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Prel iminar y Study on Or der ing Pr oblem in Potential M odel
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1 (U e Gf¤² ae sebod d the Chim-e Ae-demy d Scune-- ,BdjiÖ 1́ m39.chim)
2 ( Dep-m ó d ph" " ¤.Nd m uni" mty,Th 4 ¤ 3Á®71.ch u
3 ( Ina6Me d mea-6eal FhyÊe. .me o me,e Ac¤h - y d se4¤ e¤ ,Baja-e la mm ,chin¤)
4 ( Insziuae d Hieh Energy h -ic- -h chine-e Ae-demy d sem ee- -BeotÛ 1a m 9.CMnU

A M E - a m i le der ivme É e d eetive petsm6d b7 eah ula6ng th el - - k scatted zzg ampliMd, be" ' een

× Ò® L anti quu t , one would eneounter the ordeEtng pmbl em . Even the hmm i ticity mquç¢ement is eonBid -

m± , vaEmu- ofded Ö ,chemes m® ,til l lead Ø diEemat numericaI m ulu . We invesUÁ te th is issue and

prm m t the prel ió inaÉ resd t, , then make mme discm mon¤ .

poteam l model ,ordeziag mM me-quakoaia, bem iticity

U e non- Eü lati vi sHe pot ential model is pmved to k a plausible approach to study spectm and
wavefunctions of heavy m akoEM U-2] . Except the mystem us confi nement pi ece in the potential whi ch

should be input by hand , oae can deri ve the leading-Od er pieces bÄ ed on the penuzh Hve QCD the-

£É by calcul ati ng the elast ic scatted ng ampli tude d the consti tuent quarks .

When we wrt te dom z the expmssiom of the scatteri ng ampl itude , al l quantit ies am i n the mo-

mentum space , " that they commute m É each other - However , the Foud er transformation tum k

into iu conj up te vM Or r in the cons gu ration spm and leaves the m meatum p Ø a ded vati ve op -

erator , where k i 8 tlm exchanged 3¤momentum between the quadE and anti -quark , r is the Þ m -

spondi ng distanee vector . Because p and r do not commute ì ú each other - the orded ng problem in

the potential in the emzSgurat ion space em rgm and the pmblem is by m means tri vial . Moreover , if
we £onsider higher OMer tem - d p 2 i n the non- relat ivi stic Ed ucti on d the scatter ing ampl itude , the

od ed ng prob lem is even m£" ' eriom .
h the ead ier work [3] , the audzors took a simple OM eri ng scheme such ó f ( r ) p 2 and f ( r ) r ¤

( r ¤p ) p etc . . Evidentl y , these expm¤- ions am i n general not HenzUti azz. Weyl noticed this pmbl -
emM and pmpoeed tbe famous " Weyl ozd ering" scheme . Al thoud z this scheme is a conveaient ¶ e

to um t thi s pmblem , obvi ously it is not a uniqu e choice and there is m Et ain azbiwariness ¤" that we
cannot al lege that it i s the best choice . Here " best " m ans that the sol ution obtam ed in the scheme

is the clo¤e-a oEEe to the physicd md ity . Gmmm prÊ ented m expl ici t expression when he discussed
the eg ecti ve HaM ltonim for heavy quaEt oni umM] - h Ms work , the spi n- independent mlati vi 86c cor-

mCHon in the CM f rame was wr itten m

I I V 1 1Hc =7 ¡ VV +r Æ{p - W- p - F- F-pÅ , (1)
í m 46m " " ' ¤¤"

d VY = E7 and the subecdpt " Wey1"whem
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denote- the Weyl od ering d the eonesponding opem om
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h E±q .ù( 2Ã) , V̧æcm be either ½ # oßr VV,r¢õ»frõjJ/ r .

Ò 1em is m other Þ mmonl y adopted od ering scheme m cal led Ø the Bohm oM elt ng schemeML

Accod i ng M the scheme , the opemØ r which cormsponds to the classical qum Hty f ( z ) g ( p ) i s

if ( z ) g ( p ) i Beu = f ( z ) g ( p ) ; ò ) f ( z ) ( 3 )

Obvi ously , i t i s i nteresUng to investigate whed Eer there are other schemes and how diEemnt
schemes i d uence the calcul ated mSUIts ibr the m mw gap . To be exp li ci t , we take the CornelI po-

tenti al

" 4 0
V ( r ) = - ¢ + Ò r J - ¹ ( 4 )

- 3

for heavy m ak o-Ei a Ã m example Ø mvm UÁ te several poesible oid em g schemes , and then compare

the mSUIts in digerent schemes , fl nal l y we mi se our propoeal about orded ng .

