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Abstract: Based on available experimental results on y.;(J = 0,1,2) decays, we investigated the y.; — PP, VV,
PV, and PT decays using the SU(3) flavor symmetry/breaking approach, where P, V, and T denote light pseudoscal-

ar, vector, and tensor mesons, respectively. With the decay amplitude relations determined by SU(3) flavor sym-

metry/breaking, we present the branching ratios for all y.; — PP and y.; — VV modes, including those without ex-

perimental data. While theoretical considerations strongly suppress or even forbid most y.; — PV and PT decays,

we also provide quantitative predictions constrained by existing experimental data. Our results are expected to be ac-
cessible in future experiments at BESIII and the planned Super Tau-Charm Facility.
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I. INTRODUCTION

The triplet state y.,(J =0,1,2), as the lowest energy
P-wave charmonium, has not been widely studied in the
past because it cannot be directly obtained from e*e™ col-
lisions. However, (3686) provides a clean environment
for the production of y.;, mesons via electromagnetic de-
cays such as ¥(3686) — yyx.;. Given that ¥(3686) has
been widely studied and measured [1—5], more and bet-
ter measurements ofy.; decays have been collected, lead-
ing to increased interest in the study of hadronic decays
of the y.; states [6—12].

Hadronic y.; decays have great significance for
studying strong force dynamics. On the one hand, the
scale of charm quark mass (~1.5 GeV) lies between per-
turbative and non-perturbative QCD in theoretical calcu-
lations; it is neither large enough for significant heavy
quark expansion nor small enough for perturbation the-
ory [13, 14]. On the other hand, most of the hadronic y.,
decays are suppressed by the Okubo-Zweig-lizuka (OZI)
rule [15]. Moreover, there are still theoretical and experi-
mental discussions regarding the doubly OZI-suppressed
and singly OZI-suppressed decay mechanisms in some
processes [16—20]. Owing to these characteristics, under-
standing hadronic y.;decay mechanisms is important for
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improving theoretical models of both perturbative and
non-perturbative QCD. These mechanisms offer a valu-
able framework for testing phenomenological models and
constraining theoretical parameters.

The y.; mesons that decay into the two-meson states
are particularly useful and they are relatively straightfor-
ward to detect and model theoretically. One important
feature of charmonium hadronic decays into light mesons
is that they are processes rich in gluons. The initial ¢ and
¢ quarks annihilate into gluons, which then hadronize to
produce the final state of light quarks [21]. Furthermore,
the quantum numbers (1°J7¢) of mesons produced by two
photons that decay into PP,VV are restricted; they must
be 0* for isospin and even** for parity and charge conjug-
ation; this is the case of y.;(J = even) mesons. Specific-
ally, owing to spin parity conservation, y.; cannot decay
into two pseudoscalar mesons. Moreover, they violate the
so-called helicity selection rule, which is defined as
o = (=1)’ P [22] and requires o™ = o 0,, where J and P
are respectively the spin and parity of the particle.

The theoretical calculations of charmonium decays
have always been notably difficult. The non-relativistic
QCD (NRQCD) framework [23, 24] and phenomenolo-
gical approaches are suitable and effective to study the
charmonium decays. Previous studies of hadronic y., de-
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cays used various theoretical frameworks, including para-
metrization schemes [16, 25], intermediate hadronic
loops [18, 26], quark pair creation model with perturbat-
ive QCD (pQCD) framework [27], and a description
within the effective field theory framework [28]. In Refs.
[16, 25], parametrization schemes were proposed to fur-
ther understand the mechanism of violating OZI rules in
the two body decays of y., — PP,VV,SS, where S de-
notes scalar meson. These studies suggest that, in addi-
tion to singly OZI-suppressed processes, doubly OZI-
suppressed processes may play a significant role in the
production of isospin-0 light meson pairs, such as y. —
fofs> ww, ¢¢, we, qm, my’, and 7'y’

In this study, we perform a SU(3) flavor symmetry
and breaking analysis of charmonium decay processes
Xes — PP, VV, PV, and PT. In Sec. II, the fundamental
amplitude relations and theoretical frameworks govern-
ing the y.; — PP,VV decays are described. Subsequently,
numerical results related to y., — PP, VV decays ob-
tained from present experimental data are reported. In
Sec. 111, corresponding amplitude relations and numeric-
al results of the y.; — PV, PT decays are presented. Fi-
nal conclusions are provided in Sec. IV.

II. y., — PP,VV DECAYS
A. Amplitude Relations of y., —» PP,VV

The pseudoscalar and vector meson octet states under
SU(Q3) flavor symmetry of u,d, s quarks can be expressed as

7 118 Uil
—t =+ —= rt K*
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K- RO _fls o m
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Fig. 1.

where 1;-n73 and w;-ws denote unmixed states; according
to Particle Data Group (PDG) [29], the mixings of #-1’
and ¢-w are described as follows:

1 = (ngcosfp — 11 sinbp), (3)

7' = (ngsinBp +1n; cosbp), )
and

¢ = (wgcosBy — w; sinby), (5)

w = (wgsinfy + w; cosby). (6)

Many previous theoretical studies considered the mesons
 and 5 as pure octet components. Experimental observa-
tions showed that @ and # are mixtures of both octet and
singlet components, with a specific mixing angle. There-
fore, we discuss the branching ratio results that incorpor-
ate the #-7 and ¢-w mixings with mixing angle values
from PDG, with 0, = [-20°,-10°] and 8y = 36.5° [29].

