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Abstract An application of the pseudo- SU(3) shell-model to 2 Dy illustrates that complex many-body behavior in atomic nuclei

can be given a simple geometrical interpretation.
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1 Introduction

The identification of new low-lying levels and more pre-
cise measurements of E2 and M1 transition strengths continue
to challenge our understanding of collective nuclear phenome-
na. While systems with nucleon numbers greater than about
150 are excellent candidates for probing our understanding of
deformation , microscopic calculations for these systems remain
illusive. The pseudo-SU(3) model-which capitalizes on good
pseudo-spin symmetry in heavy nuclei—is applicable in this

(2] Here we

domain and has enjoyed considerable success
review some recent applications of the pseudo-SU(3) model
in this domain, using group theory to give a simple geometri-
cal interpretation of observed phenomena.

The pseudo-SU(3) model builds on the observation that

single-particle orbitals with j =1 — % and j=(1-2) + %
in the shell 7 lie close in energy and therefore be labeled as
pseudo-spin doublets with quantum numbers ]~ =7, 6 =79-
1,and [ = [ —1. Its origin has been traced back to the rela-

tivistic Dirac equationm . In the current version of the pseu-

do-SU (3) model, the intruder level of opposite (unique)
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parity in each major shell is relegated to a renormalization role
and pseudo-orbital and pseudo-spin quantum numbers are as-
signed to the remaining ( normal parity ) single-particle

states™) .

2 Model space and interaction

Though only results for '®Dy are reported here, the re-
sults extend to other even-even and odd-A rare earth nuclei
which are taken to have a closed proton core at N, =50 and a
closed neutron core at N, = 82. Basis states are built by
placing valence nucleons in the open 7, =4 shell for protons,
less the gg,, level which forms part of the proton core plus the
unique-parity hy,, intruder level from the shell above, and
the », =5 shell for neutrons, less the h;,, level which forms
part of the neutron core plus the unique-parity i3/, intruder
level from the shell above it. As noted above, nucleons as-
signed to the unique-parity intruder levels are relegated to a
renomalization role. These shells have a complementary pseu-
do-harmonic oscillator shell structure that is given by ;]6(0' =
n,v) = 7, — 1 plus the respective intruder levels. Typical

applications include about 5 proton and 5 neutron pseudo-
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SU(3) irreducible representations ( irreps ) with largest
values of their respective second order Casimir operators, C3
= (Z)“ a" -3L2),and up to about 20 proton-neutron cou-
pled irreps, again with largest combined C, values where for
the latter case C, = ((~_) . (~_) - 3L%) where Z) = Z_)" + 6” and
L=L"+1L".

A realistic pseudo- SU; Hamiltonian is used in the calcu-

lations:

pair

~7r ~v 1 Pas A ~7l' ~v
H=Hy+ Hy-— 300 = Gl — GHyy+ a” +

bK?"' (l3é3+(l 63. (1)

sym
Strengths of the quadrupole-quadrupole (6 . 6 ) and pairing

interactions (I~1 ;ai,) are taken to be fixed, respectively, at va-
lues typical of those used by other authors, namely, y =
354% MeV, G, = 21/A MeV and G, = 19/4 MeV. The

spherical single-particle terms in this expression have the form
Ho,= D)(C,Q, -5, + D,I2). 2)
i

Calculations are carried out with the single-particle spin-orbit
(Zc' ;s) and orbit-orbit (Zi) interaction strengths fixed by
systematicsm . The four ‘free’ parameters a, b, as, a,,, are
fixed by requiring a best fit to the low-energy spectra. (For
odd-mass systems, the a; parameter was set to be zero be-
cause it has very little effect on the overall results. ) No other
parameters , except for effective charges in the definition of the

E2 operator, enter into the theory; E2 and M1 transitions are

not part of the fitting procedure .

3 Typical results for even-even systems

Two sets of results have been reported in the literature
for even-even systems. The earliest were for the Gd iso-

6] The most recent, and hence most sophisticated in

topes[
terms of the number of SU(3) irreps included in the basis
states and the nature of the Hamiltonian, are for the
160,162,164y and %8 Ex nucleil’. In what follows we review

some of the most recent results.
3.1 Excitation spectra

The even-even Gd, Dy, and Er nuclei exhibit well-deve-
loped ground-state rotational bands as well as bands that are
built on low-lying K =0* ,2* and even 4* states. Relative
excitation energies for states with angular momentum 0* are
determined mainly by the quadrupole-quadrupole interaction.

