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Abstract The freeze-out time dependence of the elliptic flow and the transverse radius rT dependence of

elliptic flow at different freeze-out time are studied for non-central Au+Au collisions at
√

sNN=200 GeV with

the Relativistic Quantum Mocular Dynamics model. We get the results that the elliptic flow decreases with

the freeze-out time and the correlation between the elliptic flow and the transverse radius changes with the

freeze-out time what could be explained with the pressure gradient. The transverse expansion velocity of

particles emitted at the freeze-out time is adopted as a signal of the pressure gradient.
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1 Introduction

The study of properties of extremely hot and

dense nuclear matter and the search for anticipated

transition to a deconfined phase of Quark Gluon

Plasma(QGP) are two of the main objectives of

heavy-ion experiments at ultrarelativistic energies[1].

Both theorists and experimentalists are looking for

genuine QGP fingerprints, that can not be masked or

washed out by processes on a hadronic level. In the

collision of two relativistic nuclei, a hot and dense

system of partonic matter may form. At present,

the expansion of highly compressed nuclear matter

in the direction perpendicular to the beam axis of

the colliding heavy-ions, known as collective flow, is

believed to be one of the most promising signals to

detect the nature of the constituents and the equa-

tion of state of the system in the early stage of the

reaction
[2]

. The elliptic flow is one kind of the col-

lective flow
[3—5]

. It describes the anisotropy of the

transverse momentum distribution of particles emit-

ted from non-central collisions. Elliptic flow is a

fundamental observable since it directly reflects the

rescattering among the produced particles. Rescat-

tering transfers the initial spacial anisotropy of the

nuclear overlap region in the transverse plane to the

observed momentum anisotropy. For a given initial

spatial deformation, the density of particles is so in-

tense that the matter in the reaction zone reaches a

state of local thermal equilibrium. Since the spatial

anisotropy is largest at the beginning of the evolu-

tion, elliptic flow is especially sensitive to the early

stage of the system’s evolution
[6, 7]

. A measurement

of elliptic flow thus provides access to the fundamen-

tal thermalization time scale in the early stage of a

relativistic heavy-ion collisions
[8—10]

.

Elliptic flow of charged particles is among the

first signals measured at Relativistic Heavy Ion

Collider(RHIC) at Brookhaven Nationaliy Labora-

tory
[11]

. A lot of work concerning the centrality, the
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(pseudo) rapidity, and especially the transverse mo-

mentum is done to study Au+Au collisions at
√

sNN=130GeV
[5]

and
√

sNN = 200GeV
[4]

.

Experimental data from RHIC Au+Au collisions

for identified particles
[3, 4]

demonstrate that the dif-

ferential elliptic flow signal v2(pT), with pT up to

1.5GeV/c, shows a behavior expected from hydro-

dynamic model calculations. Above 1.5GeV/c, the

data deviate from hydro predictions. The underlying

microscopic mechanism of the production of elliptic

flow needs continued work to be done. Now many mi-

croscopic models based on transport theory are able

to reproduce, at least quanlitatively, many features

of v2. In this work, we study elliptic flow with the

Relativistic Quantum Mocular Dynamical(RQMD)

model
[12]

. Transverse expanding velocity is a signal

of the pressure gradient. The freeze-out time depen-

dence of elliptic flow and the differential elliptic flow

v2(rT) are analyzed in this paper.

The RQMD model is a semi-classical microscopic

approach which combines classical propagation with

stochastic interactions
[12]

. Color strings and ropes

model the prehadronic stage in 1+1 dimensions.

Fragmentation and decay lead to a production of

particles. Overlapping strings do not fragment in-

dependently from each other but form ‘ropes’, chro-

moelectric flux-tube whose sources are charge states

in higher dimension representations of color SU(3).

RQMD is a full transport theoretical approach for

reactions between nuclei (and elementary hadrons)

starting from the initial state before the overlap-

ping to the final state after the strong interactions

have ceased (freeze-out). The model is well estab-

lished and has been used successfully to describe

many observables measured at SPS bombarding en-

ergies over a wide range of projectile-target combina-

tions. To investigate the development of elliptic flow,

Au+Au collisions with an impact parameter between

5fm< b <8fm are generated at
√

sNN = 200GeV.

2 The anisotropic transverse velocity

In heavy-ion collisions, the density distribution of

the particles of the colliding source is not uniform:

the number density and energy density of the parti-

cles are highest in the core of the created fireball in

relativistic nuclear collisions. There is an angular de-

pendence of the matter density gradient. This leads

to the generation of the pressure gradient. Therefore,

during the evolution of the colliding source, besides

the thermal behavior, the source also undergoes a col-

lective expanding. The mean transverse expanding

velocity of the particles is a siganal of the pressure

gradient
[13]

. In the following analysis, the transverse

velocity of particles at the freeze-out is defined by

βT(rT) =

〈

pT
•rT

E rT

〉

, (1)

where rT and pT are the transverse position and the

transverse momentum of a particle, respectively, and

E denotes its energy. The 〈· · · 〉 means averaging the

particles on the shell with the radius rT . In this anal-

ysis, the z-axis applied is directed along the beam in

the coordinate space and the impact parameter di-

rection is labeled as x-axis. The reaction plane is

composed of the x-axis and z-axis. The y-axis is per-

pendicular to the reaction plane, and the x-axis and

the y-axis make up of the transverse plane.