As shown in Fig. 1, the singly OZI and doubly OZI
disconnected decay modes are considered. Fig. 1(a)
shows a typical singly OZI process, where gluons pro-
duced by initial state annihilation create new quark pairs
and undergo quark exchange in the final state. In Fig.
1(b), two quark pairs are created by gluons and recoil
without quark exchanges, which show a doubly OZI pro-
cess. Based on SU(3) flavor symmetry, the decay amp-
litudes of the decay y., —» MM can be parametrized as

A(yey = M\ M,) = Q%Mingi +a%M’ing_f, (7

where M =P/V, i,j=1,2,3 correspond to the matrix ele-
ments in Egs. (1)—(2); a} and a¥), are non-perturbative
coefficients corresponding to the decay modes in Figs.
1(a) and (b), respectively. The specific decay amplitudes
for y., —» PP, VV with SU(3) flavor symmetry are listed
in the second column of Table 1 .

The SU(3) flavor symmetry assumes that u, d, and s
quarks have equal masses. SU(3) flavor symmetry break-
ing is given by the current quark mass term in the QCD
Lagrangian with m,, < m, in the Standard Model. To

(b)

Singly OZI disconnected (a) and doubly OZI disconnected (b) diagrams of y.; » MM decays.
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Table 1. SU(3) symmetry and breaking amplitudes of y.; — P1 P, and y.; — Vi Va.
Decay modes Symmetry amplitudes Breaking amplitudes
Xey =77 [ptp” 24} 2pM
Yes = K¥K™ K K 2411 by
Yes — KORO/K 0K 2at} b
Xes — 1°7° /000 \/Ea% \/ib’]"’
Xer = mm/wiw V2(al) +3a}) 0
Xes = Mmng/wiws 0 226!
Xes = 1813/ wsws V2alh -\2pM

2 i
Xes = M/ V2alt + 3%fa%(l —c0s26y) = V2b} cos Oy (4sin )y +cos b))
i
Xes =7 [dw —%ﬁa% sin20y V2bM (2 cos 26y — 7 sin 20u1)
. u, 3V2 y V3bM sin 6y (4cos By —sin
Xer =1 [ww «/ia”+Tazj(1+coszeM) J SinBy(4cos Oy —sinbyy)

conduct a more accurate analysis, we take into account
the symmetry breaking. The diagonalized mass matrix
can be expressed as [30—32]

m, 0 O ) .
0 my O = g(mu +mg+mg)l + E(m" —my)X
0 0 my

1
+ g(mu +my — 2ma)VV7

®)

where [ is the identity matrix, and X and W are represen-
ted as

0 O 1 0 O
X = -1 0 , W= 01 O )
0 0 O 00 -2

Considering the mass difference between the s quark and
the u, d quarks, the W part of the diagonalized mass mat-
rix is included to account for symmetry breaking. Thus,
the amplitude of the breaking part can be written as

A (ves = MiMy) = b)Y M WM, (10)

where b is the non-perturbative coefficient of the break-
ing term. The decay amplitudes for y.; — P, P,, V|V, with
SU(3) breaking are listed in the third column of Table 1.
Note that the minus signs of the breaking terms arise
from the mathematical structure of the W matrix given in
Eq. (9). Furthermore, we follow a similar convention to
that of Refs. [33, 34], regarding the final state being
identical particles, where the amplitude of the final state

of identical particles is multiplied by a coefficient with
V2.

In general, the three parameters involved (alf, alf,
by are complex. Given that an overall phase can be re-
moved without losing generality, we set a!, to be real.
Five real independent parameters are considered in data
analysis:

M M Liajy
ayp, Ay,

pM e (11)
Here, a;y is the relative phase between a}, and o, and
B 1s the relative phase between al? and b¥. It should be
noted that when only one decay mode is contributed, the
relative phase does not appear, and its own phase disap-
pears in the form of modulus in the branching ratio calcu-
lations, so there is no need for special definition. The nu-
merical results concerning the branching ratio were ob-
tained from Monte Carlo simulations, and all experiment-
al inputs were extracted from PDG [29]. Each process in-
puts a large number of random samples to ensure that the
distribution of numerical results comprises at least 10000
sets of valid results. A more detailed discussion is
provided below. The branching ratio is calculated using
the fundamental two-body decay formula, which can be
expressed as

17|

2
| Alyes > M My)| , (12)
Sﬂ'M)%(_J T,

B(yes — M M,) =

where I',,, is the decay width of the y.;, meson, and the
center-of-mass momentum is expressed as |p]=