V
F i r s t , w e d i s c u s s t h e t e m s u c h ó p - r - r - p m E q . ( l ) . h g e n e r a l , t h e m a m 1 2 i n d e p e n -

r

dent combinations ±
Ál = u( e -p ) ( e -p ) , a2 = u( e -p ) (p - e) , Á3 = u(p - e ) ( e -p ) , a4 = EA(p - e ) (p - e ) ,
a5 = ( e -p ) u( e -p ) , a6 = ( e -p ) EA(p ¤e) , Á7 = (p - e) u( , -p ) , Á8 = (p ¤e) u(p - e) ,
a9 = ( e-p ) ( e -p ) u , a10 2 ( e-p ) (p - e) U , Á11= (p - e) ( , -p ) u , (
a12 = (p - e ) (p -e ) U ,

wheEªE U = r V' and e = r / r is the uni t vector . A nother eet of 12 dib mnt combinations such m U ( e

cm be expmssed in tem of the opemtom h Eq . ( 5 ) ì ú the commutative rela-¤( e -p )p ) etc.

tion [ ¶ ,pj ] = isr
Appa Ê 1tly , opemtom a6 and a7 ×ü HeETZ1itim , and the othem am n© . h OMer to form opem-

tom ú " have physical meaning, we must m-combine opemtom a 1,  , a 12 into Hem1itian fomzs .

We have seven si mplest Hem i ti an eombinations .

construct many other Hermiti an fOEm s , but these seven independent opemtom am fundamental onÊ .

111ey are

b1=· (al +aØ =i [ Ô, -p)(e-p) +(p-e)(p-ek ] ,
4 2

b2=i (a2+ a10) =i [ u(e-p)(p -e) + (e-p)(p -e)u] ,
2

b3=· (Á3+ a11) =Á [ uu -e)(e-p) + (p-e)(e-p) ù
& 2

b42Á ´ " + a9) =i [ ESW-e)(p-e) + (e-p)(e-p)U] ,
2

b5=· (É Á8) =¤ [ (e-phd e¤p) + (p -e)u(p -e) ] ,
& 2

b6 = Á6 = ( e - p ) u ( p - e ) ,

b7 = Á7 = ( p - e ) u ( e - p ) .

HeIYEwe would set the hem i tici ty to be the Erst cr iter ion for m y ordering scheme . Below we M H

discuss some other cri teria which may onl y app ly to specif l c potential fonm .

W e fl mt consider the Coulomb paa of the Comel l potm Hal Eq . ( Ý , because it brings up a sin -

gu l ad ty pmblem which needs to k deal t m th eamh Il y . Taki ng V = - 1/ r , then U = r V = 1/ r ,

ò Ê ® Ä õ ½ Ð ¿ 451¡ à ø È zÆ£ Í ÐÅ

Of coume , based on these combi nat ions , one can

(6)
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4 =Æ(r) Ønµ Ð ,V Z V = - v z

wheEY-
~ 1 3 1 32

(8)b =- 7 ³ - 7 ò ÷¤
A s poi nted out by U M ath if a pot m M i e m om sin gu l ar th an 1/ r 2 , the Sc hr6d i nger equ aHon i s

u nsol vab l e[7.u . I n th e exp ressiom of b s , two k i nds d term am mom si n gu l ar th an 1/ r2 . Ò 1ey in E

vol ve 8 1 ( r ) m d U J , m spect i vel y . Ò 1e E mt m e m genem l i s sum d en tl y ben i p h th e pen tn43at i ve

calc ul at ion . I t p m vi des a corÓ CHon wh ich cm h cal cul ated by u si EEg th e wave fun ct ion M or igi n .