Figure 1 shows the transverse velocity βT as a

function of the freeze-out time of particles which are

generated by RQMD model for non-central Au+Au

collisions at
√

sNN = 200GeV. The βT is calculated by

the Eq. (1). For the colliding source, the local equilib-

rium may be reached in the midrapidity region. Thus,

the rapidy of particles used here is spread over −1 <

y < 1 with pT < 1.5GeV/c. As can be seen in Fig. 1,

the later the particles freeze-out, the smaller their

transverse velocity. This suggests that the pressure

Fig. 1. The freeze-out time dependence of the

transverse velocity for freeze-out particles in
√

sNN = 200GeV Au+Au non-central colli-

sions.
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gradient of the source decreases with freeze-out time,

and the particles with the largest transverse velocity

carry the information of the evolution of the source at

the early stage. Fig. 1 also shows that the transverse

velocity of freeze-out particles increases with their ra-

dius.

3 The time analysis of elliptic flow

In non-central relativistic heavy-ion collisions the

colliding energy is very high, so that the spectators

leave the reaction region quickly. The overlapping

area of two nuclei has a characteristic almond shape.

The pressure gradient converts the original spatial

anisotropy of the system into momentum anisotropy.

The distribution of the final particles can be described

with an azimuthal Fourier expansion.

dN

dφ
∝ 1+

∑

n

2vn cos(nφ), (2)

where φ is the azimuthal angle of the emitted particle

momentum relative to the reaction plane. The ellip-

tic flow is defined as the second harmonic coefficient

v2
[14]

. It measures the eccentrity of the particle distri-

bution in the momentum space and can be calculated

by v2 = 〈cos(2φ)〉, where 〈· · · 〉 denotes averaging the

cos(2φ) of all the selected particles in one event. Dur-

ing the evolution the spacial anisotropy diminishes

and the process of generating anisotropies in momen-

tum space quentches itself. When the source becomes

spherical, the elliptic flow stops developping. There-

fore, v2 carries information about the earlier phase of

ultrarelativistic heavy-ion collisions. It is necessary

to analyze the temporal structure of the elliptic flow’s

evolution. Fig. 2 shows the elliptic flow as a function

of the freeze-out time. One can clearly observes a

strong correlation between freeze-out time and ellip-

tic flow. Note that the particles emitted from the

source at the early stage have the strongest elliptic

flow, while later on the flow of the particles is signi-

ficantly reduced. This is a result of the fact that the

pressure gradient and the anisotropy of the pressure

gradient of the colliding source are both the biggest

at the early stage. The freeze-out time dependence of

elliptic flow demonstrates that the elliptic flow mainly

carries the information of the early stage of the evo-

lution of the source. It also should be noted that

the elliptic flow is very small above t∼20fm/c. This

also shows that the change of the anisotropy of the

freeze-out particles in coordinate space is very fast.

The initial almond shape of the source will quickly

change into isotropic. The v2 of freeze out particles

at early stage can’t be regarded as absolute collec-

tive flow. Here the elliptic flow v2 is mainly used

to characterize the anisotropy of the distribution of

freeze out particles in momentum space. And the

anisotropy is related to the pressure gradient. The

analysis about freeze out time dependence of elliptic

flow in detail can be found in previous work
[15]

. To

study the formation of elliptic flow, the elliptic flow

v2 as a function of the transverse freeze-out radius rT

is analyzed. The radius dependence of elliptic flow at

different freeze-out time for non-central Au+Au col-

lisions at
√

s = 200GeV is plotted in Fig. 3. Here the

top picture shows a peak shape of the radius depen-

dence of elliptic flow for particles with a freeze-out

time up to t∼ 10fm/c. The value of the elliptic flow

v2 increases from about 4% to 10% with the trans-

verse freeze-out radius up to rT ∼ 3.5fm. The value

of elliptic flow v2 decreases from 10% above rT ∼3.5fm

and reaches zero at rT ∼7fm. As mentioned above,

elliptic flow is driven by the anisotropy of the pres-

sure gradient which is caused by the initial almond

shape of the colliding source. Therefore, Fig. 3(a)

