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Abstract: One-loop contributions for decay process H* — W*Z within the Two-Higgs-Doublet Model (THDM) is
computed in the general R, gauge, and its phenomenological applications at future muon-TeV colliders are studied

in this paper. The analytic results are confirmed by several consistency tests, for example, the &-independence, the
renormalization-scale stability and the ultraviolet finiteness of the one-loop amplitude. We first perform an updated
parameter scan of the Type-X THDM in the phenomenological studies. The production of charged Higgs boson pairs
at future muon-TeV colliders is then investigated through the two processes u*u~ — H*H™ — WE*W¥Zh and

utu™ —>yy— HYH™ - W*WTZh. Both signal events and their significances are evaluated with taking into ac-

count the corresponding Standard Model backgrounds. We find thatthe signal significances can exceed 5o at sever-

al benchmark points in the viable parameter space of the Type-X THDM.
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I. INTRODUCTION

Searches for additional scalar Higgs boson produc-
tions in many extensions of the Standard Model (SM) are
one of the main purposes of future colliders, including the
High-Luminosity LHC (HL-LHC) and proposed lepton
colliders such as the International Linear Collider (ILC)
and muon—TeV colliders. The discovery of the additional
scalar Higgs bosons would provide direct evidence for
new physics and would also offer a enhanced insight into
the dynamics of electroweak symmetry breaking
(EWSB). In all possible production channels of exotic
scalar states, singly charged Higgs boson productions
have recently received particular attention at colliders.
Experimentally, searches for charged Higgs bosons in the
light mass regions, produced in top-quark decays have
been detected at +/s =7 and 8 TeV at the LHC as in Refs.
[1-4]. Additional exploration of charged Higgs bosons
following decay channels H* — rv [5] and H* — ¢5 [6],
have also been examined by the ATLAS Collaboration.
For heavier charged Higgs states, both ATLAS and CMS
have conducted searches through decay channels such as
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H* > tb [7-9], H* - W*Z [10, 11] at +/s=8 TeV, and
via vector boson fusion production at +/s =13 TeV [12].
Furthermore, searches for H* — cb/cs at +/s=8 TeV
have been reported in Refs. [13, 14], while the
H* —» HW* decay mode has been studied at /s =13 TeV
[15, 16]. More recently, both ATLAS and CMS have car-
ried out the investigations for charged Higgs bosons in
association with top quarks and in top-quark decays, in
which both production channels have been analyzed with
the subsequent decay H* — t*v, [17-19].

Theoretically, charged Higgs boson production at the
LHC has been calculated within many BSM scenarios. In
the THDM, pp—tH™ — tW-bb production has been
computed, including top-quark polarization effects as dis-
cussed in [20, 21]. Additionally, the decay H* — tb has
been systematically examined in the Minimal Supersym-
metric Standard Model (MSSM) [22]. The production of
charged Higgs boson pairs at the HL-LHC has been in-
vestigated in [23]. Taking Run III data, charged Higgs
bosons in the light-mass regions decaying into elec-
troweak vector bosons have been analyzed in the report
[24]. Investigations of the productions for pp — H*h/A
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and pp - H"H- with H* —» W*h/A have also been car-
ried out in Ref. [25]. Further studies on charged Higgs
bosons at the LHC have also presented in Refs. [26—28],
including analyses of production via vectorlike top-quark
pairs [29—34] and studies of the Wy decay mode [35].
Production of charged Higgs bosons at future lepton col-
liders has also been studied at u*u~ and e*e” machines
[36—39]. Furthermore, heavy charged Higgs states at yy
colliders have been probed using multivariate analyses in-
cluding the H* —» W*H decay channel [40, 41]. In Ref.
[42], new physics effects from scalar Higgs exchange in
the loop can be probed through electroweak corrections
to the process e”e* — hv,v, at e"e” machines.

In comparison with hadron colliders, a muon—-TeV
collider provides a clean leptonic collision environment
for high-precision tests, similar to e~e* collisions.
Moreover, muon—TeV colliders offer a high-energy fron-
tier for probing physics beyond the Standard Model, as
studied in Refs. [43, 44]. Since the muon mass is about
207 times larger than the electron mass, the contributions
from neutral-Higgs exchange in the s-channel may be en-
hanced due to resonance effects. Last but not least, the
coupling of charged scalar Higgs bosons to muons is. pro-
portional to tan8 or cotB, depending on the type of
THDM. As a result, these effects could provide an oppor-
tunity to distinguish among the four types of THDM.
Secondly, loop—induced decay H* — W*Z is sensitive to
BSM effects and provides important information for dis-
criminating among different types of THDM. This decay
process was computed in Ref. [45]. Alternative calcula-
tions with including the CP-violating THDM, have been
presented in [46—50]. In this work, one-loop contribu-
tions for decay H* —» W*Z in the THDM are computed
and its implications at future muon—TeV colliders are
studied. Different from other works, our calculations are
performed in the general R, gauge, and results are veri-
fied through several self-consistency checks such as the
¢-independence, renormalization-scale stability and ultra-
violet (UV) finiteness of the amplitude. From many pre-
vious references, for example Ref. [51], charged Higgs
masses vary widely from O(100) GeV to about 1000 GeV
in the Type-I and Type-X of THDM, while they are typ-
ically greater than 500 GeV in other types of THDM. For
this reason, the Type-I and Type-X models are of particu-
lar interest for searching for charged Higgs bosons in the
low-mass regions, especially around the my +my
threshold. It is emphasized that the phenomenological
results for the Type-I case were presented in our previ-
ous work [54]. In this paper, we present the phenomeno-
logical analysis of the Type-X THDM based on the up-
dated viable parameter space. Charged Higgs pair pro-
duction is then studied via u*u~ — H*H- — W*W*Zh and
s —>yy —> H"H™ —» W*W*Zh, with signals evaluated
with respect to the SM backgrounds.

Our paper has the following structure. Reviewing of

the THDM framework, its constraints, and the updated
parameter-space scan for the Type-X THDM are presen-
ted in Section 2. Section 3 presents the one-loop calcula-
tion of H* — W*Z along with numerical checks of the
computation. Section 4 discusses the phenomenological
applications of this work. Section 5 is devoted to the con-
clusions. Analytic expressions and checks of &-independ-
ence are provided in the appendices.

II. THDM AND ITS CONTRAINSTS

A detailed review of the THDM can be found in Ref.
[52]. It is shown that tree-level flavor-changing neutral
currents can be prevented by applying a discrete Z, sym-
metry in the Lagrangian, as discussed in Ref. [52]. The
different charge quantum numbers of the Z, for scalar
doublets and fermion fields lead to four distinct Yukawa
types-(known as Type-I, 11, X, Y) (see also Ref. [53] for
more detail). The Yukawa Lagrangian can be parameter-
ized as
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In the Lagrangian, the CKM matrix elements are denoted
by Vi, €ir(vir) stand for the left- and right-handed
lepton fields, and P,z = (1 Fy5)/2 denotes the projection
operators. It is easy to check that the vertices of the
charged Higgs with up- and down-type quarks depend
linearly on cotp in the Type-X THDM. As a result, fermi-
onic loop contributions are thus diminished in the large-1;
regime.

We now turn to the theoretical and experimental
bounds on the THDM, which are discussed in the follow-
ing paragraphs. Theoretical bounds are obtained by im-
posing conditions such as perturbative unitarity, perturb-
ativity, and vacuum stability, all of which are taken into
account for the models under consideration. In the experi-
mental limits, the measured data of the SM-like Higgs
properties, the data of flavor observables, and elec-
troweak precision tests are taken into consideration in the
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constraints. For explaining these conditions, we refer to
our previous work [54] where Type-1 THDM has been
studied in further detail. The scan of the parameter space
is performed as follows. We choose parameters for the
Type-X THDM within the ranges of sz, €[0.97,1],
15 €[0.5,45], my €[130,1000] GeV, myy= € [130,1000]
GeV, and m?, € [0,10°] GeV?, with the SM-like Higgs
mass fixed at m;, = 125.09 GeV. The sampling points are
first tested against theoretical constraints. The allowed
points are then checked with the Electroweak Precision
Observables (EWPOs). The surviving parameter space is
subsequently passed to HiggsBounds-5.10.1 [55] and
HiggsSignals-2.6.1 [56] to incorporate collider limits
and Higgs precision measurement data, respectively. It is
important to stress that both HiggsBounds-5.10.1 and
HiggsSignals-2.6.1 are incorporated into 2HDMC [57].
Finally, the remaining points are evaluated with
SuperIso v4.1 [58] to include flavor constraints. After
all conditions are imposed, the viable parameter space is
thoroughly examined in the following paragraphs. In
Fig. 1, the left panel shows the scatter plot of the viable
parameter space in the (my,my,my:) plane, while the
right panel displays the scatter plot in the (m?3,,my-,15)
plane. The results indicate that the data favor the mass re-
gion my > my= = my over other mass patterns. Across the
full charged Higgs mass range, parameter regions with
15 <10 and larger m?, values are preferred, as shown in
the right panel.

