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Abstract Nuclear matter incompressibility is discussed by the monopole compression modes in nuclei in the

framework of a fully consistent relativistic random phase approximation, based on effective Lagrangians with a

mixed isoscalar-isovector nonlinear coupling term. A predicted value of the matter incompressibility coefficient

is given by comparison between experimental and calculated energies of the isoscalar giant monopole resonance

(ISGMR) in nuclei 208Pb, 144Sm, 116Sn and 90Zr. The new isoscalar-isovector nonlinear coupling softens the

nuclear matter symmetry energy without ruining the agreement with experimentally existing ground state

properties. The effect of the softening of the symmetry energy on the ISGMR is discussed.

Key words giant monopole resonances, relativistic random phase approximation, symmetry energy, isoscalar

and isovector non-linear coupling

1 Introduction

The question of determining the nuclear matter

incompressibility coefficient Knm is one of the impor-

tant issues in present day physics. An accurate de-

termination of compression modulus places important

constraints on theoretical models of nuclear structure

and a variety of essential phenomena, such as heavy-

ion collisions, neutron stars, supernova explosions and

so on
[1]

.

The measurement of the centroid energy of the

ISGMR provides a very sensitive method to deter-

mine the value of Knm. Theoretical investigations

in various models with assorted values of the nu-

clear matter incompressibility Knm predict different

ISGMR energies. In comparison with the experi-

mental data, one could give the constraint on the

nuclear matter incompressibility. However, relativis-

tic and non-relativistic random phase approximation

predict different Knm, 250—270MeV
[2—4]

and 220—

235MeV
[5]

respectively. The difference in the values

of Knm predicted by relativistic and non-relativistic

models is in part attributed to the density dependence

of the symmetry energy
[6, 7]

. The nuclear matter sym-

metry energy has been extensively studied
[8—12]

, the

purpose of this paper is to investigate the effect of

the density dependence of the symmetry energy on

the ISGMR by introducing a nonlinear coupling of

isoscalar and isovector mesons in the relativistic mean

field (RMF) approach. The additional nonlinear cou-

pling of isoscalar and isovector mesons softens the

symmetry energy without changing the properties of

symmetric nuclear matter due to the characteristic

of isovector mesons. The collective monopole com-

pression modes are depicted in a fully consistent rel-

ativistic random phase approximation(RRPA) built

on the RMF ground state. The centroid energies of

the ISGMR in nuclei 208Pb, 144Sm, 116Sn, and 90Zr

are systematically studied in the RRPA with various

parameter sets. Theoretically predicted ISGMR ener-
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gies are compared with the experimental data. Then

we investigate the effect of the density dependence of

the nuclear matter symmetry energy on the ISGMR.

The paper is arranged as follows. In Sec. 2 the

fully consistent RRPA built on the RMF ground state

is briefly presented. An additional nonlinear cou-

pling of isoscalar and isovector mesons is introduced

in the effective Lagrangian. The monopole compres-

sion modes are investigated in Sec. 3. Finally we give

the summary in Sec. 4.

2 Fully consistent relativistic random

phase approximation

We start from an effective Lagrangian of the form:

L = ψ̄[γµ(i∂µ−gωωµ−gρτ •bµ−
1
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e(1+τ3)Aµ)−

(M+gσσ)]ψ+
1

2
∂µ
σ∂µσ−

1

2
m2

σ
σ2

−

1

4
ωµνωµν +

1

2
m2

ω
ωµωµ−

1

4
b

µν
•bµν +

1

2
m2

ρ
b

µ
•bµ−

1

4
F µνFµν −Ueff(σ,ωµ,bµ) , (1)

where M , mσ, mω, mρ are the nucleon-, the σ-, the

ω- and the ρ- masses, respectively, while gσ, gω, gρ

and e2/4π = 1/137 are the corresponding coupling

constants for mesons and the photon; various field

tensors have been defined as follows:

ωµν = ∂µων −∂ν ωµ , (2)

bµν = ∂µ bν −∂ν bµ , (3)

Fµν = ∂µAν −∂νAµ , (4)

Ueff(σ,ωµ,bµ) =
1

3
g2σ

3 +
1

4
g3σ

4
−

1

4
c3(ω

µωµ)2−

4Λvg
2
ρ
bµ

•b
µg2

ω
ωµω

µ , (5)

where g2, g3 and c3 are the nonlinear coupling param-

eters for the self-interactions of the scalar and vector

fields. The last term is a mixed nonlinear isoscalar-

isovector coupling with a strength Λv. The density

dependence of the symmetry energy can be changed

by tuning the nonlinear coupling strength Λv. In-

creasing Λv, the density dependence of the symmetry

energy becomes soft (see Fig. 1).

