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Higher-order inner photon rings of a horizonless ultracompact object with
an antiphoton sphere and their interferometric pattern®
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Abstract: A horizonless ultracompact object can have a stable antiphoton sphere, which causes the strong deflec-

tion of photons inside the unstable photon sphere, leading to the formation of distinctive inner photon rings. In this
work, we present analytical descriptions for the shape, thickness and interference pattern of higher-order inner

photon rings. By taking the static spherically symmetric Schwarzschild star with a photon sphere as an example, we

find that its inner photon rings can be more non-circular and thicker than the outer ones, and show that the inclusion

of the inner photon rings can give rise to new features in the interferometric pattern. Our formulae can also be ap-

plied to other ultracompact objects, providing a convenient way to study the observational properties of their higher-

order photon rings.
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I. INTRODUCTION

A black hole is the fundamental object in general re-
lativity, its abundance in the Universe has been demon-
strated observationally, such as the detection of gravita-
tional waves from merging binary black holes [1-6] and
direct images of the supermassive black holes” M87*
[7-12] and Sgr A* [13-18]. However, the black hole has
an event horizon that blocks its connection between the
interior and exterior regions, resulting in Hawking radi-
ation and the information paradox [19, 20], and a singu-
larity that straightforwardly causes the breakdown of gen-
eral relativity. In order to solve these problems, ultracom-
pact objects that possess an unstable photon sphere but no
event horizon have been put forth in the literature (see
Ref. [21] for a review). One prominent example is the ho-
rizonless Schwarzschild star with a photon sphere, which
removes the intrinsic singularity and event horizon of the
Schwarzschild metric by introducing a bounded isotropic
fluid into a region with radius slightly larger than the
Schwarzschild radius [22, 23].

Due to the absence of the event horizon, an ultracom-
pact object can generate unique echoes in the ringdown
phase [24]. Therefore, gravitational wave observations
provide a way to distinguish it from a black hole.
However, it is not until the next generation of space-
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borne gravitational wave detectors come into operation
that we can separate these echoes from the waveforms
[25].

One can also identify an ultracompact object by elec-
tromagnetic observations. A part of the ultracompact ob-
ject models have been ruled out by the constraints from
the size, shape, absorption and albedo of the shadow re-
gion in the image taken by the Event Horizon Telescope
[11, 18]. To further explore the possibility of the sur-
vived ones, more sophisticated data processing is re-
quired. However, given that the measurement of the shad-
ow itself strongly depends on the accretion disk model
[11, 17] and the accretion physics in these observations is
still poorly understood, it is challenging in current stage
to obtain more precise results based on the observed
shadow only.

Hidden in the image of a compact object are other
subtle structures, such as the relativistic images and
photon rings, which are potentially to be resolved by fu-
ture space-borne very long baseline interferometry
[26-29]. Relativistic images are formed by photons that
wind around the black hole or ultracompact object one or
more times before reaching the observer. Their corres-
ponding emitters are typically point-like discrete sources,
such as hotspots and compact stars [30-33]. The electro-
magnetic signals of these images have been studied in de-
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tail [34-38]. Especially in interferometry, the observa-
tional signatures of relativistic images exhibit an oscillat-
ing staircase-like structure, revealing their detectability
with an Earth-Moon baseline [35, 37]. In comparison,
photon rings arise from the lensed photons emitted by
continuous extended sources like the accretion disk
[26-29, 39—42]. On the image plane of the observer, a
photon ring presents a ring-shaped structure, hence the
name. Since photon rings are also generated by the strong
deflection of photons around the black hole or ultracom-
pact object, they can be regarded as a particular realiza-
tion of relativistic images. The order of a photon ring is
commonly denoted by the number of half orbits n [26,
39]. Photon rings with large n asymptotically approach
the boundary of black hole shadow [29, 43-45]. The
bright thick rings surrounding M87* and Sgr A* ob-
served by the Event Horizon Telescope can be inter-
preted as the lowest-order n =0 and n =1 photon rings,
which are highly dependent on the accretion disk model
and accretion physics [7, 13]. It is shown that (n>2)
higher-order photon rings could give a good approxima-
tion of the black hole shadow border, and their shape and
size are mainly determined by the spacetime geometry
[29]. Thus, those rings can be used to test the theory of
gravity. Compared with current direct images. of the ac-
cretion disk, the n =2 photon ring is less dependent on
the accretion model [28], reducing significantly the num-
ber of input parameters for data interpretation and thus
being a better tool to investigate the properties of the
central compact objects.

To date investigations on the photon rings are mostly
numerical and computationally expensive [27-29, 40]. In
comparison, the strong deflection limit method for a
black hole spacetime provides a cheaper way to study the
properties of photon rings analytically [32, 46], which has
been successfully applied in the Schwarzschild and other
black hole spacetimes [39, 41]. This method is also exten-
ded to the ultracompact object spacetime [33], and we
make a further generalization of [33] by including the fi-
nite distance effect of a source [37]. These results provide
an analytical framework to investigate the difference
between a black hole and an ultracompact object in the
photon rings.

