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Abstract: We investigate the properties of the radially excited charged pion, with a specific focus on its electro-
magnetic form factor (EFF) and its box contribution to the hadronic light-by-light (HLbL) component of the muon's
anomalous magnetic moment, a,,. Utilizing a coupled non-perturbative framework combining Schwinger-Dyson and
Bethe-Salpeter equations, we first compute the mass and weak decay constant of the pion's first radial excitation. Ini-
tial results are provided for the Rainbow-Ladder (RL) approximation, followed by an extended beyond RL (BRL)
analysis that incorporates meson cloud effects. Building on our previous work, this analysis demonstrates that an ac-
curate description of the first radial excitation can be achieved without the need for a reparametrization of the inter-
action kernels. Having demonstrated the effectiveness of the truncation scheme, we proceed to calculate the corres-
ponding EFF, from which we derive the contribution of the pion's first radial excitation to the HLbL component of
the muon's anomalous magnetic moment, producing aj' “POX(RL) = —(2.03+0.12) x 10713, ay ~bOX(BRL) =
—(2.02+0.10)x 10713, Our computation also sets the groundwork for calculating related pole contributions of ex-
cited pseudoscalar mesons to a,,.
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I. INTRODUCTION

Understanding the origin of the mass spectrum and
the structural properties of hadrons is, unquestionably,
one of the key challenges in modern physics. Nucleons
(protons and neutrons) naturally take a center stage in this
endeavor, being the foundations of atomic nuclei and thus
contributing predominantly to the visible matter [1, 2]. At
the same time, the importance of providing a simultan-
eous description of the pion and kaon, the lightest had-
rons in nature, is becoming increasingly clear [3—5]: at a
certain level of approximation, these systems are the mes-
sengers of the nuclear force [6]; and, on the other hand,

their origin is completely linked to the emergence of mass
within the Standard Model, as they are regarded as the
Nambu-Goldstone (NG) bosons associated with dynamic-
al chiral symmetry breaking (DCSB) [7]. The interest in
m—K mesons is further boosted by advances in modern
experimental facilities, which enable their structure to be
mapped with unprecedented precision [8§—12]. From a
theoretical point of view, we expect quantum chromody-
namics (QCD), one of the fundamental forces defining
the Standard Model (SM) of Salam, Weinberg and
Glashow, to be the underlying theory describing strong
nuclear interactions [13, 14]. However, progress in unrav-
eling QCD presents a multitude of challenges. Firstly, the
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fundamental degrees-of-freedom, i.e. quarks and gluons,
cannot be observed in isolation; instead, due to color con-
finement, the detectable objects are color-singlet bound-
states known as hadrons. Secondly, while asymptotic
freedom causes the strong interaction coupling to dimin-
ish at high energy scales, making a perturbative approach
to QCD possible, several static and dynamic properties of
hadrons are dictated by the opposite end of the energy do-
main [15]. Therefore, the infrared complexities of QCD
demand the use of non-perturbative methods, such as lat-
tice QCD [16, 17], the Schwinger-Dyson equations
(SDE) approach [18, 19], and effective theories [21, 22].

A fundamental aspect of grasping and tackling the
challenges of the strong interactions is the characteriza-
tion of the excited states of hadrons [2, 23]. This under-
standing helps us identify how modifications in these ex-
cited systems emerge, although these are composed of the
same constituents as the corresponding ground states [24,
25]. With that in mind, the present study focuses on
studying aspects of the static and structural properties of
the pion's first radial excitation, 7(1300), including those
revealed by its elastic electromagnetic form factor (EFF).
Certain characteristics of the m(1300) are anticipated
whatsoever:

* As a first radial excitation, the 7(1300) system is ex-
pected to exhibit a node in its corresponding wavefunc-
tion [26, 27].

* The mass of the ground-statepion (m, = 0.139 GeV)
is roughly 1/5 that of its vector meson counterpart, the p
meson. However, for the first excitations, this ratio is ap-
proximately ~ 0.9, [28].

* In contrast to the NG modes, which posses a non-
zero leptonic decay constant in the chiral limit
(f°~0.130 GeV), the decay constants of their radial ex-
citations must vanish [29, 30]. For physical quark masses,
these should remain small, < 0.1 0 [31-34].

