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Abstract: One-loop contributions for decay process   within the Two-Higgs-Doublet Model (THDM) is
computed in the general   gauge, and its phenomenological applications at future muon–TeV colliders are studied
in this paper. The analytic results are confirmed by several consistency tests, for example, the ξ-independence, the
renormalization-scale stability and the ultraviolet finiteness of the one-loop amplitude. We first perform an updated
parameter scan of the Type-X THDM in the phenomenological studies. The production of charged Higgs boson pairs
at  future  muon–TeV  colliders  is  then  investigated  through  the  two  processes    and

. Both  signal  events  and  their  significances  are  evaluated  with  taking  into   ac-
count the corresponding Standard Model backgrounds. We find that the signal significances can exceed   at sever-
al benchmark points in the viable parameter space of the Type-X THDM.
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I.  INTRODUCTION

√
s = 7 8

H+→ τν H+→ cs̄

Searches for  additional  scalar  Higgs  boson   produc-
tions in many extensions of the Standard Model (SM) are
one of the main purposes of future colliders, including the
High-Luminosity  LHC  (HL-LHC)  and  proposed  lepton
colliders  such  as  the  International  Linear  Collider  (ILC)
and muon–TeV colliders. The discovery of the additional
scalar  Higgs  bosons  would  provide  direct  evidence  for
new physics and would also offer a enhanced insight into
the  dynamics  of  electroweak  symmetry  breaking
(EWSB).  In  all  possible  production  channels  of  exotic
scalar  states,  singly  charged  Higgs  boson  productions
have  recently  received  particular  attention  at  colliders.
Experimentally, searches for charged Higgs bosons in the
light  mass  regions,  produced  in  top-quark  decays  have
been detected at   and   TeV at the LHC as in Refs.
[1−4].  Additional  exploration  of  charged  Higgs  bosons
following  decay  channels    [5]  and    [6],
have  also  been  examined  by  the  ATLAS  Collaboration.
For heavier charged Higgs states, both ATLAS and CMS
have conducted searches through decay channels such as

H±→ tb H±→W±Z
√

s = 8√
s = 13

H±→ cb/cs
√

s = 8

H±→ HW± √
s = 13

H±→ τ±ντ

  [7−9],    [10, 11]  at   TeV,  and
via vector boson fusion production at   TeV [12].
Furthermore,  searches  for    at    TeV
have  been  reported  in  Refs.  [13,  14],  while  the

 decay mode has been studied at   TeV
[15, 16]. More recently, both ATLAS and CMS have car-
ried  out  the  investigations  for  charged  Higgs  bosons  in
association  with  top  quarks  and  in  top-quark  decays,  in
which both production channels have been analyzed with
the subsequent decay   [17−19].

pp→ tH−→ tW−bb̄

H+→ tb̄

pp→ H±h/A

Theoretically, charged Higgs boson production at the
LHC has been calculated within many BSM scenarios. In
the  THDM,    production  has  been
computed, including top-quark polarization effects as dis-
cussed  in  [20,  21].  Additionally,  the  decay    has
been systematically examined in the Minimal Supersym-
metric Standard Model (MSSM) [22]. The production of
charged  Higgs  boson  pairs  at  the  HL-LHC has  been   in-
vestigated  in  [23].  Taking  Run  III  data,  charged  Higgs
bosons  in  the  light-mass regions  decaying  into   elec-
troweak  vector  bosons  have  been  analyzed  in  the  report
[24].  Investigations  of  the  productions  for 
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pp→ H+H− H±→W±h/A

Wγ

µ+µ− e+e−

γγ

H±→W±H

e−e+→ hνeνe e+e−

and   with    have also  been   car-
ried  out  in  Ref.  [25].  Further  studies  on  charged  Higgs
bosons at the LHC have also presented in Refs. [26−28],
including analyses of production via vectorlike top-quark
pairs  [29−34]  and  studies  of  the    decay  mode  [35].
Production of charged Higgs bosons at future lepton col-
liders  has  also  been  studied  at    and   machines
[36−39].  Furthermore,  heavy  charged  Higgs  states  at 
colliders have been probed using multivariate analyses in-
cluding  the    decay  channel  [40,  41].  In  Ref.
[42],  new physics  effects  from scalar  Higgs exchange in
the  loop  can  be  probed  through  electroweak  corrections
to the process   at   machines.

e−e+

tanβ cotβ

H±→W±Z

H±→W±Z

Rξ

O(100)

500

mW +mZ

µ+µ−→ H+H−→W±W∓Zh
µ+µ−→ γγ→ H+H−→W±W∓Zh

In  comparison  with  hadron  colliders,  a  muon–TeV
collider  provides  a  clean  leptonic  collision  environment
for  high-precision  tests,  similar  to    collisions.
Moreover, muon–TeV colliders offer a high-energy fron-
tier  for  probing  physics  beyond  the  Standard  Model,  as
studied  in  Refs.  [43,  44].  Since  the  muon  mass  is  about
207 times larger than the electron mass, the contributions
from neutral-Higgs exchange in the s-channel may be en-
hanced  due  to  resonance  effects.  Last  but  not  least,  the
coupling of charged scalar Higgs bosons to muons is pro-
portional  to    or  ,  depending  on  the  type  of
THDM. As a result, these effects could provide an oppor-
tunity  to  distinguish  among  the  four  types  of  THDM.
Secondly,  loop–induced decay    is  sensitive to
BSM effects and provides important information for dis-
criminating among different types of THDM. This decay
process  was  computed  in  Ref.  [45]. Alternative   calcula-
tions with including the CP-violating THDM, have been
presented  in  [46−50].  In  this  work,  one-loop  contribu-
tions  for  decay    in  the  THDM are  computed
and  its  implications  at  future  muon–TeV  colliders  are
studied.  Different  from other  works,  our  calculations are
performed in  the  general   gauge, and  results  are  veri-
fied  through  several  self-consistency  checks  such  as  the
ξ-independence, renormalization-scale stability and ultra-
violet (UV) finiteness of the amplitude.  From many pre-
vious  references,  for  example  Ref.  [51],  charged  Higgs
masses vary widely from   GeV to about 1000 GeV
in the Type-I and Type-X of THDM, while they are typ-
ically greater than   GeV in other types of THDM. For
this reason, the Type-I and Type-X models are of particu-
lar interest for searching for charged Higgs bosons in the
low-mass  regions,  especially  around  the 
threshold.  It  is  emphasized  that  the  phenomenological
results  for  the  Type-I case  were  presented  in  our   previ-
ous work [54]. In this paper, we present the phenomeno-
logical  analysis  of  the  Type-X THDM based  on  the  up-
dated viable  parameter  space.  Charged  Higgs  pair   pro-
duction is then studied via   and

,  with  signals  evaluated
with respect to the SM backgrounds.

Our  paper  has  the  following  structure.  Reviewing  of

H±→W±Z

the  THDM  framework,  its  constraints,  and  the  updated
parameter-space scan for the Type-X THDM are presen-
ted in Section 2. Section 3 presents the one-loop calcula-
tion  of    along  with  numerical  checks  of  the
computation.  Section  4  discusses  the  phenomenological
applications of this work. Section 5 is devoted to the con-
clusions. Analytic expressions and checks of ξ-independ-
ence are provided in the appendices. 

II.  THDM AND ITS CONTRAINSTS

Z2

Z2

A detailed review of the THDM can be found in Ref.
[52].  It  is  shown  that  tree-level  flavor-changing  neutral
currents can be prevented by applying a discrete   sym-
metry  in  the  Lagrangian,  as  discussed  in  Ref.  [52].  The
different  charge  quantum  numbers  of  the    for  scalar
doublets and fermion fields lead to four distinct Yukawa
types (known as Type-I, II, X, Y) (see also Ref. [53] for
more detail). The Yukawa Lagrangian can be parameter-
ized as 

LY = −
∑

f=u,d,ℓ

Ñ∑
ϕ j=h,H

gϕ j f f ·ϕ j f f +gA f f ·A fγ5 f

é
−
î
ūi

Ä
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H+uid j
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H+uid j
md j PR

ä
d jH+

ó
+ · · ·
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−
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[
ūiVi j

(
muiξ

u
APL + ξ
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)
d jH+

]
−
√

2
v
ν̄Lξ

ℓ
AmℓℓRH++H.c. (2)

Vi j ℓL/R(νL/R)
PL/R = (1∓γ5)/2

cotβ
tβ

In the Lagrangian, the CKM matrix elements are denoted
by  ,    stand  for  the  left-  and  right-handed
lepton fields, and   denotes the projection
operators.  It  is  easy  to  check  that  the  vertices  of  the
charged  Higgs  with  up-  and  down-type  quarks  depend
linearly on   in the Type-X THDM. As a result, fermi-
onic loop contributions are thus diminished in the large-
regime.

We  now  turn  to  the  theoretical  and  experimental
bounds on the THDM, which are discussed in the follow-
ing paragraphs.  Theoretical  bounds  are  obtained  by   im-
posing conditions such as perturbative unitarity,  perturb-
ativity,  and vacuum stability,  all  of  which are  taken into
account for the models under consideration. In the experi-
mental  limits,  the  measured  data  of  the  SM-like  Higgs
properties, the  data  of  flavor  observables,  and   elec-
troweak precision tests are taken into consideration in the
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sβ−α ∈ [0.97,1]
tβ ∈ [0.5,45] mH ∈ [130,1000] GeV mA,H± ∈ [130,1000]
GeV m2

12 ∈ [0,106] GeV2

mh = 125.09 GeV

HiggsBounds-5.10.1
HiggsSignals-2.6.1

HiggsBounds-5.10.1
HiggsSignals-2.6.1 2HDMC

SuperIso v4.1

(mA,mH ,mH± )
(m2

12,mH± , tβ)

mA > mH± = mH

tβ ≤ 10 m2
12

constraints.  For  explaining  these  conditions,  we  refer  to
our  previous  work  [54]  where  Type-I  THDM  has  been
studied in further detail. The scan of the parameter space
is  performed  as  follows.  We  choose  parameters  for  the
Type-X  THDM  within  the  ranges  of  ,

,  , 
,  and  ,  with  the  SM-like  Higgs

mass  fixed  at  .  The  sampling  points  are
first  tested  against  theoretical  constraints.  The  allowed
points  are  then  checked  with  the  Electroweak  Precision
Observables (EWPOs). The surviving parameter space is
subsequently  passed  to    [55]  and

  [56]  to  incorporate  collider  limits
and Higgs precision measurement data, respectively. It is
important  to  stress  that  both    and

 are  incorporated  into    [57].
Finally,  the  remaining  points  are  evaluated  with

  [58]  to  include  flavor  constraints.  After
all  conditions are imposed, the viable parameter space is
thoroughly  examined  in  the  following  paragraphs.  In
Fig.  1,  the left  panel  shows the scatter  plot  of  the viable
parameter  space  in  the    plane,  while  the
right  panel  displays  the  scatter  plot  in  the 
plane. The results indicate that the data favor the mass re-
gion   over other mass patterns. Across the
full  charged  Higgs  mass  range,  parameter  regions  with

  and  larger    values  are  preferred,  as  shown  in
the right panel. 

H±→W±Z Rξ

III.  ONE-LOOP–INDUCED EXPRESSIONS FOR
 IN THE GENERAL 

Rξ

In  this  work,  we  follow  the  method  developed  in
Refs. [46, 47] and extend these studies to the calculation
of the considered processes in the general   gauge. Fur-
thermore, we go beyond previous works by presenting the
first  results  verified  through  several  self-consistency

checks,  such  as  ξ-independence,  renormalization-scale
stability,  and  ultraviolet  finiteness  of  the  amplitude.  As
shown in Refs. [46, 47], all  one-loop Feynman diagrams
for this decay process in the 't Hooft–Feynman gauge are
taken into account in the decay rate, and it was indicated
that the effects of the renormalization schemes on the res-
ults  are  very  small.  Following  this  fact,  the  effects  of
renormalization  schemes  can  also  be  neglected  in  this
work.

Rξ
H±(p)→W±

µ (p1)Zν(p2)
Ti i = 1,2,3

First, all one-loop Feynman diagrams are generated in
the  general    gauge and  are  shown  explicitly  in   Ap-
pendix C. The decay amplitude for 
can  be  expressed  via  the  form factors    ( )  fol-
lowing the corresponding Lorentz structures: 

MH±→W±Z =
î
gµνT1+ pµ2 pν1T2+iϵµνρσp1,ρ p2,σT3

ó
ε∗µ(p1)ε∗ν(p2).

(3)

ϵµνρσ p1

p2 ε∗µ ε
∗
ν

W±

pµ1ε
∗
µ(p1) = pν2ε

∗
ν(p2) = 0

Where   is the completely antisymmetric tensor, p (
and  ) is the ingoing (outgoing) momentum, and   ( )
are the polarization vectors for external   and Z bosons,
respectively. In the above formulas, two relations for on-
shell  vector  bosons  ,  have  been
utilized for our calculations.

Ti

T F
i T B

i

The  corresponding  form  factors    are  decomposed
into one-loop fermionic ( ) and bosonic ( ) contribu-
tions.  The  factors  are  computed  from  the  respective
groups of Feynman diagrams as follows: 

T (F/B)
i = T (F/B)

i,Trig +T
(F/B)
i,Self +T

(F/B)
i,Tad . (4)

F/B

T (F/B)
i,Trig/Self/Tad

The index notations   indicate the corresponding con-
tributions  from fermion  and  boson  loops.  The  quantities

  are  obtained  from  the  triangle,  self-energy,
and tadpole Feynman diagrams, respectively.

 

(mA, mH± , mH) (m2
12, mH± , tβ)Fig. 1.    (color online) The scatter plots show correlations in the parameter space:   in the left panel and   in

the right panel.
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T (F/B)
i,Trig/Self/Tad Rξ

µ2

T B
1,2

ξW ξZ
ξW/Z = 1

mH± = mH = 800 GeV
mA = mH± +mZ sβ−α = 0.98 Z2

m2
12 = 5 ·104 GeV2

ξW ξZ

Analytical  results for    in the   gauge are
presented using scalar Passarino-Veltman functions (PV-
functions) [59] in appendix A, while analytical checks of
ξ-gauge  invariance  are  provided  in  appendix  B.  In  this
section, we perform numerical checks of the self-consist-
ency of the one-loop form factors, including their ξ-inde-
pendence, UV finiteness, and stability under variations of
the renormalization scale  . Specifically, for ξ-gauge in-
variance  we  examine  only  the  form  factors    arising
from boson-loop contributions, where   and   are var-
ied  in  comparison  with  the  case    in  the  't
Hooft–Feynman gauge. For illustration, we adopt repres-
entative  THDM  parameters:  ,

,    and  the  scale  of  the  -sym-
metry  .  The  results  of  these  checks  are
summarized  in  Tables  1,2,  where    and    are  varied
over wide ranges. The results demonstrate good numeric-
al stability.

CUV

µ2

Ti = T F
i +T B

i

i = 1,2,3

ξW = ξZ = 100
T F

1

CUV

µ2

We  then  perform  numerical  checks  of  the  -  and
-independence  See  Appendix  A  for  the  definitions  of

these parameters) for the form factors   with
.  We  note  that  the  total  one-loop  form  factor

should be considered in these tests,  with gauge paramet-
ers  fixed  at    for  example.  It  should  also  be
noted that the fermion-loop contribution   is evaluated
in the Type-X THDM as an illustrative example. The nu-
merical results for these tests are obtained using the same
parameter  point  as  specified above.  By varying   and
 over wide ranges, the results demonstrate good numer-

ical stability (see Tables 3, 4, 5).
After  collecting  all  the  necessary  one-loop  form

factors  and  performing  the  self-consistency  checks,  the
decay  rates  are  computed  in  terms  of  these  form factors
as follows:
 

ΓH±→W±Z =

√
Λ(µW ,µZ)

128π ·mH±

¶
4
∣∣T1

∣∣2
+m4

H±Λ(µW ,µZ)
∣∣T3

∣∣2

+
m4

H±

16m2
Wm2

Z

∣∣∣2(1−µW −µZ
)
T1

+m2
H±Λ(µW ,µZ)T2

∣∣∣2©
. (5)

µV = m2
V/m

2
H±

V =W,Z Λ(x,y)
Λ(x,y) = (1− x− y)2−4xy

The  relevant  kinematical  variables  are    for
,  and  the  kinematical  function    is  defined

as follows  . 

IV.  PRODUCTION OF SINGLY CHARGED
HIGGS BOSONS AT MUON–TEV COLLIDERS

sβ−α = 0.98 mA = mH± +mZ = mH +mZ

m2
12 = 5 ·104 GeV2

200 GeV ≤ mH± ≤ 1000 GeV
2 ≤ tβ ≤ 12

Singly charged Higgs boson production at muon–TeV
colliders is  investigated  in  this  section.  For  the   phe-
nomenological analysis, we use the following benchmark
configuration:  ,  ,  and

.  The  charged  Higgs  mass  is  scanned
over  the  range  ,  while  the
mixing  parameter  is  chosen  as  .  All  other  SM
parameters are taken from the Particle Data Group [60]. 

