback of twisted mass fermions is the
O(a?) breaking of isospin symmetry, which is only
restored in the continuum limit. In the baryon sec-
tor it has been shown that this isospin breaking is
consistent with zero within our statistical accuracy
by evaluating the mass difference between AT (A™)
and A*T(A%)B 4. This is in agreement with a theo-
retical analysis!> © that shows potentially large O(a?)
flavor breaking effects to appear in the 71°-mass but to
be suppressed in other quantities. A number of col-
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laborations, as for example QCDSF!™, PACS-CS®,
BMWY and CERN! are using improved Clover
fermions for their simulations. It is worth mentioning
that PACS-CS has simulations very close to the phys-
ical pion mass albeit in a small volume, whereas the
Wuppertal group recently calculated meson masses
and the decay constants using Ny = 241 configu-
rations simulated at the physical pion mass*”. A
number of groups adopted a hybrid approach to com-
pute hadronic matrix elements taking advantage of
the efficient simulation and availability of staggered
sea fermions produced by the MILC collaboration!'?
and the chiral symmetry of domain wall fermions.
The Lattice Hadron Physics Collaboration (LHPC)
has been particularly active in producing results on a
number of key observables™ ¥ some of which will
be discussed in Sections 4 and 5. A very promising re-
cent development is the simulation of dynamical chi-
ral fermions using large volumes and at small enough
pions masses. The RBC-UKQCD collaboration is
generating gauge configurations using Ny =241 do-
main wall fermions (DWF)!"® whereas the JLQCD
Collaboration is producing dynamical configurations
with two flavors of overlap fermions™®. Most of the
current simulations are done using volumes of spatial
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length L such that m,L > 3.5 to keep finite volume
effects small. The fact that simulations in the chiral
regime are possible is to a large extend due to al-
gorithmic improvements that yield better scaling be-
havior as the physical pion mass is approached. For a
discussion on the scaling and a comparison among the
different fermion discretization schemes see Ref. [17].

2 Hadron spectrum

The masses of the lowest lying hadrons of a given
set of quantum numbers are readily calculated by
computing the two-point function at zero momen-
tum: Oy (t) = >°_(0]Ju(z,t)J(0)|0). Choosing good
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Fig. 1.
octet baryons. Results using Ng =2 TMF are
shown by the filled triangles for L = 2.1 fm
and squares for L = 2.7 fm with a = 0.089 fm
and with the open triangles for L =2.1 fm and
a =0.070 fm. Results with the hybrid action
are shown with the asterisks for a =0.124 fm
and results using Ny = 241 Clover fermions
with the open circles and a = 0.0907 fm.
For the nucleon we also show results using
Nr = 2+1 staggered fermions (filled circles).
The physical masses are shown by the star.

interpolating fields and applying smearing techniques
ensure ground state dominance at short time sep-
aration t so that gauge noise is kept small'®. In
Figs. 1 and 2 we compare recent results on the

low lying baryon spectrum using dynamical twisted
mass®® ' and clover fermions® and within the hybrid
approach!® (staggered sea and domain wall valence
quarks).
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Fig. 2.
decuplet baryons. The notation is the same as
that of Fig. 1.

Comparison of masses for the low lying

The level of agreement of lattice QCD results us-
ing a variety of fermion discretization schemes seen
in Figs. 1 and 2 before taking the continuum limit
or other lattice artifacts into account is quite impres-
sive. Small discrepancies seen mainly in the decuplet
masses can be attributed to lattice artifacts and a sys-
tematic analysis of these effects is performed by each
collaboration before extracting the final continuum
values. In particular results using staggered fermions
may suffer the most from cut-offs effects since the lat-
tice used is rather coarse as compared to those using
twisted mass and Clover fermions which have lattice
spacings smaller than 0.1 fm.

Having reliable methods to extract the masses
of the low lying hadrons one can investigate tech-
niques for the extraction of the masses of excited
states. A number of approaches exist.
monly used method is based on the variational
approach®”: For a given N x N correlator matrix
Cin(t) = (0]Ji(t)J1(0)]0) one defines the N princi-
pal correlators with A, (t,fy) as the eigenvalues of

A com-
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C(to)"Y2C(t)C(to)~Y/?, where t, is small. Since
lim A (t.to) = e (THF (1 4o (1A (=1 ... N