\/[Mfﬁ, = (myg, +mag, P1IME | = (mag, —mag, )]
2M :

Xcl
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B. Numerical results for y., — PP decays

Numerical results for y.; — PP decays are reported in
this section. The experimental branching ratios are
provided in the second column of Table 2 for y. decays
and Table 3 for y. decays from PDG [29]. Based on
SU(3) symmetry and breaking amplitudes, we obtained
and analyzed two sets of branching ratio results for y.; —
PP decays. The results considering SU(3) symmetry are
shown in the third columns of Table 2 and Table 3, while
those incorporating breaking effects are listed in the
fourth columns. Furthermore, the decays of y. (JF€ =
1**) into two pseudoscalar mesons are forbidden by spin-
parity conservation and helicity selection rule; therefore,
they were not considered in this analysis.

First, let us analyze the results within the SU(3) fla-
vor symmetry framework. The experimental data related
to the x.o — K*K~, nmpqn'.n'n’ and x. — K*K~,mn.ny,
n'n’ decays can be explained within 1o error. After using
the constrained non-perturbative parameters from the data
related to y.o — K*K-,qm,m’,n’'n’ or x.— K*K ,nn,
nn',n'ny’ decays, the predicted branching ratios of the
X« — 7 and y.» — 7w decays slightly deviate from their
experimental data within 1o error. Nevertheless, they
could be consistent within approximately 20~ or 30~ error
bars. All predicted branching ratios also exhibit a relat-
ively accurate range. This suggests that the SU(3) flavor
symmetry achieves good conformity with the overall de-
cay modes. In particular, the af, term exhibits domin-
ance across most decay channels. The maximum value of

a
the ratio a%j reaches 37% for the y. decays and 45% for

1
the x. decz{ys, and they are supported by supression from

doubly OZI [35, 36]. Within the SU(3) flavor symmetry
framework, the amplitude form of nn’ has only the af,
component, which also conforms to the result of suppres-
sion.

After considering the SU(3) flavor breaking effects,
as listed in the fourth columns of Tables 2 and 3, all ex-
perimental data related to both y., and y., decays, includ-

ing the 7t modes, can be explained within lo error bar.
M

In terms of *,{,, as the breaking ratio, the maximum value

a

is 14% in the”)((.o decays and 22% in the y., decays. Al-
though the contributions from the Y term are small com-
pared to those of af,, they provide better fits for the relat-
ive experimental data within 1o error. As a result, there
is an increased error range for certain channels, such as
X — KK~ and y., — K°K°. Tt implies that while the
breaking contributions are small, they should not be ig-
nored.

The allowed ranges of the non-perturbative paramet-
ers at,, a5, by, |a;p| , and |B,p| are listed in the last five
lines of Tables 2 and 3. Please note that their allowed val-
ues are interrelated. These interrelations are shown in
Fig. 2.

Recent measurements of BESIII [37] reported the fol-
lowing precision branching ratios:

By — KTK7) =(6.36+0.15)x 1072,
By — 7t17) = (6.06+0.15)x 1073,
By — KTK™) =(1.22+0.03)x 1073,
By = 7)) = (1.61£0.04)x 107,

Table 2. Branching ratios for y.o — PP decays within 1o error (in units of 1073).

Exp. data [29] Symmetry Including breaking
Bxco - ) 6.33+0.33 5.67+0.27
B(yco — n°7°) 3.17+0.16 2.83+0.13
B(xco — nrr) 8.50+0.40 9.50 +0.494 8.50+0.40
B(xeo = K*K™) 6.07+0.33 6.08+0.32 6.07+0.33
Blxo — K'K?) 6.08+0.32 6.07+0.33
B(xo — KK) 12.16+0.63 12.14+0.66
Blxco — 1) 3.01+0.25 291+0.15 2.92+0.16
Blxeo = m1') 0.09+0.01 0.09+0.01 0.09+0.01
Blxeo = n'n') 2.17+0.12 2.17+0.12 2.17+0.12
“fo (107%) 5.41+0.28 5.30+0.27
aé’o (107%) 1.48+0.56 1.12+1.04
BY (1072 0.40+0.35

laop! (119.75+9.74)° (142.09 +37.82)°

1Borl (136.36 +43.54)°

#indicates that experimental data were not used to derive the numerical results.
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Table 3. Branching ratios for y., — PP decays within 16 error (in units of 10™).