A.    Branching fractions

H±→W±γ

H±→W±Z

200 GeV ≤ mH± ≤ 1000 GeV tβ = 2 tb Wh

H±→W±Z 10−4

We  first  evaluate  the  branching  fractions  of  the
charged  Higgs  boson  in  the  Type-X  THDM.  The  one-
loop–induced process   has already been repor-
ted  in  our  previous  work  [54]  while  decay  mode

 is devoted in this work. The remaining decay
channels  are  taken  from  [48].  In  Fig.  2,  the  branching
fractions  of  the  charged  Higgs  boson  are  shown  for  all
considered  decay  modes  within  the  interval

.  At  ,  the    and 
channels  are  the  leading  contributions,  whereas  the
branching  ratio  of    remains  of  the  order 

 

Rξ T B
1

ξW ξZ ξW/Z = 1
mH± = mH = 800 mA = mH± +mZ sβ−α = 0.98 tβ = 10 Z2 m2

12 = 5 ·104 GeV2

Table 1.    Numerical checks of   gauge invariance for the form factor   in boson-loop contributions are performed by varying the
values of   and   and comparing them with the case   in the 't Hooft–Feynman gauge. We take the THDM parameters as fol-
lows: the Higgs masses   GeV,  ,  ,  , and the scale of the  -symmetry    .(

ξW , ξZ
)

(1,1) (10,102) (103,104)∑
ϕ

T B,ϕ−A
1,Trig −50.72721116+0 i −50.79862234+0 i −51.65760847+0 i∑

ϕ

T B,ϕ−H±

1,Trig 50.66247519+0 i 50.66247519+0 i 50.66247519+0 i∑
ϕ

T B,ϕ−W±

1,Trig 4.197968064−1.192202277 i 3.885889625−0.7864121884 i 9.769973063+2.88619913 i∑
ϕ

T B,ϕ−Z
1,Trig 0.0173173496+0 i 0.3215636277+0 i 1.42510883+0 i∑

ϕ

T B,ϕ−W±Z
1,Trig −4.072882533+1.271771141 i −3.945505715+0.815048537 i −10.70487047−3.318528531 i

T B
1,Self 69.46890566−0.023317639 i 78.17143601+0.027614876 i −30.76307909+0.4885806253 i

T B
1,Tad −69.69069235+0 i −78.44135618+0 i 31.12388118+0 i

T B
1  in Eq. 28 −0.1441197805+0.0562512244 i −0.1441197805+0.0562512244 i −0.1441197808+0.0562512244 i
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tβ = 4 tb Wh
H±→W±Z

∼ 10−4

tβ = 8
H±→W±Z 10−2

10−3

tβ = 12

across  the  entire  mass  range.  For  ,  the    and 
channels  continue  to  dominate,  while  the 
mode stays around  . Next, we consider the branch-
ing fractions at  . We find that the branching ratio of

 increases to the order of   in the low-mass
region  but  decreases  to  about    at higher  masses.  Fi-
nally,  we  examine  the  case  of  .  The  results  show

H±→W±Z
10−1

10−4

tβ

that the   branching ratio can reach the order of
 in the low-mass region, while it remains at the level

of   for larger charged Higgs masses. As indicated in
the previous section, the fermionic-loop contributions are
suppressed  in  the  high-   regime.  The  interference
between  the  fermionic-loop  and  bosonic-loop  contribu-
tions  is  small  and  has  the  opposite  sign  compared  with

 

Rξ T B
2

ξW ξZ mH± = mH = 800 mA = mH± +mZ

sβ−α = 0.98 tβ = 10 Z2 m2
12 = 5×104 GeV2

Table 2.    Numerical checks of   gauge invariance for the form factor   in boson-loop contributions are performed by varying the
gauge  parameters    and  .  We  take  the  THDM  parameters  as  follows:  the  Higgs  masses    GeV,  ,

,  , and the scale of the  -symmetry    .(
ξW , ξZ

)
(1,1) (10,102) (103,104)∑

ϕ

T B,ϕ−A
2,Trig 8.875933961 ·10−7 +0 i 8.875933961 ·10−7 +0 i 8.875933958 ·10−7 +0 i∑

ϕ

T B,ϕ−H±

2,Trig −4.259326679 ·10−7 +0 i −4.259326679 ·10−7 +0 i −4.259326683 ·10−7 +0 i∑
ϕ

T B,ϕ−W±

2,Trig 3.525339605 ·10−7 +5.18767908 ·10−7 i 3.525339607 ·10−7 +5.18767908 ·10−7 i 3.52533961 ·10−7 +5.1876791 ·10−7 i∑
ϕ

T B,ϕ−Z
2,Trig −7.0029171 ·10−8 +0 i −7.0029171 ·10−7 +0 i −7.0029174 ·10−7 +0 i∑

ϕ

T B,ϕ−W±Z
2,Trig −8.244771 ·10−7 −4.926311 ·10−7 i −8.244771 ·10−7 −4.926311 ·10−7 i −8.244773 ·10−7 −4.926313 ·10−7 i

T B
2,Self 0 0 0

T B
2,Tad 0 0 0

T B
2  in Eq. 29

−8.031155 ·10−8

+2.6136808 ·10−8 i

−8.031155 ·10−8

+2.6136809 ·10−8 i

−8.031154 ·10−8

+2.613682 ·10−8 i

 

CUV µ2 T1 = T F
1 +T B

1

T B
1 ξW = ξZ = 100 T F

1

mH± = mH = 500 GeV, mA = mH± +mZ , sβ−α = 0.98, tβ = 5, m2
12 = 5×104 GeV2

Table 3.      Numerical checks of   and the renormalization scale   are performed for the form factors  . The bosonic
contribution   is evaluated at  , while the fermionic contribution   is calculated in the Type-X THDM. For this analys-
is, we adopt the following set of THDM parameters:  .(

CUV ,µ
2
)

(0,1) (104,106) (106,108)

T B
1,Trig 0.0409007639 0.0409007639 0.04090076301

−0.12057752761 i −0.12057752761 i −0.12057752761 i

T B
1,Self −0.9723666455 799.5362885 79940.92392

+0.1590201866 i +0.1590201866 i +0.1590201866 i

T B
1,Tad 1.0786977518 −799.4299574 −79940.81759

+0 i +0 i +0 i

T B
1 0.1472318702 0.1472318702 0.1472318695

+0.03844265898 i +0.03844265898 i +0.03844265898 i

T F
1,Trig 0.4996708114 −497.4139502 −49723.08395

−0.19005144066 i −0.19005144066 i −0.19005144066 i

T F
1,Self −0.3824890675 375.5060921 37537.3078

+0.12113853706 i +0.12113853706 i +0.12113853706 i

T F
1,Tad −0.1133787187 121.9116612 12185.77995

+0 i +0 i +0 i

T F
1 0.00380302517 0.00380302517 0.00380302519

−0.06891290359 i −0.06891290359 i −0.06891290359 i

T1 = T F
1 +T B

1 0.1510348954 0.1510348954 0.1510348947

−0.0304702446 i −0.0304702446 i −0.0304702446 i

One-loop expressions for H± → W±Z and their implications at muon-TeV colliders Chin. Phys. C 50, (2026)

-5

CPC
 A

cce
pte

d



H±→W±Z
tβ tβ

the squared bosonic contributions.  As a result,  this  leads
to  the  enhanced  decay  rates  of  the    mode  in
the high-  region compared with the small-  regime. 

µ+µ−→ H+H−→W±W∓ZhB.    Processes 

µ+µ−→ H+H−→
W±W∓Zh

We investigate  the  potential  to  probe  charged  Higgs
pair production by analyzing the process 

  at  muon–TeV  colliders.  It  is  well  known  that
initial-state  radiation  (ISR)  effects  play  a  crucial  role  at
future  lepton  colliders.  These  effects  must  be  taken  into
account for simulating the signals of the charged Higgs as
well  as  evaluating  the  corresponding  SM  backgrounds.
By applying  the  factorization  theorems  for  soft  and   col-
linear  singularities,  the  ISR  contributions  to  charged
Higgs pair production can be calculated as the following
master formula: 

dσ(s) =
∫

dx1dx2D(x1, s)D(x2, s)dσ0(x1x2s)Θ(cuts). (6)

dσ0

µ−µ+→ H±H∓→W±W∓Zh
In Eq. (6),   denotes for tree-level differential cross

sections  for  both  signals    and

µ−µ+→W±W∓Zh
µ−µ+→ H±H∓

FeynArts/FormCalc Θ(cuts)

D(x2, s)

mℓ = mµ

the  SM  background  process  .  All  tree-
level  Feynman  diagrams  for  the  process 
within  the  THDM  are  shown  in  Fig.  D1.  The  partonic
cross-sections are computed by using the computer tools

  [68].  Additionally,    repres-
ents  the  appropriate  cuts  applied  in  the  simulation,  as
shown  explicitly  in  the  following  paragraphs.    is
the structure function (SF). It is noted that we use the SF
functions  from  Ref.  [61],  which  were  originally  applied
for electron beams. However, at high-energy regions op-
erating at  muon–TeV colliders,  these SF functions could
also  be  applicable  for  muon  beams.  For  this  reason,  we
apply  the  SF  functions  from  Ref.  [61]  with    ap-
propriately. The explicit expressions for the SF functions
are  presented  in  the  following  paragraphs.  The  all-order
SF functions, which are valid in the soft-photon limit, are
given by: 

DGL(x, s) =
exp
ï

1
2
β

Å
3
4
−γE

ãò
Γ

Å
1+

1
2
β

ã 1
2
β (1− x)

1
2 β−1 , (7)

 

CUV µ2 T2 = T F
2 +T B

2

T B
2 ξW = ξZ = 100 T F

2

mH± = mH = 500 GeV mA = mH± +mZ sβ−α = 0.98 tβ = 5 m2
12 = 5×104 GeV2

Table 4.      Numerical checks of   and the renormalization scale   are performed for the form factors  . The bosonic
contribution   is evaluated at  , while the fermionic contribution   is calculated in the Type-X THDM. For this analys-
is, we adopt the following THDM parameters:  ,  ,  ,  , and  .(

CUV ,µ
2
)

(0,1) (104,106) (106,108)

T B
2,Self 0 0 0

T B
2,Tad 0 0 0

T B
2 ≡ T B

2,Trig −4.46523589 ·10−7 −4.46523589 ·10−7 −4.465235912 ·10−7

+8.283757782 ·10−8 i +8.283757782 ·10−8 i +8.283757782 ·10−8 i

T F
2,Self 0 0 0

T F
2,Tad 0 0 0

T F
2 1.039941873 ·10−7 1.039941873 ·10−7 1.039941873 ·10−7

+1.445658912 ·10−6 i +1.445658912 ·10−6 i +1.445658912 ·10−6 i

T2 = T F
2 +T B

2 −3.425294017 ·10−7 −3.425294017 ·10−7 −3.425294039 ·10−7

+1.52849649 ·10−6 i +1.52849649 ·10−6 i +1.52849649 ·10−6 i

 

CUV µ2 T3 = T F
3 +T B

3

T B
3 ξW = ξZ = 100 T F

3

mH± = mH = 500 GeV mA = mH± +mZ

sβ−α = 0.98 tβ = 5 m2
12 = 5×104 GeV2

Table 5.      Numerical checks of   and the renormalization scale   are performed for the form factors  . The bosonic
contribution   is evaluated at  , while the fermionic contribution   is calculated in the Type-X THDM as an illustrative
example  of  fermion  couplings.  For  this  analysis,  we  adopt  the  following  THDM  parameters:  ,  ,

,  , and  .(
CUV ,µ

2
)

(0,1) (104,106) (106,108)

T B
3 0 0 0

T F
3,Self 0 0 0

T F
3,Tad 0 0 0

T F
3 3.220832776 ·10−7 3.220832776 ·10−7 3.220832777 ·10−7

−1.274849257 ·10−6 i −1.274849257 ·10−6 i −1.274849257 ·10−6 i

T3 = T F
3 +T B

3 3.220832776 ·10−7 3.220832776 ·10−7 3.220832777 ·10−7

−1.274849257 ·10−6 i −1.274849257 ·10−6 i −1.274849257 ·10−6 i
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where
 

β =
2α
π

(L−1), L = ln(s/m2
ℓ ). (8)

mℓHere, α is the fine-structure constant, and   denotes

γE

the  lepton  mass.  The  symbol  Γ  represents  the  Gamma
function,  and    is  the  Euler–Mascheroni  constant.
Photon radiation can be treated in the collinear approxim-
ation  and  through  collinear  logarithmic  enhancements,
which are included in the large-β factor. According to Eq.
(7),  the additive SF function up to third-order  expansion
terms is expressed as follows [61]:

 

DA(x, s) = DGL(x, s)− 1
4
β(1+ x)+

1
32
β2
ï

(1+ x) (−4ln(1− x)+3ln(x))−4
ln x

1− x
−5− x

ò
+

1
384
β3
ß

(1+ x)
[
18ζ(2)−6Li2(x)−12ln2(1− x)

]
+

1
1− x

ï
−3

2
(1+8x+3x2) ln x−6(x+5)(1− x) ln(1− x)

−12(1+ x2) ln x ln(1− x)+
1
2

(1+7x2) ln2 x− 1
4

(39−24x−15x2)
ò™
. (9)

Li2

In  this  structure  function,  the  Riemann  ζ  function  is
taken  into  account  and    is  the  dilogarithm  functions.

Furthermore, the factorized SF function up to third order
expansion terms can be obtained as [62, 63]:
 

 

tβ = 2 tβ = 4 tβ = 8 tβ = 12
Fig.  2.      (color online) The  charged  Higgs  decay  branching  ratios  in  the  Type-X THDM are  shown for  the  benchmark  scenario  de-
scribed above. Each plot is shown for   (top left),   (top right),   (bottom left), and   (bottom right).
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DF(x, s) = DGL(x, s)

×
ß

1
2

(1+ x2)− β
16

[
(1+3x2) ln x+2(1− x)2

]
+
β2

32

î
(1− x)2+

1
2

(3x2−4x+1) ln x

+
1

12
(1+7x2) ln2 x+ (1− x2)Li2(1− x)

ó™
.

(10)

µ+µ−→ H+H−→W±W∓Zh

√
s = 3

1000 5000 mH± = 300
tβ = 8

−40 −20 √
s = 3000

tβ = 8
−20

−30 [300,600]
σIS R1 σIS R2

In this work, we consider the ISR effects for both the sig-
nal and the SM background processes. The effects of ISR
on  the  scattering  process    are
examined as functions of  the center-of-mass energy (left
panel)  and  of  the  charged  Higgs  mass  at    TeV
(right panel). In the left plot, we vary the center-of-mass
energy  from   GeV to   GeV and  fix 
GeV with  . We find that the ISR corrections change
from approximately  % to  %.  For  the  right-panel
plot,  we  study  the  ISR  corrections  at    GeV
while  varying  the  charged  Higgs  mass  and  fixing  .
The results indicate that the corrections are from  % to

% for charged Higgs masses in the interval 
GeV.  In  Fig.  3,    ( )  denotes  the  cross  section
calculated  using  the  structure  functions  from Eqs.  9  and
10.

µ+µ−→ H+H−→W±W∓Zh√
s = 3 3000

mH±

tβ
300 GeV ≤ mH± ≤ 600 GeV 2 ≤ tβ ≤ 12

tβ

L = 500
L = 1000

L = 3000
GRACE

|mWh−mH± | < 10
|mWZ −mH± | < 10
tβ = 2 tβ = 4

tβ = 8 tβ = 12

tβ = 8 10
5σ

Using the cross section with ISR corrections, we eval-
uate  the  signal  events  for    at

  TeV  and  the  integrated  luminosity  of    fb-1.
The  events  are  generated  in  the  parameter  space  of 
and the mixing angle   as shown in Fig. 4. In this study,
we  vary    and  .  The
results indicate that the signal events are significant in re-
gions  of  low  charged  Higgs  masses  and  large    values,
while  in  other  regions  the  events  become  negligible.  In
the right-panel plot of Fig. 4, the significance of the sig-
nals  relative  to  the  SM  backgrounds  is  presented  at

fb-1. While  the  corresponding  signal   signific-
ances  are  presented  at  fb-1  in  the  left  and  at

fb-1  in  the  right  panel  of Fig.  5. The  SM back-
ground is  calculated using the   program [64].  It  is
emphasized  that  the  SM  background  also  includes  the
ISR corrections  in  the  evaluation of  the  significance.  To
reduce the SM background, we apply cuts on the invari-
ant  masses  of  the  final-state  particles: 
GeV  and    GeV.  The  significances  are
shown  for    (green  points),    (yellow  points),

  (blue  points),  and    (black points).  Our   res-
ults  indicate  that  in  the low-mass regions of  the charged
Higgs,  and  for    and  , the  significances  can   ex-
ceed  , while in other regions they become negligible.

Serveral useful  comments  on  the  systematic   uncer-

 

µ+µ−→ H+H−→W±W∓Zh
√

s = 3
Fig. 3.    (color online) The effects of ISR on the scattering process   are examined as functions of the center-
of-mass energy (left panel) and of the charged Higgs mass at   TeV (right panel).

 

µ+µ−→ H+H−→W±W∓Zh L = 3000 fb−1

L = 500 fb−1

Fig. 4.    (color online) The event distributions of the process   at an integrated luminosity of  , in-
cluding  ISR corrections,  are  shown in  the  left  panel.  The  corresponding  signal  significance  taking  into  account  the  Standard  Model
backgrounds, is presented at   in the right panel.
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µ+µ−→ H+H−→W±W∓Zh µ+µ−→W±W∓Zh

tainties that might affect the significance, are discussed in
the  following  paragraphs.  It  is  well  known that  the  one-
loop  electroweak  radiative  corrections  to  the  processes

  and    can  be
estimated  from  the  enhancement  contributions  of  the
single Sudakov logarithm [69]: 

δW ∼ −
α(M2

Z)
πsin2 θW

log
Å

s
M2

Z

ã
∼ O(−10%) at

√
s = 3 TeV.

(11)

O

εB

If weak and ISR corrections are included in the signific-
ance  calculation,  the  total  electroweak  correction  can
reach  approximately  (-35%). All  theoretical   uncertain-
ties and detector effects can be incorporated into the sys-
tematic uncertainty fraction of the background yield,  de-
noted  by  .  Consequently,  the  significance  is  modified
as 

S = NS√
NS+εBNB

. (12)

εB = 1.3 εB = 1.5

W → ℓνℓ ℓ = e,µ,τ 0.3272
Z→ bb̄ 0.1512 h→ bb̄

0.53

0.161927
5σ L = 3000 fb−1

For instance, by taking   and  , we checked
that  the significances vary only slightly  due to  the small
Standard  Model  background  after  applying  the  effective
cuts  described  above.  Last,  if  we  consider  the  decays

 for   with branching fractions of  ,
 with  a  branching  fraction  of  ,  and 

with  a  branching  fraction  of    from the  Particle  Data
Group  [60],  the  significances  are  subsequently  scaled
down  by  a  factor  of  ,  reducing  them  to  around

  at  an  integrated  luminosity  of    for  the
low-mass regions.  Details  of  detector  simulations, b-tag-
ging, etc. will be addressed in our future work. 