(1)
the N principal effective masses tend (plateau) to
the N lowest-lying stationary-state energies of the
hadrons with the same quantum numbers. It is cru-
cial to use very good operators so noise does not
swamp signal and construct spatially extended op-
erators using smearing of the quark fields as well as
applying link variable smearing. The use of a large
set of appropriately constructed operators is also very
important. Despite recent calculations using this
method®? the issue of the ordering of the Roper res-
onance as compared to the negative parity partner of
the nucleon still remains unresolved. Maximum en-
tropy methods have also be developed for the analysis
of hadron two-point correlators and recent results can
be found in Ref. [23]. A new method that relies solely
on y2-minimization with an unbiased evaluation of er-
rors can be applied to extract the masses of the states
on which the two-point correlator is sensitive on**,
This method was applied to extract the excited states
of the nucleon using local correlators that are easily
produced in lattice simulations. For this study two
interpolating fields are considered:

In(x) = € (ul Cvsdy)u, and
To(x) = € (uy Cdy ) st (2)

As can be seen from the histograms shown in Figs. 3
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Fig. 3.
tudes and masses in lattice units extracted

Probability distributions for the ampli-

from local correlators using Ny = 2 Wilson
fermions at pion mass 500 MeV on a lattice of
spatial length 1.8 fm at §=6.0 using Jx.

and 4, one clearly identifies the first excited state in
the positive parity channel of the nucleon using rather
low quality data. In addition, we observe that the
state of lowest mass that is present in the mass spec-
trum of the correlator computed with Jy is absent
when using Jy. Instead the correlator with J{ has a
lowest state that does not show up when using Jy.
The conjecture is that this state is the Roper.
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Fig. 4. Asin Fig. 3 but using the interpolating
field J§.

3 Form factors

To extract information on hadron structure one
needs to calculate coupling constants, such as the nu-
cleon axial charge g4, the TN and TNA coupling con-
stants, form factors, moments of parton distribution
functions and generalized form functions. In order
to compute these quantities we need to calculate the
relevant three-point functions, which, in addition to
the forward propagator needed for the calculation of
the masses, require the evaluation of the sequential
propagator. The three-point function, related to the
matrix element of the operator O between hadron
states |h') and |h), is given by

<Gh10h(t2,t1§Pl7P§F)> =

3" exp(—ip'-@s) exp(+ig-@1) X

(QTPT [J3 (@2, t2) O(1,81)JF (0,0)]|£2), (3)

where for O we consider the electromagnetic and ax-
ial currents. We use sequential inversions through
the sink, which allows us to obtain the three-point
function for any momentum transfer g and operator
insertion but fixes the quantum numbers of the initial
and final baryons.
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3.1 Nucleon Electromagnetic form factors where p(s) and p’(s’) denote initial and final momenta

. . (spins) and my is the nucleon mass, F;(0) =1 for the
The elastic nucleon electromagnetic form factors

are fundamental quantities characterizing important
features of neutron and proton structure that include
their size, charge distribution and magnetization. An

proton and F3(0) measures the anomalous magnetic
moment. These form factors are connected to the
electric, Gg(¢?), and magnetic, Gy (g¢?), Sachs form
factors by the relations

accurate determination of these quantities in lattice )

QCD is timely and important because of a new gen- Ge(¢®) = Fi(¢®)+ (2(17)21?2((12),
eration of precise experiments. The matrix element mx
of interest is Gu(q®) = Fi(¢®)+ Fx(q?). (5)
Al a3 m vz To extract the nucleon matrix element from lattice
<N(p78)|A|_L|N(p7S)>: TN (o) ) 3 :
Ex(p')Ex(p) measurements, we calculate, besides the three point
function GN"N(t,,t,;p',p; "), the nucleon two-point
_ i0,,q" function, GNN(¢,p), and look for a plateau in the large
u(p', s’ F () + 22 F (%) |ulp,s), (4 ’ VB
w's5) |y Fila) 2my 2(q7) julpss), (4) | Euclidean time behavior of the ratio

(GNI"N(ty, ty;p,p; 1)) [<GNN(tz—tl,p;F4)><GNN(t1,p’;F4)><GNN(t27P’;F4)>]%

to,ty; 0, p; s ) =
Blta i P 5) = i 1) | (O (b9 T)) (O (b1, pr T)) (O (1,5 )

to—t1>1,t1>1 H(p,,P,Fﬁi) (6)
where | which yield Gg(Q?) with an additional sequential in-
. — 2
(Gt 1)) :Zeﬂp'wFB%mTJ“(mat)Jﬁ(070)|Q>- version. C' = _2my is a factor due to the
= Ex(Ex+mx)
(7) normalization of the lattice states. Besides using an