Exp. data [29] Symmetry Including breaking
B(xer = tn7) 11.67+0.47 15.13+0.67
By - 7°n%) 5.83+£0.24 7.57+0.33
Blxcr — 7m) 2270+ 1.00 17.50+£0.71* 22.70+1.00
Blxer = KYK™) 10.20 +1.50 11.24+0.46 10.20 + 1.50
B(xe2 — K°K?) 11.24+0.46 10.20+1.50
Bxe2 = KK) 22.48+0.91 20.39 +3.00
Blxer = 1) 5.50+0.50 5.22+0.22 5.42+0.42
Blxez =) 0.22+0.05 0.22+0.05 0.22+0.05
Bxex—>n'n) 0.46+0.06 0.46+0.06 0.46+0.06
“1102 (107%) 1.02+0.04 1.03+0.08
a12°2 (107%) 0.35+0.11 0.32+0.16
by (107%) 0.14+0.08

laap| (170.17 +£9.74)° (165.58 +14.32)°

B2+l (31.51£30.94)°

#indicates that experimental data were not used to derive the numerical results.
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which were used neither to constrain the non-perturbat-
ive coefficients nor to predict the not-yet-measured
branching ratios in this study. Our predictions on B(y.o» —
n*n”) are consistent with the above data within 1o error
bar. The aforementioned experimental data related to
Bxeo > K*'K™) or By, — K*K™) are consistent with
those from PDG [29] within 1o or 1.2¢ error bars.
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(color online) Parameter correlations in y., — PP decays.

Several results from previous studies provide useful
reference points. For instance, Ref. [16] proposed para-
metrization schemes to further understand the mechan-
isms that violate the OZI rule. These authors deepened
the understanding of charmonium decay mechanisms by
defining the relative strength » and some other physical
quantities based on the SU(3) flavor approach. They
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provided good fit results based on experimental data at
the time as well as useful insights into the channels of
isospin-0 light meson pairs. With the update of experi-
mental measurements, we provide more theoretical pre-
dictions following the SU(3) flavor approach and using
the latest experimental data. Our predicted results are ex-
pected to contribute to future research on y. — PP de-
cays.

C. Numerical results for y ., — VV

Xes — VV decays are similar to PP channels, al-
though they present some key differences. y., — VV de-
cays are suppressed compared to y., — VV decays be-
cause they violate the helicity selection rule [22], similar
to their PP channels. However, interestingly, y., — VV
decays are not forbidden as initially expected. As experi-
mental data have accumulated, further observations have
revealed significant discrepancies among the data and the
predictions based on the selection rule. One possible reas-
on for the failure of the perturbative approach here could
be that, although the charm quark is relatively heavy, it
does not meet the mass threshold required by pQCD [26].
This suggests that there might be other mechanisms at
play, such as higher-order contributions, final-state inter-
actions, or long-distance effects, which could contribute
to processes typically forbidden by the helicity selection
rule. In any case, in this section we present the branching
ratio results for y.1, — VV based on the SU(3) flavor
symmetry/breaking.

The experimental data are listed in the second
columns of Tables 4, 5, and 6 for the y.,— VV, x4 —
VV , and y., — VV decays, respectively. Our branching
ratio predictions based on the SU(3) flavor symmetry are
listed in the third columns of these tables, while predic-

tions including breaking effects are displayed in the
fourth columns.

The results for y — VV with the SU(3) flavor sym-
metry show good agreement with present experimental
data within lo error, and their error ranges are small.
However, for y., — VV decays, the constrained o}, from
X1 — KK, pw,ww cannot explain the data of y.; — ¢¢
within 1o error. Nevertheless, one parameter, a};, could
explain all data if the error expands from 1o to 1.1o. Re-
garding y., — VV decays, the four experimental data can
be explained by one paramevter, ay,, within 1.50 errors.

ayy

The maximum values of 4V across all datasets reach

30% for y., decays, 17% forlj/\{cl decays, and 8% for y.,
decays. They indicate the dominant role of the a}, amp-
litudes in y.; — VV decays. Despite some theoretical
shortcomings, the SU(3) flavor symmetry captures the es-
sential correlations and still offers reasonable predictions.
Thus, the results based on this symmetry reflect univer-
sal trends, with a small uncertainty in the data distribu-
tion, offering useful reference values.

Let us turn to the results including the SU(3) flavor
breaking terms. All present experimental data for y. ;. —
VV decays can be explained within 1o error bar if the

SU(3) flavor breaking terms are included. The maximum
\4

b
ratio of breaking contributions, i.e., af‘f, is 55% for yx.o

decays, 33% for y.; decays, and 4801/{) for y., decays.
Compared to y.; — PP decays, the allowed breaking con-
tributions for y. and y. are more significant in VV de-
cays at present, and they notably alter the distribution of
branching ratios. The fundamental reason is that there are
five relevant non-perturbative parameters and only four
experimental data in y..1,o = VV decays, and the four

Table 4. Branching ratios for y.o — VV decays within 1¢ error (in units of 1073).