µ+µ−→ γγ→ H+H−→W±W∓ZhC.    Processes 

µ+µ−→ γγ→ H+H−→W±W∓Zh

γγ→ H+H−→W±W∓Zh

We  now  turn  our  attention  to  another  process,
.  The  total  cross  section

is  calculated  by  convoluting  the  partonic  process
  with the  photon  structure   func-

tion, as follows: 

σ(s)=
∫ xmax

2mH±√
s

dz
Å

2z
∫ xmax

z2/xmax

dx
x

fγ/µ(x) fγ/µ
(
z2/x

)ã
σ̂(ŝ= z2s).

(13)

fγ/µ(x)

fγ/µ(x)
mℓ = mµ

xmax = 0.83
γγ→ H±H∓

γγ→ H+H−

γγ→W±W∓Zh
GRACE

|mWh−mH± | < 10 |mWZ −mH± | < 10

µ+µ−→ γγ→ H+H−→W±W∓Zh
L = 3000 fb−1

L = 500

L = 1000
L = 5000

tβ = 8,12

tβ = 12
5σ

Here, the photon structure function   is used, with x
denoting the energy fraction of the photon emitted by the
incoming lepton. The explicit formulas for   are giv-
en in [65] with applying   appropriately, as used in
[66]  for  example.  In  the  master  formulas,  we  adopt

  as  in  [67].  All  tree-level  Feynman  diagrams
for the process   within the THDM are shown
in Fig.  D2.  The  partonic  process    are gener-
ated  by  FeynArts/FormCalc  [68].  The  SM  background
which  is  the  process  ,  is  calculated  using
the   program [64].  To reduce the SM background,
we  apply  cuts  on  the  invariant  masses  of  the  final-state
particles:    GeV  and 
GeV.  In  Figs.  6,  the  numbers  of  events  of  the  process

  at an  integrated   lumin-
osity of   are shown in the left panel of Fig.
6. The signal significances, taking into account the Stand-
ard  Model  backgrounds,  are  presented  at  fb-1  in
the  right  panel  of  Fig.  6.  While  the  significances  are
presented  at  fb-1  on  the  left  panel  and  at

fb-1 on the right panel of Fig. 7. We observe that
the  events  become  significant  when  the  charged  Higgs
masses are in the low-mass region and  , whereas
they  are  small  and  can  be  ignored  in  other  regions.  For
charged Higgs masses in the low-mass region and  ,
the significance can exceed  . In other cases, the signi-
ficances are negligible. 

V.  CONCLUSIONS

H±→W±Z
In this  article,  we have calculated one-loop contribu-

tions for the decay process   in the Two-Higgs-
Doublet  Model  and  examined  the  posibility  searches  for
charged  Higgs  pair  production  at  future  muon–TeV col-

 

L = 1000 L = 3000
Fig.  5.      (color online) The  corresponding  signal  significance  taking  into  account  the  Standard  Model  backgrounds,  is  presented  at

fb-1 in the left and at  fb-1 in the right panel.
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µ+µ−→ H+H−→
W±W∓Zh µ+µ−→ γγ→ H+H−→W±W∓Zh

5σ

liders. The computations have performed in the   gauge,
where the analytical results are verified through self-con-
sistency  tests  such  as  ξ-independence, ultraviolet   finite-
ness,  and  renormalization-scale  stability  of  the  process
amplitude. The  numerical  results  demonstrate  good   sta-
bility. We have revisited the parameter scan for the Type-
X THDM in the phenomenological results.  Based on the
updated  viable  parameter  space,  we  have  analyzed
charged  Higgs  pair  production  at  future  muon–TeV col-
liders  by  considering  the  processes 

  and  . The   cor-
responding  signal  events  and  statistical  significances  are
simulated  with  respect  to  the  relevant  SM  backgrounds.
Our findings  show  that  the  signal  significance  can   ex-
ceed    at  several  benchmark  points  within  the  viable
parameter space of the Type-X THDM.
 

Rξ

APPENDIX A: ONE-LOOP FORM FACTORS IN
THE GENERAL -GAUGE

The  conventions  for  one-loop  one-,  two-,  and  three-
point  tensor  integrals  with  rank P,  following  Refs.  [70,
59, 71], are given by
 

{A; B;C}µ1µ2 ···µP = (µ2)2−d/2
∫

ddk
(2π)d

kµ1 kµ2 · · ·kµP

{D1; D1D2; D1D2D3}
.

(A1)

D−1
j j = 1, · · · ,3Here,    ( )  are  the  Feynman  propagators

defined as 

D j = (k+q j)2−m2
j + iρ, (A2)

q j =
j∑

i=1
pi pi m j

d = 4−2ε
CUV = 1/ε+ log(4π)−ΓE ΓE

µ2

P = 3

where  ,   are the external momenta, and   are
the internal masses in the loops. Dimensional regulariza-
tion  for  one-loop  integrals  is  performed  in  a  space–time
dimension   (the UV-divergent part is isolated as

,    is  the  Euler–Mascheroni
constant).  In  the  above  expressions,  the  parameter 
serves  as  the  renormalization  scale.  Explicit  reduction
formulas  for  one-,  two-,  and  three-point  tensor  integrals
up to rank   are given in Ref. [70]. 

Aµ = 0, (A3)

 

Aµν = gµνA00, (A4)
 

 

µ+µ−→ γγ→ H+H−→W±W∓Zh L = 3000 fb−1

L = 500 fb−1
Fig. 6.    (color online) The signal events of the process   at an integrated luminosity of   are
shown in the left panel. The corresponding signal significance taking into account the SM backgrounds is presented at   in
the right panel.

 

L = 1000
L = 3000

Fig. 7.    (color online) The corresponding signal significances taking into account the SM backgrounds are presented at  fb-1 in
the left panel and at  fb-1 in the right panel.
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Aµνρ = 0, (A5)

 

Bµ = qµB1, (A6)

 

Bµν = gµνB00+qµqνB11, (A7)

 

Bµνρ = {g,q}µνρB001+qµqνqρB111, (A8)

 

Cµ = qµ1C1+qµ2C2 =

2∑
i=1

qµi Ci, (A9)

 

Cµν = gµνC00+

2∑
i, j=1

qµi qνjCi j, (A10)

 

Cµνρ =
2∑

i=1

{g,qi}µνρC00i+

2∑
i, j,k=1

qµi qνjq
ρ
kCi jk. (A11)

Rξ
The detailed expressions for these form factors in the

general    gauge  are  given  in  the  following  paragraphs.
In  the  analytical  expressions  below,  we  have  used  the
notations as follows: 

Ai j···(P) = Ai j···(M2
P), (A12)

 

Bi j···(p2; P1,P2) = Bi j···(p2; M2
P1
,M2

P2
), (A13)

 

Ci j···(p2
1, p

2
2, p

2
3; P1,P2,P3)

=Ci j···(p2
1, p

2
2, p

2
3; M2

P1
,M2

P2
,M2

P3
). (A14)

The analytic  formulas  for  all  form  factors  are   ex-
pressed  in  terms  of  PV-functions,  using  the  adopted
shorthand notations  as  presented  in  the  following   para-
graphs.

Form f actors T B
i,Trig:
T B

i,Trig i = 1,2,3

ϕ ≡ h,H
H±,W±,G± A,Z,G0

The  form  factor    ( )  is  expressed  in
terms  of  the  main  contributions  involving  scalar  Higgs
bosons  ,  together  with  charged  particles  such  as

, and neutral particles including   circu-
lating in the loop.
 

T B
i,Trig =

∑
ϕ=h,H

Ä
T B,ϕ−A

i,Trig +T
B,ϕ−H±

i,Trig +T B,ϕ−W±

i,Trig +T B,ϕ−Z
i,Trig +T

B,ϕ−W±Z
i,Trig

ä
.

(A15)

T B
1,Trig T B

2,Trig

T B
3,Trig

Each  contribution  of    and    is  calculated
from the corresponding Figs. A1, A2, A3, A4 and A5, re-
spectively. Whereas, the form factor   has no contri-
bution  in  one-loop  boson-exchanging  diagrams.  In  the
Fig. A1, the contribution in first for exchanging of ϕ and
the pseudo-scalar Higgs A are reading as follows:

 

T B,ϕ−A
1,Trig

gAH−W+ ·gϕAZ
= − gϕW±W∓

8π2 ·m2
W

[(
m2

A+m2
H± − ξWm2

W

)
C00+2m2

H±C002+
(
m2

H± −m2
W +m2

Z

)
C001

]
(Z,W,H±; A,ϕ,ξWW)

+
gϕW±W∓

8π2 ·m2
W

[
2m2

H±C00+
(
m2

H± −m2
W +m2

Z

)
C001+2m2

H±C002
]
(Z,W,H±; A,ϕ,W)

− gϕH±H∓

4π2
C00(Z,H±,W; A,ϕ,H±), (A16)

 

T B,ϕ−A
2,Trig

gAH−W+ ·gϕAZ
=

gϕW±W∓

8π2 ·m2
W

î
2
(
C00+C001

)
+
(
m2

H± −m2
W +m2

Z

)
C112+

(
3m2

H± −m2
W +m2

Z

)(
C12+C122

)
+4

(
m2

H±C22+C002
)

+2
(
m2

H± −m2
W

)
C2+2m2

H±C222

ó
(Z,W,H±; A,ϕ,W)+

gϕW±W∓

8π2 ·m2
W

î(
m2

W −m2
Z −3m2

H±
)
C122

−2
(
C00+C001+2C002

)
−
(
m2

A+m2
H± − ξWm2

W

)
C2−

(
m2

H± −m2
W +m2

Z

)
C112

−
Ä

m2
A+2m2

H± −
(
ξW +1

)
m2

W +m2
Z

ä
C12−2m2

H±C222

−
(
m2

A+3m2
H± − ξWm2

W

)
C22

ó
(Z,W,H±; A,ϕ,ξWW)+

gϕH±H∓

4π2
C12(Z,H±,W; A,ϕ,H±),

(A17)
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T B,ϕ−A
3,Trig

gAH−W+ ·gϕAZ
= 0. (A18)

H±
Following  Fig.  A2,  the  one-loop  contributions  from

the  exchange  of  ϕ  and  the  charged  Higgs    are  ex-
pressed as follows: 

T B,ϕ−H±

1,Trig

16π2 ·gϕH±H∓
= gϕH−W+Z ·B0(H±;ϕ,H±)

−4gϕH−W+ ·gZH±H∓C00(W,Z,H±;ϕ,H±,H±),

(A19)
 

T B,ϕ−H±

2,Trig

16π2 ·gϕH±H∓
= −4gϕH−W+ ·gZH±H∓

(
C2+C12+C22

)
× (W,Z,H±;ϕ,H±,H±),

(A20)
 

T B,ϕ−H±

3,Trig

16π2 ·gϕH±H∓
= 0. (A21)

W± G±

From Fig.  A3,  we  obtain  the  form  factors  involving
the  neutral  scalar  Higgs  boson ϕ  in  association  with  the
vector  boson    and  the  Goldstone  bosons    in  the
loop. The factor is given by 

 

ϕ = h,H,A H± W±Fig. A1.    One-loop triangle Feynman diagrams with  , together with   or   propagating in the loop.

 

ϕ = h,H H±Fig. A2.    One-loop triangle Feynman diagrams with   and   in the loop.

 

ϕ = h,H W±Fig. A3.    One-loop triangle diagrams with   and   in the loop.

 

ϕ = h,HFig. A4.    One-loop triangle diagrams with   and Z as internal lines in the loop.

 

Fig. A5.    One-loop triangle Feynman diagrams with $\phi = h, H$ exchanging in association with $W^\pm$ and $Z$ contributions in
the loop.
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T B,ϕ−W±

1,Trig

gϕW±W∓
=

gϕH−W+ ·gZW±W∓

32π2 ·m4
W

¶
2m2

W

î
A0(W)−A0(ξWW)

ó
+
î
2m2

W

(
m2

H± −m2
ϕ+m2

Z −m2
W

)
B0−2m2

Z B00

ó
(Z;W, ξWW)

+
î
2m2

W

(
m2
ϕ−m2

H± −m2
Z

)
B0+2

(
m2

Z −m2
W

)
B00

ó
(Z;W,W)+2m2

W B00(Z;ξWW, ξWW)

− s2
Wm2

Z

(
m2
ϕ−m2

H±
)
B0(H±;ϕ,ξWW)+2m2

W

î(
m2

H± −m2
ϕ

)(
m2

H± +m2
W −m2

Z

)
C2+2m2

W

(
m2

H± −m2
ϕ

)
C1

−m2
ϕ

(
m2
ϕ−m2

H±
)
C0

ó
(W,Z,H±;ϕ,W, ξWW)+2m2

W

î(
m2

W −m2
H± −m2

ϕ

)
C00−

(
m2

H± +m2
W −m2

Z

)
C002

−2m2
H±C001

ó
(H±,Z,W;ϕ,W, ξWW)

©
+

gϕH−W+ ·gZW±W∓

32π2 ·m4
W

¶
2m2

W

î(
m2

H± +m2
W −m2

Z

)
C001+2m2

H±C002

ó
+2m2

W

î
m4
ϕ−m2

ϕ

(
m2

H± +m2
Z

)
−
(
m2

H± −m2
W

)(
m2

W −m2
Z

)ó
C0+2

î
m2
ϕ

(
m2

Z −m2
W

)
−m2

Z

(
m2

H± +m2
W

)
+m2

W

(
3m2

H± +m2
W

)ó
C00+2m4

W

(
2m2
ϕ−m2

H± −m2
W −m2

Z

)
C1+2m2

W

î
m2
ϕ

(
m2

H± +m2
W −m2

Z

)
+m2

H±
(
m2

Z −m2
H±
)
+m2

W

(
m2

Z −m2
W

)ó
C2

©
(W,Z,H±;ϕ,W,W)

− gϕH−W+Z

16π2 ·m2
W

î(
m2

W B0−B00
)
(W;ϕ,W)+B00(W,ϕ,ξWW)

ó
, (A22)

 

T B,ϕ−W±

2,Trig

gϕW±W∓
= − gϕH−W+ ·gZW±W∓

8π2 ·m2
W

¶(
B0+B1

)
(Z;W, ξWW)+B1(Z;W,W)

©
− gϕH−W+ ·gZW±W∓

16π2 ·m4
W

×
¶

4m4
WC1

+
î
m2

W

(
3m2
ϕ−m2

H± +m2
W

)
−m2

Z

(
m2
ϕ−m2

H± +m2
W

)ó
C2+
î
m2
ϕ

(
m2

W −m2
Z

)
+m2

H±
(
m2

Z −2m2
W

)ó
C12

+2m2
W

(
C00−C001−2C002

)
+
(
m2

W −m2
Z

)(
m2
ϕ−m2

H± −m2
W

)
C22−m2

W

(
m2

H± +m2
W −m2

Z

)
C112

+m2
W

(
m2

Z −m2
W −3m2

H±
)
C122−2m2

H±m
2
WC222

©
(W,Z,H±;ϕ,W,W)− gϕH−W+ ·gZW±W∓

16π2 ·m4
W

×
¶

m2
W

(
m2

W −m2
ϕ−m2

H±
)
C1+m2

W

(
m2
ϕ−m2

H± −m2
W

)
C11+m2

W

(
m2
ϕ−2m2

W +m2
Z

)
C12

−2m2
W

(
C00−C002−2C001

)
+m2

W

(
m2

W −m2
Z +3m2

H±
)
C112+m2

W

(
m2

H± +m2
W −m2

Z

)
C122

+2m2
H±m

2
WC111

©
(H±,Z,W;ϕ,W, ξWW), (A23)

 

T B,ϕ−W±

3,Trig

gϕW±W∓
= 0. (A24)

In Fig.  A4,  the corresponding one-loop form factors,
with  both  Higgs  bosons  ϕ  and  the  vector  boson  Z  ex-
changed in the loop, are given as follows: 

T B,ϕ−Z
1,Trig

gϕZZ
= − gϕH−W+Z

16π2 ·m2
Z

î(
m2

Z B0−B00
)
(Z;ϕ,Z)

+B00(Z;ϕ,ξZZ)
ó
− gϕH−W+ ·gZH±H∓

8π2 ·m2
Z

×
î
B00(Z;ϕ,Z)−B00(Z;ϕ,ξZZ)

−m2
ZC00(W,H±,Z;ϕ,H±,Z)

ó
, (A25)

 

T B,ϕ−Z
2,Trig

gϕZZ
= − gϕH−W+ ·gZH±H∓

16π2

(
4C2+2C12

)
× (W,H±,Z;ϕ,H±,Z), (A26)

 

T B,ϕ−Z
3,Trig

gϕZZ
= 0. (A27)

W± G± G0

In  Fig.  A5,  the  form  factors  corresponding  to  the
neutral  scalar  Higgs ϕ,  accompanied  by  both  the  vector
bosons   and Z and the Goldstone bosons   and   in
the loop, are represented as follows:

 

T B,ϕ−W±Z
1,Trig

gϕZZ
=

gϕH−W+ ·gZW±W∓

16π2
ξW B0(Z;ϕ,Z)+

gϕH−W+ ·gZW±W∓

16π2 ·m2
Wm2

Z

¶[
c2

Wm2
Z

(
m2
ϕ−m2

H±
)
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W

(
2m2

H± − ξWm2
W

)]
C00+m2

W

[(
m2

H± −m2
W +m2

Z

)
C002+2m2

H±C001
]©

(H±,W,Z;ϕ,ξWW, ξZZ)

+
gϕH−W+ ·gZW±W∓

16π2 ·m2
Wm2

Z

ß
m2

Z

î
m2

H±
[
m2

W

(
2−3ξW

)
+m2

Z

(
s2

W −2
)
+2m2

H±
]
−m2

ϕm
2
Z s2

W + ξWm2
W

[
m2

W

(
ξW −1

)
+m2

Z

]ó
C0

−m2
Z

î
m2

H±
(
2m2

W +2m2
Z −3m2

H±
)
+2ξWm2

W

(
m2

H± −m2
W

)
+
(
m2

W −m2
Z

)2óC1+
î
m2

Z

(
m2
ϕs

2
W +2m2

W −2m2
Z

)
−m2

H±
[
2m2

W +m2
Z

(
s2

W −4
)]
+ ξWm2

W

(
m2

W −m2
Z

)ó
C00−m2

Z

î
m2

H±
(
2m2

W +2m2
Z −3m2

H±
)
+
(
m2

W −m2
Z

)2óC12

+m2
Z

î
ξWm2

W

(
m2

Z −m2
W −3m2

H±
)
+4m2

H±
(
m2

H± +m2
W −m2

Z

)ó
C2+

(
m2

Z −m2
W

)î
2m2

H±C002+
(
m2

H± −m2
W +m2

Z

)
C001

ó
+m2

Z

î(
m2

H± −m2
W +m2

Z

)(
m2

H± −m2
W −m2

Z

)
C11+2m2

H±
(
m2

H± +m2
W −m2

Z

)
C22

ó™
(Z,W,H±;ϕ,Z, ξWW)