In addition to the unstable photon sphere, an ul-
tracompact object can also have an antiphoton sphere,
which defines a stable circular orbit in the static spheric-
ally symmetric case [33, 36, 47-50]. Owing to the pres-
ence of the antiphoton sphere, photons entering the
photon sphere may be strongly deflected, and then be re-
ceived by the observer and produce inner relativistic im-
ages [33, 36-38, 49, 51] or inner photon rings [48, 52,
53]. These unique features are generally absent in the
black hole spacetime and are thus key to distinguish the
ultracompact object from the black hole. In our previous
work [37], we analytically studied the characteristics of

inner relativistic images formed by point-like sources and
estimated the detectability of these images. As a comple-
ment, this work focuses on the observational signatures of
inner photon rings formed by photons emitted by the ac-
cretion disk, aiming to gain a batter understanding of the
differences between ultracompact objects and black
holes.

The shape of inner photon rings can deviate signific-
antly from a circle and contribute moderately to the ob-
served flux [48]. Their existence might explain the radi-
ation in the central dark region of the images detected by
the Event Horizon Telescope [18]. However, due to the
much smaller widths of inner photon rings compared to
the primary disk and the limited interferometric baseline
length, the current resolution of approximately 10 uas is
still unable to resolve these rings, thereby leading to a
lack of 'detailed studies on their interferometric signa-
tures: To address this gap, as a preliminary study, we will
give analytical descriptions for the shape, thickness and
interferometric pattern of the higher-order photon rings
around an ultracompact object based on the obtained res-
ults of the deflection angle by employing the strong de-
flection limit methods with the finite distance effect [32,
37]. Furthermore, this work establishes a connection
between the analytical strong deflection limit method and
the calculation of the interferometric visibility, providing
a convenient way to explore the observational character-
istics of the ultracompact objects in the radio wavelength
band.

This paper is organized as follows. In Sec. II, we in-
troduce the photon and antiphoton spheres that are of vi-
tal importance to the formation of the photon rings, and
briefly review the strong deflection limit method for an
ultracompact object. Based on this method, in Sec. III, we
analytically study the shape and thickness of the higher-
order photon rings around an ultracompact object. In Sec.
IV, we further calculate the interferometric pattern of
these rings analytically and compare it with the numeric-
al one. In Sec. V, by taking the horizonless Schwarz-
schild star with a photon sphere as a specific example, we
study the shape, thickness and interferometric pattern of
its n =2 inner and outer photon rings. In Sec. VI, we con-
clude and discuss our results.

II. ULTRACOMPACT OBJECT SPACETIME AND
STRONGLY DEFLECTED PHOTONS

The line element of a static spherically symmetric
spacetime reads

ds? = —A(r)de* + B(r)dr® + C(r)(d&? +sin?0de?), (1)

in which A(r), B(r) and C(r) are non-negative metric func-
tions. To describe a horizonless ultracompact object, the
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condition that the above metric has no event horizon but
features a photon sphere is required.

In an ultracompact obj

ect spacetime, a photon may

travel along a geodesic with the following equation of

motion

A(PB(r) i* + L*Voge = E2,

2

where E and L are respectively the energy and angular
momentum of the photon, and they are related to the im-
pact parameter u with [54, 55]
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Fig. 1.

Here ry is the turning point of the photon. The effective
potential per L? is defined as [33]
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It is demonstrated that an ultracompact object always
have two circular orbits, one unstable and the other stable
[56, 57], which respectively correspond to the maximum
and minimum of Vg, [33].

dVege/dr =0 and d?V.s./dr? <0 define the unstable
circular orbit, i.e., the photon sphere [46]. We denote its
radius by r,,. As shown in Fig. 1, the photon with ry — r,
(i.e., ro > rp and rg— ry) will be strongly deflected and
wind around the photon sphere several times before it is
received by the observer (orange line), while the photon
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(color online) The effective potential V.g and photon trajectories in the black hole spacetime (first row) and in the ultracom-

pact object spacetime (second row). Both the black hole and the ultracompact object have a photon sphere located at r = ry,, thus the de-
flection of photons outside their photon sphere is similar (orange line). Unlike the black hole, the ultracompact object does not have an
event horizon but has a unique antiphoton sphere and a spherical surface r = r. with Veg(rc) = Veg(rm), causing photons entering the ul-
tracompact object's photon sphere to escape (blue line). Here we use the Schwarzschild black hole (BH) and Schwarzschild star (UCO)

to illustrate and set G =c = 1.
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that enters the photon sphere of a black hole will be ab-
sorbed by the event horizon (blue line in the first row)
[46].

dV.g./dr =0 and d*V.g./dr? > 0 define a stable circu-
lar orbit, i.e., the antiphoton sphere [33]. In general, the
stable antiphoton sphere is a unique character of the ul-
tracompact object, though there are few cases of black
holes with an antiphoton sphere [58]. The radius of the
antiphoton sphere is smaller than that of the photon
sphere, and it is a key factor for imaging inside the
photon sphere [33, 36, 47, 49, 50]. Due to the existence
of the antiphoton sphere, there is a radius r. (< ry) inside
the photon sphere, which satisfies

A(r)  Alr)
C(re)  C(rm)’

®)

or u(r.) = uy,. Note that r. is not the radius of the anti-
photon sphere, but it is always smaller than the latter. As
shown by the blue line in Fig. 1, the presence of r. leads
to the fact that a photon with impact parameter less than
un can have a turning point ry < ry,. That photon may es-
cape from the interior, as long as the surface of the ul-
tracompact object does not absorb it. In the limit ry —r;
(i.e., ro<r. and ry > r.), a photon can also be strongly
deflected [33]. An example is illustrated by the blue line
in the second row of Fig. 1. It should be emphasized that
although it is true that the presence of an antiphoton
sphere allows light rays to penetrate within the photon
sphere, the dominant contribution to the total deflection
still occurs near the photon sphere.