Exp. data [29] Symmetry Including breaking
Bxo = p*p7) 2.04+0.37 2.28+1.56
Blxeo — p°0%) 1.02+0.18 1.14+0.78
Blxco — pp) 3.06+0.55 3.42+2.33
Blxeo = KFK) 1.95+0.35 1.70 +0.60
Bxo = K*°K0) 1.70+0.60 1.95+0.35 170 +0.60
Bxco — K*K*) 3.90+0.70 3.40+1.20
Blxeo = ¢9) 0.848 +0.031 0.85+0.03 0.85+0.03
Blxco = pw) 0.142+0.013 0.142+0.013 0.142+0.013
Bxeo = ww) 0.97+0.11 0.97+0.11 0.97+0.11
ay (1072) 3.24+0.37 2.98+0.85
ago (1072) 0.86 +0.06 0.85+0.14
b(‘)/ (1072 0.78£0.78
laov (106.57 + 16.04)° (120.89+59.01)°
Bovl (90.00 +90.00)°
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Table 5. Branching ratios for y.; — VV decays within 1o error (in units of 107).

Exp. data [29] Symmetry Including breaking
Blxe1 = pp7) 12.35+1.92 15.18+4.96
Blxe1 = p°p%) 6.17+0.96 7.59+£2.48
Blxe1 — pp) 18.52+2.87 2277743
Blxer = KFK*) 11.85+1.84 13.22+3.21
Blye — K*OK) 14.00 +4.00 11.84+1.84 13.20+3.20
B(xer — K*K*) 23.69+3.68 26.42+6.41
Blxel = ¢¢) 426+0.21 5.24+0.73 426+0.21
B(xel = dw) 0.27+0.04 0.27+0.04 0.27+0.04
Blyel = ww) 5.70+0.70 5.70+0.70 5.70+0.70
aY1 (1073 6.96+0.54 7.59+1.17
a;/I (1073) 1.06+0.10 1.05+0.19
bY (107%) 1.17£1.14
layvl (105.42 +£28.65)° (134.65 £45.26)°
1Bivl (47.56 +47.56)°
#indicates that experimental data were not used to derive the numerical results.
Table 6. Branching ratios for y., — VV decays within 1o error (in units of 107).
Exp. data [29] Symmetry Including breaking
Blxez = p"p7) 27.08 £5.20 18.38+8.04
Blxea = p°0%) 13.54+2.60 9.19+4.02
Blxe2 = pp) 40.62+7.80 27.57£12.06
By = K™ K*) 26.04+5.00 20.39+7.37
By —» KOK0) 22.00+9.00 26.00 +4.99 20.36+7.36
By — K*K*) 52.03+£9.99 40.76 £ 14.74
Blxez = ¢¢) 12.30+0.70 12.30+0.70 12.30+0.70
By — dw) 0.097 £0.028 0.097 £0.028 0.097 £0.028
Blyer = ww) 8.60+1.00 13.57 +2.36¢ 8.60+1.00
“Yz (1073 16.31+1.87 13.73+3.09
a¥, (1073) 0.98+0.17 0.98+0.48
by (107%) 2.92+2.59
v (90.00 +90.00)° (90.00 +90.00)°
1B2vl (131.21 +£48.70)°

#indicates that experimental data were not used to derive the numerical results.

experimental data are not enough to set constraints on the
five parameters. Therefore, b} and B, are not well de-
termined owing to the lack of experimental values for the
pp channels, making it difficult to accurately predict the
contribution of the breaking. For decays of y., — VV, the
constraints on parameters are further weakened owing to
the large error of the K*K*® channel, for example in
terms of aj, and a,y. Therefore, as the breaking contribu-
tions are included, the uncertainty in the predicted results
becomes larger, especially for some decay channels such
as y«.12— pe and y.. — K*K*. However, the ¢¢, dw,

and ww channels exhibit good agreement and still offer
valuable insights. The predicted results reflect the basic
distribution range and provide useful early reference
points. Following the same approach, the error ranges
will decrease in the future with more experimental inputs.

Figure 3 shows the relationship between the con-
strained symmetry/breaking parameters (a3,,b}) and their
associated phases (a,v,8,v). Note that, after satisfying all
relevant experimental data, the allowed spaces are still
large. This may indicate that the non-perturbative coeffi-
cients have not been properly limited by present experi-
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Fig. 3.

mental data within 1o error, further leading to an in-
crease in the uncertainty range of some predicted branch-
ing ratio results.

Next, we discuss the non-yet-measured y.;, — pp de-
cays. Previous studies reported that B(y. — pp) = (1.88+
1.80)x 103 and B(yw — pp) = (2.41£2.22)x 107 in a
general factorization scheme [25], and B(x., — pp) lies in
[26,54]x 10™* according to the intermediate meson loop
contributions [26]. Our predictions are consistent with
these results, and the y.;» — pp decays exhibit relatively
more precise ranges.