Throughout this work, we employ the coupled form-
alism of SDEs and the Bethe-Salpeter Equation (BSE) for
two-particle relativistic bound-states. This approach has
become an increasingly powerful non-perturbative tool
for studying hadron physics, enabling a wide variety of
their properties to be addressed, see e.g. [35—47]. The
SDE-BSE framework captures essential traits of QCD,
such as confinement and DCSB; it allows hadron-related
observables to be largely traced back to the theory's
Green functions, thereby preserving a direct link to QCD.
We expect and observe this link to persist for the excited
states such as 7(1300). Regarding the latter, we focus on
the computation of its space-like EFF. For this purpose,
we employ both the typical Rainbow-Ladder (RL) ap-
proximation [48, 49], and a beyond RL (BRL) scheme

that permits us to incorporate meson cloud effect (MCE)
in a rigorous manner, [43—45, 50]. The MCE is anticip-
ated to be crucial in the time-like EFFs. Its contribution in
the space-like domain is nuanced and limited to Q> >0
[43, 44, 51]. However, this is precisely the domain that
determines the corresponding box-diagram hadronic
light-by-light (HLbL) contribution to the muon anomal-
ous magnetic moment, a, =(g,—2)/2, [45, 46]. On the
other hand, the remarkable success of the SM in explain-
ing visible matter continues to be unrattled. Only preci-
sion observables, such as a,, can put it to test [52, 53].
For these reasons, extending our previous explorations on
the ground-state 7 —K box [45] and pseudoscalar-pole
contributions [39], we also evaluate the corresponding
contribution to the anomalous magnetic moment of the
muon, i.e; @™, The produced outcomes shall be
contrasted with expectations from vector meson domin-
ance (VMD). Likewise, it will be analyzed to what ex-
tent this result is influenced by the details of the corres-
ponding Bethe-Salpeter wavefunction.

The manuscript is organized as follows. In Section I,
we recall the key ingredients of the SDE/BSE formalism
and in Section III the truncations employed. Section IV
presents numerical results for the EFF of the pion's first
radial excitation 7(1300) for space-like photons. We also
outline the essential components required to analyze its
box-diagram HLbL contribution to g, and proceed to
compute them explicitly. Finally, in Section V, we sum-
marize our conclusions and discuss the potential avenues
for future research.

II. SDE AND BSE FORMALISM

In this section we summarize the main elements of the
non-perturbative approach to QCD, based on the SDEs
and BSEs, to compute the 7(1300) space-like EFF. For a
more comprehensive and pedagogical review of the topic,
we refer the interested reader to Refs. [18, 19]. It is im-
portant to note that all calculations are carried out in the
Euclidean space-time.

Quark propagator: The quark propagator can be ob-
tained by solving its SDE, which takes into account the
self-interactions of quarks through their interaction with
the gluon field. The dressed quark SDE reads as follows:

S (p) =28, (p) =218 Cr
d*q . , ,
% 2n)* iy"'S (@ (g, p) D (K), (D
where f denotes the flavor of the quark. The renormaliza-

tion constants Z;; and Z, account for the renormalization
of the quark-gluon vertex and the quark propafator, re-

spectively. Additionally, the constant Cr= 3

corres-
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ponds to the color Casimir, considering the number of
colors in the fundamental representation as N, =3. The
inverse tree-level propagator is given by

Sor(p) = ip+Zumy, )
where m; represents the renormalized (by the renormaliz-
ation factor Z,) quark mass obtained from the QCD ac-
tion. The dressed quark-gluon vertex, T'q,,, encodes a
complex structure that incorporates not only gluonic in-
teractions but also effective meson exchange contribu-
tions. The symbol D, (k) represents the full gluon
propagator. In the Landau gauge, it can be expressed as

follows:
k,k,
k2

with Z(k?) being the gluon dressing function. For the sim-
plicity of notation, we have suppressed the color indices.
The solution for the dressed quark propagator, Eq. (1),
can be written in the form,

Z(k?)
K

D, (k) = (%— 3)

1 —ip+Mi(p?)

S0 = T D

“)

For each quark flavor f, the dressed quark propagator is
described by two independent dressing functions, namely
Ay(p*) and M(p*). The latter represents the dynamically
generated mass function. It can be identified with the run-
ning mass of the quark as a function of momentum
squared p*. These dressing functions provide a compre-
hensive description, not only of the quark propagator, but
also of the three-point interaction vertex between quarks
and gluons, incorporating quantum corrections as well as
nonperturbative aspects of QCD.

The Bethe-Salpeter Amplitudes: Mesons as relativ-
istic bound states of a quark and an anti-quark are de-
scribed by the Bethe-Salpeter amplitude (BSA), ['(p, P).
It can be derived via the homogeneous BSE, which reads,

(F)aa,bﬁ (ps P) = /K;g:;;; (P, p, Q) X S rp,e€ (kl)

q

X (r)eg,nv (61, P) S nv,so (kZ) . (5)

The total momentum of the meson is represented by P,
the relative momentum between the quark and antiquark
is denoted by p, whereas the internal relative momentum,
which gets integra}‘ted over, is denoted as ¢ (note that the

symbol fq = f ﬁ stands for a Poincaré covariant 4-

momentum integration). The internal quark and anti-
quark momenta are conveniently defined as k; = g+ P/2

and k, = ¢— P/2, respectively, such that P =k —k, and
q = (ky +k»)/2. Latin letters represent Dirac indices while
the Greek letters represent flavour indices. The Dirac part
of the BSA can be expanded in a tensor basis which, in
the case of pseudoscalar mesons, consists of four inde-
pendent tensor structures [54]. These basis tensors
provide a suitable framework to describe the spatial as
well as the spin structure of the meson. The two-body in-
teraction kernel K encodes all possible interactions
between the quarks and antiquarks within the bound state.
It naturally takes into account the strong interaction dy-
namics and it contributes to the overall structure and
properties of the meson under consideration. As detailed
later on, the specific/ form of the two-body kernel would
be linked to the truncation scheme applied in the SDE of
the quark propagator.

