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Dynamics of Multipartite Entanglement in the Heisenberg Model
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Abstract We investigate dynamics of the multipartite entanglement in the Heisenberg model and give analyt-
ical expressions of the average concurrence (C') and the multipartite entanglement measure Q. It is found that
both (C) and @ initially increase with the increase of the scaled time ¢, and finally reach a plateau, oscillating
irregularly around a steady value. And for the case of N(C), this steady value is nearly independent of the

length of the chain, and only determined by the NNN coupling constant J.
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1 Introduction

Quantum entanglement, first noted by Einstein,
Podolsky, and Rosen (EPR) and Schrodinger, is one
of the most distinctive features of quantum mechan-
ics. It has attracted much attention in recent years,
mainly due to its central roles in quantum proto-

]

cols such as quantum teleportation[l, superdense

codingm, quantum key distributionlg], and other pro-
cesses that involve transfer of quantum information!".
Entanglement has thus been recognized as a resource
for various tasks of quantum information processing 4
and quantum computing[s].

Since we can perform so many useful tasks with
entangled states, it is desirable to quantify the
amount of entanglement these states have, and thus
several measures have been introduced so far in the
literature!® *?. Particularly, for a pair of qubits, Hill
and Wootters'” ® showed that a quantity that they
called concurrence was a good measure of entangle-
ment. However, for the general case, the study of
entanglement measure is far from completely devel-
oped. There is currently no consensus as to the best

method to define an entanglement measure for all
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possible multipartite states. And it seems that the
various proposed measures quantify different aspects
of entanglement in multipartite states, aspects that

need further elucidation.

2 Preliminaries

In this section, we briefly recapitulate the defini-
tions of the different entanglement measures we adopt
in this paper. We first recall the definition of the

concurrence!” 8], which is defined as
szax{)\l—)\g—)\g—)\4,0}, (1)

where A\;, A5, A3, and )\, are the square roots of the
eigenvalues of the product matrix R=p;;p;;, in de-
creasing order. Here the spin-flipped density matrix

pi; is given by
pi = (0} ®af)pi;(0] ®07). (2)

The symbol p;; denotes the complex conjugation
of the reduced density matrix p;;in the standard basis
{l00), |01}, [10), [11)}.

Next let’s see the geometric multipartite entan-

glement measure ), which was firstly introduced by
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Meyer and Wallachm], and has been shown to be sim-

ply related to one-qubit purities. It is defined as

Q=2 [1—%3@1)} . (3)

From the unit trace of the density matrices, it fol-
lows immediately that for qubits 1—tr(p?) = 2det(pn),
thus we get that

0=+ > dc(). (4)

Clearly, if we want to calculate the entanglement
measure ), we only need to know knowledge of the
reduced density matrix p,, and this is simple for a

given state.

3 Results and discussion

In this paper, we study time-evolution problem in
the one-dimensional Heisenberg model governed by

the Hamiltonian
N

N
H=> (SrSz,,+8uSU. )+ > (SiSe,,+54SY.,),
n=1 n=1
(5)
where N is the length of the chain, and the periodic
boundary condition is imposed.

We think of the so-called “one-particle” states
with one spin pointing up and N — 1 spins pointing
down (i.e., the initial state of the system is o | 0)®%).
In a recent relevant Work[13], we have shown that for

this case, the state vector at time t is

#(8) =D balt)o [0)Y, (6)

where

1 & 2k(n—1m
bo(t) = NZQXP {1%_
k=1

2k 4k
it <cosTﬂ+JcosTﬂ)} (7)

For Eq. (6), by direct calculations, the concur-
rence between any two qubits 7 and j is easily found
to be Cy;(t)=2|b;(t)b;(t)|. However, in this study, we

are more interested in the gross measure of entangle-

ment. So in the following, we shall study the average

. . 14
pairwise COHCUI‘I‘GHCG[ ]

2
() = W_DZ%:

i<j

T [(fo_l X0 |)2—1] ®

Fig. 1 displays the dynamical behaviors of the av-
erage concurrence (C') as a function of the scaled time
t for different next-nearest-neighbor (NNN) coupling
constants J, where the length of the chain is chosen
to be 350. It is clear that for any fixed NNN coupling
constant J, the average concurrence (C) first linearly
increases with the increase of the scaled time ¢, and
then when a critical point ¢, is reached, (C) reaches
a plateau and oscillates irregularly around a steady
value. This steady value increases with the increase

of J, while t. decreases with the increase of J.
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Fig. 1. Dynamics of the average concurrence
(C) for N=350. (a) J=0; (b) J=0.4; (¢) J=
0.8.

In Fig. 2 we plot N(C) as a function of the scaled
time ¢ for J=0, 0.4 and 0.8. It is easy to find that for
any fixed NNN coupling constant J, N{(C) still ini-
tially increases linearly with the increase of the scaled
time t, and finally arrives at a plateau, oscillating
irregularly around a steady value, as one expected.
However, this steady value is nearly independent of
the length of the chain, and is only determined by the
NNN coupling constant .J.
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Fig. 2. Dynamics of N(C) for different values
of N and J.

Next we consider the dynamical behavior of the
entanglement measure Q. It is straightforward to find
that the single qubit reduced density matrix p,, which
is

1 : B
SHSD ()
p’!L = 1 ) (9)
(S5 582

n

where the first element is (0| p,,|0), etc., and the an-
gular brackets are expectation values corresponding
to the full pure state |¥(t)) we are interested in.

For Eq. (6), it is easy to obtain that

(5:)=3- 1), (SH)=(5;)=0.  (10)

So we have

0 [ 0n ()
Substituting Eq. (11) to Eq. (4) leads to

4 al ,
Q=N<1—;|bn(t)l>7 (12)

where we have used the normalization condition of
Eq. (6).
In Fig. 3 we plot the multipartite entanglement

measure ) as a function of the scaled time t for

N=350, and J=0, 0.4 and 0.8, respectively. Appar-
ently, with the increasing value of ¢, @) exhibits a
rapid initial increase, and then reaches a plateau, os-
cillating irregularly around a steady value 4/N. From
the inset of Fig. 3, we also observe that with the in-
crease of t, the entanglement measure ) exhibits a
“zigzag chain” shape. We define it the main oscilla-
tion for the convenience of representation. It is clear
that when J=0, the period of the main oscillation is
about 180, and its amplitudes decreases with the in-
crease of t. However, when J # 0, the regular main

oscillation were destroyed.
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Fig. 3. Dynamics of the multipartite entangle-
ment measure @ for N=350. (a) J=0; (b) J=
0.4; (c) J=0.8. The insets show the depen-
dence of @ at larger values of the scaled time
t.

4 Conclusion

In conclusion, we have studied the dynamics of the
entanglement sharing in the so-called “one-particle”
states governed by the Heisenberg model. We have
studied the average of the concurrence (C) and the
multipartite entanglement measure Q. Our results
show that with the increase of the scaled time t, both
(C) and @ first linearly increase, and then reach a
plateau, oscillating irregularly around a steady value.
And interestingly, for the case of N(C), the steady
value is nearly independent of the length of the chain,
and is only determined by the NNN coupling constant
J.
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