The single-particle terms and the pairing interactions mix

these states. The 0, states lie close to their experimental
counterparts while the 05 states (not fit to the data) usually
lie slightly above their experimental counterparts. Of the four
‘free’ parameters in the Hamiltonian, a is adjusted to repro-
duce the moment of inertia of the ground state band, a; is va-
ried to yield a best fit to the energy of the second 0 state,
@y is adjusted to give a best fit to the first 17 state,and b is
determined by the band-head of the K" =2* band.
Fig.1(a) shows the calculated and experimental K* =
0%,K"=2" and the first and second excited K* =0* bands
for 162Dy[8] . For the first three bands, the calculated numbers
are within 7% of the measured energies. The model predicts
a continuation of the first excited K* =0 band with two ad-
ditional states of angular momentum 6 and 8. The calculated
second excited K* =0* band (not included in the fitting pro-

cedure) lies about 0.5MeV higher than the experimental one.
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Fig.1. Energy spectra of "Dy obtained using Hamiltonian(1)

is given on the left,insert (a). ‘Exp.’ represents the
experimental results and ‘Th.’ the calculated ones. Insert (b)
gives the theoretical and experimental M1 transition strengths

from the J* =07 ground state to J" =17 states.

3.2 Electromagnetic transitions

Theoretical and transitions

B(E2)

strengths between the states in the ground state band in '®Dy
[8]
1

experimental

are shown in Table . The overall agreement between the
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calculated and experimental numbers is also reasonable. The
B(E2; 2,—>4,) is within 1% of the experimental value, and
the last two calculated B(E2) values differ from the experi-
mental values by less than 0.1 b2 which is well within the
experimental error. As with the excitation spectra, these re-
sults are typical of what one finds for other nuclei in this re-
gion. Contributions to the quadrupole moments from the nu-
cleons in the unique parity orbitals are parameterized through
an effective charge, e;, with e, = e;,and e, = 1 + e, so the
E2 operator is given by:E2— 6}1 = enaﬂ + evav[g]. Predic-
tions were also made for the inter-band E2 transitions between
members of the excited bands as well as for various intra-band

E2 transitions.

Table 1. Experimental and theoretical
B(E2) strengths for '“Dy.

B(E2; [~ J) (e*b?)

Ji~ U

exp. theory
0,—>2, 5.134+0.155 5.134
2,—>4, 2.675+0.102 2.635
4,76, 2.236+0.127 2.325
6,—>8, 2.341+0.115 2.201

Another test of the theory is Ml transition strengths , medi-

3 0w s o o ry
ated by the operator ML =,/ E#N{gnL# +g. 8, +g, L+
ngL} where the g_’° factors are the respective orbit (o) and

spin('s) gyromagnetic ratios for protons (o =) and neutrons
(a=v). This is called the scissors mode because it can be
pictured in lowest order as the rotation of the proton and neu-

tron distributions relative to one another, like the opening and

[10,11]

closing of the blades of a scissors . A description of this

mode within the framework of the interacting boson model

(IBM) led to its detection in *°Gd using high-resolution in-

[12,13]

elastic electron scattering techniques . Systematic studies

employing nuclear resonance fluorescence scattering measure-

ments followed ™). The non-observation of these low-energy

M1 excitations in inelastic proton scattering has served to con-

[15,16]

firmed its orbital character . Over the past two decades

an impressive wealth of information about the scissors mode in
even-even nuclei has been obtained and analyzed[”] .
The pseudo- SU(3) model offers a very similar, but even

richer interpretation of the scissors mode''*!

. According to the
Littlewood rules for coupling Young diagrams, the allowed
product pseudo-SU (3) configuration can be expressed in

mathematical terms by using three integers (m, 1, k): (A,

L)@ Ao 1) = Dotk A+ Ay =2m + 1, pp + p, = 21
+ m)*, where the parameters [ and m are defined in a fixed
range given by the values of the initial SUj; represen-

tations! ! .