The strong deflection of photons in the ultracompact
object spacetime is related to the change in the azimuthal
angle A¢. When the spacetime is asymptotically flat, A¢
is defined as [32]

Ag = j{:u/w

i=s,07 70

CoA(r)B(r)
C(N[AC(r) = A(r)Col

(6)

where the subscript ”0” denotes functions evaluated at
r=ry. rs and ro represent the radial coordinates of the
source and the observer, respectively. In this work, we
consider that the photon is emitted by a source located
outside the photon sphere (i.e., a thin circular emission
disk) with an initially radially-inward direction and can
finally reach asymptotic observers [37], thus we have
rs > ry and ro > ry,. In the strong deflection limit ry — r
and ro — r;, A¢ will be much larger than 1 and can be
solved analytically [32, 33, 37, 46].

A. Strong deflection of photons outside the photon
sphere
In the limit of ry — r},, a photon with impact paramet-

er u — u;, will wind around the gravitational lens several
times before being received by the observer. Up to
O[(u — uy)log(u — uy)], the change in the azimuthal angle
of that photon can be analytically obtained as [32, 35]

Ap=—a,log = + b, +7, %)
204s
where
€ =——1, ®)
U
P L N Ly )
fo rs r
- 2BnAn
B AL - CaAl (10)
_ CII A//
b, = —n+a,log {rrzn(cz —ﬁ)}
20 S
([T o (i
0 0
T'm CnA(2)B(2) a,
gl(Z) = 2 - T
(1-2) [AnC(2) —A(R)Cr]C(2) [z
(12)

The subscript “m” denotes quantities evaluated at
r=ry. From Eq. (7), we can obtain the impact parameter
of the strongly deflected photon outside the photon
sphere as

by +n—Ad
Uy = Uy (1 +Z0z5€ @ ) .

(13)

B. Strong deflection of photons inside the photon
sphere

In the limit o — r;, a photon with u — u,, can enter
the region within the photon sphere. Due to the presence
of the antiphoton sphere, it is possible for the photon that
enters the photon sphere to reach the observer after wind-
ing around the ultracompact object several times [33]. Up
to O[(u? —u*)log(u? —u*)], the change in the azimuthal
angle can be found as [37]

\/Zon

A¢p = —a_log +b_+m,

(14)

where
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um
e=5- 1, (15)
a_=2a,, (16)
_ C// A// rm
5 = men g o (G 58) (= )
20 8
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-m Jpm
Note that e is different from €. Although

W Ju* =1 = (up/u— 1)ty /u+1) = 2(un/u—1) can be used
to make e and e, similar in form, this approximation
will introduce greater error, which has been discussed in
Ref. [33]. From Eq. (14), we can obtain the impact para-
meter of the strongly deflected photon inside the photon
sphere as

_ 1
b_+n-Ap | T2

U- =ty |1+ \zozse =

(18)

In the following sections, we will use Egs. (13) and
(18) to study the shape, thickness and interferometric pat-
tern of the higher-order photon rings.

III. INNER AND OUTER PHOTON RINGS IN THE
STRONG DEFLECTION LIMIT

Considering a thin circular emission disk on the
equatorial plane of an ultracompact object, the strongly
deflected photons will form photon rings inside and out-
side the photon sphere as they are received by the observ-
er. The inner photon rings are generally absent in a black
hole spacetime and thus unique for an ultracompact ob-
ject, as numerically shown in Refs. [48, 52, 53]. The or-
der of a photon ring can be denoted by the number n of
half orbits [26]. For n > 2, the photon wind around the ul-
tracompact object at least once, passing through the
equatorial plane more than twice, generating the so-called
higher-order photon rings [39].

A. Shape

The change in the azimuthal angle of the higher-or-
der photon rings was found to be [39]

-

where y is the angle between the observer and the emitter
in the ultracompact object-centered reference frame, giv-

forn=2,4,6,---
forn=3,5,7,---

nw+y,
(19)
(n+ Dr—vy,

en by [59]
cosa . forn=2,4,6, -
v/cos2a +cot? o
cosy = (20)
cosa forn=3,5,7,---

9
v/cos?a + cot?Jg

with J¢ being the inclination angle defined according to
Ref. [39]. Here a is not the polar angle ¢ that is normally
defined counterclockwise with respect to the horizontal
axis [59], these two angles satisfy the following relation
[39]

cosa = —sing. (21)
Substituting the above expressions into Egs. (13) and
(18), we can obtain the impact parameter of the nth-order
outer photon ring as

Un(@) = U {1 + f+(rS)8+n(¢’ﬂ0):| , (22)

and the impact parameter of the nth-order inner photon
rings as

=

) = |1 L0000 (D)
where
pis = (1-2) (1-22 ) exp [1’53)} e
and
Ein(p,90) =exp((_1—1i arccos \/sinzs:oi#%)
Xexp(—’f—ﬂ). (26)
Q.