III. ONE-LOOP-INDUCED EXPRESSIONS FOR
H* - W*Z IN THE GENERAL R,

In this work, we follow the method developed in
Refs. [46, 47] and extend these studies to the calculation
of the considered processes in the general R, gauge. Fur-
thermore, we go beyond previous works by presenting the
first results verified through several self-consistency

200 400 600 800 1000

my=
Fig. 1.
the right panel.

checks, such as ¢-independence, renormalization-scale
stability, and ultraviolet finiteness of the amplitude. As
shown in Refs. [46, 47], all one-loop Feynman diagrams
for this decay process in the 't Hooft-Feynman gauge are
taken into account in the decay rate, and it was indicated
that the effects of the renormalization schemes on the res-
ults are very small. Following this fact, the effects of
renormalization schemes can also be neglected in this
work.

First, all one-loop Feynman diagrams are generated in
the general R, gaugeand are shown explicitly in Ap-
pendix C. The decay amplitude for H*(p) — W;(p1)Z,(p2)
can be expressed via the form factors 7; (i=1,2,3) fol-
lowing the corresponding Lorentz structures:

Migwiz = |81+ i T2 +i € pry prr T3] £5(p1E(P2),
(3)

Where €7 is the completely antisymmetric tensor, p (p;
and p,) is the ingoing (outgoing) momentum, and ¢;, (&)
are the polarization vectors for external W* and Z bosons,
respectively. In the above formulas, two relations for on-
shell vector bosons pﬁa,j(pl) = pyei(p2) =0, have been
utilized for our calculations.

The corresponding form factors 7; are decomposed
into one-loop fermionic (7;7) and bosonic (7;?) contribu-
tions. The factors are computed from the respective
groups of Feynman diagrams as follows:

(FIB) _ q-(FIB) | q—(FIB) | q~(F/B)

Ti =Timig T Tiserr + 7 imad - 4)
The index notations F/B indicate the corresponding con-
tributions from fermion and boson loops. The quantities
'Tifﬁ?sﬂmd are obtained from the triangle, self-energy,
and tadpole Feynman diagrams, respectively.

200 400 600 800 1000
my=

(color online) The scatter plots show correlations in the parameter space: (ma, my=, my) in the left panel and (m2,, my=, t5) in
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Analytical results for ’Tifﬁ/iﬁ)sﬂmd in the R, gauge are
presented using scalar Passarino-Veltman functions (PV-
functions) [59] in appendix A, while analytical checks of
&-gauge invariance are provided in appendix B. In this
section, we perform numerical checks of the self-consist-
ency of the one-loop form factors, including their &-inde-
pendence, UV finiteness, and stability under variations of
the renormalization scale y*. Specifically, for é-gauge in-
variance we examine only the form factors 77, arising
from boson-loop contributions, where &y and &, are var-
ied in comparison with the case &y;z=1 in the 't
Hooft-Feynman gauge. For illustration, we adopt repres-
entative THDM  parameters: mpy: = my = 800 GeV,
my =mpy=+mz, sg_o =0.98 and the scale of the Z,-sym-
metry m?, =5-10* GeV?. The results of these checks are
summarized in Tables 1,2, where &y and &, are varied
over wide ranges. The results demonstrate good numeric-
al stability.

We then perform numerical checks of the Cyy- and
u*-independence See Appendix A for the definitions of
these parameters) for the form factors 7; = 7 + 72 with
i=1,2,3. We note that the total one-loop form factor
should be considered in these tests, with gauge paramet-
ers fixed at &y =&, =100 for example. It should also be
noted that the fermion-loop contribution 77 is evaluated
in the Type-X THDM as an illustrative example. The nu-
merical results for these tests are obtained using the same
parameter point as specified above. By varying Cyy and
u? over wide ranges, the results demonstrate good numer-
ical stability (see Tables 3, 4, 5).

After collecting all the necessary one-loop form
factors and performing the self-consistency checks, the
decay rates are computed in terms of these form factors
as follows:

Table 1.

S L\ T {4|73] + mifye Awpiz) | T
1287 - My«

2 ‘2(1 _HW_MZ)ﬂ

16m3,m%

s N7 }. (5)

| 2

mip

The relevant kinematical variables are uy =m?/m?. for
V =W,Z, and the kinematical function A(x,y) is defined
as follows A(x,y) =(1 —x—y)> —4xy.

IV. PRODUCTION OF SINGLY CHARGED
HIGGS BOSONS AT MUON-TEV COLLIDERS

Singly charged Higgs boson production at muon-TeV
collidersis investigated in this section. For the phe-
nomenological analysis, we use the following benchmark
configuration: ‘sz, = 0.98, my = my= +mz = my +mz, and
m, =5-10* GeV?. The charged Higgs mass is scanned
over-the range 200 GeV < my- <1000 GeV, while the
mixing parameter is chosen as 2 <1z <12. All other SM
parameters are taken from the Particle Data Group [60].

A. Branching fractions

We first evaluate the branching fractions of the
charged Higgs boson in the Type-X THDM. The one-
loop—induced process H* — W*y has already been repor-
ted in our previous work [54] while decay mode
H* — W*Z is devoted in this work. The remaining decay
channels are taken from [48]. In Fig. 2, the branching
fractions of the charged Higgs boson are shown for all
considered decay modes within the interval
200 GeV < my= <1000 GeV. At t3=2, the t» and Wh
channels are the leading contributions, whereas the
branching ratio of H* —» W*Z remains of the order 107*

Numerical checks of R, gauge invariance for the form factor 72 in boson-loop contributions are performed by varying the

values of &y and &, and comparing them with the case &z = 1 in the 't Hooft-Feynman gauge. We take the THDM parameters as fol-
lows: the Higgs masses my= =my =800 GeV, my = my= +mz, ss_o = 0.98, 15 =10, and the scale of the Z,-symmetry m?, =5-10* GeV2.

(éw.&2) (1,1 (10,10%) (10%,10%)
B4
% 1, Trig -50.72721116 +0i —50.79862234 +0i —51.65760847 +0i
TB,g/}—Hi
Zd’: 1,Trig 50.66247519+0i 50.66247519+0i 50.66247519+0i
TB,qﬁ—W"
%: 1, Trig 4.197968064 — 1.192202277i 3.885889625—-0.7864121884 i 9.769973063 +2.88619913 i
B2
%: 1, Trig 0.0173173496 +0i 0.3215636277+0i 1.42510883 +0i
Bgp-W*Z
1,Trig —4.072882533 +1.2717711411i —3.945505715 +0.815048537 i —10.70487047 —3.318528531 i
TfSelf 69.46890566 —0.023317639 i 78.17143601 +0.027614876i —30.76307909 + 0.4885806253 i
7—11?Tad —69.69069235 +0i —78.44135618 +01i 31.12388118 +0i

78 inEq. 28 —0.1441197805 + 0.0562512244 i

—0.1441197805 + 0.0562512244 i

—0.1441197808 + 0.0562512244 i
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Table 2. Numerical checks of R gauge invariance for the form factor 7 in boson-loop contributions are performed by varying the
gauge parameters &y and &z. We take the THDM parameters as follows: the Higgs masses mpy= =my =800 GeV, myg = my= +myz,
$5-a = 0.98, 15 = 10, and the scale of the Z,-symmetry m?, = 5x 10* GeV>.