Fig. 1. The density dependence of symmetry

energy in nuclear matter for the NL3 param-

eter set. The cases Λv=0 and Λv=0.025 are

denoted by solid and dash curves, respectively.

Since the symmetry energy at saturation density

is not well constrained experimentally, yet some aver-

age between the symmetry energy at the saturation

density and the surface energy may be constrained

by binding energies. As a simple approximation, we

keep the symmetry energies fixed at the average den-

sity ρ= 0.1fm−3, which is at the nuclear surface. This

simple prescription produces a nearly constant proton

radius and binding energy, only the neutron radius is

changed
[13, 14]

, as can be seen in Table 1.

Table 1. Results for NL3 parameter set. The

binding energy per nucleon, E/A, the pro-

ton root-mean-square (rms) radius Rp and the

neutron skin thickness Rn −Rp in 208Pb are

listed (center of mass corrections are not in-

cluded)

Λv gρ E/A Rp Rn−Rp

0.0 4.474 −7.853 5.459 0.281

0.005 4.621 −7.862 5.459 0.266

0.01 4.784 −7.870 5.461 0.252

0.015 4.965 −7.877 5.462 0.238

0.02 5.168 −7.883 5.465 0.224

0.025 5.399 −7.888 5.468 0.209

The fully consistent RRPA is built on the RMF

ground state. The details of the RRPA method used

in the present study are described in Refs. [15, 16].

The linear response of a system to an external field

is given by the imaginary part of the retarded polar-

ization operator,

R(Q,Q;k,E) =
1

π
ImΠ(Q,Q;k,k;E), (6)

where Q is a one-body operator represented by a

4×4 matrix. The retarded polarization operator Π

can be obtained as a solution of the Bethe-Salpeter
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equation
[17]

:

Π(Q,Q;k,k′,E) = Π0(Q,Q;k,k′,E)−

∑

i

g2
i

∫
d3k1d

3k2Π0(Q,Γ
i;k,k1,E)×

Di(k1−k2,E)Π(Γi,Q;k2,k
′,E) , (7)

where Π0 is the unperturbed (Hartree) polarization

operator. The residual p− h interactions are just

meson exchanges, described by corresponding prop-

agators Di. In this equation the index i runs over

σ, ω and ρ mesons with gi being the corresponding

coupling constants. The detailed expressions for the

Di(k1 −k2,E) can be found in Refs. [15,18]. Γ i = 1

for σ and Γ i = γµ,γµτ for ω and ρ, respectively.

In the field theory, equations of motion for fermion

and boson fields are obtained by variations of the ac-

tion with respect to the corresponding fields. The

first order variation of the action with respect to a

given meson field φ gives the field equation (Klein-

Gordon equation) satisfied by this field. The second

order variation of the action at the classical value φ0

of the meson field φ will lead to the equation of the

meson propagator
[19]

(

∂µ ∂µ +
∂2
Ueff(φ)

∂φ2

∣

∣

∣

∣

φ0

)

Dφ(x,y) =−δ4(x,y). (8)

In practice, it is more convenient to calculateDφ(x,y)

by solving the above equation in the momentum

space
[15]

. Taking the Fourier transform of Eq. (8),

we obtain the expression of the meson propagator in

the momentum space

(E2
−k

2)Dφ(k,k′,E)−

1

2π3

∫
Sφ(k−k1)Dφ(k,k′,E)d3k1 = (2π)3δ(k−k

′) ,

(9)

where Sφ(k − k1) is the Fourier transform of

∂2
Uφ(φ)

∂φ2

∣

∣

∣

∣

φ0

,

Sφ(k−k1) =

∫
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Uφ(φ)

∂φ2

∣

∣

∣

∣
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d3r≡

∫
e−i(k−k1)·rVφd3r. (10)

Therefore, the function Vφ for σ, ω, and ρ mesons

can be expressed as

Vσ =m2
σ
+2g2σ(r)+3g3σ

2(r), (11)

Vω =m2
ω

+3c3ω
2(r)+8Λvg

2
ρ
g2

ω
b20(r), (12)

and

Vρ =m2
ρ
+8Λvg

2
ρ
g2

ω
ω2

0(r), (13)

respectively. σ(r), ω0(r) and b0(r) are the classical

values of σ, ω and ρ fields. They can be obtained by

a self-consistent calculation in the RMF
[19]

.