L y., — PV,PT DECAYS

A. Amplitude relations of y., — PV and PT decays
The decays of y., — PV and PT are suppressed by

100 1.05

0.0 0.3 0.6 0.9 1.2 1.5 1.8
by (x107?)
(b)

0.0 0.5 1.0 1.5 2.0 2.5
by (x107)
(d)

0 1 ) 2 3 4 5 6
by (x107)
(1)

(color online) Parameter correlations in y.12 — VV decays.

the helicity selection rule. Furthermore, the G-parity or
isospin conservation exists in these decays. Rendering
conventional theoretical approaches is significantly chal-
lenging when it comes to addressing these suppressed de-
cay modes. Owing to the helicity selection rule, the num-
ber of y. — PV,PT decay channels measured is small.
The decays of y.o — PV and PT vanish owing to
charmed vector current conservation and parity conserva-
tion forbidden by spin-parity conservation [38].
Moreover, they lack robust phenomenological con-
straints in the absence of experimental observable values
[38, 39]. Therefore, only y. and y. decaysare dis-
cussed in this section.

The SU(3) flavor symmetry/breaking approach is still
used to obtain the branching ratio results of y.; — PV and
PT. The tensor meson octet states can be expressed as
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a . foh :
L 4 Je 4 JL + Kt
V2 V6B “ :
: v
o LR
2 2 \/6 \/g
(13)
The mixing of f>-f; is described as
f2 = (f28 COSGT —fzo sin9T) . (14)
£ = (fsinbr + f3 cosr), (15)

and the results for ; = (27 +1)° were selected from PDG
[29]. Following the same theory described in Sec. ILLA,
we derived the decay amplitudes for PT and PV chan-
nels; they are listed in Table 7.

B. Numerical results for y., — PV decays

The neutral PV channels for y., and y. decays, such
as 7%° and nw, are forbidden by C-parity conservation.
Furthermore, the y., — PV decaysare not only sup-
pressed by the helicity selection rule but also suffer from
G-parity or isospin/U-spin conservation [26]. Although
these processes lack experimental observations, we still
provide phenomenological predictions under existing
models. It is worth mentioning that many PV and PT
processes are difficult to effectively constrain theoretic-
ally, so we only provide numerical predictions based on
relevant experimental data from PDG [29]. Moreover, the

experimental limits are significantly less than the theoret-
ical non-perturbative parameters that need to be determ-
ined, and effective results cannot be obtained without ad-
ditional constraints. Therefore, in the following, we refer
to the parameter ratios of PP and VV processes to limit
the upper bounds of parameters in order to obtain early
prediction results.

For y. — PV decays, only two modes of y. — KK*
have been measured [29]. Their experimental data are lis-
ted in the second column of Table 8. In these decays, rel-
evant non-perturbative coefficients, namely af} and bV ,
lack effective experimental constraints. Concegr&ing our

a
results for y., —» PP,VV, the constraints of azT]v <459,

PV 1
and alW <55% were imposed to obtain the predictions.

The bgtnching ratio prediction results for y. — PV via
SU(3) flavor symmetry are shown in the third column of
Table 8, while those including the breaking results are
presented in the last column of Table 8. From Table 8, it
can be concluded that many errors of our predictions are
notably large, given that there are no other experimental
data to constrain @i}, b'V and the corresponding two
phases.

For y., — PV decays, three decay modes, namely
X2 — KEK* KK + c.c.,n*p™, have been measured [29].
They are listed in the second column of Table 9. As
shown in the third column of IX, within the SU(3) flavor
symmetry framework, the constrained af, from B(y., —
K*K**,K°K** + c.c.) cannot explain the experimental data
for B(y., — n*p*). Furthermore, according to the SU(3)
flavor symmetry, B(y., — n*p¥) is on the order of

Table 7. SU(3) symmetry and breaking amplitudes of y.; — PV and y.; — PT.

Decay modes

Symmetry amplitudes

Breaking amplitudes

Xes =t pT [nta; ZaﬁM
Xel = ptnay Za%M
Xes = KYK*™ [K™K3* 2a}iM
Xes = K"K*" K K3* 2a4tM
Yes = KPRO/KOR0 2aM
xes = KOK*0/KOK;° 2™
Xes = 1%p°/na) 2ayM

Xes = mwi /i fy 2afM +6ayM

Xes = Mws/mf3 0
Xes = mswi/n8fy 0
Xel = 18ws /n8 f3 2a}iM

2pMM
20MM
_blelM
—byM
_blelM
—byM
2pMM
0
2V2b4M
2V2piM

—2plm

Xel = ng/nf;
XeJ = Nw/Nf2
Xes =10 o' fy

Xes 2w/ f

2a¥M (cos(8p — Oy;r)) + 6ab"M sin6p sin by,
2a¥M (= sin(@p — Oy;1)) — 6abiM sinOp cos Oy 7
2a{fM(sin(6p — Byy7)) — 6435 cos Op sinby;r

2aM (cos(p — Oy)1)) + 6a5"M cos Op cos by, 7

—2b%M (cos Bp cos By, 7 + V2sin(@p +6y;1))
_zbfj"’M(cos Op sinfy;r — V2cos(fp + Oyi1))
~26%M (sin@p cos fyr — V2cos(bp +6y;1))
~26MM (sin 6p sin Gy — V2sin(@p + Oyyr))
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Table 8. Branching ratios for y.; — PV decays within 1¢ error (in units of 1073).