(éw.£7) (1,1) (10,10%) (103, 10%)
ZTB,¢—A
e 2,Trig 8.875933961-10~7 +0i 8.875933961-10~7 +0i 8.875933958-10~7 + 0
TB,¢—H*
> 2.Trig —4.259326679-1077 +0i —4.259326679-1077 +0i —4.259326683-1077 +0i
[
B,p-W*
;Tz,Trig 3.525339605 - 1077 +5.18767908 - 1077 i 3.525339607 - 1077 +5.18767908 - 1077 i 3.52533961-1077 +5.1876791- 1077
ZTB,¢—Z
~ 2,Trig —7.0029171-1078 + 0i —-7.0029171-1077 +0i —~7.0029174-1077 +0i
B.p-W*Z
%: T3 Trig —-8.244771-1077 -4.926311-1077 —-8.244771-1077 -4.926311 - 107 —8.244773-1077 —4.926313-1077
T£Self 0 0 0
T rad 0 0 0
. -8.031155-10°8 -8.031155-10°8 —-8.031154-1078
7y inEq.29 +2.6136808- 108 +2.6136800- 108§ +2.613682- 108

Table 3. Numerical checks of Cyy and the renormalization scale x* are performed for the form factors 77 = 7/ +7£. The bosonic
contribution 77 is evaluated at &y = &z = 100, while the fermionic contribution 77 is calculated in the Type-X THDM. For this analys-

is, we adopt the following set of THDM parameters: mys =my = 500 GeV, ma = my= +mz, sg_o =0.98, t5=5, m3, = 5x 10* GeV2.

(Cov.i?) ©0,1) (104,100) (105,10%)
TP e 0.0409007639 0.0409007639 0.04090076301
~0.12057752761 i ~0.12057752761 i ~0.12057752761 i
T ~0.9723666455 799.5362885 79940.92392

1,Self

+0.15902018661

+0.15902018661i

T Prad 1.0786977518 ~799.4299574
+0i +0i
7B 0:1472318702 0.1472318702
+0.03844265898 i +0.03844265898 i
T g 0.4996708114 —497.4139502
~0.19005144066 i ~0.19005144066 i
T sar ~0.3824890675 375.5060921
+0.12113853706i +0.12113853706
T e -0.1133787187 1219116612
+0i +0i
TF 0.00380302517 0.00380302517
-0.06891290359 i ~0.06891290359 i
Ti=T{+TF 0.1510348954 0.1510348954
~0.0304702446 i ~0.0304702446 i

+0.1590201866 i
—79940.81759
+0i
0.1472318695
+0.03844265898 i
—49723.08395
—0.19005144066 i
37537.3078
+0.12113853706
12185.77995
+0i
0.00380302519
—0.06891290359
0.1510348947
—0.0304702446 i

across the entire mass range. For #; =4, the tb and Wh
channels continue to dominate, while the H* — W*Z
mode stays around ~ 10~*. Next, we consider the branch-
ing fractions at 7; = 8. We find that the branching ratio of
H* — W*Z increases to the order of 1072 in the low-mass
region but decreases to about 107 at higher masses. Fi-
nally, we examine the case of 7; = 12. The results show

that the H* — W*Z branching ratio can reach the order of
107" in the low-mass region, while it remains at the level
of 107* for larger charged Higgs masses. As indicated in
the previous section, the fermionic-loop contributions are
suppressed in the high-7; regime. The interference
between the fermionic-loop and bosonic-loop contribu-
tions is small and has the opposite sign compared with
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Table 4.

Numerical checks of Cyy and the renormalization scale p? are performed for the form factors 75 = 7 +7£. The bosonic

contribution 7 ZB is evaluated at &y = &z = 100, while the fermionic contribution 77, ZF is calculated in the Type-X THDM. For this analys-
is, we adopt the following THDM parameters: mgs = my = 500 GeV, my = mp= +mz, sg_o =0.98, 15=5, and m?, = 5x 10* GeV?2.

(Cov.i?) .1 (10%,10°) (10°,10%)
T s 0 0 0
T3 tad 0 0 0
TS = Tfmg —4.46523589 1077 —4.46523589 1077 —4.465235912-1077
+8.283757782-1078 +8.283757782-1078 +8.283757782- 1078
T s 0 0 0
T Tad 0 0 0
75 1.039941873-1077 1.039941873 - 1077 1.039941873 - 1077
+1.445658912-1070 +1.445658912107% +1.445658912- 107
Ta=T§ +7F —3.425294017-1077 —3.425294017- 1077 —3.425294039-1077

+1.52849649-107%

+1.52849649-107%

+1.52849649-107%

Table 5.

Numerical checks of Cyy and the renormalization scale y? are performed for the form factors 73 = 7~ 3F +7 33‘ The bosonic

contribution 77 is evaluated at &y = &z = 100, while the fermionic contribution 77 is calculated in the Type-X THDM as an illustrative
example of fermion couplings. For this analysis, we adopt the following THDM parameters: mg+ = my =500 GeV, mp = mpy= +mz,

$p-a =098, 15=5, and m}, = 5x 10* GeV?2.

(Cov.i?) ©.1) (104,106) (10°,10%)
TE 0 0 0
T sert 0 0 0
T3 1ad 0 0 0
75 3.220832776- 1077 3.220832776- 1077 3.220832777-1077
—1.274849257-107% —1.274849257-107% —1.274849257-107
T3=Tf+T% 3.220832776- 1077 3.220832776- 1077 3.220832777-1077

~1.274849257-107%i

—1.274849257-107%i —1.274849257-107°

the squared bosonic contributions. As a result, this leads
to the enhanced decay rates of the H* - W*Z mode in
the high-#; region compared with the small-#; regime.

B. Processes 'y~ — H*H- —» W*W*Zh

We investigate the potential to probe charged Higgs
pair production by analyzing the process u*u~ - H*H- —
W*=W*Zh at muon—TeV colliders. It is well known that
initial-state radiation (ISR) effects play a crucial role at
future lepton colliders. These effects must be taken into
account for simulating the signals of the charged Higgs as
well as evaluating the corresponding SM backgrounds.
By applying the factorization theorems for soft and col-
linear singularities, the ISR contributions to charged
Higgs pair production can be calculated as the following
master formula:

do-(s)z/dxldxzD(xl,s)D(xz,s)dao(xlxzs)®(cuts). (6)

In Eq. (6), doy denotes for tree-level differential cross
sections for both signals yu u* — H*H* — W*W7¥Zh and

the SM background process p u* — W*W*Zh. All tree-
level Feynman diagrams for the process u u* — H*H*
within the THDM are shown in Fig. D1. The partonic
cross-sections are computed by using the computer tools
FeynArts/FormCalc [68]. Additionally, ®(cuts) repres-
ents the appropriate cuts applied in the simulation, as
shown explicitly in the following paragraphs. D(x,,s) is
the structure function (SF). It is noted that we use the SF
functions from Ref. [61], which were originally applied
for electron beams. However, at high-energy regions op-
erating at muon—TeV colliders, these SF functions could
also be applicable for muon beams. For this reason, we
apply the SF functions from Ref. [61] with m, =m, ap-
propriately. The explicit expressions for the SF functions
are presented in the following paragraphs. The all-order
SF functions, which are valid in the soft-photon limit, are

given by:
1 (3
o |58 (3-7)]

F(1+%ﬁ)

Dg(x,s) =

1 |
580 -0 ()
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(color online) The charged Higgs decay branching ratios in the Type-X THDM are shown for the benchmark scenario de-

scribed above. Each plot is shown for 13 = 2 (top left), 13 =4 (top right), 13 = 8 (bottom left), and 15 = 12 (bottom right).

where
2a 2
B= 7(L— 1), L=In(s/m). (3

Here, a is the fine-structure constant, and m, denotes
|

the lepton mass. The symbol I' represents the Gamma
function, and yr is the Euler—Mascheroni constant.
Photon radiation can be treated in the collinear approxim-
ation and through collinear logarithmic enhancements,
which are included in the large-f factor. According to Eq.
(7), the additive SF function up to third-order expansion
terms is expressed as follows [61]:

Dy(x,8) = Dgr(x,5)— %ﬂ(l +x)+ 3%,82 (1+x)(—41In(1 —x)+31In(x)) —411n—_); -5 —x}

+ L/ﬁ {(1 +x) [184(2) - 6Lix(x) — 12In°(1 - x)] + 11fx {—%(1 +8x+3x)Inx—6(x+5)(1-x)In(1 —x)

384

1 1
—12(1 +x»)InxIn(1 —x) + 5(1 +7:%)In% x— Z(39—24x— 15x%)

In this structure function, the Riemann ¢ function is

taken into account and Li, is the dilogarithm functions.