Eq. (22) agrees with Eq. (26) in Ref. [41], as both em-
ploy the same methods. Note that f(rs) used in Ref. [39]
is only valid for the Schwarzschild black hole, while Eq.
(22) is applicable to arbitrary black hole. By varying ¢ in
the range [0,27], we can obtain the shape of the inner and
outer photon rings from Egs. (23) and (22), respectively.
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B. Thickness

When the emission disk have an inner boundary rf
and outer boundary rg", the resulting inner or outer
photon rings will possess a certain thickness Au,. By ad-
opting Egs. (22) and (23), we can obtain

Au,(p) = u‘ii‘(so)—uifnﬁp)’
=t [0 = [ )] En(@0) (27
for the nth-order outer rings, and
Au_,(¢) = u‘lf,‘(sﬂ)—ui_“n(w)‘
=t { |1+ £ 09080 00)
-1 o8 e 0) } (28)

for the nth-order inner rings. Eq. (27) is a direct general-
ization of corresponding equations in Ref. [39].

IV. INTERFEROMETRIC PATTERN OF THE IN-
NER AND OUTER PHOTON RINGS

Higher-order photon rings can be detected by very
long baseline interferometry [27]. The interferometric
signature of a photon ring is its visibility, defined as the
following Fourier transform [60]

V(@) = / I(Pe ™7 d%7, (29)

where I(7) is the intensity distribution of the photon ring,
7= (x,y) is the sky position in radians, o is the baseline
vector in units of the observed wavelength A.

The calculation of V() in principle requires a com-
plete two-dimensional Fourier transform that involves
huge computational costs. However, from the perspect-
ive of image reconstruction, instead we can first cut one-
dimensional slices of the visibility in different directions
and then combine them to get a two-dimensional visibil-
ity, which is just the basic idea of the projection-slice the-
orem [60].

In order to apply this theorem, we denote @ = (u,o’) in
polar coordinates, where ¢ is a projection angle and u is
the projected length of the baseline in the direction of o,
and rotate the projection axis clockwise by the angle of o
to make it horizontal for mathematical convenience. Then
the sky coordinates of a photon ring can be written as

x(p) = u(p)cos(p — o), (30)

(@) = u(p)sin(p — o). (31

Here we omit the subscript “+” of u(y¢) and notice that
the following calculations are applied for both the inner
and outer photon rings. We also note that in order to ob-
tain 7= (x,y) in radians, dividing u by the distance from
the lens to the observer is required.

In general, we can use the arclength § to parametrize
the shape curve of the photon ring as
u(p) = u(3) = (x(5),¥(3)). When the baseline is not long
enough to resolve the thickness of a photon ring, i.e.,

u < (Aw)!, (32)
the projection of the intensity distribution on the hori-
zontal axis may be given by [61]

P I(x) = / T(3)5(x — xo(3))d5

I

where 7(3) is the integrated intensity, for a photon ring
with uniform brightness, we have 7(5) = Iy = I,/ j ds. x
is the point where the vertical line intersects the shape
curve.

For dxy/d5 = 0, the vertical line is tangent to the shape
curve, we denote the corresponding x, as the tangential
point xr (i.e., the vertical point of tangency). From Eq.
(33), we know that the projection intensity #.I(x) be-
comes singular at x = xp, which implies that the behavior
of the resulting visibility is dominated by the tangential
points [61].

In order to find out the positions of all the tangential
points on the shape curve, we rewrite the infinitesimal
arclength as

x'(@)? +y'(¢)? dp

u(p)? +u'(p)* dp # 0, (34)

where the prime stands for the derivative with respect to
@. Meanwhile, by adopting the chain rule, we have

d.X() _ d.X() dj

ds  de ds” (35)

Then the condition of dx,/d§=0 can be converted to

Lo =0, and with Eq. (30) we can have

dtp |x0:x1-
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F (¢r) =t/ (¢r) cos(or — o) — u(pr) sin(pr — )

=0, (36)

where ¢r is the corresponding polar angle of xp and its
value can be obtained from Eq. (36) by employing a Fin-
dRoot algorithm.

From Eq. (30) we can further obtain xy. Then P, I(x)
in the small two-sided neighborhood of xt can be approx-
imated by the Heaviside step functions (see Eq. (28) in
Ref. [61]). The Fourier transfrom of the approximated
P I(x) gives the following visibility [61]

e—jZII.ZTu

VR

VW)= It/ Ry ei5 (37)

X=XT

where the subscript “T” denotes quantities evaluated at
x=xr. It is the integrated intensity. St = +1 depending
on whether the horizontal axis and the inward normal
vector (pointing to the curvature center) at the tangential
point are in the same (+1) or opposite (—1) direction. Zr
is the projected position of the tangential point on the ho-
rizontal axis. According to the definition in Ref. [61], the
projected position of a point on the shape curve can be
written as

Z(0") = x(p)cos(c”) + y(g) sin(a). (38)