+
gϕH−W+ ·gZW±W∓

16π2 ·m2
W

ß
2
(
m2

H± +m2
W −m2

Z

)î(
m2

W −m2
H±
)
C0−C00

ó
+
î
m2

H±
(
2m2

W +2m2
Z −3m2

H±
)
+
(
m2

W −m2
Z

)2ó(C2+C12
)

+
(
m2

H± −m2
W +m2

Z

)î(
m2

W +m2
Z −m2

H±
)
C22−C002

ó
−2m2

H±

î(
m2

H± +m2
W −m2

Z

)(
2C1+C11

)
+
(
C00+C001

)ó™
× (H±,W,Z;ϕ,W,Z),

(A28)

 

T B,ϕ−W±Z
2,Trig

gϕZZ
=

gϕH−W+ ·gZW±W∓

16π2 ·m2
Wm2

Z

ßî
m2

Zc2
W

(
m2
ϕ−m2

H±
)
+m2

W

(
2m2

H± − ξWm2
W

)ó
C1+
î
m2

Zc2
W

(
m2
ϕ−m2

H±
)
+m2

W

(
4m2

H± − ξWm2
W

)ó
C11

+
î
m2

Z

(
c2

Wm2
ϕ+m2

W

)
−m2

H±
(
c2

Wm2
Z −3m2

W

)
−m4

W

(
ξW +1

)ó
C12+2m2

Wm2
H±C111+m2

W

(
3m2

H± −m2
W +m2

Z

)
C112

+m2
W

(
m2

H± −m2
W +m2

Z

)
C122+2m2

W

(
C00+2C001+C002

)™
(H±,W,Z;ϕ,ξWW, ξZZ)

+
gϕH−W+ ·gZW±W∓

16π2 ·m2
Wm2

Z

ß(
m2

Z −m2
W

)î
2C00+2C001+4C002+2m2

H±C222+
(
m2

H± −m2
W +m2

Z

)
C112

+
(
3m2

H± −m2
W +m2

Z

)
C122

ó
+
î
m2
ϕm

2
Z s2

W −m2
H±
(
m2

W −m2
Z

)
+ ξWm2

W

(
m2

W −m2
Z

)ó
C2+
î
m2
ϕm

2
Z s2

W −3m2
H±
(
m2

W −m2
Z

)
+ ξWm2

W

(
m2

W −m2
Z

)ó
C22−

î
3m2

H±m
2
W −m2

Z

(
m2
ϕs

2
W +m2

Z

)
+m2

H±m
2
Z

(
s2

W −3
)
−m4

W

(
ξW +1

)
+m2

Wm2
Z

(
ξW +2

)ó
C12

™
(Z,W,H±;ϕ,Z, ξWW)+

gϕH−W+ ·gZW±W∓

16π2 ·m2
W

ß(
m2

W −m2
Z −3m2

H±
)(

C12+C112
)

−
(
m2

H± −m2
W +m2

Z

)
C122+2m2

W

(
C1+2C2

)
−2m2

H±
(
C1+2C11+C111

)
−2

(
C00

+2C001+C002
)™

(H±,W,Z;ϕ,W,Z),

T B,ϕ−W±Z
3,Trig

gϕZZ
= 0.

(A29)

Form f actors T B
i,Self:

T B
i,Self

i = 1,2,3
(1P) (2P)

Following  Fig.  A6,  the  form  factors    for
  are  decomposed  into  two  contributions  from

one-point    and  two-point    Feynman  diagrams.
These factors are expressed as follows: 

T B
i,Self = T B

i,Self−1P+
∑
ϕ=h,H

Ä
T B,ϕ−H±

i,Self−2P+T
B,ϕ−W±

i,Self−2P

ä
(A30)

i = 1in which, these above form factors for   are reading as
follows
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T B
1,Self−1P

gZW±W∓
=

mW s2
W

32π2 · c2
W

(
m2

H± − ξm2
W

) ×ßgG0G0H−G+ A0(ξZZ)+2gG+G−H−G+ A0(ξWW)

+gAAH−G+ A0(A)+2gH+H−H−G+ A0(H±)+ghh H−G+ A0(h)+gHH H−G+ A0(H)
™
, (A31)

 

T B,ϕ−H±

1,Self−2P

gZW±W∓
= − gϕH−W+ ·gϕH±H∓

16π2 ·m2
W

(
m2

H± − ξWm2
W

)ß2ξWm2
W

(
m2

W −m2
Z

)
B1(H±;ϕ,H±)

+
î
m2

Z s2
W

(
m2

H± −m2
ϕ

)
+ ξWm2

W

(
m2

W −m2
Z

)ó
B0(H±;ϕ,H±)

™
, (A32)

 

T B,ϕ−W±

1,Self−2P

gZW±W∓
= − gϕH−W+ ·gϕW±W∓

32π2 ·m4
W

(
m2

H± − ξWm2
W

) ×ßs2
Wm2

Z

î(
m2
ϕ−m2

H±
)
A0(W)−

(
m2
ϕ−m2

H± + ξWm2
W

)
A0(ξWW)

ó
+
(
m2
ϕ−m2

H±
)î

s2
Wm2

H±m
2
Z + ξWm2

W

(
m2

W −m2
Z

)ó
B0(H±;ϕ,ξWW)+2m2

W

î
ξW

(
m2

W −m2
Z

)(
m2

H± +m2
W −m2

ϕ

)
+ s2

Wm2
H±m

2
Z

ó
B1(H±;ϕ,W)+ s2

Wm2
Z

î(
m2
ϕ−m2

H±
)2−m2

W

(
m2
ϕ+m2

H±
)ó

B0(H±;ϕ,W)

−2ξWm2
W

(
m2

W −m2
Z

)(
m2
ϕ−m2

H± +m2
W

)
B0(H±;ϕ,W)

™
. (A33)

i = 2,3Other ones for   have no contribution, or 

T B
i,Self−1P = T

B,ϕ−H±

i,Self−2P = T
B,ϕ−W±

i,Self−2P = 0. (A34)

Form f actors T B
i,Tad:

T B
i,TadAccording  to  Fig.  A7,  the  form  factor    for

i = 1,2,3
ϕ ≡ h,H

h,H,A H± W±

G± G0

u± uZ

  is  expressed  in  terms  of  the  scalar  Higgs
 pole coupling with the bubble diagrams. In these

loops,  the  neutral  and  pseudo-scalar  Higgs  particles
, the charged Higgs  , the vector bosons   and

Z, the Goldstone bosons   and  , and the correspond-
ing  ghost  particles    and    are  all  taken  into  account.
As a result, the factor is given by

 

 

H±Fig. A6.    Self-energy Feynman diagram contributions to the external leg  .

 

ϕ ≡ h,HFig. A7.    Tadpole Feynman diagram contributions with poles  .
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T B
i,Tad =

∑
ϕ=h,H

T B,ϕ
i,Tad. (A35)

Where the form factors expressed as follows:
 

T B,ϕ
1,Tad = −

1
64π2 ·m2

ϕ

(
m2

H± − ξWm2
W

) × îgϕH−W+Z
(
m2

H± − ξWm2
W

)
+
(
m2
ϕ−m2

H±
)
t2
W gϕH−W+ ·gZW±W∓

+ ξW
(
m2

Z −m2
W

)
gϕH−W+ ·gZW±W∓

ó
×
ß

4m2
Z gϕZZ +8m2

W gϕW±W∓ +2gϕAA A0(A)+2gϕhh A0(h)

+2 gϕHH A0(H)+4gϕH±H∓ A0(H±)−12gϕW±W∓A0(W)−6gϕZZ A0(Z)−gϕZZ
m2
ϕ

m2
Z

A0(ξZZ)

−2
m2
ϕ

m2
W

gϕW±W∓ A0(ξWW)
™
, (A36)

 

T B,ϕ
2,Tad = T

B,ϕ
3,Tad = 0. (A37)

Form f actors T F
i,Trig:
T F

i,Trig i = 1,2,3The form factors  , for   as depicted in the corresponding Fig. A8 are given by:
 

T F
1,Trig

gW+ t̄ b
=

NC
Q

8π2
·
ß

gL
H−tb̄ m2

b

î
gL

Ztt̄ B0(Z; t, t)−
(
gR

Zbb̄−gL
Zbb̄

)
B0(Z;b,b)

ó
−gR

H−tb̄ m2
t

î(
gR

Ztt̄ −gL
Ztt̄

)
B0(Z; t, t)−gL

Zbb̄ B0(Z;b,b)
ó

−m2
t m2

b

î
gR

Ztt̄ ·gL
H−tb̄ C0(W,Z,H±;b, t, t)+gR

Zbb̄ ·gR
H−tb̄ C0(Z,H±,W;b,b, t)

ó™
+

NC
Q

16π2
·
ß
−gL

Zbb̄ ·gL
H−tb̄ m2

b

î
2
(
m2

W −m2
t

)
C0+4C00+2m2

WC2−
(
m2

H± −m2
W −m2

Z

)
C1

ó
(Z,H±,W;b,b, t)

+gL
Ztt̄ ·gL

H−tb̄ m2
b

î(
2m2

b+m2
H± +m2

W −m2
Z

)
C0−4C00+

(
m2

H± +3m2
W −m2

Z

)
C1+

(
3m2

H± +m2
W −m2

Z

)
C2

ó
× (W,Z,H±;b, t, t)−gR

Zbb̄ ·gL
H−tb̄ m2

b

î(
2m2

t −m2
H± −m2

W +m2
Z

)
C0+

(
m2

H± −m2
W +m2

Z

)
C1

−
(
m2

H± +m2
W −m2

Z

)
C2

ó
(Z,H±,W;b,b, t)−gL

Zbb̄ ·gR
H−tb̄ m2

t

î
2
(
m2

W −m2
t

)
C0+4C00−2

(
m2

H± −m2
W

)
C1

+
(
m2

H± +3m2
W −m2

Z

)
C2

ó
(Z,H±,W;b,b, t)+gL

Ztt̄ ·gR
H−tb̄ m2

t

î
2m2

b C0−4C00+
(
m2

H± +m2
W −m2

Z

)
C2

+2m2
WC1

ó
(W,Z,H±;b, t, t)−gR

Ztt̄ ·gR
H−tb̄ m2

t

î
2m2

b C0+
(
m2

H± +m2
W −m2

Z

)
C1

+2m2
H±C2

ó
(W,Z,H±;b, t, t)

™
,

(A38)

 

 

Fig. A8.    One-loop triangle Feynman diagrams with fermion loops.
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T F
2,Trig

gW+ t̄ b
=

NC
Q

8π2
·
ß
−gL

Ztt̄ ·gL
H−tb̄ m2

b ×
(
C0+C1+3C2+2C12+2C22

)
(W,Z,H±;b, t, t)+gL

H−tb̄ m2
b

×
î
gL

Zbb̄

(
C1+2C12

)
−gR

Zbb̄

(
C0+C1+C2

)ó
(Z,H±,W;b,b, t)+gL

Zbb̄ ·gR
H−tb̄ m2

t

(
C2+2C12

)
(Z,H±,W;b,b, t)

+gR
H−tb̄ m2

t

î
gR

Ztt̄ C1−gL
Ztt̄

(
C2+2C12+2C22

)ó
(W,Z,H±;b, t, t)

™
, (A39)

 

T F
3,Trig

gW+ t̄ b
=

NC
Q

8π2
×
ß
−gL

Ztt̄ ·gL
H−tb̄ m2

b

(
C0+C1+C2

)
(W,Z,H±;b, t, t)+gL

H−tb̄ m2
b

î
gL

Zbb̄ C1−gR
Zbb̄

(
C0+C1+C2

)ó
(Z,H±,W;b,b, t)

−m2
t gR

H−tb̄

Ä
gR

Ztt̄ C1+gL
Ztt̄ C2

ä
(W,Z,H±;b, t, t)−m2

t gR
H−tb̄gL

Zbb̄ C2(Z,H±,W;b,b, t)
ó™
,

(A40)

NC
Q

gL
Z f f̄ =

e/(sWcW)× (I3
f − s2

W Q f ), gR
Z f f̄ = e/(sWcW)× (−s2

W Q f )

where the color index   for quarks such as top quark  t
and bottom quark b exchanging in loop has a value of 3.
These  related  general  couplings  for  these  vector  boson  -
fermion  vertices  are  expressed  with 

  and

gR
W± f f̄ ′ = 0, gL

W± f f̄ ′ ≡ gW± f f̄ ′ = e/(
√

2sW).
Form f actors T F

i,Self:
T F

i,Self i = 1,2,3The  form  factors    for  ,  which  is  arisen
from a typical  topology in Fig.  A9, are presented as fol-
lows:

 

T F
1,Self

gZW±W∓ ·gW+ t̄ b
=

2NC
Q

16π2 ·m2
W

(
m2

H± −m2
W

)ßs2
Wm2

Z

(
m2

t gR
H−tb̄−m2

b gL
H−tb̄

)
A0(b)−gL

H−tb̄ m2
b

î
m2

W

(
m2

Z −m2
W

)
− s2

Wm2
H±m

2
Z

ó
×
(
B0+B1

)
(H±;b, t)+ s2

Wm2
Zm2

t gR
H−tb̄

(
m2

t −m2
b−m2

H±
)
B0(H±;b, t)

+m2
t gR

H−tb̄

î
m2

W

(
m2

W −m2
Z

)
− s2

Wm2
H±m

2
Z

ó
B1(H±;b, t)

™
, (A41)

 

T F
2,Self = T F

3,Self = 0. (A42)

G± f , f ′

λG− f f̄ ′ = −i
Ä

m f ′ gL
G− f f̄ ′PL+m f gR

G− f f̄ ′PR

ä
λG+ f ′ f̄ = −i

Ä
m f gL

G+ f ′ f̄ PL +m f ′ gR
G+ f ′ f̄ PR

ä
gL

G+ f ′ f̄ = gR
G− f f̄ ′ = −

1
mW

gW± f f̄ ′ gR
G+ f ′ f̄ = gL

G− f f̄ ′ =

+ 1
mW

gW± f f̄ ′

The general  couplings  involving  the  Goldstone   bo-
sons   and quarks   exchanging in the loop are giv-
en  by  ,  and

.  Furthermore,  the
left-  and  right-handed  couplings  satisfy  the  relations  as

  and 
.

Form f actors T F
i,Tad:

T F
i,Tad i = 1,2,3

ϕ ≡ h,H
Regarding to Fig. A10, form factor   for 

is expressed into one-loop contributions by pole 
and pole A as follows 

T F
i,Tad = T F,A

i,Tad+
∑
ϕ=h,H

T F,ϕ
i,Tad. (A43)

gL
ϕ f f̄ = gR

ϕ f f̄ ≡ gϕ f f̄

Where  the  related  general  couplings  for  these  scalar
Higgs ϕ  and  pseudo-scalar  Higgs A  with  fermion  f  ver-
tices  are  introduced  with    and

gR
A f f̄ = −gL

A f f̄ = gA f f̄ −im f
(
gL
ϕ f f̄ PL +gR

ϕ f f̄ PR
)
=

−im f gϕ f f̄ m f
(
gL

A f f̄ PL+gR
A f f̄ PR

)
= m f gA f f̄ γ5

gL
A f f̄ +gR

A f f̄ = 0 i = 2,3

  as  follows: 
,  and  .  There-

fore these all form factors at pole A by an analytical rela-
tion   and ones for   at pole ϕ have no
contribution for fermion tadpole diagrams,
 

T F,A
1,Tad = T

F,A/ϕ
2,Tad = T

F,A/ϕ
3,Tad = 0 (A44)

and thus, the remaining form factor contributed from only
pole ϕ is reading as follows
 

T F,ϕ
1,Tad =

NC
Q

16π2 ·m2
ϕ

(
m2

H± −m2
W

)
×
î(

m2
H± −m2

W

)
gϕH−W+Z

+
s2

W

c2
W

(
m2
ϕ−m2

H±
)

gϕH−W+ ·gZW±W∓

+
(
m2

Z −m2
W

)
gϕH−W+ ·gZW±W∓

ó
×

×
î
4m2

b gϕbb̄ A0(b)+4m2
t gϕtt̄ A0(t)

ó
. (A45)
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APPENDIX B: ANALYTICAL CHECKS OF THE ξ-
GAUGE INVARIANCE

ξV V =W,Z
W±

G± G0

u± uZ Rξ

T B
i i = 1,2,3

T B
2

T B
2

In this Appendix, we perform the analytical check for
ξ-gauge invariance of these form factors. It should be re-
minded  that  two  gauge  parameters  ,  with  ,
arise  from the  propagators  of  the  vector  bosons    and
Z, the Nambu–Goldstone bosons   and  , and the cor-
responding  ghost  fields    and    in  the  general 
gauge.  Accordingly,  we  examine  the  one-loop  form
factors   ( ), grouped by the bosons exchanged
in the loop. In particular,   is taken as a representative
example  for  the  analytical  checks  in  our  simplified
demonstration.  The  one-loop  form  factor    is as   fol-
lows: 

T B
2 = T B

2,Trig+T B
2,Self+T B

2,Tad. (B1)

T B
2,Self T B

2,TadIn this  case,  the form factors   and   do not
contribute in the boson-loop group, as explicitly shown in
the sections mentioned above [see Eqs. (47) and (57)]. As

T B
2,Triga  result,  we  focus  only  on  the  form  factor    in  Eq.