Exp. data [29] Symmetry Including breaking
B(xer > 7*p7) 1.12+0.11 2.78 £2.65
Blxer = 71°p%) 0.56+0.05 1394132
B(xer = KEK) 1.21£0.23 1.08+0.10 1.08+0.10
Blxer = KK +c.c) 1.03+0.15 1.08+0.10 1.08+0.10
B(xer = n¢) 0.21+0.17 0.40+0.40
B(xer = nw) 0.47+0.34 1.16+1.15
Blxe1 = n'¢) 0.64+0.64 0.87 +0.87
Blxer = 17'w) 0.77 +0.77 1.93+1.93
aflV (10*3) 4.68 +0.32 5.12+1.65
ﬂ';.v (1073 1.11+1.11 1.46+1.46
BV (1079) 1.85+1.85
la1py (90.00 +90.00)° (90.00 +90.00)°
Bipvl (90.00 +90.00)°
Table 9. Branching ratios for y., — PV decays within 1¢ error (in units of 107#).
Exp. data [29] Symmetry Including breaking
B(xer > 1*p7) 0.06+0.04 1.45+0.15% 0.06+0.04
Bxer = 7%°) 0.73£0.08 0.03£0.02
By = K*K*%) 1.46+0.21 1.40+0.15 1.40+0.15
By =K' +c.c.) 1274027 1.40+0.15 1.40+0.15
Blxez = 1) 0.28+0.23 0.91+0.48
Blxer = nw) 0.59+0.43 0.09+0.09
By > n'¢) 0.81+0.81 1.55+1.25
Blxer = 1 w) 1.01+1.01 0.31+0.31
at¥ (1073) 2.60+0.19 1.91+0.18
al¥ (1073) 0.61+0.61 0.46 +0.46
BV (1073) 1.38+0.21
lzpv (90.00 +90.00)° (90.00 +90.00)°
B2pv (169.60 +10.31)°

#indicates that experimental data were not used to derive the numerical results.

0(10™) and B(y., — n°0%) is on the order of O(1073). If
SUQ3) flavor breaking is considered, their minimum al-
lowed values are reduced by one order of magnitude.
This means that a large breaking effect is needed to ex-
plain the experimental data for B(y., — 7p7).

PVBy considering the SPl‘{(ZS) flavor breaking and setting
2 <45% as well as ﬁ < 80%, all three experimental

ap 12
data become simultaneously explained. Note that the

three experimental data cannot be jointly explained when
PV
azW < 63%. The predictions including the breaking con-

12
tributions are presented in the last column of Table 9.

Note that afy, b5V, and B,py are well constrained by three

experimental data within 1o error. Nevertheless, there is
no constraint on a4y and a,py owing to the large error in
some y., — PV decays. Some predicted results fail to ex-
hibit the anticipated theoretical suppression, given that
this effect is obscured by substantial theoretically uncer-
tainties. The branching ratios of y.» — 7p and y., — nw
are significantly smaller compared to other decay chan-
nels when the flavor breaking effects are included. If we
do not consider the theoretically forbidden scenario, this
may be a signal that is suppressed by the helicity selec-
tion rule or other theories.

Moreover, note that the predicted branching ratios of
K*K** and K°K*%+c.c. are completely consistent in the
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symmetry and breaking cases. The main reason is that
their shared amplitude structure 2a?¥ —b*Ve”#)" and effect-
ive constraints on {20110}/ —-bhVeP m are obtained from the
data of K*K*¥ and K°K™ + c.c. decays at present. A simil-
ar situation appears in the y.;, — PT decays.

C. Numerical results for y.; — PT decays

For PT decays, there is no C/G-parity conservation
that imposes prohibitive constraints, and the helicity se-
lection rule does not cause significant suppression. This
theoretical landscape enables richer predictions for vi-
able decay channels. Experimental measurements for
Xea — PT and y., — PT decays are compiled in the

second columns of Tables 10 and 11, respectively. SU(3)
symmetry predictions are listed in the third columns, and
the breaking cases are presented in the final columns.

The nf;, nf, n'f; , and 1 f, channels exhibit sensitiv-
ity to the af7 amplitude parameter. However, the ab-
sence of experimental constraints makes it difficult to de-
termine the accuracy of a7 and 77 in the simulations,
especially because there are no experimental data in

X — PT that can limit the range of af7. To address this,
aPT PT
we impose upper limits, aZTJT <45% and aJW <55%,
1J 1J
based on analysis of PP and VV channels.