It is important to note that solving Eq. (5) provides
the bound-state mass and the corresponding BSA. Once
the BSA is properly normalized, [55], the pseudoscalar
meson leptonic decay constant follows directly from the
well=known expression [54],

d4
ferp = VN.Z,Tr / 2ﬂ’§475PS<k1>r(q,P)s<k2>. (6)

(

Both mass and decay constants strictly constrain the in-
volved model parameters, which allows these to be fixed
with great precision. This will be addressed later.

Quark photon-vertex: The quark-photon interaction
vertex (QPV) is a quantity of particular interest in study-
ing the electromagnetic interactions of quarks. It de-
scribes the coupling between quarks and photons and
plays a crucial role in processes involving electromagnet-
ic probes. The fully-dressed QPV, denoted as I'*, can be
described using an inhomogeneous BSE as follows:

(Fu)aa,hﬁ (p’ Q) = ZZ (7’“)“;, ta/}
+ / K5 (0,0:9) S rpee (ky)
q

X (Fl#) eeny (Q’ CI) S nv,so (kZ) 5 (7)
where the symbols have the usual meaning already ex-
plained. As far as the kinematics are concerned, Q de-
notes the probing photon momentum, while p and ¢ rep-
resent the external and internal relative momenta between
the quark and antiquark, respectively. The internal quark
and antiquark momenta are defined as k; = g+ Q/2 and
ky =q—Q/2, ensuring that Q =k, —k, and g = (k; +k»)/2.
Again, the Latin letters are used to denote Dirac indices,
while the Greek letters represent flavour indices. The
isospin structure of the vertex 1is given by
tys = diag(2/3,-1/3,-1/3). Our calculation includes all
eight basis vectors transverse to the photon momentum
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and four non-transverse vectors, thus constituting a com-
plete basis for the decomposition of the QPV [56, 57].

Electromagnetic Form Factor: The interaction
between a virtual photon and a pseudoscalar meson can
be described by a single EFF, F),(Q?%), which can be con-
veniently expressed in terms of the matrix element of the
electromagnetic current as:

PP P(p2)) = e(pi + p2) Fu(Q?). @®)

Here, Q = p; —p, represents the four-momentum of the
probing photon, e is the elementary electromagnetic
charge, P(p;) and P(p,) denote the incoming and outgo-
ing meson states, respectively. On the other hand, at the
level of the meson BSA, the dressed quark propagators
and the strong interactions, this electromagnetic current
J# can be written as follows

JH = PLGo(T* — K*)GoWi . )

In this expression, ¥, and W} represent the BSA of the
incoming and outgoing meson, respectively. G, encodes
the appropriate product of the dressed quark propagators.
Moreover, T'* corresponds to the impulse approximation
(IA) diagrams, representing only the coupling of photons
to the dressed valence quarks. It is expressed as follows:

M=(s"'es")' =r"es'+57eI*, (10)

where S! is the inverse quark propagator. The second
term in expression (9), involving K*, accounts for the ef-
fects beyond the impulse approximation and represents
the interaction of the photon with the Bethe-Salpeter in-
teraction kernel. Inclusion of both terms in the electro-
magnetic current, Eq. (9), is essential in ensuring electro-
magnetic charge is conserved.

In order to compute the electromagnetic current in Eq.
(9), it is necessary to carefully analyze the ingredients in-
volved, such as the quark propagators, meson BSA, the
three-point QPV and the corresponding interaction ker-
nels. This is what we set out to do in the next section.

III. TRUNCATION

To solve the infinitely coupled system of integral
equations, non-perturbative truncations are required for
the interaction kernel of the BSE together with the SDE
for the quark propagator [58—60]. These truncations must
adhere to symmetry principles, as well as the matching
with the perturbation theory in the weak coupling regime
[57, 61-63]. One important aspect is the correct imple-

mentation of chiral physics which ensures that ground-
state pions become massless bound states when the cur-
rent quark masses are set to zero, the chiral limit [48, 49];
in other words, the emergence of pions as NG modes
must be guaranteed. Additionally, the U(1) vector sym-
metry entails charge conservation, which is crucial for the
accurate calculations of EFFs. To achieve these object-
ives, the truncation must satisfy two important identities:
the Axial Vector Ward-Green-Takahashi identity (AxG-
WTI) for appropriate implementation of chiral symmetry,
and the Vector Ward-Green-Takahashi identity (VWGTI)
for correct incorporation of charge conservation [64].