(28), which can be expressed in the concrete form as fol-
lows: 

T B
2,Trig =

1
16π2 ·m2

H± ·Λ(H±,W,Z)

×
Ä
T B,A

2,Trig+T B,H±
2,Trig +T B,W±

2,Trig +T B,Z
2,Trig+T B,W±Z

2,Trig

ä
. (B2)

A0 B0 C0

There are five main contributions in which the scalar
Higgs  ϕ  appears  together  with  charged  and  neutral
particles propagating in the loop. These contributions are
expressed in terms of the scalar Passarino–Veltman func-
tions  ,  , and  . They will be examined explicitly in
the  following  paragraphs  for  the  analytical  checks  of  ξ-
gauge invariance.

T B,W±
2,Trig ,T B,Z

2,Trig,T B,W±Z
2,Trig , T B,A

2,Trig,

ξV V =W,Z
T B,W±

2,Trig

Next,  we  consider  the  remaining  form  factors
 and   which involve vector and

Goldstone boson propagators in terms of the gauge para-
meters   for  . First,  we present the representat-
ive form for   with the cancellation checks of ξ-de-
pendence as follows:

 

T B,W±
2,Trig

gZW±W∓
=

∑
ϕ=h,H

gϕW±W∓ ·gϕH−W+

2c2
Wm4

W

¶
c0

W± + c1
W±A0(ϕ)+ c2

W±A0(W)+ c3
W±B0(W;ϕ,W)+ c4

W±B0(H±;ϕ,W)

+ c5
W±B0(Z;W,W)+ c6

W±C0(W,Z,H±;ϕ,W,W)+ c7
W±A0(ξW W)+ c8

W±B0(W;ϕ,ξW W)+ c9
W±B0(H±;ϕ,ξWW)

+ c10
W±B0(Z;W, ξWW)+ c11

W±B0(Z;ξW W, ξW W)+ c12
W±C0(W,Z,H±;ϕ,W, ξWW)

+ c13
W±C0(H±,Z,W;ϕ,W, ξWW)+ c14

W±C0(W,Z,H±;ϕ,ξWW, ξWW)
©
. (B3)

 

H±Fig. A9.    Self-energy Feynman diagram contributions at the external leg   with fermion loops.

 

ϕ ≡ h,H,AFig. A10.    Tadpole Feynman diagram contributions with poles   for fermion loops.
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Where the corresponding coefficients in the form factors are listed as follows:
 

c0
W± = c2Wm2

H±m
2
W(m2

ϕ−m2
H± −m2

W)(m2
H± −m2

W −m2
Z) ·Λ(H±,W,Z),

c1
W± = c2Wm2

W(m2
ϕ−m2

H± −m2
W)(m2

H± −m2
W +m2

Z) ·Λ(H±,W,Z),

c2
W± = − c2

W(2m2
W −m2

Z)(m2
ϕ−m2

H± −m2
W)(m2

H± −m2
W +m2

Z) ·Λ(H±,W,Z),

c3
W± = c2

Wm2
H±m

4
ϕ(2m2

W −m2
Z)
î(

m2
H± −m2

W −m2
Z

)2
+8m2

Wm2
Z

ó
− c2

Wm2
H±m

2
ϕ(2m2

W −m2
Z)
î
−2m2

Z

(
m4

H± −5m2
H±m

2
W −12m4

W

)
+m4

Z(m2
H± −3m2

W)+ (m2
H± +3m2

W)(m2
H± −m2

W)2
ó
+2c2

Wm2
H±m

2
W

î
−m4

Z

(
m4

H± +16m2
H±m

2
W +7m4

W

)
+m2

Z(m2
H± +m2

W)
(
−m4

H± +12m2
H±m

2
W +5m4

W

)
+2m6

Z(m2
H± +m2

W)−2m2
W(m2

H± −m2
W)2(m2

H± −3m2
W)
ó

−6m2
H±m

4
WξW
î
c2

W(m2
W −m2

Z)+m2
W s2

W

ó
(m2
ϕ−m2

H± )(m
2
H± −m2

W −m2
Z),

 

c4
W± = c2

Wm4
ϕ(m

2
Z −2m2

W)
î
2m6

H± +m4
H± (3m2

Z −5m2
W)+2m2

H± (m
2
W −m2

Z)(2m2
W +3m2

Z)− (m2
W −m2

Z)3
ó

+2c2
Wm2

ϕ(2m2
W −m2

Z)
î
m8

H± +2m6
H±m

2
Z −4m4

H± (m
2
W −m2

Z)2+m2
H±
(
4m6

W +3m4
Wm2

Z −8m2
Wm4

Z +m6
Z

)
−m2

W(m2
W −m2

Z)3
ó
+ c2

Wm8
H±
(
2m4

W +5m2
Wm2

Z +m4
Z

)
−2c2

Wm6
H±
(
8m6

W +20m4
Wm2

Z −2m2
Wm4

Z +m6
Z

)
+ c2

Wm4
H±
(
28m8

W −46m6
Wm2

Z +14m4
Wm4

Z +m2
Wm6

Z +m8
Z

)
+ c2

Wm2
W(m2

W −m2
Z)(2m2

W −m2
Z)

×
î
m2

W(m2
W −m2

Z)2−2m2
H± (4m4

W +m4
Z)
ó
−2m2

H±m
2
W(m2

ϕ−m2
H± −m2

W)ξW
î
c2

W(m2
W −m2

Z)+m2
W s2

W

ó
×
î
2m4

H± −m2
H± (m

2
W +m2

Z)− (m2
W −m2

Z)2
ó
, (B4)

 

c5
W±

m2
H±m

2
W
= 6m4

ϕ(2m2
W −m2

Z)(m2
H± −m2

W −m2
Z)+m2

ϕ(2m2
W −m2

Z)×
î
m2

H±
(
8m2

Z −10m2
W −7m2

H±
)

+m2
W

(
17m2

W +8m2
Z

)
−m4

Z

ó
+m4

H±

î(
18m4

W −3m2
Wm2

Z +2m4
Z

)
−m2

H± (2m2
W +m2

Z)
ó

+m2
H±

î
m2

W

(
18m4

W +17m2
Wm2

Z −6m4
Z

)
−m6

Z

ó
+m2

W

î
m2

W

(
35m2

Wm2
Z −34m4

W −16m4
Z

)
+3m6

Z

ó
, (B5)

 

c6
W±

2c2
Wm2

H±
= 3m6

ϕm
2
Z(2m2

W −m2
Z)(m2

H± −m2
W −m2

Z)+m4
ϕm

2
Z(2m2

W −m2
Z)×
î
m2

H±
(
7m2

Z −8m2
W −5m2

H±
)

+m2
W

(
13m2

W +7m2
Z

)
−2m4

Z

ó
+m2

ϕ

î
m6

H±
(
2m4

W +m2
Wm2

Z −2m4
Z

)
+m4

H±
(
−6m6

W +23m4
Wm2

Z −13m2
Wm4

Z +4m6
Z

)
+m2

H±
(
6m8

W +15m6
Wm2

Z −12m4
Wm4

Z +8m2
Wm6

Z −2m8
Z

)
−m4

W

(
2m6

W +39m4
Wm2

Z −27m2
Wm4

Z +4m6
Z

)ó
+m2

W(m2
H± −m2
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×
î
m6

H± (2m2
W +m2

Z)+m4
H±
(
−10m4

W −11m2
Wm2

Z +m4
Z

)
+m2

H±
(
14m6

W −17m4
Wm2

Z +16m2
Wm4

Z −2m6
Z

)
−m2

W

(
6m6

W +5m4
Wm2

Z −7m2
Wm4

Z +2m6
Z

)ó
,

c7
W± = −2m2

H±m
2
W

î
c2

W(m2
W −m2

Z)+m2
W s2

W

ó
Λ(H±,W,Z) = 0, (B6)

 

c8
W±

m2
H±m

2
W
=
î
c2

W(m2
W −m2

Z)+m2
W s2

W

ó
×
ßî

m2
ϕm

2
H±
[
m2

H± −2m2
W(4−3ξW)−2m2

Z

]
+2m2

Wm2
Zm2
ϕ(8−3ξW)

+m4
W m2

ϕ(7−6ξW)+m4
Z m2

ϕ

ó
+m2

Wm2
ϕ

î
−m4

H± (7ξW +3)+2m2
H±
[
m2

W(ξW +9)

+m2
Z(4ξW +3)

]
−5m4

W(3− ξW)+m2
Wm2

Z(6−4ξW)−m4
Z(ξW +3)

ó™
= 0, (B7)
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W± = 2
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It  is  noted that the kinematical function is defined as
.  Because

,  the  coefficients 
.  While    and    are  independent  of  ξ,  the

remaining coefficients   and   also do not depend on
ξ.  Consequently,  the  form  factor    becomes  ξ-inde-
pendent. Other form factors are confirmed using the same
procedure,  demonstrating  that  they  are  also  ξ-independ-
ent. 

APPENDIX C: FEYNMAN DIAGRAMS FOR

H±→W±Z Rξ IN THE GENERAL 

H±→W±Z Rξ
A complete set of one-loop Feynman diagrams relev-

ant  to  the  decay  process    in  the  general 
gauge is provided in the Appendix. 

µ+µ−→ H+H− γγ→ H+H−
APPENDIX D: FEYNMAN DIAGRAMS FOR

 AND  IN THDM

µ+µ−→ H+H− γγ→ H+H−

FeynArt

Feynman diagrams for   and 
in THDM are  presented  in  this  appendix.  Feynman  dia-
grams are generated by   [68].

 

 

References 

 S.  Chatrchyan  et  al.  [CMS],  JHEP 07,  143  (2012),  arXiv:[1]

1205.5736[hep-ex]
 V. Khachatryan et al. [CMS], JHEP 11, 018 (2015), arXiv:
1508.07774[hep-ex]

[2]

 

µ+µ−→ H+H− FeynArtsFig. D1.    Feynman diagrams for   are generated by   [68].

 

µ+µ−→ H+H− FeynArtsFig. D2.    Feynman diagrams for   are generated by   [68].

One-loop expressions for H± → W±Z and their implications at muon-TeV colliders Chin. Phys. C 50, (2026)

-21

CPC
 A

cce
pte

d

https://doi.org/10.1007/JHEP07(2012)143
https://doi.org/10.1007/JHEP07(2012)143
https://doi.org/10.1007/JHEP07(2012)143
https://doi.org/10.1007/JHEP07(2012)143
https://doi.org/10.1007/JHEP07(2012)143
https://doi.org/10.1007/JHEP07(2012)143
https://doi.org/10.1007/JHEP07(2012)143
https://doi.org/10.1007/JHEP07(2012)143
https://doi.org/10.1007/JHEP07(2012)143
https://doi.org/10.1007/JHEP07(2012)143
https://arxiv.org/abs/1205.5736
https://arxiv.org/abs/1205.5736
https://arxiv.org/abs/1205.5736
https://doi.org/10.1007/JHEP11(2015)018
https://doi.org/10.1007/JHEP11(2015)018
https://doi.org/10.1007/JHEP11(2015)018
https://doi.org/10.1007/JHEP11(2015)018
https://doi.org/10.1007/JHEP11(2015)018
https://doi.org/10.1007/JHEP11(2015)018
https://doi.org/10.1007/JHEP11(2015)018
https://doi.org/10.1007/JHEP11(2015)018
https://doi.org/10.1007/JHEP11(2015)018
https://doi.org/10.1007/JHEP11(2015)018
https://arxiv.org/abs/1508.07774
https://arxiv.org/abs/1508.07774
https://arxiv.org/abs/1508.07774


 G.  Aad  et  al.  [ATLAS],  JHEP  09,  004  (2023),  arXiv:
2302.11739[hep-ex]

[3]

 G. Aad et al.  [ATLAS], Eur. Phys. J.  C 85(2), 153 (2025),
arXiv: 2407.10096[hep-ex]

[4]

 G.  Aad  et  al.  [ATLAS],  JHEP  06,  039  (2012),  arXiv:
1204.2760[hep-ex]

[5]

 G. Aad et al. [ATLAS], Eur. Phys. J. C 73(6), 2465 (2013),
arXiv: 1302.3694[hep-ex]

[6]

 G.  Aad  et  al.  [ATLAS],  JHEP  03,  127  (2016),  arXiv:
1512.03704[hep-ex]

[7]

 G.  Aad  et  al.  [ATLAS],  JHEP  06,  145  (2021),  arXiv:
2102.10076[hep-ex]

[8]

 A. M. Sirunyan et al. [CMS], JHEP 07, 126 (2020), arXiv:
2001.07763[hep-ex]

[9]

 G.  Aad et  al.  [ATLAS], Phys.  Rev.  Lett. 114(23),  231801
(2015), arXiv: 1503.04233[hep-ex]

[10]

 M. Aaboud et  al.  [ATLAS], Phys.  Lett.  B 787,  68  (2018),
arXiv: 1806.01532[hep-ex]

[11]

 A.  M.  Sirunyan  et  al.  [CMS],  Eur.  Phys.  J.  C  81(8),  723
(2021), arXiv: 2104.04762[hep-ex]

[12]

 A. M. Sirunyan et al. [CMS], JHEP 11, 115 (2018), arXiv:
1808.06575[hep-ex]

[13]

 A. M. Sirunyan et al. [CMS], Phys. Rev. D 102(7), 072001
(2020), arXiv: 2005.08900[hep-ex]

[14]

 A.  Tumasyan  et  al.  [CMS],  JHEP  09,  032  (2023),  arXiv:
2207.01046[hep-ex]

[15]

 G.  Aad  et  al.  [ATLAS],  JHEP  02,  143  (2025),  arXiv:
2411.03969[hep-ex]

[16]

 M.  Aaboud  et  al.  [ATLAS],  JHEP 09,  139  (2018),  arXiv:
1807.07915[hep-ex]

[17]

 G.  Aad  et  al.  [ATLAS],  Phys.  Rev.  D  111(7),  072006
(2025), arXiv: 2412.17584[hep-ex]

[18]

 A. M. Sirunyan et al. [CMS], JHEP 07, 142 (2019), arXiv:
1903.04560[hep-ex]

[19]

 A. Arhrib, R. Benbrik, S. Moretti, R. Santos and P. Sharma,
Phys.  Rev.  D  97(7),  075037  (2018),  arXiv:
1712.05018[hep-ph]

[20]

 A.  Arhrib,  A.  Jueid  and  S.  Moretti,  Phys.  Rev.  D  98(11),
115006 (2018), arXiv: 1807.11306[hep-ph]

[21]

 A. Arhrib, D. Azevedo, R. Benbrik, H. Harouiz, S. Moretti,
R.  Patrick  and  R.  Santos,  JHEP  10,  209  (2020),  arXiv:
1905.02635[hep-ph]

[22]

 A.  Arhrib,  K.  Cheung and  C.  T.  Lu, Phys.  Rev.  D 102(9),
095026 (2020), arXiv: 1910.02571[hep-ph]

[23]

 A. Arhrib, R. Benbrik, H. Harouiz, S. Moretti, Y. Wang and
Q.  S.  Yan,  Phys.  Rev.  D  102(11),  115040  (2020),  arXiv:
2003.11108[hep-ph]

[24]

 A. Arhrib, R. Benbrik, M. Krab, B. Manaut, S. Moretti,  Y.
Wang  and  Q.  S.  Yan,  JHEP  10,  073  (2021),  arXiv:
2106.13656[hep-ph]

[25]

 Y.  Wang,  A.  Arhrib,  R.  Benbrik,  M.  Krab,  B.  Manaut,  S.
Moretti  and  Q.  S.  Yan,  JHEP  12,  021  (2021),  arXiv:
2107.01451[hep-ph]

[26]

 M. Krab, M. Ouchemhou, A. Arhrib, R. Benbrik, B. Manaut
and  Q.  S.  Yan,  Phys.  Lett.  B  839,  137705  (2023),  arXiv:
2210.09416[hep-ph]

[27]

 A.  Arhrib,  M.  Krab  and  S.  Semlali,  J.  Phys.  G  51(11),
115003 (2024), arXiv: 2402.03195[hep-ph]

[28]

 A.  Arhrib,  R.  Benbrik,  M.  Berrouj,  M.  Boukidi  and  B.
Manaut,  Phys.  Rev.  D  111(9),  095026  (2025),  arXiv:
2407.01348[hep-ph]

[29]

 R.  Benbrik,  M.  Berrouj,  M.  Boukidi,  A.  Habjia,  E.
Ghourmin and L. Rahili, Phys. Lett. B 843, 138024 (2023)

[30]

 A.  Arhrib,  R.  Benbrik,  M.  Boukidi,  B.  Manaut  and  S.
Moretti,  Eur.  Phys.  J.  C  85(1),  2  (2025),  arXiv:
2401.16219[hep-ph]

[31]

 A.  Arhrib,  R.  Benbrik,  M.  Boukidi  and  S.  Moretti,  Eur.
Phys. J. C 84(10), 1008 (2024), arXiv: 2403.13021[hep-ph]

[32]

 R.  Benbrik,  M.  Berrouj  and  M.  Boukidi,  Phys.  Rev.  D
111(1), 015027 (2025), arXiv: 2408.15985[hep-ph]

[33]

 R.  Benbrik,  M.  Berrouj,  M.  Boukidi  and  K.  Kahime,  Eur.
Phys. J. C 85(5), 500 (2025)

[34]

 H.  E.  Logan  and  Y.  Wu,  JHEP  11,  121  (2018),  arXiv:
1809.09127[hep-ph]

[35]

 B.  A.  Ouazghour,  A.  Arhrib,  K.  Cheung,  E.  s.  Ghourmin
and L. Rahili, Phys. Rev. D 109(11), 115009 (2024), arXiv:
2308.15664[hep-ph]

[36]

 B.  A.  Ouazghour,  A.  Arhrib,  K.  Cheung,  E.  s.  Ghourmin
and L. Rahili, Phys.  Rev. D 110(9), 095026 (2024),  arXiv:
2408.13952[hep-ph]

[37]

 B.  A.  Ouazghour,  A.  Arhrib,  K.  Cheung,  E.  s.  Ghourmin,
M. Krab and L. Rahili, [arXiv: 2506.01554 [hep-ph]].

[38]

 B.  Ait-Ouazghour,  A.  Arhrib,  M.  Chabab  and  K.  Goure,
[arXiv: 2508.04493 [hep-ph]].

[39]

 I.  Ahmed,  A.  Quddus,  J.  Muhammad,  M.  Shoaib  and  S.
Shafaq,  Chin.  Phys.  C  49(4),  043101  (2025),  arXiv:
2403.20293[hep-ph]