shows that the anisotropy of the pressure gradient

changes with the transverse freeze-out radius rT. To

get the effect of freeze-out time on rT differential el-

liptic flow v2(rT), Fig. 3(b) describes the rT differen-

tial elliptic flow v2(rT) with freeze-out time t between

10fm/c∼40fm/c. As can be seen from Fig. 3(b), the

value of elliptic flow v2 increases with transverse ra-

dius rT and then reaches saturation at rT ∼5fm. The

value of saturation for the elliptic flow v2(rT) is 2%

which is smaller compared to the biggest value of

Fig. 3(a). When comparing Fig. 3(a) to Fig. 3(b),

it can be seen that up to rT ∼ 5fm the elliptic flow

decreases with freeze-out time for the same transverse

radius. The particles mainly freeze-out with rT <5fm

for noncentral Au+Au collisions at b = 5∼8fm. This
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suggests that the elliptic flow v2 of freeze-out particles

decreases with the increasing of freeze-out time. This

can also directly be seen from Fig. 2. It also should

be noted that at rT < 2fm the elliptic flow of freeze-

out particles is less than zero at late stage. This will

be explained in the following part.

Fig. 2. The freeze-out time dependence of the

elliptic flow for freeze-out particles in
√

sNN =

200GeV Au+Au non-central collisions.

Fig. 3. The radius dependence of the elliptic

flow for different freeze-out time in
√

sNN =

200GeV Au+Au non-central collisions. Top:

The freeze-out time for particles is less than

10fm/c; bottom: The freeze-out time for par-

ticles is between 10fm/c and 40fm/c.

4 The differential elliptic flow

The transverse radius rT differential elliptic flow

v2(rT) at different freeze-out time should be related

to the pressure gradient. The transverse velocity is

the signal of the pressure gradient. Fig. 4 shows the

transverse radius rT dependence of the transverse ve-

locity at different time. As can be seen in Fig.4(a)

and Fig. 4(b), the transverse velocity increases with

rT and then reaches saturation in both early and late

stage of the evolution of the colliding source. In the

following part, βx denotes the velocity of in-plane di-

rection, βy denotes the velocity of out-of-plane direc-

tion. Fig. 4(a) presents that at early stage, there is

βx/βy > 1 at rT <3.5fm, and βx/βy < 1 at rT >3.5fm.

The transverse velocity is isotropic at rT ∼3.5fm. It

provides information about the pressure gradient. It

demonstrates that at early stage, with rT <3.5fm the

pressure gradient in in-plane direction is bigger than

that in out-of-plane direction, while with rT >3.5fm

the former is smaller than the latter. The changes in

anisotropy of the pressure gradient for different radius

regions are related to the spacial anisotropy. Because

of the almond shape of the source, in collisions with

impact parameter b∼7fm, the density of particles in

in-plane direction is much less than that in out-of-

plane direction at rT >3.5fm at early stage. Thus,

the pressure gradient is bigger in the out-of-plane di-

rection for rT > 3.5fm than that in the in-plane di-

rection at early stage. On the other hand, Fig. 4(b)

shows that there is βx/βy >1 for rT up to 5fm at the

late stage. Above rT ∼5fm the transverse velocity be-

comes isotropic and reaches saturation. This suggests

that up to rT ∼5 fm the out-of-plane pressure gradi-

ent is bigger than that in-plane, while above rT ∼5

fm the pressure gradient becomes small and isotropic,

what leads to the saturation of elliptic flow as a func-

tion of radius. Now the character of Fig. 3(b) that the

elliptic flow v2 < 0 at rT < 2fm could be explained like

that: the density of particles in the in-plane direction

is diluted more than that in out-of-plane direction at

Fig. 4. The radius dependence of radial velo-

city in different direction in
√

sNN = 200GeV

Au+Au non-central collisions. Top:freeze-

out time for particles is less than 10fm/c;

bottum:freeze-out time for particles is between

10fm/c and 40fm/c.
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rT < 2fm due to βx/βy > 1. Although the pressure

gradient in in-plane direction is bigger than that of

out-plane direction at rT < 2fm at late stage, the el-

liptic flow of freeze-out particles is still less than zero

at radius rT < 2fm. This shows that the pressure

gradient and density of the source are both impor-

tant to the generation of the elliptic flow. From the

analysis we can get the result that the correlation be-

tween anisotropy and transverse radius changes with

the evolution of the source and that can be studied

with the transverse expanding velocity.

5 Conclusion

We studied the freeze-out time dependence of el-

liptic flow, and the freeze-out radius dependence of

elliptic flow in different time ranges. The radius de-

pendence of transverse velocity can be seen as the

result of the pressure gradient. The study shows that

the elliptic flow decreases with the freeze-out time.

The elliptic flow carries the information of the early

stage. At the early stage of the evolution of the

source, the radius dependence of elliptic flow shows

a peaked shape in the late stage, the elliptic flow in-

creases with radius until it reaches saturation. This

could be explained with the anisotropy of the pres-

sure gradient as a function of the transverse radius

changes with freeze-out time. The microscopic mech-

anism of pressure gradient needs further study.
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