In order to calculate the quark propagator, the BSA,
and the EFF of the 7(1300), we employ a truncation that
includes (i) a flavor-blind dressed quark-antiquark gluon
exchange that supplies the necessary interaction strength
for forming mesonic bound states, and (ii) a meson-ex-
change mechanism that serves as a faithful representa-
tion of the MCE.

A. Rainbow-ladder and Meson cloud

A straightforward non-perturbative truncation that
simultaneously preserves the AXWGTI and the VWGTI
within the SDE/BSE formalism is known as the RL trun-
cation. In this truncation, the BSE interaction kernel is
simplified to a vector-vector gluon exchange with an ef-
fective coupling denoted as a(k?). The interaction kernel
can be expressed as follows,:

Koo (Q.p.q) = a (k) ¥4, v5, D () 8767, (11)

where we have omitted the color indices for the sake of
notational simplicity. Here, k = p—q represents the mo-
mentum flowing through the gluon propagator. The ef-
fective coupling a(k*) determines the strength of the
quark-antiquark interaction in this truncation. Further-
more, the structure of the truncated quark SDE is driven
by the corresponding consistent substitution:

Z1 1y, Z(OT (q, p) — Zoy,Ama(kP)y, . (12)

These substitutions corresponds to the RL truncation.

For the purpose of this article, we employ the widely
and reliably used Maris-Tandy (MT) interaction model to
mimic the effective coupling both in the perturbative and
the non-perturbative regions. It is described by the fol-
lowing expression [65]:

2\ 2 2

24
i 67'7 A2 4
A?

2y (1 —e"qz/AYZ)
Infe? =1+ (1 +¢*/Agcp)*]
(13)

a(q?) =y’ (

This truncation model of the SDEs is composed of two
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terms. The first one, which contains a Gaussian function,
dominates in the infrared region and provides sufficient
interaction strength for the right amount of DCSB to oc-
cur. Note that the specific functional form of this term in
the deep infrared has no significant effect on the results,
as long as it provides adequate infrared enhancement
[62]. The second term dominates in the ultraviolet region
and reproduces the one-loop behavior of the quark
propagator in QCD at large momenta. The MT model in-
cludes two free parameters, namely A and 7, which are
typically determined by fitting the model to match the
ground-state pseudoscalar mass and its weak decay con-
stant. In the SDE/BSE framework, the running quark
masses m, and m, are also introduced as input paramet-
ers. Additionally, we incorporate a scale A, =1 GeV,
which is included for technical reasons and does not af-
fect the computed observables. The anomalous dimen-
sion v, is given by vy, = 12/(11N.—-2N,) = 12/25, where
N, =4 represents the number of quark flavors and N, =3
as mentioned before. Moreover, we adopt the QCD mass
scale of Agcp =0.234 GeV.

At this point, it is worth pointing out that the RL trun-
cation is generally dependable for most pion, kaon, and
nucleon related observables, primarily due to its preserva-
tion of key symmetries (see e.g. Refs. [36—42]).
However, when applied to different systems, including
the excited states, it requires improvement. For instance,
it has been shown in the literature, including in Refs. [26,
31, 66], that the simplicity of the RL truncation does not
produce an excited pion mass that is sufficiently large.
Typically, this kind of problems are circumvented by arti-
ficially inflating the infrared parameters of the interac-
tion kernel, which is rather unsatisfactory [67]. Other
hadron-related quantities further highlight the limitations
of the RL truncation. As far as EFFs are concerned, the
RL scheme turns out to be insufficient for calculating
time-like EFF, as it does not properly account for the ana-
lytic structure required in this regime, since it treats
meson resonances as stable particles, leading to real-val-
ued masses without any decay widths [43, 44].

With the above discussion in mind, following our pre-
vious investigations [43, 45, 50], we shall supplement the
gluon exchange term between the quark and the anti-
quark with the inclusion of explicit mesonic contribu-
tions into the SDE/BSE system. These ideas were intro-
duced to this formalism, firstly, in Refs. [68—70]. This
extended scheme is the BRL truncation. Technical de-
tails on the BRL truncation can be found in Appendix A
and in Refs. [43, 45, 50]. The inclusion of meson ex-
change contributions in the BRL truncation introduces a
multi-particle branch cut in the quark-photon vertex,
starting at the two-pion production threshold. This modi-
fication leads to a form factor with the correct analytic
structure in the time-like region, addressing the unphysic-
al results observed in simpler truncations. As a result, the

BRL truncation enables theoretical predictions that align
more closely with experimental observations, demonstrat-
ing its improved accuracy over traditional approaches.

IV. NUMERICAL SOLUTIONS

We divide this section into three natural subsections.
First, the masses, decay constants, and BSAs of the pion's
first radial excitation are computed using both RL and
BRL truncations in the process. After obtaining the best
description of the aforementioned quantities, we com-
pute the corresponding EFF; this is done along the same
lines we do it for the ground-state pion [45]. By employ-
ing the well-known master formula [71], we later use the
box diagram to calculate the radial pion's HLBL contribu-
tion to the anomalous magnetic moment of the muon.