H owever , the sec on d one É ± show s u p i n b2 , b 4 and b6 i 8 i n tolerab le , becau se i t m SUI ts i n non -

p hysic al d i verg ence i n th e S - stat es . A si mp l e he r mi t i zi n g PEWeed u m pm posed i n Eq . ( 6 ) cm not

el i min ate t hese tm u M esonIe d i ve rgen t t en t18 . I nd eed , t he othe r fo rm s of eg ect i ve poten t ial s wh ich are

common ly used f or t he qu ark on i a , such Ø th e l i near potent ial or the l oem® 1m potent i al etc . , woul d

n ot pm d uce tem m whi ch am mom si ngu l ar th an U J a r ú O an d do not caum pd nc i p al d iE l cul t i es

i n cal cu l at ions . Fo r th eÅ poten t i d s , the herm t ic i ty req ui re ment wou ld be en0126 1 Ø a cr i ter ion of

ord ed ng sc heme . H owever , w hen we chooee ² e Corn el l potent i al Ù ö e m EF th OM er peEtu bat ive

p otent i d t o cade1Elate th e sp ec tm of qu aEt oni a , Ø m e od er in g sc hemes woul d pm d uce d i vergen t ten m
such Ø 1/ r 3 . T o av oi d con t rad i ct i on w i É m a l phy si cs , th i s k ind of tem shou l d m asonab l y b e evad -

ed by se lec t i ng pm per oM eri ng schemes .

I t i s easy t o m th at besi des th e td vi al tem b 1 , " , b 7 , the si mp l est non -d i vergen t comb i n a -

t ions can k
Â ( b2 + ¨ = h S ( r ) + b = b 3¶"'

an d

4 ~ 2 1 ~

Ó ( 2 b 4 + b" 6 ) = Ô Ðd s ( r̈ ) + b = Ô bØ 3 + Ô b .

I t iés imEnEtùe EÓmeØ gð × nù g tØ£ rme

i p i V 6p j | wh¢ ä¢ 1 = - Ð s ( ,r . ) + E ' ( 9 )

W h i c h i s H e m z i t i a n a n d × , e o f t h e s i n g u l a r i t y 1 / r 3 .

T o s h o w t l m m m l t s f r o m d i E e 'He n t o d e r i n g s c h e m e s , w e c a l c u l a t e t h e e n e r g y g a p b e t w e e n t h e

2 S a n d 1 S s t a t e g d t h e m s y s t e m . Ç 1e m s u l t a n t S r s t o r d e r m l a U v i s u c c o r zØ t i o m f r o m s p i t z - i n d e ¤

1 V
d e n t M m - r Ó p - r - r - p i n v a r i o u s o d e r i n g s c h e m e s a m t a b u l a t e d i n T a b l e 1 .

L FFZ r

W e a l s o i EE÷ · Á ¼ t h e s i m p l e r t e m p - W . I t s e x p m S i o n i n t h e W e y l o d d n g s c h e m e i s

( ¬ + 2 p y + õ ) ± i n ô ² m o EMôÊ

p" o tùe 'n±3Ût i×ad l , t h e o E±d é rdmihmEnÖEûg . ed h e¶ t·m°n'±e e m b e e ûµ P ±m . 8 ed d iôEn 2 a eø ¼m Enm1mweÅ rm± ad l i m d h m

(1- Ø((¬ ; õ ))+q ¤× =- (1- µ 3- d

Ú 26íß Ü ï í ë Ë ï í (EEP& NP)

' ®' ? " V

Mzh S(r)+6, b4=- 4 +h S(F)+b,
r

4 Ò ' v

b6=ç + b,
r

b5= - 4d (r ) +¯ ,

b7 B b ,
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wtzem a Ê a h ee parazn d ® . × Ie W ä l oEd ed n g con Ä pon ds Ø a z 0 . 5 , namely

( p 2 V + Pb 2 + 2p - W ) ( b 3 + 3 )
4 - - 4 '

mzd th e Bohm od ed ng sc heme m qu i n s a = 0 . For var ious val u es d th e par amd er Á , the nu mer ic al

m su i t s wou l d dev i at e about 5» 15 M eV for O g a g l for Jf dh

E VU bEe 1 . m e cor n d § h m ú ú " £ø , peú ú " m w m - z p p - r 7 r -p ô ¤ m ezw

, p ba ' " ¦ ² e 2S M ES a ó a d a e c c w a m M a a a ï £ø , Ø , ú À , .