3 Monopole compression mode

The ISGMR in some stable double magic or semi

magic nuclei are studied in the RRPA by varying the

nonlinear coupling constant of Λv with various pa-

rameter sets. We have selected some of the commonly

used parameter sets in the literatures spanning a wide

range of values of Knm, which are NL3
[20]

, NLSH
[21]

,

TM1
[22]

, NLC
[23]

, NLVT, NLE
[24]

, NLZ2, NLVT1
[25]

and NLBA
[26]

. In order to obtain the centroid ener-

gies of ISGMR strengths, we first calculate various

moments of the response function in a given interval,

mk =

∫Emax

0

RL(E′)E′kdE′ , (14)

Emax is the maximum excitation energy, which is

carried out until 60MeV in the present calculations.

From those moments we can obtain the centroid en-

ergy of the ISGMR,

E=m1/m0 . (15)

The centroid energies of the ISGMR in 208Pb, 144Sm,
116Sn, and 90Zr are calculated in the RRPA. In Fig. 2,

we display the centroid energies as a function of the

corresponding nuclear matter compression modulus

Knm. The dependence of the excitation energy on

Knm is approximately linear, and lines in the figure

are obtained by a linear fit. The areas delimited by

two horizontal lines correspond to the experimental

values of EISGMR with error bars. The compression

moduli are predicted in comparison between experi-

mental and theoretical energies, especially in 208Pb.

The left part of the figure corresponds to the case

without the mixed isoscalar-isovector coupling term.



1 5 Ï ù��µãü4��Úé¡U 473

In comparison with the experimental ISGMR energy

in 208Pb one could give a constraint on Knm around

260—280MeV.

Fig. 2. Centroid energies of the ISGMR as a

function of Knm. The left corresponds to

the case without adding the mixed isoscalar-

isovector coupling term; the right corre-

sponds to the case adding the mixed isoscalar-

isovector coupling term.

It is well known that RMF calculations with var-

ious parameterizations depict not only a wide range

of values of the nuclear matter incompressibility, but

also dissimilar symmetry energies at the saturation

density. In order to study the effect of the symmetry

energy on the ISGMR energies it is desirable to tune

the nonlinear isoscalar and isovector coupling con-

stant. The additional nonlinear isoscalar-isovector

coupling softens the nuclear mater symmetry energy

and therefore enlarges the neutron rms radius in fi-

nite nuclei. The symmetry energy is softened, which

is approximately equal to 32MeV at the saturation

density for various parameter sets by tuning the cou-

pling constant Λv and without changing the agree-

ment with the existing experimental data, such as

the bounding energy per nucleon and the charge rms

radius, as has been mentioned above.

Then the ISGMR centroid energies are calculated

with various parameter sets at a fixed symmetry en-

ergy, which are plotted at the right panel in Fig. 2.

It is found the calculated centroid ISGMR energies

become larger due to the softened symmetry energy.

With the same stratagem described above, and only
208Pb is considered, one could give a soften constraint

on Knm at 250—270MeV. (If 208Pb, 144Sm, 116Sn,

and 90Zr are all considered, the case without adding

the mixed coupling term predicts the range 230—

280MeV; and the case adding the mixed coupling

term predicts the range 230—270MeV, respectively.)

Varying the coupling constant Λv, we calculate the

RMF ground state as well as the ISGMR in 208Pb

with the parameter sets NLC, NLBA, NL3 and TM1.

A strong linear correlation between the centroid en-

ergy of the ISGMR and the symmetry energy at the

saturation density is observed. Centroid energies of

the ISGMR versus the symmetry energy are plotted

in Fig. 3.

Fig. 3. ISGMR centroid energy for 208Pb as a

function of the symmetry energy of symmetric

nuclear matter.

It is clearly shown that in comparison with the

experiment ISGMR energy the RRPA calculation by

using parameter sets TM1 and NLC with too large or

too small incompressibility can not reproduce the ex-

perimental ISGMR energy at a reasonable symmetry

energy. Only those parameter sets NL3 and NLBA

with the incompressibilityKnm around 240—270MeV

could be adopted to describe the ISGMR energies

with a reasonable symmetry energy.

4 Summary

In summary, we discuss the nuclear matter incom-

pressibility by monopole compression modes in the

nuclei 208Pb, 144Sm, 116Sn, and 90Zr in the framework

of a fully consistent relativistic random phase approx-

imation, based on the effective Lagrangians with a

mixed isoscalar-isovector nolinear coupling term. The

RRPA in this work predicts the range of values ofKnm

is 260—280MeV, if 208Pb is considered, and without

adding the mixed isoscalar-isovector term. As the
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isoscalar-isovector term is included and the symmetry

energy is adjusted to equal 32MeV approximately at

the saturation density, a slight different range 250—

270MeV is predicted. The modification of the sym-

metry energy has slight impact on predicting the nu-

clear matter incompressibility. A strong linear cor-

relation between the centroid energy of the ISGMR

in 208Pb and the symmetry energy is observed. To

produce a reasonable symmetry energy a consistent

result of the constraint on Knm is obtained.
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