A. Radial excitation

The homogeneous BSE, Eq. (5) (either with the RL or
the BRL truncation) can be solved numerically by trans-
forming this equation into an eigenvalue problem. This is
plainly achieved by introducing a function A(P*) on the
right hand side of the BSE. The physical solutions are
located on the mass shell points P> =-M2, and occur
when A(P>=-M?)=1; here M3 corresponds to the
ground state mass of the meson and M? (n > 1) is then the
n™ radial excitation mass squared. The calculation of the
meson BSAs can be simplified when we expand them in-
to Chebyshev polynomials of the second kind, where the
angular dependence can be factor ed out (consult Ap-
pendix C). For a detailed discussion, we recommend re-
ferring to Ref. [72]. Additionally, pseudoscalar mesons
with the same quark masses are C-parity eigenstates,
which entails that the meson BSAs are even in the angu-
lar variable z = ¢g- P. Therefore, when the BSAs are fac-
torized into Chebyshev polynomials the only contribu-
tions arise from the even Chebyshev moments (see e.g.
Ref. [26]). A total of six Chebyshev polynomials are suf-
ficient for a proper description of the pion excited state.

On another relevant numerical aspect, it is well
known that in order to solve the corresponding homogen-
eous BSE, the quark SDE has to be sampled in the com-
plex plane. In this article, the analytical continuation to
the complex plane is performed via the Cauchy theorem
(see Appendix B). Nevertheless, the numerically access-
ible region is limited by the position of the first pair of
complex-conjugate poles of the quark propagator. For
this reason, we use a parameterization of the quark
propagator in terms of pairs of complex conjugate poles
fitting the solution in the complex plane. Further details
on this issue can be found in Appendix B.

Notably, the radial excitations were calculated by fix-
ing the free parameters of the MT interaction to A =0.78,
n€{1.60,1.65,1.70} and m,;, = 3.7 MeV - the same used
for the ground-state pion. The resulting masses and de-
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cay constants are collected and compared to measure-
ments in Table 1. As can be seen, the mass of the 7(1300)
is perfectly aligned with its empirical value [28]. The de-
cay constant is small, and it has the expected order of
magnitude [31—34] and, in fact, matches the expectations
from QCD sum mles, —fﬂ(1300) = 16(3) MeV [32]
Moreover, in the chiral limit, the latter would be identic-
ally zero, thus fulfilling the requirements of symmetry
principles [29, 30]. This significant result demonstrates
that the BRL truncation adheres to the requirements of
the AxWGTI [27]. Concerning the structure of the BSA,
Fig. 1 reveals that the 0—th Chebyshev moment of the
dominant amplitude (that attached to the ys structure,
[54]), develops a node. The zero-crossing occurs at
k* ~0.6GeV>. It reflects the excited-state nature of the
n(1300) and highlights the structural differences com-
pared to the ground state. These distinctions, among oth-
er factors, are also evident in the distribution amplitudes
[27].

As previously discussed, the RL truncation is limited
in its ability to describe both the ground state and the first
radial excitation of the pion simultaneously with a single
set of parameters in the MT interaction. Specifically in
our case, while the RL truncation can yield a good estim-

Table 1. Masses and decay constants computed in RL and
BRL truncations compared with the experimental (Exp.) data,
extracted from [73]. The blank space indicates that there is no
data available. All values are given in GeV.

My fr Mz(1300) I
RL 0.145(2) 0.139(2) 1.32(4) -0.0019(4)
BRL 0.139(2) 0.130(2) 1.29(4) 20.0017(4)
Exp. 0.139 0.130 1.30
T T T T T asshas
1 7(1300) ——
0.8 - _
0.6 -
S o04r
=
< 02t
&
0 -
—02 |
o6 I I I I I I
0 0.5 1 1.5 2 2.5 3
4 (GeV)
Fig. 1.  (color online) Leading Chebyshev moment of the

dominant BSA: H=nr, the ground-state pion (solid), and
H = n(1300), its first radial excitation (dashed).

ate of the 7(1300) mass, it fails to accurately capture the
decay constant of the ground state, leading to a marked
deviation from expected values.

In contrast, our findings demonstrate that the BRL
truncation effectively overcomes the limitations of the RL
approach, in exchange for an a priori minimal violation
of the VWGTIL. This issue is resolved as in Appendix A.
On the flip side, by incorporating meson exchange contri-
butions, the BRL truncation allows for a consistent and
accurate description of both the ground state and the first
radial excitation of the pion using a single, unified set of
parameters within the MT . interaction. This not only sim-
plifies the modeling process but also enhances the pre-
dictive power of the framework, as it avoids the need for
separate parameter tuning for different states. This out-
come highlights the strength of the BRL truncation in ac-
curately capturing the properties of both states within a
unified framework, offering an improvement over the RL
truncation for the first radial excitation of the pion.