} . )

Furthermore, the factorized SF function up to third order
expansion terms can be obtained as [62, 63]:
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Dp(x,5) = Dgr(x, 5)

B

% [(143x%)Inx+2(1 - x)°]

1 2
X {5(1+x )—
/32

1
+ D) [(1 X) + 2(3x 4x+1)Inx

| .
+ 51 +7x%)In? x+ (1= x*)Lin(1 - )| }
(10)

In this work, we consider the ISR effects for both the sig-
nal and the SM background processes. The effects of ISR
on the scattering process utu~ — H*H™ — W*W¥Zh are
examined as functions of the center-of-mass energy (left
panel) and of the charged Higgs mass at /s=3 TeV
(right panel). In the left plot, we vary the center-of-mass
energy from 1000 GeV to 5000 GeV and fix mg- =300
GeV with 7; = 8. We find that the ISR corrections change
from approximately —40% to —20%. For the right-panel
plot, we study the ISR corrections at +/s =3000 GeV
while varying the charged Higgs mass and fixing #; = 8.
The results indicate that the corrections are from —20% to
—30% for charged Higgs masses in the interval [300,600]
GeV. In Fig. 3, osr1 (0sre) denotes the cross section
calculated using the structure functions from-Egs. 9 and
10.
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”uuuuu”un»n

606000000060‘0060'

>0
0»00000000000”
50””
1000 1500 2000 2500 3000 3500 4000 4500 5000

Vs [GeV]

Fig. 3.

Using the cross section with ISR corrections, we eval-
uate the signal events for u*u~ — H*H™ — W*W*Zh at
Vs =3 TeV and the integrated luminosity of 3000 fb™.
The events are generated in the parameter space of my-
and the mixing angle #; as shown in Fig. 4. In this study,
we vary 300 GeV < my- <600 GeV and 2 <1, <12. The
results indicate that the signal events are significant in re-
gions of low charged Higgs masses and large #; values,
while in other regions the events become negligible. In
the right-panel plot of Fig. 4, the significance of the sig-
nals relative to the SM backgrounds is presented at
£ =500fb". While 'the corresponding signal signific-
ances are presented ‘at’ £ =1000fb" in the left and at
£ =3000fb" in the right panel of Fig. 5. The SM back-
ground is calculated using the GRACE program [64]. It is
emphasized that the SM background also includes the
ISR corrections in the evaluation of the significance. To
reduce the SM background, we apply cuts on the invari-
ant masses of the final-state particles: |my, —mpy:| < 10
GeV and |myz—my:| <10 GeV. The significances are
shown for 7; =2 (green points), 7; =4 (yellow points),
t5=38 (blue points), and 7; = 12 (black points). Our res-
ults indicate that in the low-mass regions of the charged
Higgs, and for 7, =8 and 10, the significances can ex-
ceed 50, while in other regions they become negligible.

Serveral useful comments on the systematic uncer-

* Osp
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(color online) The effects of ISR on the scattering process u*u~ — H*H™ — W*W7¥Zh are examined as functions of the center-

of-mass energy (left panel) and of the charged Higgs mass at +/s =3 TeV (right panel).
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(color online) The event distributions of the process u*u~ — H*H~ — W*W¥Zh at an integrated luminosity of £ = 3000 fb~!, in-

cluding ISR corrections, are shown in the left panel. The corresponding signal significance taking into account the Standard Model

backgrounds, is presented at £ =500 fb! in the right panel.
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Fig. 5.
£=1000fb" in the left and at £ = 3000fb™" in the right panel.

tainties that might affect the significance, are discussed in
the following paragraphs. It is well known that the one-
loop electroweak radiative corrections to the processes
utum - H"H — W*W*¥Zh and p*u~ — W=W*Zh can be
estimated from the enhancement contributions of the
single Sudakov logarithm [69]:

a(M3)
msin® Oy

N

log(W) ~O0(-10%) at Vs=3TeV.
‘ (in)

Sw ~ —

If weak and ISR corrections are included in the signific-
ance calculation, the total electroweak correction can
reach approximately O(-35%). All theoretical uncertain-
ties and detector effects can be incorporated into the sys-
tematic uncertainty fraction of the background yield, de-
noted by g5. Consequently, the significance is modified
as

Ns

S=———.
VNS +83NB

(12)

For instance, by taking ez = 1.3 and &3 = 1.5, we checked
that the significances vary only slightly due to the small
Standard Model background after applying the effective
cuts described above. Last, if we consider the decays
W — ¢v, for € = e,u, 7 with branching fractions of 0.3272,
Z — bb with a branching fraction of 0.1512, and h — bb
with a branching fraction of 0.53 from the Particle Data
Group [60], the significances are subsequently scaled
down by a factor of 0.161927, reducing them to around
50 at an integrated luminosity of £ =3000fb™" for the
low-mass regions. Details of detector simulations, b-tag-
ging, etc. will be addressed in our future work.

C. Processes u*'u~ - yy—-> H"H — W*W*¥Zh
We now turn our attention to another process,
wu- —yy—> H"H  — W*W*Zh. The total cross section
is calculated by convoluting the partonic process
vy —» H"H- — W*W*Zh with the photon structure func-

600
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(color online) The corresponding signal significance taking into account the Standard Model backgrounds, is presented at

tion, as follows:

Xmax Xmax d
o(s)= dz | 2z
2my= 5
q's 2%/ Xmax

% Fo Fo (z?/x)) &5 = 29).
(13)

Here, the photon structure function f,,,(x) is used, with x
denoting the energy fraction of the photon emitted by the
incoming lepton. The explicit formulas for f,,(x) are giv-
en in [65] with applying m, = m, appropriately, as used in
[66] for example. In the master formulas, we adopt
Xmax = 0.83 as in [67]. All tree-level Feynman diagrams
for the process yy —» H*H* within the THDM are shown
in Fig. D2. The partonic process yy — H*H~ are gener-
ated by FeynArts/FormCalc [68]. The SM background
which is the process yy —» W*W*Zh, is calculated using
the GRACE program [64]. To reduce the SM background,
we apply cuts on the invariant masses of the final-state
particles: |my, —my:| <10 GeV and |myz—my:| <10
GeV. In Figs. 6, the numbers of events of the process
uu —>yy—> H'H — W*W*Zh atan integrated lumin-
osity of £=3000fb" are shown in the left panel of Fig.
6. The signal significances, taking into account the Stand-
ard Model backgrounds, are presented at £ =500fb" in
the right panel of Fig. 6. While the significances are
presented at £=1000fb" on the left panel and at
£ =5000fb"" on the right panel of Fig. 7. We observe that
the events become significant when the charged Higgs
masses are in the low-mass region and #; = 8,12, whereas
they are small and can be ignored in other regions. For
charged Higgs masses in the low-mass region and #5 = 12,
the significance can exceed 5o In other cases, the signi-
ficances are negligible.

V. CONCLUSIONS

In this article, we have calculated one-loop contribu-
tions for the decay process H* — W*Z in the Two-Higgs-
Doublet Model and examined the posibility searches for
charged Higgs pair production at future muon—-TeV col-
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liders. The computations have performed in the R, gauge,
where the analytical results are verified through self-con-
sistency tests such as &-independence, ultraviolet finite-
ness, and renormalization-scale stability of the process
amplitude. The numerical results demonstrate good sta-
bility. We have revisited the parameter scan for the Type-
X THDM in the phenomenological results. Based on the
updated viable parameter space, we have analyzed
charged Higgs pair production at future muon—-TeV col-
liders by considering the processes pu‘u-— H*H™ —
W=W*Zh and u*u~ — yy - H*H- - W*W7*Zh. The cor-
responding signal events and statistical significances are
simulated with respect to the relevant SM backgrounds.
Our findings show that the signal significance can ex-
ceed 50 at several benchmark points within the viable
parameter space of the Type-X THDM.

APPENDIX A: ONE-LOOP FORM FACTORS IN
THE GENERAL R.-GAUGE
The conventions for one-loop one-, two-, and three-

point tensor integrals with rank P, following Refs. [70,
59, 71], are given by

urpT > yy - HYH- - W*W7%zh
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500

dk JH ke . ke
(2n) {Dy;D,D,; DD, D5}
(Al)

{A;B;C}“‘“z“‘“” - (#2)2—61/2

Here, Dj'
defined as

(j=1,---,3) are the Feynman propagators

D; = (k+q)’ = +ip, (A2)

where ¢q; = ZPI, pi are the external momenta, and m; are

the 1nternal masses in the loops. Dimensional regulariza-
tion for one-loop integrals is performed in a space—time
dimension d = 4 —2¢& (the UV-divergent part is isolated as
Cyy =1/e+log(dn)-Tg, Ty is the Euler—Mascheroni
constant). In the above expressions, the parameter u?
serves as the renormalization scale. Explicit reduction
formulas for one-, two-, and three-point tensor integrals
up to rank P =3 are given in Ref. [70].