[40]

 M. Hashemi and L. Roushandel, Eur. Phys. J. C 84(9), 966
(2024), arXiv: 2310.06519[hep-ph]

[41]

 P. Bredt, T. Banno, M. Höfer, S. Iguro, W. Kilian, Y. Ma, J.
Reuter and H. Zhang, [arXiv: 2509.05421 [hep-ph]].

[42]

 A.  Costantini,  F.  De  Lillo,  F.  Maltoni,  L.  Mantani,  O.
Mattelaer,  R.  Ruiz  and  X.  Zhao,  JHEP  09,  080  (2020),
arXiv: 2005.10289[hep-ph]

[43]

 R.  Capdevilla,  D.  Curtin,  Y.  Kahn  and  G.  Krnjaic,  Phys.
Rev. D 105(1), 015028 (2022), arXiv: 2101.10334[hep-ph]

[44]

 A.  Arhrib,  R.  Benbrik  and  M.  Chabab,  J.  Phys.  G 34,  907
(2007), arXiv: hep-ph/0607182[hep-ph]

[45]

 S. Kanemura, Phys. Rev. D 61, 095001 (2000), arXiv: hep-
ph/9710237[hep-ph]

[46]

 S.  Kanemura  and  Y.  Mura,  JHEP  10,  041  (2024),  arXiv:
2408.06863[hep-ph]

[47]

 M. Aiko, S. Kanemura and K. Sakurai, Nucl. Phys. B 973,
115581 (2021), arXiv: 2108.11868[hep-ph]

[48]

 J.  Hernandez-Sanchez,  M.  A.  Perez,  G.  Tavares-Velasco
and J.  J.  Toscano, Phys. Rev. D 69, 095008 (2004), arXiv:
hep-ph/0402284[hep-ph]

[49]

 J.  E.  Barradas  Guevara,  F.  C.  Cazarez  Bush,  A.  Cordero
Cid, O. Felix Beltran, J. Hernandez Sanchez and R. Noriega
Papaqui,  J.  Phys.  G  37,  115008  (2010),  arXiv:
1002.2626[hep-ph]

[50]

 J.  Haller,  A. Hoecker,  R. Kogler,  K. Mönig, T. Peiffer and
J.  Stelzer,  Eur.  Phys.  J.  C  78(8),  675  (2018),  arXiv:
1803.01853[hep-ph]

[51]

 G. C. Branco, P. M. Ferreira, L. Lavoura, M. N. Rebelo, M.
Sher  and  J.  P.  Silva,  Phys.  Rept.  516,  1  (2012),  arXiv:
1106.0034[hep-ph]

[52]

 M.  Aoki,  S.  Kanemura,  K.  Tsumura  and  K.  Yagyu,  Phys.
Rev. D 80, 015017 (2009), arXiv: 0902.4665[hep-ph]

[53]

 D. T.  Tran,  Q.  H.  M.  Pham,  K.  N.  T.  Ho and K.  H.  Phan,
[arXiv: 2509.08417 [hep-ph]].

[54]

 P.  Bechtle,  D.  Dercks,  S.  Heinemeyer,  T.  Klingl,  T.
Stefaniak,  G.  Weiglein  and  J.  Wittbrodt,  Eur.  Phys.  J.  C
80(12), 1211 (2020), arXiv: 2006.06007[hep-ph]

[55]

 P.  Bechtle,  S.  Heinemeyer,  T.  Klingl,  T.  Stefaniak,  G.
Weiglein  and  J.  Wittbrodt,  Eur.  Phys.  J.  C  81(2),  145

[56]

Dzung Tri Tran, Quang Hoang-Minh Pham, Khoa Ngo-Thanh Ho et al. Chin. Phys. C 50, (2026)