We use the lattice conserved electromagnetic current,
j*(x), symmetrized on site x and projection matrices
for the Dirac indices

optimal nucleon source, the other important ingredi-
ent in the extraction of the form factors is to take
into account simultaneously in our analysis all the

1{0,0 1({I0 lattice momentum vectors that contribute to a given
i—3 < 0 O) Y <O O) ' (8) Q?. This is done by solving the overcomplete set of
equations
Throughout this work we use kinematics where the )
final nucleon state is produced at rest and therefore P(q;p) = D(g; 1) F(Q), (12)
q =p —p = —p. For the polarized matrix element where P(q;u) are the lattice measurements of the ra-
one can construct an optimal linear combination for tio given in Eq. (6) having statistical errors w, and

the nucleon sink, which in Euclidean time is given by Gy
using the different sink types, F' = o and D is
C M
i {(pz —Ps)dui+ an M x 2 matrix which depends on kinematical fac-

tors with M being the number of statistically mea-

(93— p1)da.i + (11 _p2)53,i}GM(Q2), 9) sured ratios contribut%n.g t.o.a given Q*. We extract
the form factors by minimizing

Sm(q;i) ZZH(—Q;Fk;M:i) =

k=1

2

with Q? = —¢?. This construction provides the max- 2

imal set of lattice measurements from which Gy (Q?) o ZijFj — By

can be extracted requiring one sequential inversion. b :Z = 00 (13)
No such improvement is necessary for the unpolar- k=1 Wk

ized matrix elements given by

T1(0, —q: [y ju = 1) :C’2qi Gu(Q?) (10) using the singular value decomposition of D. The

mN analysis described in this Section to extract Gg(Q?)

and and Gy (Q?) is also applied to the analysis of all form
Ex +mx factors presented in this work.

(0, —q; I'y; p=4) :C’WGE(QQ), (11) The YN — N transition contains isoscalar pho-
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ton contributions. This means that disconnected loop
diagrams also contribute. These are generally diffi-
cult to evaluate accurately since the all-to-all quark
propagator is required.
nected diagrams, we calculate the isovector form fac-
tors. Assuming SU(2) isospin symmetry, it follows

2 1- 5 1-
that <p|(§uv“u—§dv“d) Ip>—<n|(§uv“u—§dv“d)|n> =

In order to avoid discon-

{p|(@y"u — dy*d)|p) and therefore by calculating the
proton three-point function related to the matrix
element of the right hand side of the above rela-
tion we obtain the isovector nucleon form factors
GE(q?) —Gi(g®) and GYi(q®) — GRi(a?)-

The results for the isovector electric and magnetic
form factors using Np = 2 twisted mass fermions
are shown in Figs. 5 and 6%, The lattice re-
sults on the electric form factor fall off slower as
compared to a parametrization of the experimental
datal® shown by the solid line, whereas the mag-
netic form factor is closer to experiment. This is
consistent with recent high accuracy results obtained
by the LHP Collaboration®” and the RBC-UKQCD
Collaboration!®¥.
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Fig. 5. Nucleon isovector electric form factor

using Ng =2 TMF.

Fitting the magnetic form factor to a dipole form we
extract Gy (0), which determines the anomalous mag-
netic moment. We show its dependence on the pion
mass in Fig. 7. Using chiral effective theory with ex-
plicit nucleon and A degrees of freedom to one-loop
order the isovector anomalous magnetic moment®”,
the Dirac and Pauli radii can be extrapolated to the
physical point® 2 3°). There are three fit parame-
ters for the magnetic moment and the best fit to the
twisted mass data with the associated error band is
shown in Fig. 8. Multiplying the Pauli radius squared
with the magnetic moment yields an expression with
only one-parameter like the Dirac radius that can
shift the curves but does not affect their slopes. As
can be seen the physical magnetic moment is within
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Fig. 6. Nucleon isovector magnetic form factor

using Ny =2 TMF.
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Fig. 7. Nucleon magnetic moment using Ny =2
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Fig. 8.