A" =0, (A3)

A = " A, (A4)
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Ayvp — 0’ (AS)
B =¢'B,, (A6)
B" = g" By +q"q"B, (A7)
B ={g,q}""* Boo1 +¢"q"q" B111, (A8)
2
C'=g'Ci+{iC, = Zqﬁ’Ci, (A9)
i=1
2
C" = g"" Coo + Zq;‘q‘]'.c,-j, (A10)
ij=1
) 2
e — Z{g, g} Coo: + Z %’q;cfk’cijk. (A1)

i=1 ijk=1

The detailed expressions for these form factors in the
general R; gauge are given in the following paragraphs.
In the analytical expressions below, we have used the
notations as follows:

Ai; (P) = Ay (M3), (A12)

B.p—A
Tl,Trig _ 8pwEwF

Byj.(p* P1,P) = Byy.(p*s My, , M), (A13)
Cij(p1, 3 P33 P1, Pa, P3)
= Cis(P1, D3, D3 Mi, Mp,, M7,). (A14)

The analytic formulas for all form factors are ex-
pressed in terms of PV-functions, using the adopted
shorthand notations as presented in the following para-
graphs.

Form factors ﬂﬁrig;

The form. factor 7%, (i=1,2,3) is expressed in
terms of the main contributions involving scalar Higgs
bosons ¢ = h,H, together with charged particles such as
H*,W*,G*, and neutral particles including A,Z,G° circu-
latingin the loop.

ﬂﬁrig _ Z (TB,:f)—A +7—B,¢>—H* +7-B,¢—W* +7-B,¢—Z +7~B,¢—W*Z>

i,Trig i, Trig i,Trig i, Trig i,Trig
¢=h.H

(A15)

Each contribution of 7%, and 7%, is calculated
from the corresponding Figs. A1, A2, A3, A4 and A5, re-
spectively. Whereas, the form factor 7, has no contri-
bution in one-loop boson-exchanging diagrams. In the
Fig. A1, the contribution in first for exchanging of ¢ and
the pseudo-scalar Higgs A are reading as follows:

= 3 [(mi + m?,i —fwm%‘,) COO + Zm%]iCQQQ + (m%,t - m%)v + m%) COOI] (Z, VV,Hi;A,QS,fw‘/V)

2.
8n% - my,
Zow=w
2 2
8% - myy,

- SOLE C(Z HY WAL 6. HY),

8AH-W+ * 8¢AZ

+

B.p—A
7'2,Tri g

8AH-W+ " 8¢AZ

gow=w

2.
8n% - my,

[2m7;. Coo + (myy. — miy, +my) Cooy + 2myp. Coon | (Z, W, H*; A, ¢, W)

(A16)

= 5 |:2 (COO + CO()]) + (méi - m%v + m%)Cllz + (3m§1¢ - m%,‘, + mé) (C12 + C122) + 4(m§1¢C22 + Cooz)

21 =) Co + 23y Com | (Z W, HS A6 W) + S0 [ (1 — i~ 3% ) Coo

2. 2
8n% -my,

—Z(COO + Com + 2C002) - (mi +m1%{1 —fwmév) Cz - (mi,i —m%v +m§) C112

— (i} + 2m3 — (& + V)i + ) Cry = 2m3y. Cog

— (2% + 30y — Ewmly) Con | (Z W, H* 1A, .60 W) + 22517 C (2, H* WA, 6, H),

472
(A17)
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One-loop triangle Feynman diagrams with ¢ = i, H,A, together with H* or W* propagating in the loop.
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Fig. A2. One-loop triangle Feynman diagrams with ¢ = #,H and H* in the loop.
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Fig. A3. One-loop triangle diagrams with ¢ = h,H and W= in the loop.

Fig. A4. One-loop triangle diagrams with ¢ = h,H and Z as internal lines in the loop.
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the loop.
B.-A

7~3,Trig

= 0. (A18)

8AH-W+ * 8¢AZ
Following Fig. A2, the one-loop contributions from

the exchange of ¢ and the charged Higgs H* are ex-
pressed as follows:

— = gon-wiz Bo(H*; ¢, H")

—4g4u-w+ - &zn+n= Coo(W,Z, H*;, H* | H*),
(A19)

+
W

-12

G7F Wui
H:t
- —_— > — — Z,GU
¢ Z

One-loop triangle Feynman diagrams with $\phi = h, H$ exchanging in association with §W"\pm$ and $Z$ contributions in

167 gomen- = —4gyn-w+ - gznn (C2+Cra+Cna)

x(W,Z,H*;¢,H*,H"),
(A20)

_— A21
16ﬂ2'g¢H1H¥ ( )

From Fig. A3, we obtain the form factors involving
the neutral scalar Higgs boson ¢ in association with the
vector boson W* and the Goldstone bosons G* in the
loop. The factor is given by



One-loop expressions for H* — W*Z and their implications at muon-TeV colliders

Chin. Phys. C 50, (2026)

T Cgrwewe
L Trig g‘””3;v SSEE Lo, [A(W) = Ag(EwW)| + [2m3, (1. —m2 +m = ni%y) By~ 2m2 Boo | (Z: W&y W)
goww 7
+ [2m3, (m; — mly. = m3) Bo+2 (s = miy ) Boo | (Z: W, W) + 2m3, Boo(Z: £ W, £ W)
— sym3 (my —my.) Bo(H*;¢,EwW) + 2m3, [(m%,i —m3) (mfy. +my, —m3) Cy +2my, (myy. —m;) Cy
- mé (mg, mH+)CO] (W, Z,H*;, W, & W) +2m3, [(mw -y — mé)Coo - (m%,i +my,— m%)Cooz
- 2111%_,1C00|:| (Hi,Z, W; ¢, VV,(‘;:WW)} + %ﬂ {2 2 [(m,_,i + mW - mz) Com + 2meC002]
+2m3, [mq, m¢( e m%) - (méi - m%,) (mW - mz)} Co+2 [m¢ (m% - m%v) -m} (mHi + mW)
+mi, (3mH+ +ml )] Coo +2my, (2m$ — My —my, — m%) C, +2m3, [mé (m%,i + iy, — m%)
e (= iy ) + iy (= il )| Ca } (W, Z,HE5 6, W, W)
= S (7B = B W5, W) + Boo (W, W) (A22)
F/WZBT(fqu+ _ _ 8ot-w8zwrw* {(Bo+Bl)(Z' W,EwW) + By (Z; W, W)} — 8oH-W+ " 8ZW=W* % {4m4 C
Sowews 812 - mj, T A 1672 - mj, v
+ [m%v (Sm; - m12qi + m%v) - m% (mf5 - m%# + m%v)] Cr+ [m(%5 (m%v - m%) + m%,i (m% - Zm%,v)] Cp,
+ Zm%‘, (COO —Coo1 — 2C002) + (m%v - m%) (mi - m%,i - m%v) Cop — m%v (méi + m%v - m%) Ciz
iy (3 =iy = 3m3. ) Crop — 2 m?, Cos b (WZ, HE W, W) — ‘%”I’g*;ﬂ
72 - Mgy,
X {m%v(ma, —mi —mii)Cl +m§v(m§, —mi,i —m%V)C” +m€v(m; —Zmﬁ, +m§)C|2
- Zm%l, (Coo - C002 - 2C0()1 ) + m%v (m%v - m% + 3m?_,t)C1 12+ m%v (m%_,i + m%v — mé) C122
+ 2y Cry § (HE, Z, W, W, W), (A23)
7.38"i'(<)";gWi B2
=8 —0. (A24) 2Trig _  8¢H W+ ' 8ZH*HT
ngW* wWF g¢ZZ - 167T2 (4C2 + ZCIZ)
In Fig. A4, the corresponding one-loop form factors, x(W.H*.Z:¢,H".2), (A26)
with both Higgs bosons ¢ and the vector boson Z ex-
changed in the loop, are given as follows:
Bo-Z
Tt 8oH-WZ [/ - } Taig _ 0 A27
847z - 16n2-m2 [(mZBO_BOO)(Z’(p’Z) 8¢zz ‘ (A27)

8¢H-W+ * §ZH*HF
2.2
8n%-my

x [ Boo(Z:6,2)— Bon(Z: $.£,2)
_m%COO(VV,Hi,Z;¢,Hi,Z):| ’

+ Boo(Z: 4,7 -

(A25)

7-3,¢— 4
1,Trig _ 8¢H- Wt " 8zZwrw=

v e B(Z:0.2) +

8oH-W+ " 8ZWrW*

1672 - m3,m

In Fig. AS, the form factors corresponding to the
neutral scalar Higgs ¢, accompanied by both the vector
bosons W* and Z and the Goldstone bosons G* and G° in

the loop, are represented as follows:

{ [cyym3 (m —mi,. )
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+my, (Zméi —§Wm%V)] Coo +miy [(mf,i —miy, + m%) Com + Zmzicom] }(Hi, W,Z;¢,EwW,E22)

S S {mg (12 [, (2= 36w) + i (53 = 2) +2m2. ] —m2nisty + gl [m3, (6w — 1) +m3] | Co
wittz

—-m} [m%,1 (Zmﬁ, +2m5 — 3m%,¢) +2Eymy, (m%,i - m%v) + (ma, - m%) 2] Ci+ [m% (més%, +2my, — 2m§)

-y [Zm%v +m3 (s%v - 4)] +Eymi, (m%v - m%)} Coo— 15 [m%{i (Zm%‘, +2m3 — 3m§{1) + (m%v - mé)z] Cp,

+m} [g—"wm%v (m% —miy, - 3mf,i) +4mz,. (m%,t +my, — m%)] C+ (m% - mﬁ,) [Zmzi Copx + (mi,t —my, + m%) Com]
+m3 [(m,zqt —my, + mé) (mIZL,i —my, — mé) Cii+2mi. (mzi +my, — m%) sz] } (Z,W,H*;¢,Z,EwW)

% {2 (mzt +my, — m%) [(mﬁ, —méi)Co - Coo] + [mili (2m€v +2m5 — 3m§,i) + (m%v - m%)z] (Cz + Clz)
+ (ng_p —m%v +m§) [(m%v +m§ —mét)sz - Cooz} - 27’11%_1: [(mip +m%4, —m%) (2C1 + Cll) + (Coo + C()()l)] }

X (H*\W,Z;,W,Z),
(A28)

7-ZBT¢ gW z _ 8oH-w " zwEwF { 22 (. 2 2 2
- = — ) + iy (2. — C+ [m3 e, (m—m3y. ) +miy (4. — c
847z 1672 - m3,m2 [mZCW (1 = )+ miy (20t fwmw)} it [mZCW (1 = miy. ) + gy (4 fwmw)} 1
+ [m% (C%Vmé + mW) " (C%sz 3mw) my, (fW + 1)] Ciy +2myymy. Cyy +my, (3m,%11 —mi, + m%) Cip
+miy, (mgy. —my, +m3) Cia + 2mi, (Coop+2Co01 + Conz) } (H*\W,Z;¢,éwW,,7)
BoH- W+ * 8ZWW*
% {(m% = mW) [2C00 + 2C001 + 4C0()2 + ZmHiCZQZ + (mHt m%v + m%)Cm
+ (3m,21,1 —my, + m%) Cm} [mlﬁm%sév . (m%v mz) +Eymy, (m%v mz)] C,+ [m¢mzsw —3m. (m%v m%)
+§WmW (m%v mz)} Cyp — [SmHim%V - m% (m¢sW + mz) + mHim% (sW - 3) - mW (.fw + 1)
S (6 +2) i P 2 WH 0. 2,60 W)+ S S0 3t ) (Coa+ Co)
“Mw
- (mQHi - m%v + m%)clzz + Zm%‘, (Cl + 2C2) - Zmzi (Cl + 2C11 + C] 11) - 2(C()0
+2Co01 + Cooz)}(Hi, W.Z;9,W,2),
Bo-W*Z
7-Z*F,Trig =0.
877
(A29)
Form factors Tisa: Tiserr = Tisete-1p + Z ( rotoop +7:BSZJlfVZP> (A30)
Following Fig. A6, the form factors 775, for = H
i=1,2,3 are decomposed into two contributions from
one-point (1P) and two-point (2P) Feynman diagrams.  in which, these above form factors for i = I are reading as
These factors are expressed as follows: follows
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h H, A H* G, G*

Wi

W G* H* W
f

Fig. A6. Self-energy Feynman diagram contributions to the external leg H*.

B
T 1 Selt-1p _

- 2 (12
Szwews  32r% -}y (mi. —ém3,

my st

2) X {gGUGOMG+ Ao(£22) +286+6-n-6+ Ao(§wW)

+8aan-6+ Ao(A) + 281+ 1- -6+ Ao(H*) + ginr-6+ Ao(h) + g -G+ AO(H)} , (A31)
ﬂ?étffflzip _ 8oH-W+ * 8pHEHT { 2/ 2 2 . .
Sowews N 16ﬂ2.m€‘/(m%.11 _fwmev) wamw(mw—mz)&(H ;0,HY)

+ [m%s%v (mye —my) + Ewmiy, (my, — mé)] By(H*; ¢, Hi)} , (A32)
TB‘(ii‘iVi g —-W+ g + WF
gzzvifWiP T T e q;;{z‘tvw(m%:‘i ;Vwm%V) X {Sévm% [(mé = m%li)AO(W) - (mé — i +§Wm€V)AO(§WW)]

+ (mé - mlzqi) [s%vmﬁ,imﬁ +Ewmy, (m%v - m%)} Bo(H*;,EwW) +2m3, [fw (m%, - m%) (mi,i +my, — mé)

+ s%vméimﬂ B\(H*;¢,W) + 53, [(mz - m%,i)2 —my, (my + mzi)] Bo(H*;¢, W)

= 2&ymiy, (my, —m3) (my — my. +miy,) Bo(H*: , W)}. (A33)

Other ones for i = 2,3 have no contribution, or

B,¢p—H*

— g Be-W* _
iSelf-2P = =0.

i,Self-2P

Tfsaf—lp = (A34)

Form factors T5,q.
According to Fig. A7, the form factor 7%, for

< Wik

L

Zy

i=1,2,3 is expressed in terms of the scalar Higgs
¢ = h, H pole coupling with the bubble diagrams. In these
loops, the neutral and pseudo-scalar Higgs particles
h,H,A, the charged Higgs H*, the vector bosons W* and
Z, the Goldstone bosons G* and G°, and the correspond-
ing ghost particles u, and u; are all taken into account.
As aresult, the factor is given by

Y W
L

H* I

e e C 4 —

W, G*

=hH A H* ZW* G, G* ug, us

Fig. A7. Tadpole Feynman diagram contributions with poles ¢ = h,H.
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Tha= > Titn (A35)

¢=h.H

Where the form factors expressed as follows:

1
B¢ _ 2 2 2 2 0\ 2 -
Tl,Tad == 6472 mé (mzi —fwmﬁv) X [8¢H*W+z (mHi —fwmw) + (m¢ _mHi)tW 8oH-W+ - 8ZwEw*
+&w (mé - m%y)gwrvw : gzwrvw] X {4"1% o7z + 8y Guw=w= +28san Ao(A)+ 28 Ao(h)
mg
+2 goun Ao(H) + 48y Ao(H*) = 128 w2 w=Ao(W) — 68477 Ao(Z) — 8472 ) Ao(&22)
Z
2
my
2" g AW . (A36)
myy
Ttea = Tytoa = 0. (A37)

Form factors T

i, Trig =

The form factors 7%

F
Tl JTrig

8w+ib

imiig» fOT i=1,2,3 as depicted in the corresponding Fig. A8 are given by:

NC
87% : {gﬁ,,,,-, m} (85 Bo(Zit,0)— (85, — 85,5) Bo(Z: b.b)| — 8-y m? [ (85— 85) BoZst.1) — g5y Bo(Z: b. )]

—mPm} (g5 gl s CoW.ZuH: b t,1) + 85,5 &% Co(Z HE, Wb, b 1)] }

Ng .
1672

+ { — g 8l [y = m2) o+ 4C00 + 203y Co = (0 =iy = m2) C1 | (Z,H, W3b,b,1)

+ g gl sy [(Zmi +myy. +my, —my)Co—4Coo + (mpy +3my, —m3) Cy + (3myy. +my, — m%)Cz}
X (W,Z,H*;b,t,1)— gh.; - gk ), [(thz —mi. —my, +m§)CO + (mi,i —m3, +m§)C1

— (mpe +my, —m3) Cz] (Z,H*,W;b,b,0)— g5, - gk sm} [2 (myy —my})Co+4Cog — 2 (myy. —my, ) C
+ (. +3my, — m%)Cz} (Z,H*\W;b,b,0)+ 857 gr-sm? [Zmi Co—4Coo + (myye +my, —m3) Cy

+ 20, C\ | (W.Z. H*1b,1,0)— g8 88y m? [2m2 Co + (. +my —m2) €y

+ 201, Co| (WZ. H* b1, z)},

(A38)