-22

CPC
 A

cce
pte

d

https://doi.org/10.1007/JHEP09(2023)004
https://doi.org/10.1007/JHEP09(2023)004
https://doi.org/10.1007/JHEP09(2023)004
https://doi.org/10.1007/JHEP09(2023)004
https://doi.org/10.1007/JHEP09(2023)004
https://doi.org/10.1007/JHEP09(2023)004
https://doi.org/10.1007/JHEP09(2023)004
https://doi.org/10.1007/JHEP09(2023)004
https://doi.org/10.1007/JHEP09(2023)004
https://doi.org/10.1007/JHEP09(2023)004
https://arxiv.org/abs/2302.11739
https://arxiv.org/abs/2302.11739
https://arxiv.org/abs/2302.11739
https://doi.org/10.1140/epjc/s10052-024-13715-4
https://doi.org/10.1140/epjc/s10052-024-13715-4
https://doi.org/10.1140/epjc/s10052-024-13715-4
https://doi.org/10.1140/epjc/s10052-024-13715-4
https://doi.org/10.1140/epjc/s10052-024-13715-4
https://doi.org/10.1140/epjc/s10052-024-13715-4
https://doi.org/10.1140/epjc/s10052-024-13715-4
https://doi.org/10.1140/epjc/s10052-024-13715-4
https://doi.org/10.1140/epjc/s10052-024-13715-4
https://doi.org/10.1140/epjc/s10052-024-13715-4
https://doi.org/10.1140/epjc/s10052-024-13715-4
https://doi.org/10.1140/epjc/s10052-024-13715-4
https://arxiv.org/abs/2407.10096
https://arxiv.org/abs/2407.10096
https://arxiv.org/abs/2407.10096
https://doi.org/10.1007/JHEP06(2012)039
https://doi.org/10.1007/JHEP06(2012)039
https://doi.org/10.1007/JHEP06(2012)039
https://doi.org/10.1007/JHEP06(2012)039
https://doi.org/10.1007/JHEP06(2012)039
https://doi.org/10.1007/JHEP06(2012)039
https://doi.org/10.1007/JHEP06(2012)039
https://doi.org/10.1007/JHEP06(2012)039
https://doi.org/10.1007/JHEP06(2012)039
https://doi.org/10.1007/JHEP06(2012)039
https://arxiv.org/abs/1204.2760
https://arxiv.org/abs/1204.2760
https://arxiv.org/abs/1204.2760
https://doi.org/10.1140/epjc/s10052-013-2465-z
https://doi.org/10.1140/epjc/s10052-013-2465-z
https://doi.org/10.1140/epjc/s10052-013-2465-z
https://doi.org/10.1140/epjc/s10052-013-2465-z
https://doi.org/10.1140/epjc/s10052-013-2465-z
https://doi.org/10.1140/epjc/s10052-013-2465-z
https://doi.org/10.1140/epjc/s10052-013-2465-z
https://doi.org/10.1140/epjc/s10052-013-2465-z
https://doi.org/10.1140/epjc/s10052-013-2465-z
https://doi.org/10.1140/epjc/s10052-013-2465-z
https://doi.org/10.1140/epjc/s10052-013-2465-z
https://doi.org/10.1140/epjc/s10052-013-2465-z
https://arxiv.org/abs/1302.3694
https://arxiv.org/abs/1302.3694
https://arxiv.org/abs/1302.3694
https://doi.org/10.1007/JHEP03(2016)127
https://doi.org/10.1007/JHEP03(2016)127
https://doi.org/10.1007/JHEP03(2016)127
https://doi.org/10.1007/JHEP03(2016)127
https://doi.org/10.1007/JHEP03(2016)127
https://doi.org/10.1007/JHEP03(2016)127
https://doi.org/10.1007/JHEP03(2016)127
https://doi.org/10.1007/JHEP03(2016)127
https://doi.org/10.1007/JHEP03(2016)127
https://doi.org/10.1007/JHEP03(2016)127
https://arxiv.org/abs/1512.03704
https://arxiv.org/abs/1512.03704
https://arxiv.org/abs/1512.03704
https://doi.org/10.1007/JHEP06(2021)145
https://doi.org/10.1007/JHEP06(2021)145
https://doi.org/10.1007/JHEP06(2021)145
https://doi.org/10.1007/JHEP06(2021)145
https://doi.org/10.1007/JHEP06(2021)145
https://doi.org/10.1007/JHEP06(2021)145
https://doi.org/10.1007/JHEP06(2021)145
https://doi.org/10.1007/JHEP06(2021)145
https://doi.org/10.1007/JHEP06(2021)145
https://doi.org/10.1007/JHEP06(2021)145
https://arxiv.org/abs/2102.10076
https://arxiv.org/abs/2102.10076
https://arxiv.org/abs/2102.10076
https://doi.org/10.1007/JHEP07(2020)126
https://doi.org/10.1007/JHEP07(2020)126
https://doi.org/10.1007/JHEP07(2020)126
https://doi.org/10.1007/JHEP07(2020)126
https://doi.org/10.1007/JHEP07(2020)126
https://doi.org/10.1007/JHEP07(2020)126
https://doi.org/10.1007/JHEP07(2020)126
https://doi.org/10.1007/JHEP07(2020)126
https://doi.org/10.1007/JHEP07(2020)126
https://doi.org/10.1007/JHEP07(2020)126
https://arxiv.org/abs/2001.07763
https://arxiv.org/abs/2001.07763
https://arxiv.org/abs/2001.07763
https://doi.org/10.1103/PhysRevLett.114.231801
https://doi.org/10.1103/PhysRevLett.114.231801
https://doi.org/10.1103/PhysRevLett.114.231801
https://doi.org/10.1103/PhysRevLett.114.231801
https://doi.org/10.1103/PhysRevLett.114.231801
https://doi.org/10.1103/PhysRevLett.114.231801
https://doi.org/10.1103/PhysRevLett.114.231801
https://doi.org/10.1103/PhysRevLett.114.231801
https://doi.org/10.1103/PhysRevLett.114.231801
https://doi.org/10.1103/PhysRevLett.114.231801
https://doi.org/10.1103/PhysRevLett.114.231801
https://arxiv.org/abs/1503.04233
https://arxiv.org/abs/1503.04233
https://arxiv.org/abs/1503.04233
https://doi.org/10.1016/j.physletb.2018.10.021
https://doi.org/10.1016/j.physletb.2018.10.021
https://doi.org/10.1016/j.physletb.2018.10.021
https://doi.org/10.1016/j.physletb.2018.10.021
https://doi.org/10.1016/j.physletb.2018.10.021
https://doi.org/10.1016/j.physletb.2018.10.021
https://doi.org/10.1016/j.physletb.2018.10.021
https://doi.org/10.1016/j.physletb.2018.10.021
https://doi.org/10.1016/j.physletb.2018.10.021
https://doi.org/10.1016/j.physletb.2018.10.021
https://arxiv.org/abs/1806.01532
https://arxiv.org/abs/1806.01532
https://arxiv.org/abs/1806.01532
https://doi.org/10.1140/epjc/s10052-021-09472-3
https://doi.org/10.1140/epjc/s10052-021-09472-3
https://doi.org/10.1140/epjc/s10052-021-09472-3
https://doi.org/10.1140/epjc/s10052-021-09472-3
https://doi.org/10.1140/epjc/s10052-021-09472-3
https://doi.org/10.1140/epjc/s10052-021-09472-3
https://doi.org/10.1140/epjc/s10052-021-09472-3
https://doi.org/10.1140/epjc/s10052-021-09472-3
https://doi.org/10.1140/epjc/s10052-021-09472-3
https://doi.org/10.1140/epjc/s10052-021-09472-3
https://doi.org/10.1140/epjc/s10052-021-09472-3
https://arxiv.org/abs/2104.04762
https://arxiv.org/abs/2104.04762
https://arxiv.org/abs/2104.04762
https://doi.org/10.1007/JHEP11(2018)115
https://doi.org/10.1007/JHEP11(2018)115
https://doi.org/10.1007/JHEP11(2018)115
https://doi.org/10.1007/JHEP11(2018)115
https://doi.org/10.1007/JHEP11(2018)115
https://doi.org/10.1007/JHEP11(2018)115
https://doi.org/10.1007/JHEP11(2018)115
https://doi.org/10.1007/JHEP11(2018)115
https://doi.org/10.1007/JHEP11(2018)115
https://doi.org/10.1007/JHEP11(2018)115
https://arxiv.org/abs/1808.06575
https://arxiv.org/abs/1808.06575
https://arxiv.org/abs/1808.06575
https://doi.org/10.1103/PhysRevD.102.072001
https://doi.org/10.1103/PhysRevD.102.072001
https://doi.org/10.1103/PhysRevD.102.072001
https://doi.org/10.1103/PhysRevD.102.072001
https://doi.org/10.1103/PhysRevD.102.072001
https://doi.org/10.1103/PhysRevD.102.072001
https://doi.org/10.1103/PhysRevD.102.072001
https://doi.org/10.1103/PhysRevD.102.072001
https://doi.org/10.1103/PhysRevD.102.072001
https://doi.org/10.1103/PhysRevD.102.072001
https://doi.org/10.1103/PhysRevD.102.072001
https://arxiv.org/abs/2005.08900
https://arxiv.org/abs/2005.08900
https://arxiv.org/abs/2005.08900
https://doi.org/10.1007/JHEP09(2023)032
https://doi.org/10.1007/JHEP09(2023)032
https://doi.org/10.1007/JHEP09(2023)032
https://doi.org/10.1007/JHEP09(2023)032
https://doi.org/10.1007/JHEP09(2023)032
https://doi.org/10.1007/JHEP09(2023)032
https://doi.org/10.1007/JHEP09(2023)032
https://doi.org/10.1007/JHEP09(2023)032
https://doi.org/10.1007/JHEP09(2023)032
https://doi.org/10.1007/JHEP09(2023)032
https://arxiv.org/abs/2207.01046
https://arxiv.org/abs/2207.01046
https://arxiv.org/abs/2207.01046
https://doi.org/10.1007/JHEP02(2025)143
https://doi.org/10.1007/JHEP02(2025)143
https://doi.org/10.1007/JHEP02(2025)143
https://doi.org/10.1007/JHEP02(2025)143
https://doi.org/10.1007/JHEP02(2025)143
https://doi.org/10.1007/JHEP02(2025)143
https://doi.org/10.1007/JHEP02(2025)143
https://doi.org/10.1007/JHEP02(2025)143
https://doi.org/10.1007/JHEP02(2025)143
https://doi.org/10.1007/JHEP02(2025)143
https://arxiv.org/abs/2411.03969
https://arxiv.org/abs/2411.03969
https://arxiv.org/abs/2411.03969
https://doi.org/10.1007/JHEP09(2018)139
https://doi.org/10.1007/JHEP09(2018)139
https://doi.org/10.1007/JHEP09(2018)139
https://doi.org/10.1007/JHEP09(2018)139
https://doi.org/10.1007/JHEP09(2018)139
https://doi.org/10.1007/JHEP09(2018)139
https://doi.org/10.1007/JHEP09(2018)139
https://doi.org/10.1007/JHEP09(2018)139
https://doi.org/10.1007/JHEP09(2018)139
https://doi.org/10.1007/JHEP09(2018)139
https://arxiv.org/abs/1807.07915
https://arxiv.org/abs/1807.07915
https://arxiv.org/abs/1807.07915
https://doi.org/10.1103/PhysRevD.111.072006
https://doi.org/10.1103/PhysRevD.111.072006
https://doi.org/10.1103/PhysRevD.111.072006
https://doi.org/10.1103/PhysRevD.111.072006
https://doi.org/10.1103/PhysRevD.111.072006
https://doi.org/10.1103/PhysRevD.111.072006
https://doi.org/10.1103/PhysRevD.111.072006
https://doi.org/10.1103/PhysRevD.111.072006
https://doi.org/10.1103/PhysRevD.111.072006
https://doi.org/10.1103/PhysRevD.111.072006
https://doi.org/10.1103/PhysRevD.111.072006
https://arxiv.org/abs/2412.17584
https://arxiv.org/abs/2412.17584
https://arxiv.org/abs/2412.17584
https://doi.org/10.1007/JHEP07(2019)142
https://doi.org/10.1007/JHEP07(2019)142
https://doi.org/10.1007/JHEP07(2019)142
https://doi.org/10.1007/JHEP07(2019)142
https://doi.org/10.1007/JHEP07(2019)142
https://doi.org/10.1007/JHEP07(2019)142
https://doi.org/10.1007/JHEP07(2019)142
https://doi.org/10.1007/JHEP07(2019)142
https://doi.org/10.1007/JHEP07(2019)142
https://doi.org/10.1007/JHEP07(2019)142
https://arxiv.org/abs/1903.04560
https://arxiv.org/abs/1903.04560
https://arxiv.org/abs/1903.04560
https://doi.org/10.1103/PhysRevD.97.075037
https://doi.org/10.1103/PhysRevD.97.075037
https://doi.org/10.1103/PhysRevD.97.075037
https://doi.org/10.1103/PhysRevD.97.075037
https://doi.org/10.1103/PhysRevD.97.075037
https://doi.org/10.1103/PhysRevD.97.075037
https://doi.org/10.1103/PhysRevD.97.075037
https://doi.org/10.1103/PhysRevD.97.075037
https://doi.org/10.1103/PhysRevD.97.075037
https://doi.org/10.1103/PhysRevD.97.075037
https://doi.org/10.1103/PhysRevD.97.075037
https://doi.org/10.1103/PhysRevD.97.075037
https://arxiv.org/abs/1712.05018
https://arxiv.org/abs/1712.05018
https://arxiv.org/abs/1712.05018
https://doi.org/10.1103/PhysRevD.98.115006
https://doi.org/10.1103/PhysRevD.98.115006
https://doi.org/10.1103/PhysRevD.98.115006
https://doi.org/10.1103/PhysRevD.98.115006
https://doi.org/10.1103/PhysRevD.98.115006
https://doi.org/10.1103/PhysRevD.98.115006
https://doi.org/10.1103/PhysRevD.98.115006
https://doi.org/10.1103/PhysRevD.98.115006
https://doi.org/10.1103/PhysRevD.98.115006
https://doi.org/10.1103/PhysRevD.98.115006
https://doi.org/10.1103/PhysRevD.98.115006
https://arxiv.org/abs/1807.11306
https://arxiv.org/abs/1807.11306
https://arxiv.org/abs/1807.11306
https://doi.org/10.1007/JHEP10(2020)209
https://doi.org/10.1007/JHEP10(2020)209
https://doi.org/10.1007/JHEP10(2020)209
https://doi.org/10.1007/JHEP10(2020)209
https://doi.org/10.1007/JHEP10(2020)209
https://doi.org/10.1007/JHEP10(2020)209
https://doi.org/10.1007/JHEP10(2020)209
https://doi.org/10.1007/JHEP10(2020)209
https://doi.org/10.1007/JHEP10(2020)209
https://doi.org/10.1007/JHEP10(2020)209
https://arxiv.org/abs/1905.02635
https://arxiv.org/abs/1905.02635
https://arxiv.org/abs/1905.02635
https://doi.org/10.1103/PhysRevD.102.095026
https://doi.org/10.1103/PhysRevD.102.095026
https://doi.org/10.1103/PhysRevD.102.095026
https://doi.org/10.1103/PhysRevD.102.095026
https://doi.org/10.1103/PhysRevD.102.095026
https://doi.org/10.1103/PhysRevD.102.095026
https://doi.org/10.1103/PhysRevD.102.095026
https://doi.org/10.1103/PhysRevD.102.095026
https://doi.org/10.1103/PhysRevD.102.095026
https://doi.org/10.1103/PhysRevD.102.095026
https://doi.org/10.1103/PhysRevD.102.095026
https://arxiv.org/abs/1910.02571
https://arxiv.org/abs/1910.02571
https://arxiv.org/abs/1910.02571
https://doi.org/10.1103/PhysRevD.102.115040
https://doi.org/10.1103/PhysRevD.102.115040
https://doi.org/10.1103/PhysRevD.102.115040
https://doi.org/10.1103/PhysRevD.102.115040
https://doi.org/10.1103/PhysRevD.102.115040
https://doi.org/10.1103/PhysRevD.102.115040
https://doi.org/10.1103/PhysRevD.102.115040
https://doi.org/10.1103/PhysRevD.102.115040
https://doi.org/10.1103/PhysRevD.102.115040
https://doi.org/10.1103/PhysRevD.102.115040
https://doi.org/10.1103/PhysRevD.102.115040
https://doi.org/10.1103/PhysRevD.102.115040
https://arxiv.org/abs/2003.11108
https://arxiv.org/abs/2003.11108
https://arxiv.org/abs/2003.11108
https://doi.org/10.1007/JHEP10(2021)073
https://doi.org/10.1007/JHEP10(2021)073
https://doi.org/10.1007/JHEP10(2021)073
https://doi.org/10.1007/JHEP10(2021)073
https://doi.org/10.1007/JHEP10(2021)073
https://doi.org/10.1007/JHEP10(2021)073
https://doi.org/10.1007/JHEP10(2021)073
https://doi.org/10.1007/JHEP10(2021)073
https://doi.org/10.1007/JHEP10(2021)073
https://doi.org/10.1007/JHEP10(2021)073
https://arxiv.org/abs/2106.13656
https://arxiv.org/abs/2106.13656
https://arxiv.org/abs/2106.13656
https://doi.org/10.1007/JHEP12(2021)021
https://doi.org/10.1007/JHEP12(2021)021
https://doi.org/10.1007/JHEP12(2021)021
https://doi.org/10.1007/JHEP12(2021)021
https://doi.org/10.1007/JHEP12(2021)021
https://doi.org/10.1007/JHEP12(2021)021
https://doi.org/10.1007/JHEP12(2021)021
https://doi.org/10.1007/JHEP12(2021)021
https://doi.org/10.1007/JHEP12(2021)021
https://doi.org/10.1007/JHEP12(2021)021
https://arxiv.org/abs/2107.01451
https://arxiv.org/abs/2107.01451
https://arxiv.org/abs/2107.01451
https://doi.org/10.1016/j.physletb.2023.137705
https://doi.org/10.1016/j.physletb.2023.137705
https://doi.org/10.1016/j.physletb.2023.137705
https://doi.org/10.1016/j.physletb.2023.137705
https://doi.org/10.1016/j.physletb.2023.137705
https://doi.org/10.1016/j.physletb.2023.137705
https://doi.org/10.1016/j.physletb.2023.137705
https://doi.org/10.1016/j.physletb.2023.137705
https://doi.org/10.1016/j.physletb.2023.137705
https://doi.org/10.1016/j.physletb.2023.137705
https://arxiv.org/abs/2210.09416
https://arxiv.org/abs/2210.09416
https://arxiv.org/abs/2210.09416
https://doi.org/10.1088/1361-6471/ad7d24
https://doi.org/10.1088/1361-6471/ad7d24
https://doi.org/10.1088/1361-6471/ad7d24
https://doi.org/10.1088/1361-6471/ad7d24
https://doi.org/10.1088/1361-6471/ad7d24
https://doi.org/10.1088/1361-6471/ad7d24
https://doi.org/10.1088/1361-6471/ad7d24
https://doi.org/10.1088/1361-6471/ad7d24
https://doi.org/10.1088/1361-6471/ad7d24
https://doi.org/10.1088/1361-6471/ad7d24
https://doi.org/10.1088/1361-6471/ad7d24
https://arxiv.org/abs/2402.03195
https://arxiv.org/abs/2402.03195
https://arxiv.org/abs/2402.03195
https://doi.org/10.1103/PhysRevD.111.095026
https://doi.org/10.1103/PhysRevD.111.095026
https://doi.org/10.1103/PhysRevD.111.095026
https://doi.org/10.1103/PhysRevD.111.095026
https://doi.org/10.1103/PhysRevD.111.095026
https://doi.org/10.1103/PhysRevD.111.095026
https://doi.org/10.1103/PhysRevD.111.095026
https://doi.org/10.1103/PhysRevD.111.095026
https://doi.org/10.1103/PhysRevD.111.095026
https://doi.org/10.1103/PhysRevD.111.095026
https://doi.org/10.1103/PhysRevD.111.095026
https://doi.org/10.1103/PhysRevD.111.095026
https://arxiv.org/abs/2407.01348
https://arxiv.org/abs/2407.01348
https://arxiv.org/abs/2407.01348
https://doi.org/10.1016/j.physletb.2023.138024
https://doi.org/10.1016/j.physletb.2023.138024
https://doi.org/10.1016/j.physletb.2023.138024
https://doi.org/10.1016/j.physletb.2023.138024
https://doi.org/10.1016/j.physletb.2023.138024
https://doi.org/10.1016/j.physletb.2023.138024
https://doi.org/10.1016/j.physletb.2023.138024
https://doi.org/10.1016/j.physletb.2023.138024
https://doi.org/10.1016/j.physletb.2023.138024
https://doi.org/10.1016/j.physletb.2023.138024
https://doi.org/10.1140/epjc/s10052-024-13692-8
https://doi.org/10.1140/epjc/s10052-024-13692-8
https://doi.org/10.1140/epjc/s10052-024-13692-8
https://doi.org/10.1140/epjc/s10052-024-13692-8
https://doi.org/10.1140/epjc/s10052-024-13692-8
https://doi.org/10.1140/epjc/s10052-024-13692-8
https://doi.org/10.1140/epjc/s10052-024-13692-8
https://doi.org/10.1140/epjc/s10052-024-13692-8
https://doi.org/10.1140/epjc/s10052-024-13692-8
https://doi.org/10.1140/epjc/s10052-024-13692-8
https://doi.org/10.1140/epjc/s10052-024-13692-8
https://doi.org/10.1140/epjc/s10052-024-13692-8
https://arxiv.org/abs/2401.16219
https://arxiv.org/abs/2401.16219
https://arxiv.org/abs/2401.16219
https://doi.org/10.1140/epjc/s10052-024-13390-5
https://doi.org/10.1140/epjc/s10052-024-13390-5
https://doi.org/10.1140/epjc/s10052-024-13390-5
https://doi.org/10.1140/epjc/s10052-024-13390-5
https://doi.org/10.1140/epjc/s10052-024-13390-5
https://doi.org/10.1140/epjc/s10052-024-13390-5
https://doi.org/10.1140/epjc/s10052-024-13390-5
https://doi.org/10.1140/epjc/s10052-024-13390-5
https://doi.org/10.1140/epjc/s10052-024-13390-5
https://doi.org/10.1140/epjc/s10052-024-13390-5
https://doi.org/10.1140/epjc/s10052-024-13390-5
https://doi.org/10.1140/epjc/s10052-024-13390-5
https://doi.org/10.1140/epjc/s10052-024-13390-5
https://arxiv.org/abs/2403.13021
https://arxiv.org/abs/2403.13021
https://arxiv.org/abs/2403.13021
https://doi.org/10.1103/PhysRevD.111.015027
https://doi.org/10.1103/PhysRevD.111.015027
https://doi.org/10.1103/PhysRevD.111.015027
https://doi.org/10.1103/PhysRevD.111.015027
https://doi.org/10.1103/PhysRevD.111.015027
https://doi.org/10.1103/PhysRevD.111.015027
https://doi.org/10.1103/PhysRevD.111.015027
https://doi.org/10.1103/PhysRevD.111.015027
https://doi.org/10.1103/PhysRevD.111.015027
https://doi.org/10.1103/PhysRevD.111.015027
https://doi.org/10.1103/PhysRevD.111.015027
https://arxiv.org/abs/2408.15985
https://arxiv.org/abs/2408.15985
https://arxiv.org/abs/2408.15985
https://doi.org/10.1140/epjc/s10052-025-14237-3
https://doi.org/10.1140/epjc/s10052-025-14237-3
https://doi.org/10.1140/epjc/s10052-025-14237-3
https://doi.org/10.1140/epjc/s10052-025-14237-3
https://doi.org/10.1140/epjc/s10052-025-14237-3
https://doi.org/10.1140/epjc/s10052-025-14237-3
https://doi.org/10.1140/epjc/s10052-025-14237-3
https://doi.org/10.1140/epjc/s10052-025-14237-3
https://doi.org/10.1140/epjc/s10052-025-14237-3
https://doi.org/10.1140/epjc/s10052-025-14237-3
https://doi.org/10.1140/epjc/s10052-025-14237-3
https://doi.org/10.1140/epjc/s10052-025-14237-3
https://doi.org/10.1140/epjc/s10052-025-14237-3
https://doi.org/10.1007/JHEP11(2018)121
https://doi.org/10.1007/JHEP11(2018)121
https://doi.org/10.1007/JHEP11(2018)121
https://doi.org/10.1007/JHEP11(2018)121
https://doi.org/10.1007/JHEP11(2018)121
https://doi.org/10.1007/JHEP11(2018)121
https://doi.org/10.1007/JHEP11(2018)121
https://doi.org/10.1007/JHEP11(2018)121
https://doi.org/10.1007/JHEP11(2018)121
https://doi.org/10.1007/JHEP11(2018)121
https://arxiv.org/abs/1809.09127
https://arxiv.org/abs/1809.09127
https://arxiv.org/abs/1809.09127
https://doi.org/10.1103/PhysRevD.109.115009
https://doi.org/10.1103/PhysRevD.109.115009
https://doi.org/10.1103/PhysRevD.109.115009
https://doi.org/10.1103/PhysRevD.109.115009
https://doi.org/10.1103/PhysRevD.109.115009
https://doi.org/10.1103/PhysRevD.109.115009
https://doi.org/10.1103/PhysRevD.109.115009
https://doi.org/10.1103/PhysRevD.109.115009
https://doi.org/10.1103/PhysRevD.109.115009
https://doi.org/10.1103/PhysRevD.109.115009
https://doi.org/10.1103/PhysRevD.109.115009
https://doi.org/10.1103/PhysRevD.109.115009
https://arxiv.org/abs/2308.15664
https://arxiv.org/abs/2308.15664
https://arxiv.org/abs/2308.15664
https://doi.org/10.1103/PhysRevD.110.095026
https://doi.org/10.1103/PhysRevD.110.095026
https://doi.org/10.1103/PhysRevD.110.095026
https://doi.org/10.1103/PhysRevD.110.095026
https://doi.org/10.1103/PhysRevD.110.095026
https://doi.org/10.1103/PhysRevD.110.095026
https://doi.org/10.1103/PhysRevD.110.095026
https://doi.org/10.1103/PhysRevD.110.095026
https://doi.org/10.1103/PhysRevD.110.095026
https://doi.org/10.1103/PhysRevD.110.095026
https://doi.org/10.1103/PhysRevD.110.095026
https://doi.org/10.1103/PhysRevD.110.095026
https://arxiv.org/abs/2408.13952
https://arxiv.org/abs/2408.13952
https://arxiv.org/abs/2408.13952
https://doi.org/10.1088/1674-1137/ada0b4
https://doi.org/10.1088/1674-1137/ada0b4
https://doi.org/10.1088/1674-1137/ada0b4
https://doi.org/10.1088/1674-1137/ada0b4
https://doi.org/10.1088/1674-1137/ada0b4
https://doi.org/10.1088/1674-1137/ada0b4
https://doi.org/10.1088/1674-1137/ada0b4
https://doi.org/10.1088/1674-1137/ada0b4
https://doi.org/10.1088/1674-1137/ada0b4
https://doi.org/10.1088/1674-1137/ada0b4
https://doi.org/10.1088/1674-1137/ada0b4
https://doi.org/10.1088/1674-1137/ada0b4
https://arxiv.org/abs/2403.20293
https://arxiv.org/abs/2403.20293
https://arxiv.org/abs/2403.20293
https://doi.org/10.1140/epjc/s10052-024-13316-1
https://doi.org/10.1140/epjc/s10052-024-13316-1
https://doi.org/10.1140/epjc/s10052-024-13316-1
https://doi.org/10.1140/epjc/s10052-024-13316-1
https://doi.org/10.1140/epjc/s10052-024-13316-1
https://doi.org/10.1140/epjc/s10052-024-13316-1
https://doi.org/10.1140/epjc/s10052-024-13316-1
https://doi.org/10.1140/epjc/s10052-024-13316-1
https://doi.org/10.1140/epjc/s10052-024-13316-1
https://doi.org/10.1140/epjc/s10052-024-13316-1
https://doi.org/10.1140/epjc/s10052-024-13316-1
https://arxiv.org/abs/2310.06519
https://arxiv.org/abs/2310.06519
https://arxiv.org/abs/2310.06519
https://doi.org/10.1007/JHEP09(2020)080
https://doi.org/10.1007/JHEP09(2020)080
https://doi.org/10.1007/JHEP09(2020)080
https://doi.org/10.1007/JHEP09(2020)080
https://doi.org/10.1007/JHEP09(2020)080
https://doi.org/10.1007/JHEP09(2020)080
https://doi.org/10.1007/JHEP09(2020)080
https://doi.org/10.1007/JHEP09(2020)080
https://doi.org/10.1007/JHEP09(2020)080
https://doi.org/10.1007/JHEP09(2020)080
https://arxiv.org/abs/2005.10289
https://arxiv.org/abs/2005.10289
https://arxiv.org/abs/2005.10289
https://doi.org/10.1103/PhysRevD.105.015028
https://doi.org/10.1103/PhysRevD.105.015028
https://doi.org/10.1103/PhysRevD.105.015028
https://doi.org/10.1103/PhysRevD.105.015028
https://doi.org/10.1103/PhysRevD.105.015028
https://doi.org/10.1103/PhysRevD.105.015028
https://doi.org/10.1103/PhysRevD.105.015028
https://doi.org/10.1103/PhysRevD.105.015028
https://doi.org/10.1103/PhysRevD.105.015028
https://doi.org/10.1103/PhysRevD.105.015028
https://doi.org/10.1103/PhysRevD.105.015028
https://doi.org/10.1103/PhysRevD.105.015028
https://doi.org/10.1103/PhysRevD.105.015028
https://arxiv.org/abs/2101.10334
https://arxiv.org/abs/2101.10334
https://arxiv.org/abs/2101.10334
https://doi.org/10.1088/0954-3899/34/5/011
https://doi.org/10.1088/0954-3899/34/5/011
https://doi.org/10.1088/0954-3899/34/5/011
https://doi.org/10.1088/0954-3899/34/5/011
https://doi.org/10.1088/0954-3899/34/5/011
https://doi.org/10.1088/0954-3899/34/5/011
https://doi.org/10.1088/0954-3899/34/5/011
https://doi.org/10.1088/0954-3899/34/5/011
https://doi.org/10.1088/0954-3899/34/5/011
https://arxiv.org/abs/0607182
https://arxiv.org/abs/0607182
https://arxiv.org/abs/0607182
https://arxiv.org/abs/0607182
https://arxiv.org/abs/0607182
https://doi.org/10.1103/PhysRevD.61.095001
https://doi.org/10.1103/PhysRevD.61.095001
https://doi.org/10.1103/PhysRevD.61.095001
https://doi.org/10.1103/PhysRevD.61.095001
https://doi.org/10.1103/PhysRevD.61.095001
https://doi.org/10.1103/PhysRevD.61.095001
https://doi.org/10.1103/PhysRevD.61.095001
https://doi.org/10.1103/PhysRevD.61.095001
https://doi.org/10.1103/PhysRevD.61.095001
https://doi.org/10.1103/PhysRevD.61.095001
https://arxiv.org/abs/9710237
https://arxiv.org/abs/9710237
https://arxiv.org/abs/9710237
https://arxiv.org/abs/9710237
https://arxiv.org/abs/9710237
https://doi.org/10.1007/JHEP10(2024)041
https://doi.org/10.1007/JHEP10(2024)041
https://doi.org/10.1007/JHEP10(2024)041
https://doi.org/10.1007/JHEP10(2024)041
https://doi.org/10.1007/JHEP10(2024)041
https://doi.org/10.1007/JHEP10(2024)041
https://doi.org/10.1007/JHEP10(2024)041
https://doi.org/10.1007/JHEP10(2024)041
https://doi.org/10.1007/JHEP10(2024)041
https://doi.org/10.1007/JHEP10(2024)041
https://arxiv.org/abs/2408.06863
https://arxiv.org/abs/2408.06863
https://arxiv.org/abs/2408.06863
https://doi.org/10.1016/j.nuclphysb.2021.115581
https://doi.org/10.1016/j.nuclphysb.2021.115581
https://doi.org/10.1016/j.nuclphysb.2021.115581
https://doi.org/10.1016/j.nuclphysb.2021.115581
https://doi.org/10.1016/j.nuclphysb.2021.115581
https://doi.org/10.1016/j.nuclphysb.2021.115581
https://doi.org/10.1016/j.nuclphysb.2021.115581
https://doi.org/10.1016/j.nuclphysb.2021.115581
https://doi.org/10.1016/j.nuclphysb.2021.115581
https://arxiv.org/abs/2108.11868
https://arxiv.org/abs/2108.11868
https://arxiv.org/abs/2108.11868
https://doi.org/10.1103/PhysRevD.69.095008
https://doi.org/10.1103/PhysRevD.69.095008
https://doi.org/10.1103/PhysRevD.69.095008
https://doi.org/10.1103/PhysRevD.69.095008
https://doi.org/10.1103/PhysRevD.69.095008
https://doi.org/10.1103/PhysRevD.69.095008
https://doi.org/10.1103/PhysRevD.69.095008
https://doi.org/10.1103/PhysRevD.69.095008
https://doi.org/10.1103/PhysRevD.69.095008
https://doi.org/10.1103/PhysRevD.69.095008
https://arxiv.org/abs/0402284
https://arxiv.org/abs/0402284
https://arxiv.org/abs/0402284
https://arxiv.org/abs/0402284
https://arxiv.org/abs/0402284
https://doi.org/10.1088/0954-3899/37/11/115008
https://doi.org/10.1088/0954-3899/37/11/115008
https://doi.org/10.1088/0954-3899/37/11/115008
https://doi.org/10.1088/0954-3899/37/11/115008
https://doi.org/10.1088/0954-3899/37/11/115008
https://doi.org/10.1088/0954-3899/37/11/115008
https://doi.org/10.1088/0954-3899/37/11/115008
https://doi.org/10.1088/0954-3899/37/11/115008
https://doi.org/10.1088/0954-3899/37/11/115008
https://doi.org/10.1088/0954-3899/37/11/115008
https://arxiv.org/abs/1002.2626
https://arxiv.org/abs/1002.2626
https://arxiv.org/abs/1002.2626
https://doi.org/10.1140/epjc/s10052-018-6131-3
https://doi.org/10.1140/epjc/s10052-018-6131-3
https://doi.org/10.1140/epjc/s10052-018-6131-3
https://doi.org/10.1140/epjc/s10052-018-6131-3
https://doi.org/10.1140/epjc/s10052-018-6131-3
https://doi.org/10.1140/epjc/s10052-018-6131-3
https://doi.org/10.1140/epjc/s10052-018-6131-3
https://doi.org/10.1140/epjc/s10052-018-6131-3
https://doi.org/10.1140/epjc/s10052-018-6131-3
https://doi.org/10.1140/epjc/s10052-018-6131-3
https://doi.org/10.1140/epjc/s10052-018-6131-3
https://doi.org/10.1140/epjc/s10052-018-6131-3
https://arxiv.org/abs/1803.01853
https://arxiv.org/abs/1803.01853
https://arxiv.org/abs/1803.01853
https://doi.org/10.1016/j.physrep.2012.02.002
https://doi.org/10.1016/j.physrep.2012.02.002
https://doi.org/10.1016/j.physrep.2012.02.002
https://doi.org/10.1016/j.physrep.2012.02.002
https://doi.org/10.1016/j.physrep.2012.02.002
https://doi.org/10.1016/j.physrep.2012.02.002
https://doi.org/10.1016/j.physrep.2012.02.002
https://doi.org/10.1016/j.physrep.2012.02.002
https://doi.org/10.1016/j.physrep.2012.02.002
https://doi.org/10.1016/j.physrep.2012.02.002
https://arxiv.org/abs/1106.0034
https://arxiv.org/abs/1106.0034
https://arxiv.org/abs/1106.0034
https://doi.org/10.1103/PhysRevD.80.015017
https://doi.org/10.1103/PhysRevD.80.015017
https://doi.org/10.1103/PhysRevD.80.015017
https://doi.org/10.1103/PhysRevD.80.015017
https://doi.org/10.1103/PhysRevD.80.015017
https://doi.org/10.1103/PhysRevD.80.015017
https://doi.org/10.1103/PhysRevD.80.015017
https://doi.org/10.1103/PhysRevD.80.015017
https://doi.org/10.1103/PhysRevD.80.015017
https://doi.org/10.1103/PhysRevD.80.015017
https://doi.org/10.1103/PhysRevD.80.015017
https://arxiv.org/abs/0902.4665
https://arxiv.org/abs/0902.4665
https://arxiv.org/abs/0902.4665
https://doi.org/10.1140/epjc/s10052-020-08557-9
https://doi.org/10.1140/epjc/s10052-020-08557-9
https://doi.org/10.1140/epjc/s10052-020-08557-9
https://doi.org/10.1140/epjc/s10052-020-08557-9
https://doi.org/10.1140/epjc/s10052-020-08557-9
https://doi.org/10.1140/epjc/s10052-020-08557-9
https://doi.org/10.1140/epjc/s10052-020-08557-9
https://doi.org/10.1140/epjc/s10052-020-08557-9
https://doi.org/10.1140/epjc/s10052-020-08557-9
https://doi.org/10.1140/epjc/s10052-020-08557-9
https://doi.org/10.1140/epjc/s10052-020-08557-9
https://arxiv.org/abs/2006.06007
https://arxiv.org/abs/2006.06007
https://arxiv.org/abs/2006.06007
https://doi.org/10.1140/epjc/s10052-021-08942-y
https://doi.org/10.1140/epjc/s10052-021-08942-y
https://doi.org/10.1140/epjc/s10052-021-08942-y
https://doi.org/10.1140/epjc/s10052-021-08942-y
https://doi.org/10.1140/epjc/s10052-021-08942-y
https://doi.org/10.1140/epjc/s10052-021-08942-y
https://doi.org/10.1140/epjc/s10052-021-08942-y
https://doi.org/10.1140/epjc/s10052-021-08942-y