With the accurate description of both states at hand,
the' BRL truncation can potentially lead to a good descrip-
tion of the EFF of the n(1300) and, subsequently, its box
contribution to the muon g—2.

B.

Building on the framework established in the previ-
ous sections, we proceed to calculate the EFF of the
7(1300) using the same set of free parameters that suc-
cessfully describe both the ground state and the first radi-
al excitation of the pion simultaneously. The EFF is com-
puted by evaluating the electromagnetic current as
defined in Eq. (9). To manage the computational com-
plexity, the EFF is calculated within the impulse approx-
imation [36]. While this approach simplifies the numeric-
al calculations, it still captures the essential features of
the m(1300)'s electromagnetic structure. The final out-
come is presented in Fig. 2. The corresponding charge ra-
dius follows from the standard definition:

n(1300) electromagnetic form factor

dF(Q%)

2 _
rr=-6 10°

(14)

|Q2:0 >

by applying this equation, we obtain a charge radius for
the first radial excitation of the pion, ryis0 = (0.583+
0.010) fm; the uncertainty here accounts for the variation
of n within the selected range. Notably, this value is com-
parable to that of the ground state, with r,300)/7z =~ 0.88,
despite the significantly larger mass of the excited state,
My1300)/Mx = 9.3. Among other implications, it suggests
that the spatial extent of the excited state and the ground
state are comparable. In order to compare our results with
other methods, we also estimate the 7(1300) EFF using a
vector meson dominance (VMD) model. The VMD ap-
proach offers a phenomenological description of the form
factor, where the photon is assumed to couple to the pion
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0.4 0.6 0.8 1 1.2

0 0.2
Q*(GeV?)
Fig. 2. (color online) The 7(1300) EFF for a space-like mo-

mentum Q2 calculated with BRL truncation for two values of
n and compared with the VMD model from Eq. (15).

through intermediate vector mesons. The form factor is
modeled as:

2 2

Fn'(Q2)=( N

m/% +Q? mlz,, +Q?

Jiasp. as

with 8=0.36+£0.10, (estimated from the parametrization
in Ref. [74] for F,(Q%). Here, m, and m,, are the masses
of p and p’ mesons, respectively, and Q? is the probing
photon momentum squared. It is important to recognize
that direct phenomenological constraints on the electro-
magnetic form factors of radially excited mesons such as
the 7(1300) and K(1460) are as yet unavailable. In light
of this, and in order to establish an initial reference point,
we adopt the VMD used for the ground state and apply it
to the excited states. This choice is particularly motiv-
ated by the fact that the flavor content and quantum num-
bers remain unchanged. While this approach does not ac-
count for the accuracy, detail, or dynamical complexity of
the excited states, it provides a reasonable starting point
in anticipation of future experimental data and theoretic-
al developments. The VMD model offers a complement-
ary approach to our direct calculation within the BRL
truncation, providing a useful cross-check for the accur-
acy and consistency of our explorations. The VMD-de-
rived EFF, calculated using Eq.(15), is displayed along-
side our primary results in Fig. 2, allowing for a direct
comparison between the two methods. Corrections to the
VMD parametrization coming from missing chiral and
unitarity corrections (see e. g. ref. [75]) are larger in the
timelike —particularly around the p(770) resonance peak,
where the form factor magnitude increases by
~20%—than in the spacelike domain, where they would
anyhow be comparable to the difference between the
BRL and VMD results in fig. 2.

C. Box contributions to HLbL
Following our previous effort [45], we investigate the

P-box contributions (P =x(1300)) denoted as aj, "*. To
calculate such hadronic light by light (HLbL) contribu-
tion to the muon's anomalous magnetic moment, a,, we
employ the master formula derived in [71], which reads:

3
@

12
P—box _ = P—box
i ‘WLZTi(QlQ%T)W (01,05,7), (16)

where a.,, is the QED coupling constant and fQ denotes
the integration over the photon momenta, Q;,, and the
cosine  of  their relative angle, 7. = With
03 = O3+ 03 +2|0,||Qslr, the functions TTF** are ex-
pressed as:

701,03, 03) = Fe(0)) Fp(03)Fp(Q3)
1 1 I—x
X 16772/0 dx/0 ayli(x,y);  (17)

the scalar functions 7; and I; are provided in Appendices
B ‘and C, respectively, of Ref. [71]. Thus, the only in-
gredient we need is the n(1300) EFF, Fp(Q?) which we
have evaluated in the previous sub-section.