For the horizontal projection axis, we have ¢’ =0 and
thus obtain

Zr = xr(pr). (39)
Rr is the curvature radius [61], given by
/ 2 ’ 2 d"D
Rr = | VIXY @+ (9] o (40)
o Y=¢T

By taking the derivative of Eq. (38) with respect to ¢, we
can obtain [62]

tan(o”) = 2 (¢), (41)
Y ()
which allows us to further compute
, 2
Ry = ] @)
x”(‘PT)|

Here we have used the condition of x'(¢r) = 0.
To sum up, in the regime (32), the final expression
(37) for the visibility of the outer or inner higher-order

photon rings is proposed by Ref. [61]. By adopting the
strong deflection limit method, we find that the coeffi-
cients included can be simply evaluated with the help of
Egs. (36)(39) and (42).

V. APPLICATIONS TO SPECIFIC ULTRACOM-
PACT OBJECT

In this work, we take the Schwarzschild star with a
photon sphere as a simple example, while our formulae
can be applied to other ultracompact objects.

The Schwarzschild star is an isotropic self-gravitat-
ing object with a-uniform energy density, being an exact
solution of general relativity [63]. Although sufferring
from the Buchdahl limit [64] and the oversimplified uni-
form matter distribution, it has still attracted great atten-
tion, such as its anisotropy [65, 66], time dependence
[67], connection to the gravastar [68, 69], nonvanishing
positive tidal Love number [70] and power-law tail very
similar to the Schwarzschild black hole in the gravitation-
al wave ringdown waveform [71]. Besides, the Schwarz-
schild star may be the simplest model to study the com-
mon features of ultracompact objects.

The explicit form of the Schwarzschild star metric is
given by (G =c=1)[22, 23, 33, 37]

2
(V-3 v7) . r<r

A(r) = (43)
1- 75, r=R
HL, r<R

B(r) = R\ , (44)
(1 - 7) N r= R

C(r) =1, (45)

where R, =2M 1is the Schwarzschild radius, M is the
ADM mass. R is the radius of the Schwarzschild star, its
value is constrained by the Buchdahl's theorem [64]. Hx
and H, are respectively defined as

R
He=1- 2, (46)
H =1- %rz (47)

We assume that the Schwarzschild star does not emit
electromagnetic waves itself and has an electromagnetic-
ally transparent surface with relatively high absorption
rate in its interior [21, 37, 72], then its optical appearance
may have a dark spot in the center that is consistent with
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current observed images taken by the Event Horizon
Telescope [12, 18]. More importantly, in this scenario
photons can enter the region where r <R, providing the
possibility for the formation of the inner photon rings.

For a Schwarzschild star with 9R,/8 < R < 3R,/2, it is
shown that the geodesic equation (2) is well-defined un-
der the above assumptions, and the lensed photons enter-
ing the photon sphere could reach an observer [37]. In
this configuration, the photon sphere locates at

3
n = =R, 48
n=3 (48)

and the antiphoton sphere locates at [37]

_(R/R)’*  8R/R,-9
Fa= 3 RIR 1™ (49)
From Eq. (5), we can also find [37]
3V3R
e —W (R/Ry)* = (R/Ry)?
— V/16(R/R)* —216(R/Ry) + 243 |. (50)

By taking the Schwarzschild star with R =2.5M as an
example, we first evaluate the accuracy of Egs. (13) and

rs = 3.1M

(18). Their error with respect to numerical results in-
creases as A¢ decrease, and the relative error of u_ is
much larger than that of u,. For A¢ > 27 (that is always
satisfied for higher-order photon rings, see Eq. (19)), we
find that u_ has the largest relative error that is about 7%
when A¢ = 2x, but this value reduces to 0.6% when A¢
increases to 3x. These errors are reasonably accepted in
this work.

With Egs. (23) and (22), we show the shape curves of
its n = 2,3 inner and outer photon rings in Fig. 2. It can be
seen that the n =2 inner ring is nearly circular for a low
inclination (9o = 17°), but its lower half can get clearly
deformed for a high inclination (9o = 85°). The same is
true for the n = 3 inner ring, while for the n =2 or 3 outer
ring, the shape curve is always nearly circular. The term
“nearly" is-adopted here because when the inclination
angle is high, the lower half of the outer photon ring can
deviate from a circular shape slightly. Fig. 2 also shows
that the inner photon rings gradually approach the image
center as the radius rg of the emission disk increases.

Then we use Eqgs. (28) and (27) to obtain the thick-
nesses of the n =2,3 inner and outer photon rings of the
Schwarzschild star with R =2.5M. Results are shown in
Fig. 3. Here we set ri" =3.1M and r3" = 20M, and show
the thicknesses of the n=2,3 inner and outer photon
rings of the Schwarzschild star with R =2.5M. We find
that the thicknesses of these photon rings satisfy the rela-
tion of Au_, > Au_3 > Au,, > Au,z, and the thickness of
the inner rings has a maximum at ¢ = 37/2, similar to that

2.6

—2.6

—5.2

5.2

2.6

—2.6

—52F (@

—5.2

X/M X/M

Fig. 2.

X/M

(color online) The shape curves of the n=2,3 inner and outer photon rings of the Schwarzschild star with radius R=2.5M.