Regarding y.; — PT decays, the nf> channel provides

Table 10. Branching ratios for y.; — PT decays within 1o error (in units of 1073).
Exp. data [29] Symmetry Including breaking

By = n*a3) 1.42+0.04 3.03+2.14
Blxe1 — n%a) 0.71+0.02 1.51<1.07
By = K*K;™) 1.61+0.31 1.34+£0.04 1.34+0.04
Blyer - KOK +c.c) 1.17£0.20 1.33+0.04 1.33+0.04
B(xet = nfy) 0.23+0.03 0.42+0.31
Blxet = nf2) 0.67+0.11 0.61+0.05 0.67+0.11
Blxer =17 f3) 0.60+0.07 0.76 +0.76
Blxe1 =1 f2) 0.99+0.21 1.49+1.49
aflT (1073) 5.54+0.20 6.09+1.16
aé’]T (1073) 1.18+0.25 1.60+1.60
bET (107%) 1.92+£1.92

larpr (25.78 £25.78)° (90.00 +90.00)°

1Biprl (90.00 +90.00)°

Table 11. Branching ratios for y., — PT decays within 1¢ error (in units of 1073).
Exp. data [29] Symmetry Including breaking

By — 1%a3) 1.80 +0.60 1.50+0.03 2.16+0.24
Blyer > 1°a)) 1.31+0.35 0.75+0.02¢ 1.08+0.12
B(ye2 — K*K;™) 1.51+0.13 1.41+0.03 1.41£0.03
Blyer = KOK; +c.c) 1.27+0.17 1.41+0.03 1.41+0.03
Blxer = nfy) 0.37+0.15 0.45+0.36
Blxe2 > nf2) 0.41+0.25 0.77 +0.62
Blxex =1’ f3) 0.37+0.32 0.81+0.81
Bxe2 =1 f2) 0.70+0.70 1.59+1.59
aT (1073 8.77+0.30 9.10+0.70
all (1073 1.13+1.13 2.19+2.19
piT (1073) 2.86+2.14

lazpr| (90.00 £ 90.00)° (90.00 +90.00)°

1B2pr (43.54+43.54)°

#indicates that experimental data were not used to derive the numerical results.
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critical constraints on af! and a,pr, improving the accur-
acy of predicting nf;, ' f;, and 7’ f, channels in the SU(3)
flavor symmetry case. After considering the SU(3) flavor
breaking, a7 and b{" are not constrained well, and the
corresponding phases aipr and Bipr are completely un-
restricted. This causes large errors in B(y. — n*aj),
By — 1°aY), Blxa = n'f)) , and By, — n'f>), and the
measurements of these branching ratios could further
constrain relevant non-perturbative coefficients.

Concerning y., — PT decays, in the SU(3) flavor
symmetry case, the experimental data related to B(y., —
n*a3), By — K*K57), and By, — K°K;® +c.c.) estab-
lish a strong constraint on af7; however, the data related
to B(y. — n°ad) cannot be jointly explained with the oth-
er three. Given that there is no experimental constraint on
all and a,pr, the sources of errors are increased and
there are relatively large ranges of uncertainty in the
X2 —1f 1, 0 fy , and i’ f, channels.

After considering the SU(3) flavor breaking, all four
experimental data related to the y., — PT decays can be
jointly explained within a 1o error bar. The current ex-
perimental data impose some restrictions on b57 and Bapr,
but they are not strong. In fact, for all PV and PT pro-
cesses, effective limitations have only been imposed on
a,;"" within the existing experimental constraints, which
at least ensures that all predicted results reflect the basic
characteristics of the decay channels.

IV. CONCLUSIONS

Previous measurements by BESIII were based on ac-
cumulated 448 million ¥(3686) decays [40], which al-
lowed access to y. decays through radiative decays
W(3686) — yy.;. With a current data sample of 2.7 billion
¥(3686) events collected by the BESIII detector [5], a

more detailed analysis of two body y.; decays is now
possible. This provides an opportunity to test the SU(3)
symmetry and gain deeper insights into their decay mech-
anisms.

In this study, we investigated the y.0» — PP, xc0.12 =
VV ,and y., — PV,PT decays following the SU(3) fla-
vor symmetry/breaking approach. We obtained the amp-
litude relations for the SU(3) flavor symmetry case and
for the case including the SU(3) flavor breaking. Because
of the advantages of the symmetry approach, inconclus-
ive intermediate decay mechanisms can be avoided. All
branching ratios, including the predicted results for not-
yet-measured or not-well-measured channels, have been
presented in this paper.

Our study shows that the SU(3) symmetry approach
works well in the two body decays of charmonium states
X at present. These states are typically difficult to com-
pute using traditional QCD methods. Specifically, y., —
nn’ and y.; — w¢ are doubly OZI-suppressed, resulting in
branching ratios for these decays that are clearly smaller
than those for the singly OZI-suppressed decays y.; — 17,
ny, ww, and ¢¢ [20, 35, 36, 41]. Our results are consist-
ent with the suppression of the ' and w¢ channels in
the contributions of @Y and align well with experimental
data for these channels.

Our predictions not only contribute to future experi-
mental measurements but also offer valuable reference
points for future theoretical studies that aim to refine
these calculations. Furthermore, with the high luminosity
of the current experiments [42—44], we can expect a con-
tinuous stream of interesting experimental results to
emerge, including precise measurements of branching ra-
tios and potentially new insights into the decay mechan-
isms of y.; decaying into meson pairs.
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