After determining the 7(1300) EFF, we can compute
its box contribution to a, from the master formula of Eq.
(16), where the integration can be performed by employ-
ing the CUBA integration library [76]. First, using the
VMD model of Eq. (15), we obtain the following contri-
bution,

(18)

PO VMD = (1,85 £0.06) x 107",

where we have used the values m,=0.775 GeV,
my =1.465 GeV and m, =1.30 GeV. On the other hand,
numerically computing the EFF by employing the RL and
BRL truncations, we get the following estimates,

a0 (BRL) = —(2.02+0.10) x 107", (19)

az(”oo)’b‘”‘(RL) =—(2.03+0.12)x 10713, (20)

Clearly, this contribution is subdominant compared with
of the ground-state pion. For instance, adopting the BRL
produced value, and the pion ground-state box contribu-
tion estimated in [45], aj " = —1.56(2) x 107", one finds
the following ratio:

an( 1300)—box
A =1.29(9)x107 %
m—box :
a,

; 21
775 2D

namely, this difference is essentially driven by the mass
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ratio, being of the order of (1, /m300)° ~ 1/800.

The explanation, of course, stems from the signific-
ant similarity between the form factors of the pion and its
excited state, as illustrated in Fig. 2 and Ref. [45]. This
resemblance persists despite the substantial differences in
their corresponding wave functions (see Fig. 1 and Ref.
[27]). An analogous situation can be observed between
the proton and the Roper resonance [77]. In any case,
from a basic intuitive standpoint, these outcomes can be
understood as a result of the radial excitation having the
same quantum numbers and flavor structure as the ground
state.

V. TOWARDS THE KAON(1460) ELECTROMAG-
NETIC FORM FACTOR AND BOX CONTRIBU-
TION

Returning to the estimations of the VMD models, in a
manner similar to the pion, we can estimate the box con-
tribution arising from the first radial excitation of the ka-
on, namely K(1460), by employing a simple VMD for-
mula:

FX%%O)(QZ)_I_Q{ 1 ;( : )

2+Q2 mZ)+Q2

L2 1 }
3 m§+Q2 ’

with m,,m,,,m, being the vector meson masses. We might
include the contribution from the first excited multiplet of
vector mesons, as in Eq. (15). However, the complicated
interplay between this and the contribution from the next
heavier states seems rather non-trivial according to the
wiggles observed in the BaBar study [78], which motiv-
ates our simplified description in Eq. (22). Still, it satis-
fies the chiral limit expectations and falls off asymptotic-
ally as expected on QCD grounds. Employing this para-
meterization, we obtain

(22)

K(1460)~box-VMD __
a, =

-1.08x 10713, (23)

While a7 /af~"** ~ 30 for the ground states, a7'~** and
afi~"* have comparable order of magnitude. This is due
to the large hierarchy between m? and m% and the con-
sequent effect on the pseudo NG-boson propagators en-
tering the evaluation of a; ***, Eq. (16). On the contrary,
lr(HOO) ~ mK(]460)7 yleldlng air(1300) box K(1460)—, box’ as the
corresponding EFFs do not dlffer substantlally in the re-
gion that dominates the integral.
As with the pion, a SDE/BSE-based calculation of the
K(1460) box contribution requires the computation of the
corresponding BSA. Nevertheless, employing a RL or

~a

BRL truncation does not describe properly the mass for
this radial excitation. In Ref. [31], it was argued that, in
order to obtain a better description for the K(1460) mass,
the quark chromomagnetic moment plays an important
role. This would be the case for any system in which the
current masses of its valence quarks differ substantially.
Such a calculation including the chromomagnetic mo-
ment together with the MCE will be carried out and
presented elsewhere.

A. Modified interaction to fit Kaon(1460) mass

Since we aim to compute the contribution of radially
excited charged pion and kaon box diagrams to the anom-
alous magnetic moment of the muon, it is mandatory to
have a satisfactory description of the first excited kaon
state from the SDE/BSE formalism. As a first approach,
we have employed an additional set of free parameters for
the RL truncation, where n=1.55 and A =0.92. In this
case, the excited kaon mass is fitted to,

1.460 GeV. (24)

Mg 1460) =

Nevertheless, in this case the kaon ground state mass gets
inflated, yielding mg- = 0.570 GeV and mg- = 0.557 GeV
for RL and BRL truncations, respectively. For the time
being, we might have to live with different sets of para-
meters to describe the ground and first radial excitation of
the kaon. We expect this drawback to be remedied on in-
cluding the quark chromomagnetic term in the quark-
gluon interaction vertex. For this exploratory calculation
we compute the corresponding box contribution,

af MO NRL) = ~1.38x 107", (25)

As discussed before, it is of the order of a13%0-0x,

VI. CONCLUSIONS AND SCOPE

We have presented the first calculation of a space-like
EFF of the radial excitation of the pion by employing the
combined framework of the SDE/BSE in a truncation that
includes RL diagrams and MCE. This framework en-
ables us to properly capture crucial aspects as regards the
description of the n(1300). Among others: the simultan-
eously inflated mass and the minuscule leptonic decay
constant, the strict vanishing of the latter in the chiral lim-
it, and the development of a node in the BSA. Further-
more, as opposed to the RL approximation, the BRL trun-
cation permits an on par description of both the ground-
state and first radial excitation within a unique set of
parameters.