W W
b

H* H*

- = > — —e - — 2> — —e

b t
' % t %
Z, Zy
Fig. A8. One-loop triangle Feynman diagrams with fermion loops.
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(A39)

Timie NS N
2,T7g - % . { — 8 8r-pmy X (Co+Cy +3Co +2C 1 +2C0 ) (W, Z, H*; b, 1,1) + g5
8w+ib &
x 8545 (C1+2C10) = 855 (Co+ C1 + Co) [ (Z. H Wb, b,1) + 8y 8 m? (Co+2C2) (Z. H*, Wb, b 1)
+ gy [gg,,.c1 — 85 (C2+2CH + 2(722)] (W,Z,H*;b,1, z)} :
TfTrig N(CJ L L 2 + L o[ L R 4
s = o X\ —8zi 8u-5Mp (Co +C + Cz)(W,Z,H‘;b,t, D+ g5, [gaE Ci—8u; (Co +C, + Cz)] (Z,H*,W;b,b,1)
*r

— gk (855 C1 + 85:Co ) (WZ H b, t,1) — gl g5 ; Co(Z.HF, Wb, b, t)]},

(A40)

[
where the color index N§ for quarks such as top quark ¢ &y =0. 85 7 = 8wes = e/( V2su).

and bottom quark b exchanging in loop has a value of 3.
These related general couplings for these vector boson -
fermion  vertices are expressed  with

e/(swew) X (I3 = 53,Qp), 85,7 = e/ (swew) X (=53, Q)

{

L —
827 =
and

7~|I,:Self 2Ng

— 2.2
- 2 2 2
gzwews - Qw1672 -my, (mHt —mw)

Swilz

(mt2 gll?l*tl_a - mi gil*tl_a)AO(b) - gil’tl_ﬂ m,

F
Form factors T g

The form factors 7/, for i=1,2,3, which is arisen

from a typical topology in Fig. A9, are presented as fol-
lows:

2 2 2

[m%, (mz - mw) Wi

2
- szHimZ}

X (Bo+By)(H*;b,0)+ syymzm; gl i (m} — mj — my,.) Bo(H*; b,1)

2 2

+ mtzglfertl_w [m%V (mW R mZ) 7

2 2

7—‘21':Self = Tfsaf =0. (A42)

The general couplings involving the Goldstone bo-
sons G* and quarks f, f’ exchanging in the loop are giv-
by Agsp = —i(mf/gé,ff,PL+mfgg,ff,PR)’
Agrpp =i (mfgé+ piPLrmp 8., f-PR>. Furthermore, the
left- and right-handed couplings satisfy the relations as
and

en and

8111 = 8617 = "y BW-17 8o = 8617 =
oy 8WESF

Form factors Tt

Regarding to Fig. A10, form factor 7/, for i=1,2,3
is expressed into one-loop contributions by pole ¢ = h, H
and pole A4 as follows

F o _ oFA F¢
Timaa =T itaa E T i fad-
¢=h,H

(A43)

Where the related general couplings for these scalar
Higgs ¢ and pseudo-scalar Higgs A with fermion f ver-
tices are introduced with géf_f = gf;ff- =847 and

—szHimZ]Bl(Hi;b,t)},

(A41)

‘
84,7 =—847 = 8as as follows: —imy (gf}_,-_fPL +gy Py) =
—imygyr7, and my (gﬁf_fPL‘Fgﬁf_fPR) =mys8as;Ys. There-
fore these all form factors at pole 4 by an analytical rela-
tion gﬁff-+g§ff =0 and ones for i =2,3 at pole ¢ have no
contribution for fermion tadpole diagrams,

T =Totd =Titd =0 (A44)
and thus, the remaining form factor contributed from only

pole ¢ is reading as follows

o
NQ

1672 - m (m3,. —m3)

F¢ _
7~1,Tad -

X [(m%,i —m%v)g¢H-W+Z
2
+ STW (mé - m%,i) 8oH-W+ " 8ZWrW=
Cw

+ (m% - m%v)&pH*W* ‘gZWiW¢] X

X 4] ggup Ao(D) +4m? gy Ao()]. (A45)
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b

t
Fig. A9.

b

/+
W,

Wik

W G*

® — — >— —

ZI/

Self-energy Feynman diagram contributions at the external leg #* with fermion loops.

tb

Zy

Fig. A10. Tadpole Feynman diagram contributions with poles ¢ = 4, H,A for fermion loops.

APPENDIX B: ANALYTICAL CHECKS OF THE ¢&-
GAUGE INVARIANCE

In this Appendix, we perform the analytical check for
&-gauge invariance of these form factors. It should be re-
minded that two gauge parameters &y, with V=W,Z,
arise from the propagators of the vector bosons-W#* and
Z, the Nambu—Goldstone bosons G*'and G°, and the cor-
responding ghost fields u. and u; in the general R
gauge. Accordingly, we examine the. one-loop form
factors 72 (i =1,2,3), grouped by the bosons exchanged
in the loop. In particular, 727 is taken as a representative
example for the analytical checks in our simplified
demonstration. The one-loop form factor 77 isas fol-
lows:

77 = th,?Trig + TfSelf + 7—2E,}Tad' (BD)

In this case, the form factors 7%, and 7,4 do not
contribute in the boson-loop group, as explicitly shown in
the sections mentioned above [see Eqs. (47) and (57)]. As

(]-“B,Wi
2,Trig Eow=w=* " pH- W+
2 4
8zw=w= 2cymy,

¢=h,H

a result, we focus only on the form factor 7%, in Eq.
(28), which can be expressed in the concrete form as fol-
lows:

1
1672 -m2. - N(H=,W,Z)

B.A B,H* B,W* B.Z BW*Z
X (7-2,Trig + 7-2,Trig + 7-2,Trig + 7~2,Trig + 7-2,Trig ) (BZ)

B —
TZ,Trig -

There are five main contributions in which the scalar
Higgs ¢ appears together with charged and neutral
particles propagating in the loop. These contributions are
expressed in terms of the scalar Passarino—Veltman func-
tions Ag, By, and Cy. They will be examined explicitly in
the following paragraphs for the analytical checks of ¢-
gauge invariance.

Next, we consider the remaining form factors
Ty ‘T‘Z;,'Tf ’Tzrig,Tf ’T”X;Z, and ‘Tf’{:ig, which involve vector and
Goldstone boson propagators in terms of the gauge para-
meters &, for V = W,Z. First, we present the representat-
ive form for ‘/}BTZT; with the cancellation checks of &-de-
pendence as follows:

= ) S S L+l Ao(@) + Che Ao(W) + Gy Bo(W: . W) + iy Bo(H*: 6, W)

+ 0y Bo(Zy W, W) + 5y Co(W, Z, H* 5, W, W) + ¢z Ag(Ew W) + €y Bo(W3 8, Ew W) + Cype Bo(H* 8, Ew W)
+ el Bo(Z; W, &y W) + iy Bo(Z; € W,y W) + i Co(W, Z, H®; ¢, W, &y W)
+ Cl Co(H* Z, W3, W.Ey W) + i Co(W.Z. HE 6, £ Wiy W) | (B3)
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Where the corresponding coefficients in the form factors are listed as follows:

0 2 22 2 2\ 2 2 2 +

Cyys = CowMigs My (Mg — My — M) (M — My, —mz) - AN(H*, W, Z),
2 0 2 252 2 2 +

Cyye = Cowhiy (M — My — my,) (M —my, +mz) - A(H*, W, Z),

e = =y (2myy, —m)(mjy — myy. —miy, )y —my, +m3y) - A(H* W, Z),

2

Chye = CyiMiys mj,(Zm%V -m3) [(mf_,i —my, — m%) + 8m€vm§} — Cyymiye mi(Zmﬁ, -m3) [ -2m; (m‘;,1 — Smj.my, — 12m3‘,)
+my(my. — 3my,) + (M. +3my,)(my. — m%v)z} +2C5,mp=my, { - mj, (m‘,‘_,1 + 16m3.m;, + 7m3‘,)
+m (. + m%v)( — M.+ 12m. m%v + Smé‘,) +2mS (. +m,) — 2, (. — m%v)z(m%_,1 - 3m€v)]