In this formulation, £ serves to distinguish be-
tween multiple occurrences of equivalent (A, z) irreps in the
tensor product. The number of £ values is equal to the outer
multiplicity, o e (K = 1,2, ", ppax) - The I and m labels
can be identified with excitation quanta of a two-dimensional
oscillator involving relative rotations (4, the angle between
the principal axes of the proton and neutron system,and ¢,
the angle between semi-axes of the proton and neutron sys-
tem) of the proton-neutron system, m = ng, 1l = n¢[2°] . These
correspond to two distinct type of 1* motion, the scissors and
twist modes, and their realization in terms of the pseudo-
SU(3) model. The pseudo-SU(3) irreps obtained from the
tensor product that contain a J* = 1" state are those corre-
sponding to (m, 1, k) = (1,0,1),(0,1,1),(1,1,1),and
(1,1,2). A pure pseudo- SU(3) picture gives rise of a max-
imum of four 1* states that are associated with the scissors,
twist, and double degenerate scissors-plus-twist modes [(1,
1,1) and (1,1,2)]2021,

Results for the Dy isotopes, assuming a pure pseudo- SU;

scheme, are given in Table 2.

Table 2. B(M1) transition strengths [ u%] in the

pure symmetry limit of the pseudo SU; model.

nucleus [ (A, z00) (Ags p20) (/\s,u)]gn (A,p)  B(M1) mode
-y (10,4)  (18,4)  (28,8)  (29,6)  0.56 t
(26,9) 1.77 s
(27,7)"  1.82 s+t
(27,7)* 0.083 t+s
“py  (10,4) (20,4) (30,8) (31,6) 0.56 t
(28,9) 1.83 s

(29,7) 1.88 s+t
(29,7)  0.09 t+s

The strong coupled pseudo- SUs irrep (A, 1) g for the ground state is giv-
en with its proton and neutron sub-irreps and the irreps associated with the 1*
states, (A", @ )i . In addition, each transition is labeled as a scissors (s) or

twist (t) or combination mode.

The experimental results shown in Fig.1(b) suggest a
much larger number of 1* states with non-zero B(M1) tran-
sition strengths from the 0* ground state®’. The SU (3)
breaking residual interactions lead to a fragmentation in the
M1 strength distribution, since the ground state 0* is then a
combination of several SU(3) irreps, each with allowed M1
transitions to other SU(3) irreps. For 162Dy the summed M1

strength, 4. 24 pi, and 2.29 /412\], respectively, for the pure
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SU(3) limit of theory and as determined using Hamiltonian
(1) ,is in reasonable agreement with the experimental number
(3.29 ;,LZN) . Results for '®Dy are similar to those for '®Dy
but the summed strength for '*Dy is less than reported. How-
ever, since the latter exceeds the pure SU (3) sumrule limit, it
could either be a bad number or an indication that spin mix-
ing is not being taken into account properly. In any case, it is
important to note that unlike the E2—>a case, real , not effec-

tive , gyromagnetic ratios are used to define the M1 operator.

4 Conclusions

The results for '“Dy illustrate the current level of appli-
cability of the pseudo-SU (3) shell model. First and fore-
most ,one can say that it can be used to reproduce excitation

spectra: in addition to the ground-state ( K* = 0;" ) and gam-

ma (K" =27 =2 ) bands in even-even systems, it offers a
reasonable description of the first two exited 0* bands ( K™ =

053) as well as the K* =4," band. Other studies show that it

can also be used to reproduce several (for example,seven for
1Dy) bands in odd-mass systems[22’23’25_27] .

The theory, which now accomodates realistic one-body
terms ( single-particle energies) and two-body interactions
(for example, pairing) , also allows one to calculate E2 and
M1 transition strengths. Agreement with existing experimental
numbers is reasonable for both inter-and intra-band transi-
tions. In the case of the E2 operator, effective charges are re-
quired because the theory as currently employed still does not
include its logical symplectic [SU(3)— Sp(3,R )] exten-
sion and the so-called opposite parity intruder states are rele-

gated to a renormalization role. Work to build both of these

aspects into the theory is underway.
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