From the first column to the third column, the radius rs of the thin circular emission disk is 3.1M,10M,20M, respectively. The inclina-

tion angle ¥o is 17° in the first row, and 85° in the second row.
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Fig. 3. (color online) The thicknesses of the n=2,3 inner

and outer photon rings of the Schwarzschild star with radius
R=25M, given a thin circular emission disk with inner
boundary i = 3.1M and outer boundary " =20M. (a) The in-
clination angle 9o = 17°, (b) ¥o = 85°.

of the outer ones [39].

To compute the visibility of the higher-order inner
and outer photon rings, we first need to determine the loc-
ation of the tangential points on the shape curve by using
Eq. (36). Assuming that the mass and distance of the
Schwarzschild star with R = 2.5M are the same as M87*
[12], and the inclination of the surrounding thin circular
disk with rg=20M is 9o =85°, we show F(¢) of the
n =2 inner photon ring in Fig. 4. The roots of F(¢) give
o1 of the tangential points, which are marked by the or-
ange solid dots. We find that the number of the tangen-
tial points is 2 for o = 0° or 90°, while the number is 4 for
o =45° or 135°. The locations of these tangential points
on the shape curves are shown in the first column of Fig.
5. We also find that the number of the tangential points of
the n =2 outer photon ring is always 2 and show their
locations on the shape curves in the first column of Fig. 6.

In the second column of Fig. 5 and 6, for each o we
use the blue solid line to show the normalized projected
intensity P, Jyom = P, I/(P,D)max, Which is obtained by ad-
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o
i
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&
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o
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N e N D A |\l
>
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or f\
S
X 1) 7\
S
T
—0.1F i
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Fig. 4.  (color online) F(¢) of the n=2 inner photon ring.
From top to bottom, the projection angle o is respectively
0°,45°,90°,135°. The gravitational lens is assumed to be a
R=2.5M Schwarzschild star with mass and distance equal to
M87*. The light source is a thin circular emission disk with
radius rs =20M and inclination ¢ =85°. The orange solid
dots mark ¢r of the tangential points.

opting a numerical Radon transform algorithm [29], i.e.,
the complete integral of the intensity / along the vertical
lines. On the horizontal axis, we use the orange solid dots
to mark the positions of xr. It can be seen that P, I, in-
deed has a singular behavior at x = xr, which agrees with
the previous discussion. Besides, we find that P, [, of
the n =2 inner photon ring has additional substructures in
|x| < |xr| for o-=0°, which may produce a subdominant
term of the visibility and are beyond the prediction of Eq.
37).

In the third column of Fig. 5 and 6, we use the blue
solid line to show the (normalized) visibility V(u,o) cor-
responding to the numerical P, I, for each o, and use
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(color online) The shape curve, normalized projected intensity P,lnom and (normalized) visibility V(u,0) of the n=2 inner

photon ring. The lens is assumed to be a R = 2.5M Schwarzschild star with mass and distance equal to M87*. The source is a thin circu-
lar emission disk with radius rs =20M and inclination ¢¥o = 85°. The blue solid lines represent numerical results (Radon transform for
PyIhorm and Fourier transform for V). The orange solid dots mark the positions of the tangential points. The orange solid line repres-

ents the visibility given by our formulae.

the orange solid line to show the (normalized) visibility
given by our formulae. It is shown that the oscillating
phase of V(u,o) given by our formulae coincides exactly
with that of the numerical V(u,o), while the amplitude of
it can be different from that of the numerical one, as illus-
trated in the first, second and fourth rows of Fig. 5. The
reason may include the following two aspects. First, the
n =2 inner photon ring can have substructures that are
not contained in Eq. (37) (for the case of o =0°), produ-
cing unpredicted additional interference envelopes in
V(u,0). Second, the numerical algorithm undersamples
in the neighborhood of xy (for the case of o =45° and
135°), making the integral intensity differ from the pre-
diction of Eq. (37) and further affecting the normaliza-
tion of V(u,0). As we shall see below, these discrepan-
cies get reduced when the overall visibility of multiple
photon rings is considered, which indicates that the super-
position of singular tangential points from different
photon rings can weaken the effects of substructures and
undersampling.

Based on the current observational results of M&7*
and Sgr A*, their photon rings should be nearly circular
since the observational inclinations are both estimated to
be low [17]. For these two objects, the number of the tan-
gential points would always be 2 and there would be no
distinct additional substructures in the intensity profile.
Therefore, we expect that V(u,o) given by Eq. (37) can
approximate the actual visibility of the higher-order
photon rings very well.

From Fig. 5, we also find that V(u,0) of the n =2 in-
ner photon ring may have different characteristics de-
pending on ¢. For o =0° and 90°, the only two tangential
points lead to the fact that P, [0, 1S very similar to that of
a circular ring, thus the resulting V(u,o) behaves like a
cosine function. For o= 45° and 135°, distinct envelopes
may appear due to the presence of 4 tangential points,
which are absent in V(u,0) of the outer photon ring and
provide some evidence for the existence of the Schwar-
zchild star. As we can see, the first envelope appears at a
position of approximately 100GA. Given the fact that the



Higher-order inner photon rings of a horizonless ultracompact object with an antiphoton...