2 4 2,2 2 2 2 22 2 2 2
— 6my.my, €y [cw(mw —my)+ mwsw} (myy — mie )y — my, —m3),

Ciye = c%vmj)(mé -2m3,) [Zm?.,i +my.(3ms — 5mi,) + 2miy. (my, — m3)(2ny, +3m3) — (my, — m§)3]
+ 2c€vm§(2m€‘, —-m2) [mi,i +2mS.m’ — 4y, (my, — m2)* +mis (4m€v + 3miy,m;, — 8my,my, + mg)
—my,(my, — m§)3] +Cymyy. (Zm‘v‘v +5my,m; + m%) — 25, (Sm(V’V +20m,m2 — 2mi,mj, + mg)
+Cyyigys (28m§v — 46mS,m3 + 14my,my, + my,mS + mg) + ey, (my, — m3) (2, — m3)

2 o2 2y2 2 4 4 2 2 90 2 2 2 2 2 2
X [mw(mw—mz) —2mHt(4mW+mZ)] = 2nigeny, (my —my. —my)éw [CW(mW—mZ)+mWsW}

X [Zmip —mi (my, +m3) — (mi, — mé)z] , (B4)
5
C +
KW%V = 612, — ) my. — =)+ m3(2m}, — m3) X [m}. (8m3 — 10m3, — T, )
+ m%v(17m‘24, + 8m§) = m4z] + . {(ISm“‘V - 3my,m; + 2m§) —m. (2my, + m%)]
+my. [m%V(ISm‘éV +17mi,m — 6m4z) - mg} +my, [m%v (SSm%Vmé —3dmy, — 16m4z) + 3mg} , (BS)
6
Cly=
% = 3m2m§(2m€v —my)(my. —my, —m3) + mim%(Zm%V —my) X {mi,i (7m§ —8my, — szt)
+mi, (13m€v + 7m§) - 2m4z] + m; [m?,t (Zmév +mims — 2m4z)
+ M. ( —6mS, +23mb,m2 — 13m%vm4z + 4mg) + 1. (6m€v +15mS,m2 — 12mi,m? + 8m?,mS — 2m§)
—myy (2m€v’v +39mi,m3 — 2Tmy,my, + 4mg)} +miy,(mp. —my,)
X [mfl,i Qmi, +m3) +mjy. ( —10m5, — 1lmy,m2 + m;) + . (14m(v’v —17m,m2 + 16my,m5, — Zm(Z’)
—my, (6m€’v + Smiy,m;, — Tmy,mj, + Zm(Z’)] ,
Clye = —2mi.my, [c%v(mﬁv —m2)+ m%vs%l,] AH*W,Z) =0, (B6)
C8 +
e (G0 s x { (2 [ — 202 (4 = 3) — 202+ 28 — i)

iy (T = 6y) + iy mil | + mitym3 | = niy (T +3) + 2y, [y (& +9)

+my(4w +3)| = 5miy, (3 — Ew) + mymy(6 — 4&w) — my(Ew + 3)] } =0, (B7)
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9 2.2 2 2 2 2 02 2 9 2 2 2 2 2 242
Cys = 2[CW(mW—mZ) +mWsW] (Ew — 1) Xmig my,(myy — my.) [mHi (ZmHi —my, —mz) — (my, —m3) ]

0, (BS)

C%)‘(/)i

2
My

= [C%v(m%v -m)+ m%vsév] X {4mém§ [3m;(m§ — My +myy) —my(dmy. + mév)]

+ Zmémé [(m%,t —my)(Tmp + 11m3,) + mé] = 2mSpm + miy.mym (Zmﬁ, - 3m§,¢)

+mj, (Zméi + mév) (Zm%,i - 7m%V) —m3, (mi,i - m%v) ? (4m§,¢ - Sm%V) +m} (1 1mS, — 2my.miy + 3m€Vm4Z) }

—Eymi, { —2my,. [3m§(mé +m3) +my, (my, + m%)] + m%vmﬁ(6m¢2) —5m3)

+6mymy, +mjy. (my, + 6m) + my, (my, + 4m§)} =0, (B9)

11 2 2 2 22,2 20 2 2 2_ 2 2 2 2 4
Cy= = [cW(mW —mz)+ mWsW] Mz (Mg — M) X {6(m¢ —myéw)(—my. +nmy, +my) —Smy,

+ i (M. +4ml, — 2m2) + m(4mi, + mé)} =0, (B10)

ch%; = [cﬁ,(m%‘, —m3)+ m%vsa,} {3mgm§ (m%v +m - mzi) + m; [m‘;li Qm3, +5m2) +mz. ( — 4y, + my,m — 7m§)
+2(m, —m3) (my, + m%)] —2 m;mip [m4Hi(3m€V +2m3) +mi. ( —3my, + Smi,m3 — 4m§) +2m3(my, — mé)z]
+mp.n, [m};t + . (i, +m3) — 2(m3, — m%)z} } - (2§W)m€V(m§ —mi.)X
X {m; [m‘}{i —2mz,. (3, +m%) +mi, (mb, + 4m2) + mé]
+mi, [m?ii (3, +m —2mr.) + (myy, — m%)z] } =0,
(BI11)
ZCIZ; = [cﬁ,(m%‘, —m3)+ m%vsa,} {3mgm§( — My +my, + m%) + mg [m‘,‘i,i (5m3 —2m3,) +m. (4m€V +6my,m5 — 7m4z)

+2mS —2mS, — 3mi,m5(5m3, + m%)} + mé [m‘,‘i,1 (6m§v — 4miy,m +dmy, — 2m3,. mé)

—my. (15m3v — Smiy,m3 + miy,my, + 2mg) +miy (9m3v + 16m,m3% — 8m3,m;, + mg)]

—m3, [m‘;p (Sm‘év +3mi,mG + my — 2my. mé) + M. ( —16mS, + Smy,m3 — 3miy,m;, + mg)

+mi, (1 1mS, — 8miy,m3 + 4mi,mj, — mg)} +Eymi, {2m2 [m%(mét +my, = 2m35) + (mh. — mév)z]

- mé [mzi (Mm% —5mi, +3mi.) +my. ( - 5mi, 14my,m2 — Smé) + (my, — m)(Tmiy, —m3)(my, + mé)}

20,2 24 4 4 4 4 612 2 4.2 2 N2 2 8
—my (Mg — 3my, )M — 3my,) + My (Mg — 8niy,) +my (M. —my,) — my (M. — 3my,) (M. +my,) + 7mW} =0,

(B12)
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14
S [y ) sy ] ¢ {m§<m§, _m) {mg (e 2y =) = 202 [ o + 1y — 202
Hi
—2my, + m5(my, + mé)} —my, [m%,i (my, +m —2my.) + (my, — m§)2] } - (z;“W)m%V(mé —mi.)
X {m“z( - 6m; +mp. —3my, — m%) +m5(my. — m%v)(6m; + M. = 3my,) — (M. — m%v)ﬂ } =0.
It is noted that the kinematical function is defined as H* - W=Z IN THE GENERAL R,
NH*W,Z) = (m3. —mb, —m3)? — 4mi,m3. Because '

A complete set of one-loop Feynman diagrams relev-
ant to the decay process H* — W*Z in the general R
gauge is provided in the Appendix.

cty(m3, —m2) +m3y,s3, =0, the coefficients cfy. =cf,. =+
=cjy. =0. While ¢j,. and cj,. are independent of ¢&, the
remaining coefficients ¢z and ¢y also do not depend on
¢ Consequently, the form factor 7%, becomes ¢-inde-
pendent. Other form factors are confirmed using the same APPENDIX D: FEYNMAN DIAGRAMS FOR
procedure, demonstrating that they are also &-independ- utu=— H*H- AND yy —» H*H- IN THDM
ent. Feynman diagrams for u*u~ — H*H™ and yy - H*H-

in THDM are presented in this appendix. Feynman dia-
APPENDIX C: FEYNMAN DIAGRAMS FOR grams are generated by FeynArt [68].

LW - HH

H
H H H,~ H,~ -
7 7 7 7 u
! A T T ‘ y
- - :
hO « H HO « H Y « H 7 « H
X Al X X H
IJ‘ \\ u \\ l‘l \\ u \\ T - _
W
1 2 3 4 5
Fig. D1. Feynman diagrams for u*u~ — H*H™ are generated by FeynArts [68].
Y Y — H H
H
H .-~ W\/\/\/""_>_——_ W\/\/\/’ H 7
Y _ v - Y | Y | AN o e d
C__H H + H ? R
v H ~ N
Y T~ ~ ,\/\/\/\/\/‘ T T - -— - _ ,\/\/\/\/\/‘ N N
v v
1 2 3
Fig. D2. Feynman diagrams for "y~ — H*H~ are generated by FeynArts [68].
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