(2021), arXiv: 2012.09197[hep-ph]
 D.  Eriksson,  J.  Rathsman  and  O.  Stal,  Comput.  Phys.
Commun. 181, 189 (2010), arXiv: 0902.0851[hep-ph]

[57]

 F.  Mahmoudi, Comput.  Phys.  Commun. 180, 1579 (2009),
arXiv: 0808.3144[hep-ph]

[58]

 A.  Denner,  Fortsch.  Phys.  41,  307  (1993),  arXiv:
0709.1075[hep-ph]

[59]

 S. Navas et al. [Particle Data Group], Phys. Rev. D 110(3),
030001 (2024)

[60]

 M.  Cacciari,  A.  Deandrea,  G.  Montagna  and  O.  Nicrosini,
EPL 17, 123 (1992)

[61]

 M. Skrzypek and S. Jadach, Z. Phys. C 49, 577 (1991)[62]
 M. Skrzypek, Acta Phys. Polon. B 23, 135 (1992)[63]
 G.  Belanger,  F.  Boudjema,  J.  Fujimoto,  T.  Ishikawa,  T.[64]

Kaneko,  K.  Kato  and  Y.  Shimizu,  Phys.  Rept.  430,  117
(2006), arXiv: hep-ph/0308080[hep-ph]
 A. F. Zarnecki, Acta Phys. Polon. B 34, 2741 (2003)[65]
 M. Chiesa, B. Mele and F. Piccinini, Eur. Phys. J. C 84(5),
543 (2024), arXiv: 2109.10109[hep-ph]

[66]

 V. I. Telnov, Nucl. Instrum. Meth. A 294, 72 (1990)[67]
 T. Hahn, Comput. Phys. Commun. 140, 418 (2001), arXiv:
hep-ph/0012260[hep-ph]

[68]

 J. H. Kuhn, A. A. Penin and V. A. Smirnov, Eur. Phys. J. C
17, 97 (2000), arXiv: hep-ph/9912503[hep-ph]

[69]

 A. Denner and S. Dittmaier, Nucl. Phys. B 734, 62 (2006)[70]
 T.  Hahn  and  M.  Perez-Victoria,  Comput.  Phys.  Commun.
118, 153 (1999), arXiv: hep-ph/9807565[hep-ph]

[71]

One-loop expressions for H± → W±Z and their implications at muon-TeV colliders Chin. Phys. C 50, (2026)

-23

CPC
 A

cce
pte

d

https://doi.org/10.1140/epjc/s10052-021-08942-y
https://doi.org/10.1140/epjc/s10052-021-08942-y
https://doi.org/10.1140/epjc/s10052-021-08942-y
https://arxiv.org/abs/2012.09197
https://arxiv.org/abs/2012.09197
https://arxiv.org/abs/2012.09197
https://doi.org/10.1016/j.cpc.2009.09.011
https://doi.org/10.1016/j.cpc.2009.09.011
https://doi.org/10.1016/j.cpc.2009.09.011
https://doi.org/10.1016/j.cpc.2009.09.011
https://doi.org/10.1016/j.cpc.2009.09.011
https://doi.org/10.1016/j.cpc.2009.09.011
https://doi.org/10.1016/j.cpc.2009.09.011
https://doi.org/10.1016/j.cpc.2009.09.011
https://doi.org/10.1016/j.cpc.2009.09.011
https://doi.org/10.1016/j.cpc.2009.09.011
https://doi.org/10.1016/j.cpc.2009.09.011
https://arxiv.org/abs/0902.0851
https://arxiv.org/abs/0902.0851
https://arxiv.org/abs/0902.0851
https://doi.org/10.1016/j.cpc.2009.02.017
https://doi.org/10.1016/j.cpc.2009.02.017
https://doi.org/10.1016/j.cpc.2009.02.017
https://doi.org/10.1016/j.cpc.2009.02.017
https://doi.org/10.1016/j.cpc.2009.02.017
https://doi.org/10.1016/j.cpc.2009.02.017
https://doi.org/10.1016/j.cpc.2009.02.017
https://doi.org/10.1016/j.cpc.2009.02.017
https://doi.org/10.1016/j.cpc.2009.02.017
https://doi.org/10.1016/j.cpc.2009.02.017
https://arxiv.org/abs/0808.3144
https://arxiv.org/abs/0808.3144
https://arxiv.org/abs/0808.3144
https://doi.org/10.1002/prop.2190410402
https://doi.org/10.1002/prop.2190410402
https://doi.org/10.1002/prop.2190410402
https://doi.org/10.1002/prop.2190410402
https://doi.org/10.1002/prop.2190410402
https://doi.org/10.1002/prop.2190410402
https://doi.org/10.1002/prop.2190410402
https://doi.org/10.1002/prop.2190410402
https://doi.org/10.1002/prop.2190410402
https://doi.org/10.1002/prop.2190410402
https://arxiv.org/abs/0709.1075
https://arxiv.org/abs/0709.1075
https://arxiv.org/abs/0709.1075
https://doi.org/10.1103/PhysRevD.110.030001
https://doi.org/10.1103/PhysRevD.110.030001
https://doi.org/10.1103/PhysRevD.110.030001
https://doi.org/10.1103/PhysRevD.110.030001
https://doi.org/10.1103/PhysRevD.110.030001
https://doi.org/10.1103/PhysRevD.110.030001
https://doi.org/10.1103/PhysRevD.110.030001
https://doi.org/10.1103/PhysRevD.110.030001
https://doi.org/10.1103/PhysRevD.110.030001
https://doi.org/10.1103/PhysRevD.110.030001
https://doi.org/10.1103/PhysRevD.110.030001
https://doi.org/10.1209/0295-5075/17/2/007
https://doi.org/10.1209/0295-5075/17/2/007
https://doi.org/10.1209/0295-5075/17/2/007
https://doi.org/10.1209/0295-5075/17/2/007
https://doi.org/10.1209/0295-5075/17/2/007
https://doi.org/10.1209/0295-5075/17/2/007
https://doi.org/10.1209/0295-5075/17/2/007
https://doi.org/10.1209/0295-5075/17/2/007
https://doi.org/10.1209/0295-5075/17/2/007
https://doi.org/10.1209/0295-5075/17/2/007
https://doi.org/10.1007/BF01483573
https://doi.org/10.1007/BF01483573
https://doi.org/10.1007/BF01483573
https://doi.org/10.1007/BF01483573
https://doi.org/10.1007/BF01483573
https://doi.org/10.1007/BF01483573
https://doi.org/10.1007/BF01483573
https://doi.org/10.1007/BF01483573
https://doi.org/10.1007/BF01483573
https://doi.org/10.1007/BF01483573
https://doi.org/10.1016/j.physrep.2006.02.001
https://doi.org/10.1016/j.physrep.2006.02.001
https://doi.org/10.1016/j.physrep.2006.02.001
https://doi.org/10.1016/j.physrep.2006.02.001
https://doi.org/10.1016/j.physrep.2006.02.001
https://doi.org/10.1016/j.physrep.2006.02.001
https://doi.org/10.1016/j.physrep.2006.02.001
https://doi.org/10.1016/j.physrep.2006.02.001
https://doi.org/10.1016/j.physrep.2006.02.001
https://arxiv.org/abs/0308080
https://arxiv.org/abs/0308080
https://arxiv.org/abs/0308080
https://arxiv.org/abs/0308080
https://arxiv.org/abs/0308080
https://doi.org/10.1140/epjc/s10052-024-12882-8
https://doi.org/10.1140/epjc/s10052-024-12882-8
https://doi.org/10.1140/epjc/s10052-024-12882-8
https://doi.org/10.1140/epjc/s10052-024-12882-8
https://doi.org/10.1140/epjc/s10052-024-12882-8
https://doi.org/10.1140/epjc/s10052-024-12882-8
https://doi.org/10.1140/epjc/s10052-024-12882-8
https://doi.org/10.1140/epjc/s10052-024-12882-8
https://doi.org/10.1140/epjc/s10052-024-12882-8
https://doi.org/10.1140/epjc/s10052-024-12882-8
https://doi.org/10.1140/epjc/s10052-024-12882-8
https://arxiv.org/abs/2109.10109
https://arxiv.org/abs/2109.10109
https://arxiv.org/abs/2109.10109
https://doi.org/10.1016/0168-9002(90)91826-W
https://doi.org/10.1016/0168-9002(90)91826-W
https://doi.org/10.1016/0168-9002(90)91826-W
https://doi.org/10.1016/0168-9002(90)91826-W
https://doi.org/10.1016/0168-9002(90)91826-W
https://doi.org/10.1016/0168-9002(90)91826-W
https://doi.org/10.1016/0168-9002(90)91826-W
https://doi.org/10.1016/0168-9002(90)91826-W
https://doi.org/10.1016/0168-9002(90)91826-W
https://doi.org/10.1016/0168-9002(90)91826-W
https://doi.org/10.1016/S0010-4655(01)00290-9
https://doi.org/10.1016/S0010-4655(01)00290-9
https://doi.org/10.1016/S0010-4655(01)00290-9
https://doi.org/10.1016/S0010-4655(01)00290-9
https://doi.org/10.1016/S0010-4655(01)00290-9
https://doi.org/10.1016/S0010-4655(01)00290-9
https://doi.org/10.1016/S0010-4655(01)00290-9
https://doi.org/10.1016/S0010-4655(01)00290-9
https://doi.org/10.1016/S0010-4655(01)00290-9
https://doi.org/10.1016/S0010-4655(01)00290-9
https://arxiv.org/abs/0012260
https://arxiv.org/abs/0012260
https://arxiv.org/abs/0012260
https://arxiv.org/abs/0012260
https://arxiv.org/abs/0012260
https://doi.org/10.1007/s100520000462
https://doi.org/10.1007/s100520000462
https://doi.org/10.1007/s100520000462
https://doi.org/10.1007/s100520000462
https://doi.org/10.1007/s100520000462
https://doi.org/10.1007/s100520000462
https://doi.org/10.1007/s100520000462
https://doi.org/10.1007/s100520000462
https://doi.org/10.1007/s100520000462
https://arxiv.org/abs/9912503
https://arxiv.org/abs/9912503
https://arxiv.org/abs/9912503
https://arxiv.org/abs/9912503
https://arxiv.org/abs/9912503
https://doi.org/10.1016/j.nuclphysb.2005.11.007
https://doi.org/10.1016/j.nuclphysb.2005.11.007
https://doi.org/10.1016/j.nuclphysb.2005.11.007
https://doi.org/10.1016/j.nuclphysb.2005.11.007
https://doi.org/10.1016/j.nuclphysb.2005.11.007
https://doi.org/10.1016/j.nuclphysb.2005.11.007
https://doi.org/10.1016/j.nuclphysb.2005.11.007
https://doi.org/10.1016/j.nuclphysb.2005.11.007
https://doi.org/10.1016/j.nuclphysb.2005.11.007
https://doi.org/10.1016/j.nuclphysb.2005.11.007
https://doi.org/10.1016/S0010-4655(98)00173-8
https://doi.org/10.1016/S0010-4655(98)00173-8
https://doi.org/10.1016/S0010-4655(98)00173-8
https://doi.org/10.1016/S0010-4655(98)00173-8
https://doi.org/10.1016/S0010-4655(98)00173-8
https://doi.org/10.1016/S0010-4655(98)00173-8
https://doi.org/10.1016/S0010-4655(98)00173-8
https://doi.org/10.1016/S0010-4655(98)00173-8
https://doi.org/10.1016/S0010-4655(98)00173-8
https://arxiv.org/abs/9807565
https://arxiv.org/abs/9807565
https://arxiv.org/abs/9807565
https://arxiv.org/abs/9807565
https://arxiv.org/abs/9807565

	I INTRODUCTION
	II THDM AND ITS CONTRAINSTS
	IIIONE-LOOP–INDUCEDEXPRESSIONSFORH±arrowW±ZINTHEGENERALRξ
	IV PRODUCTION OF SINGLY CHARGED HIGGS BOSONS AT MUON–TEV COLLIDERS
	A Branching fractions
	BProcessesµ+µ-arrowH+H-arrowW±W\mpZh
	CProcessesµ+µ-arrowγγarrowH+H-arrowW±W\mpZh

	V CONCLUSIONS
	APPENDIXA:ONE-LOOPFORMFACTORSINTHEGENERAL\calRξ-GAUGE
	APPENDIX B: ANALYTICAL CHECKS OF THE ξ-GAUGE INVARIANCE
	APPENDIXC:FEYNMANDIAGRAMSFORH±arrowW±ZINTHEGENERALRξ
	APPENDIXD:FEYNMANDIAGRAMSFORµ+µ-arrowH+H-ANDγγarrowH+H-INTHDM
	References