Chin. Phys. C 49, (2025)

- 1.0
g o Z 05
= U A u
=25, 1 1 0 1 1
—25 0 25 —25 0 25
- 1.0
E@? m %
3 0 ~ 05
= v ad L_J
—25 [y 1 1 o 1 1
—25 0 25 —25 0 25
- 1.0
/%\ m %
g o Z 05}
= U At L_/)
—25 [ 1 1 oL 1 I
—25 0 25 —25 0 25
- 1.0
/C_Cé m %
g o =05}
A RS )
=25 [y 1 1 1 1 1
—25 0 25 —25 0 25
(1) B(uas)

Fig. 6.

© :
= i
=

V(u,0) V(u,0)

V(u, o)

|| — 0=0°

1 1 1
0 100 200 300 400

il —— 0=45°

0 100 200 300 400

“ — 5=90°

0 100 200 300 400

il — 0=135°

200 300

u(GX)

0 100 400

(color online) The shape curve, normalized projected intensity P,lhom and (normalized) visibility V(u,o) of the n=2 outer

photon ring. The physical setup and color representation are the same as in Fig. 5.

intensity of the photon rings decreases exponentially as
the order n increases, and the width effect causes the vis-
ibility modulus to exhibit a staircase-like shape where
lower-order photon rings dominate higher steps [27], the
observability of the n = 2 inner photon ring at 100GA will
be crucial for distinguishing the ultracompact object from
the black hole. Although the current observational capab-
ility of the Event Horizon Telescope is around 10GA [13],
in the future it is highly promising to achieve resolutions
corresponding to several tens to 100 GA, with the fre-
quency upgrading of the next-generation Event Horizon
Telescope [28, 29, 73], or the realization of the space-
borne very long baseline interferometry with a baseline
equivalent to the Earth-Moon distance [27, 37]. At that
time, it will be very likely to distinguish the photon-ring
differences between the ultracompact object and the black
hole at 100 GA in the visibility regime.

A. Overall visibility of the inner and outer
photon ring pairs

An ultracompact object is shown to have at least an
unstable photon sphere and a stable antiphoton sphere

[56, 57], which leads to the fact that Eq. (5) can always
be satisfied. From the point of view of the effective po-
tential, if there are strongly deflected photons outside the
photon sphere, there will also be strongly deflected
photons inside the photon sphere. Thus, the inner and out-
er photon rings will appear simultaneously for an ul-
tracompact object. Motivated by this, we show the over-
all visibility of the n =2 inner and outer photon rings in
Fig. 7. Here we assume the integrated intensity on the
shape curves is equal everywhere, i.e., 7(s)=1. As we
can see, the overall visibility given by our formulae are
still in good agreement with the numerical ones. This
good match may imply that by superimposing the tangen-
tial points of different photon rings, we can potentially
generalize our results to approximate the visibility of a
photon ring with thickness.

In addition, we also find that the overall visibility gets
more complicated than the individual inner one shown in
Fig. 5 (or outer one shown in Fig. 6). However, given that
the intensity of an inner ring should actually be quite dif-
ferent from that of an outer ring due to the effect of grav-
itational lensing and gravitational redshift [26, 33, 36,
49], and that the thickness of a photon ring may cause its
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(color online) The overall (normalized) visibility V(u,0) of the n= 2 inner and outer photon rings. The physical setup and col-

or representation is the same as in Fig. 5. The integrated intensities of the inner and outer rings are assumed to be identical.

intensity profile to decrease exponentially [27, 40], the
actual overall visibility may get simplified with a stair-
case-like structure.

Finally, we give {Zr,Rr,St,Zr} for the visibility of
the n=2 and 3 photon rings of the Schwarzschild star
with radius R =2.5M in Table | and 2, respectively. In
addition, the visibility of the n = 3 inner and outer photon
rings are shown in Appendix. A.

VI. CONCLUSIONS AND DISCUSSION

Horizonless ultracompact objects are a class of black
hole mimickers that possess an unstable photon sphere.
The accretion disk around an ultracompact object can
form outer photon rings under strong deflection gravita-
tional lensing, similar to a black hole. But unlike the
black hole, the ultracompact object can also have a stable
antiphoton sphere, giving rise to distinctive inner photon
rings. These inner rings are key to distinguishing the ul-
tracompact object from the black hole.

In this paper, we present analytical descriptions of the
shape, thickness and interferometric pattern of the inner
and outer higher-order photon rings around an ultracom-
pact object that has an unstable photon sphere but no
event horizon. These descriptions are based on the strong
deflection limit method with the finite distance effect for
the black hole [32] and for the ultracompact object [37],
providing a convenient way to explore the observational
characteristics of the ultracompact objects in the radio
wavelength band.