Mme-chem- |cwM CÐogzbM ©V| cwhnuneapMJMev | TÐ CV/MeV
b l l - 26 .6 | - 44 .0 1 - 70 .6

b3 | - 13 .8 | - 23 .4 | - 391

iÇJ;;-» ® 4 áYé v Tr É - 4" 6 .9 i - 3ü4 .7 õ F£É - 8́l .6

I H¿ l 4 6U l T » F l
b7 Ui º 6 .3 I - 16 . 1 ¸ - 22 .4

Â ( b2 + M ) l M 3 É - ¢ J J 18 2

Â(2bhb6) Â 72 Ð ø -193 1qjIJ -121
La aÒ » Ô Ö ' ¿ + 4 q t E

( , - p h s ( , - p ) . .hm z b 1 1 - 26 . 6 | - 4 4 . o | - ? 0 . 6

b1+ b7 | | |( r p) ± , -p}E'er ¡ ¹ | - 16 5 | - m 1 | - - "

- Aah mzøth Í e pot¢ al h dô ComeH peteÉd V( r) = ¡ f + , Øª me¤ 1.84Gev . a. ¤0.39,e z 0.182GeV- . h

eneezy , p in the zerF ú £-deT appmedmation is Ezs - Ets z 592 .7MeV - c . , . demØ¤ Ée vd ue d Ée am ofder oü" ction .

W e have ach i eved the f ol l owi ng ob m w at i on s :

( 1 ) h se lec t i ng od eri ng sc heme , th e opem tom m th e sch eme shou l d h H em i Hazu od Ien f i m

m m ab etIM val ues wou l d ap zô ® and p m duce non - p hy sical resu l ts .

( 2 ) O ne can expeet nu mer i cal devi at i on s fm m one od ed ng sc heme Ø the oth em , th e m nge i s

abou t several tem of M eV .

( 3 ) × 1e m SUI taZEt COE¬ Ct ions and the dez m es of devi at ions i n d i ff em nt ord er i ng sc hemes de -

pend on the poten t i aI form i n th e zem ¤th Od er ap p m xi mat i on .

h fac t , É e od ed ng phen omenon also exi st8 i n th e var i aHmEal cal cu l atm whem th e poten ti al i E1¤

el udes atom menti on ed rel at i vi st i c corEØeHon tem m . It i s fou nd , i n ou r pm vi ous w£Ë , th at the OM er -

i ng ef eet i e usual l y abeo² ed i n to t he val ues of var iat ional param etem vi a th e var i ati onal oFerat i on -

N m el y , i n d i f fere n t od ed Eç schemes , th e val ues of van at i on al pam m ¥ m are d ib m nt , b ut th e m -
su l tant p hy si cal qu an t i ti es am veÇ cl ose [9] .

A s the conc l usion d th i s work , we a nd :

1 . Ch oosi ng a pm per od er i ng sc hem e , wh i ch od e- nates fm m the Fou ri er tm ZEd om 1aI i on i n de -

ri vi ng a non - rel at i v ist i c poten t i a l fm m th e qu m tu m f h l d th eo® , i s i mPOEt a± , non - ned i g b le an d un -

avoid ab l e i n the i nvest i gat i on of had m lEi c ph ysic s .

2 . I n the non- Iª l at i v i st i c poten t i al mod el , cal c ul ated Eü SUIts d epend on the form of t he emp loyed

potent i al , th e val u e8 of model pam metem , an d th e 8c heme of ord ed ng the opem tom .

3 . A p m per OM er i ng sch eme shou ld at l east sat i stv two con di t ion s : th e poten t i al opem tom

shoul d be H ermi t i an , and shou l d not cau se the di veç en t d i saster -

4 . Phenomenol og eal m odel i s sti l l a basi s to study had ron ie p hysi cs , becau se i t i s si mp l e an d

cm õ sp th e m j or Ê genee . For a spec ik pd enHal mod el m d mod el param tem , i f t he afoEm men -

t i oned two cond i t i ons am sat i d ed , t he sc heme i s p ossib le to h a pm per one to Bt t he d ata . × len , i n

the f 1EIt he r stu dy of new p hysics J he re sul t s woul d be sel f con si stent and Enem a I© 11 . W e no ti ce th at

¡ à ø È :Æ£ Í Ð Å ò Ê â Ä õ ½Ð ¿ 4±3
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both the Weyl and Bohm ' s schemes poesess the mqu imd proped ies , " cm be app lied in the pmcti -

cd cd ctElati onh a diEemnce i n numbem cm be expected , but i t i s no more than a few tens of MeV .

Ò 1i s diEeÓ nce Eni d u brtng up some phenomenol og eal consequence along wi th the eEects of other

corm tiom such Ä the loop d m ts and hi d mr OM er Eü l ati vistic com et ions , " the measurement be-

comes mom and mom pred se . So the choice of the od ed EEg scheme indeed stands aa a sed ous pmb¤

l em i n th e potent i al mode l an d i s wor th more at ten ti on of th eo ri st s .
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