TMF (filled circles), N = 2+1 DWF Y
(crosses) and Nr = 2 Wilson fermions!®?
(open triangles). The physical value is shown

by the star.
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The Dirac radius squared (top) and
Pauli radius squared multiplied by the mag-
netic moment (bottom). The notation is the
same as that of Fig. 7.
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Having computed the nucleon electromagnetic -k % 3"_;_\\\?_
form factors we can obtain the axial ones with no o . -.-.{ i*g“‘i—
additional inversions®> 3?.  The advantage here is 0.0 0.5 1.0 15 2.0

that only the connected diagram contributes. In ad-
dition at zero momentum transfer we obtain the nu-
cleon axial charge ga, a quantity that is very accu-
rately measured experimentally. We show in Fig. 9
results obtained using Ny = 2 twisted mass!*®
53] The leading one-loop chi-
ral perturbation theory result for g, in the small scale
expansion®” can be used to extrapolate lattice results
to the physical point. Making a three-parameter fit
to the twisted mass results we obtain the solid curve
shown in Fig. 9 together with the error band deter-
mined by allowing the fit parameters to vary within
a x? increase by one unit from the minimum. Note
that this error band does not include uncertainties
in the fixed parameters. We obtain, at the physical
point, a value with a large error that is lower than the
experimental value by an amount slightly larger than
one standard deviation. Results closer to the physical
pion mass are needed to reduce the error due to the

I and
domain wall fermions

chiral extrapolation.

1.4
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>
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Fig. 9. The nucleon axial charge using Ny =2

TMF and Nr =2+1 DWF.

Q% (GeV?)

Fig. 10. Top: The nucleon axial form factors
Ga(Q?) for Ny = 2 TMF and Ny = 2+1
DWF. The dashed line is a dipole fit to the
lattice data whereas the solid line to exper-
iment. Bottom: G,(Q?) for Ny = 2 TMF.
The dashed line is predicted from G'a (Q?) and
Eq. (15). The dotted lines is the best fit with
the associated error band.

The Q?*-dependence of the nucleon axial form fac-
tors GA(Q?) and G,(Q?) using Ny = 2 twisted mass
fermions is shown in Fig. 10. Our results for G, (Q?)
are in agreement with those obtained using Ng =2+1
domain wall fermions at a comparable value of the
pion mass. The @Q*-dependence of GA(Q?) can be
well described by a dipole Ansatz go/(Q?/m? + 1)?
as shown by the dashed line. This is what is usually
used to describe experimental data for G 5 (Q?) where
a value of my ~ 1.1 GeV is extracted for the axial
mass. However the axial mass m, extracted from the
lattice data is larger resulting in a slower fall off as
compared to experiment shown by the solid line. As-
suming pion pole dominance, G, (Q?) can be obtained
in terms of G4 (Q?) as

2y AmR/m7
In Fig. 10 we show with the dashed line what pion
pole dominance predicts if we use the fit determined
from GA(Q?). The error band shows the best fit to
G, (Q?) if we instead fit the strength and mass of the
monopole in Eq. (15).

Ga(@) (15)
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4 N to A transition form factors

The determination of the N to A electromagnetic
and axial transition form factors requires the evalua-
tion of the three-point function (G2 (to,t1;p",p; 1))
with a new set of inversions, where for O we consider
the electromagnetic and axial currents. The y*NA
matrix element is given by

(AN (0.9) =1 | T (0.

G (Q°) Ko + Gra(Q) K J2 + Gea (Q°) K 5

n

The evaluation of the two subdominant electromag-
netic form factors Gra(Q?) and Gee(Q?), which are
of primary interest as far as the question of defor-
mation is concerned, requires high accuracy. A lat-
tice QCD calculation accurate enough to exclude a
zero value to one standard deviation would point to
deformation in the nucleon/A system. This is par-
ticularly relevant given the fact that extraction of
these form factors from experiment involves model-
ing and therefore a non-zero value from a first princi-
ples calculation even to one standard deviation is an
Optimized sinks are constructed
to isolate the subdominant form factors!® along the
same lines as discussed for the polarized nucleon ma-

important result.

trix element. In experimental searches for deforma-
tion, it is customary to quote the ratios of the electric
and Coulomb quadrupole amplitudes to the magnetic

dipole amplitude, EMR or Rgy = — Gra(Q) and
G (Q?)
2
CMR or Rgy = — a M , in the rest frame of

2ma Ga (Q2)
the A.

u(p,s).

Results on these ratios obtained using Wilson
fermions and the hybrid action are shown in Figs. 11
and 12. Lattice results at low Q2 are non-zero. The
lattice values of CMR at small Q® are less negative
than experiment. As the pion mas decreases lattice
results tend to become more negative approaching
experiment. Therefore one anticipates that for even
smaller pion masses the discrepancy between lattice
and experiment will be reduced since pion cloud ef-
fects are expected to make CMR more negative as we
approach the physical regime!*®.
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Fig. 12. The CMR calculated using Wilson

fermions and in the hybrid approach.

In Fig. 13 we compare results for the dipole form
factor Gy (Q?) obtained within the hybrid approach
and using dynamical domain wall fermions at about
the same mass. As can be seen there is very good
agreement showing that results obtained within the
non-unitary hybrid action are reliable.