By taking the Schwarzschild star with radius
R =2.5M as the gravitational lens and considering a thin
circular emission disk on its equatorial plane, we find that

Table 1. {71,Rr,St,Zr} for the visibility of the n =2 photon
rings of the Schwarzschild star with radius R =2.5M.
n=2
Inner ring Outer ring
It (1,1 (LD
. Rr(x107) (0.0304,0.0304) (0.0791,0.0791)
s (-1.1) (1.1
Zr(x107%) (0.0798,-0.0798) (0.0967,-0.0967)
It (1,1,1,1) (1,1)
. Rr(x107%)  (0.0812,0.0249,0.0209,0.0652)  (0.0962,0.0973)
77 St (-1,1,-1,1) (-1,1)
Z1(x1072)(0.0830,-0.0515,-0.0522,-0.0614) (0.0962,—0.0979)
It (1,1 (LD
Rr(x107%) (0.0827,0.0619) (0.0962,0.0978)
o =90°
St (-1,1) (1,1)
Zr(x107%) (0.0832,-0.0611) (0.0962,-0.0980)
It (1,1,1,1) (1,1)
3 Rr(x107%)  (0.0812,0.0249,0.0209,0.0652)  (0.0962,0.0973)
7= St (-1,1,-1,1) (-1,1)

Z1(x1079)(0.0830,-0.0515,-0.0522,-0.0614) (0.0962,—0.0979)

(1) The n =2 inner and outer photon rings are nearly
circular for a low inclination.

(2) The lower half of the n=2 inner ring can get
clearly deformed for a high inclination.
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Table 2. {Zt1,Rr,St,Zr} for the visibility of the n = 3 photon
rings of the Schwarzschild star with radius R =2.5M.
n=3
Inner ring Outer ring
It (1,1) (1,1)
RT(X10‘9) (0.0388,0.0388) (0.0986,0.0986)
=0
St -1, (=L1)
ZT(><10‘9) (0.0913,-0.0913) (0.0961,-0.0961)
It (1,1) (1,1)
RT(X10‘9) (0.0923,0.0861) (0.0961,0.0961)
o =45°
St (-1, (-L1)
ZT(XIO’g) (0.0928,—0.0842) (0.0960,—-0.0961)
It (1,1) (1,1)
RT(X10‘9) (0.0927,0.0845) (0.0960,0.0961)
o =90°
St (-1, (1,1)
Zr(x1 0*9) (0.0929,-0.0841) (0.0960,—-0.0961)
It (1,1) (1,1)
RT(X10‘9) (0.0923,0.0861) (0.0961,0.0961)
o =135°
St (-1, (-L1)
Zr(x107%) (0.0928,-0.0842)  (0.0960,—0.0961)

(3) The nth-order inner ring is always thicker than the

nth-order outer ring.

(4) The phase of the visibility is exactly determined
by the tangential points on the shape curve of a photon

ring.

(5) The n =2 inner ring has more distinct features in

both the intensity profile and the visibility than the n =2
outer ring, and can generate new envelopes in the visibil-
ity for a high inclination. These new envelopes have the
potential to be detected by the Earth-Moon baseline inter-
ferometry.

(6) By using the strong deflection limit approach, we
can quickly and efficiently generate the interferometric
pattern of the higher-order photon rings, which can match
the numerical result well.

We do not consider the spin effect of the spacetime
because the analytical method herein is established with-
in the spherically symmetric framework, and numerical
results have shown that such an effect on the shape and
other properties of the photon rings should be small [28,
29, 74]. Nevertheless, the spin of spacetime still holds

profound theoretical and observational significance. For
instance, the frame-dragging effect due to spin can in-
duce significant azimuthal rotation within different levels
of photon rings and echo signals [75, 76], which may lead
to new features in the corresponding interferometric sig-
natures. To include the spin effect, the key elements of
analytical studies are the analytical metric describing a
spinning ultracompact object [77-81] and the analytical
approximation for light deflection in the spinning ul-
tracompact object spacetime. However, the latter is still
under development up to now [82], which means that
constructing the shape curves of higher-order photon
rings of the spinning ultracompact object can only rely on
numerical algorithms for the time being [83].

Once the shape curves of the inner and outer photon
rings around a spinning ultracompact object is obtained,
we can still use the visibility approximation (37) to gener-
ate the interferometric pattern since it is applicable to
closed curves with arbitrary shape [61], and we expect
that the introduction of the spin effect will not change its
form; but only change the number of the tangential
points. However, according to the thickness analysis in
Sec. 111, it may be easy to go beyond the regime (32),
e.g., the baseline length u needs to be smaller than 50G2
(that roughly corresponds to the thickness of 1M) for the
n =2 inner photon ring. Thus Eq. (37) should be general-
ized for u > 50GA, which deserves future work.

The overall visibility of the outer photon rings is actu-
ally staircase-like due to their different intensities [27,
40]. The n =1 outer ring dominates the highest step, the
n =2 outer ring dominates the second highest step and so
on. The presence of the inner photon rings may change
these relations. Our analytical formulae can provide a
computationally cheap way to study the correspondence
between the visibility step height and the order of the
photon ring. This will be our next move.

Appendix A. The projected intensity P,/ and cor-
responding visibility of the n = 3 photon
rings
In Fig. A1, we show the shape curve, normalized pro-
jected intensity P,Lom and (normalized) visibility
V(u,0) of the n = 3 inner ring. In Fig. A2, we show those
of the n =3 outer ring. In Table 2, {7, Rr,St,Zr} for the

visibility of the n =3 photon rings around the Schwarz-
schild star with R =2.5M are given.
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