04+F — — —
i1l
3 [

—o * -
o wiol | ']
R 1 \

=
Dfu —* O Bates
% N.=0 m =041 [GeV

| aLees

® N,=2 m =0.38 GeV

Hybrid m =0.36 GeV

00 02 04 06 08 10 12 14
Q% (GeVv?)

Fig. 11. The EMR -calculated using quenched

(stars) and dynamical (filled circles) Wil-

son fermions and in the hybrid approach
(squares).
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Fig. 13. Gwm1(Q?) in the hybrid approach and
using Np = 2 4 1 domain wall fermions.

Quenched Wilson results are also included for
comparison.

The invariant proton to A* weak matrix element
is expressed in terms of four transition form factors
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<A(p',8’)|Ai|N(p7S)>:i@(%)w

A (ps5) {(C?(q2)7u+ c:wq?)p,u)

my m¥

(g?\ugpu - g)\pguu) q°+

CA q2
C (@) gau+ —2 2 )
my

qxqu} ur(p.s), (16)

where C2(Q?%) and C§&(Q?), the dominant form fac-
tors, can be related assuming pion pole dominance
like GA(Q?) and G,(Q?) are related in the nucleon
case.
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Fig. 14. The ratio of N to A axial transition
form factors C&(Q%)/C&(Q%). The dotted
line shows the pion pole dominance prediction
for the hybrid case. The dashed and solid lines
are fits to a monopole form for the hybrid and
quenched results respectively.

In Fig. 14 we plot the ratio C2(Q?)/C2(Q?). The
doted line shows the prediction assuming pion pole
dominance after a dipole fit to the hybrid results on
C2(Q?) is performed. As in the nucleon case the ra-
tio does not fall off as rapidly and a fit to a monopole
form to the same hybrid results gives the dashed line.

5 A electromagnetic form factors and
density distribution

Since the A(1232) decays strongly, experiments
to measure its form factors are harder than for the N
to A transition and yield less precise results. The A
form factors can be computed using lattice QCD more
accurately than can be currently obtained from ex-
periment. The decomposition for the on shell y*AA

matrix element is given by
(Ape, se)l | Alpi, s:)) = At (pr, 56) O (i, 1)
a 2
0“”———9“{aﬂqﬂv“+~iigl(p?+p?ﬂ<—

2mA
(g%

2mA

q°q"
4m?3

e+ 2 g, (17)
where a,(q?), ax(q?), c1(q?), and cy(g*) are known
linear combinations of the electric charge form fac-
tor Ggo(q?), the magnetic dipole form factor Gy, (¢?),
the electric quadrupole form factor Gga(g?), and the
magnetic octupole form factor Gus(¢?). An opti-
mized sink is constructed that isolates the subdom-
inant electric quadrupole form factor™ 3™, The re-

sults are shown in Fig. 15.

_af o guenched Wilson, m =410 MeV |
@ hybrid, m = 353 MeV
-4r + dynamical Wilson, m_ =384 MeV
0 0.5 1 1.5
Q%in GeV?

Fig. 15. The Q*dependence of Gra2(Q?). The
green (red) line and error band show a dipole
fit to the mixed action (quenched ) results.
The value of Gre, in units of e/(2m3), at
Q%=0 are —0.810+291 for the quenched cal-
culation, —0.87 £ 67 for Nr = 2 Wilson case
and —2.067 2% for the hybrid calculation.

The electric quadrupole form factor is particularly
interesting because it can be related to the shape
of a hadron. Just as the electric form factor for a
spin 1/2 nucleon can be expressed precisely as the
transverse Fourier transform of the transverse quark
charge density in the infinite momentum frame!®¥,
a proper field-theoretic interpretation of the shape of
the A(1232) can be obtained by considering the quark
transverse charge densities in this frame. Fig. 16
shows the transverse density pp, for a A' with
transverse spin s; = +3/2 calculated from the fit to
the quenched Wilson lattice results for the A form
factors (which has the smallest statistical errors of
the three calculations). As can be seen the At quark
charge density is elongated along the axis of the spin
(prolate).
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by [fm]

by [fm]
Fig. 16. Quark transverse charge density in a

AT polarized along the z-axis, with s, =
+3/2.
with the largest (smallest) values of the den-

The light (dark) regions correspond

sity.

6 Conclusions

Lattice QCD simulations are now being carried
out in the chiral regime by a number of collaborations.
We have shown that there is agreement among recent
lattice results using different fermion discretization
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