In addition, we have estimated the corresponding
box-contribution to the muon's anomalous magnetic mo-
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ment stemming from HLbL processes. We have com-
pared our results with those obtained from a VMD model.
As expected, our findings reveal that this contribution is
much smaller when compared to the similar computation
for the ground-state pion. The difference in the order of
magnitude is driven, mostly, by the mass ratio
(M /Myi300)° . It is concluded that this occurs due to the
substantial similarity between the EFF of the ground state
and the radial excitation, which takes place despite the
considerable differences at the BSA level, and which also
translates into a similar spatial extension in both systems.

Extending our analysis on the 7(1300), we perform an
exploratory study on its kaonic counterpart, K(1460). A
first approach shows that, despite the virtues of the BRL
scheme, it is unable to describe the ground-state and the
first radial excitation of the Kaon with a single set of
parameters. The most probable reason lies in the diffi-
culty of deriving truncations capable of properly captur-
ing the flavor asymmetry. In this context, it is suggested
to incorporate in the future the beyond RL pieces in Ref.
[31], which take into account the anomalous chromomag-
netic moment of the quark. For these reasons, we estim-
ate the box contribution arising from the K(1460) by util-
izing a VMD representation instead. It is worth noting
that a comprehensive calculation within the SDE/BSE
framework demands a more intricate truncation, a task we
plan to undertake in future research.

APPENDIX A: PION EXCHANGE INTERACTION
KERNEL
The truncated Bethe-Salpeter interaction kernel which

includes the exchange of explicit mesons as degrees of
freedom, defined originally in [68, 70], is:

K3 (q.p,r;P) = 5D 5
P+r
T

oD

(P+r)DP(

P
X[Fp]fe( "

>+[F ]dc(

X231 o Zyslye]

where 7 is an additional integration momentum in the
BSE. A similar term can be written for the u— channel
diagram. The resulting truncation of the BSE kernel as
well as the quark SDE are depicted in Fig. Al.

As discussed in Ref. [50], the inclusion of the interac-
tion kernel in Eq. (A1) does not satisfy the AXWGTI and
the VWGTI at the same time. To effectively capture the
NG mode characteristics of the pion, we have chosen
C = -3/2 in the kernels described above. This allows the
AXWGTI to be faithfully upheld. In relation to the

K9"(q,p;P)

-P
—[r 59 (%;p—q) (Z27°)De(p @)

p+q—P
I F ru\ — A~
[ 2] < >

g - p) [Z,7°1sDe(p — )
(p+q+P
2
(p+q+P
2

*[227 1l Tplis ;p—q) Dp(p—q)

4

C
*[Zz)’ ]ru[r ]ts

‘ 4=p) Delp=a). (AD

together with the corresponding truncation of the quark
SDE
-1 RN ptq
s =57 -3 [ |Zyss@re (B3 La-p)
q

D (k)
2 9

+ZyysS (I'p ( pTJrq,p - q) } (A2)

where P = r is the meson under study and S~!(p)*L is the
RL truncation with the gluon-mediated interaction term.
In Egs. (A1) and (A2) the pion propagator is taken as
D, (k) = (K +m2)™".

Additionally, C in Eq. (A1) is a flavor factor, as dis-
cussed in detail in [45, 50]; when we use C = 3/2 to com-
pute the quark-photon vertex, it leads to a small violation
of the AXWGTI. For all the calculations in this paper we
have used instead C = —3/2 which satisfies the AxXWGTI
but leads to a small violation of the VGWTI (less that
1%). Herein, the quark-meson vertex I, is taken to be the
full pion BSA. On the other hand, the exchange of the pi-
ons in the interaction kernel will also appear in the s- and
the u-channels [68]. They read as follows,

P-r r P rr-P
) Zz)’s]dcsch (17 - 5) [Z2y5]pa X (T P]hg (q— 113 ) Ser (q— *)
P

+£ KP-i—r)S (
4 4 2 b

2) e

(A3)

[
VWGTI, a 1% deviation in the proper normalization of
the EFF, Fp(Q*=0) = 1, points to a marginal violation of
this identity. This also highlights the necessity of supple-
menting the IA to include additional diagrams. Therefore,
consider the electromagnetic in Eq. (2.9), expressed as
follows:

JH = PLGo(Dhgy +ROGWs ; (A4)

as before, I'* denotes an [A computation, while the sub-
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sym.

Truncations employed for the BSE interaction kernel K (lower diagrams) and the quark SDE one (upper diagrams). In the

lower panel, the diagrams on the right-hand side correspond to the RL, pion exchange, and the s-channel together with the u-channel

pion decay contributions, respectively.

script ‘BRL’ means that all required components have
been derived within the BRL truncation. For its part, R
corresponds to the symmetry-restoring term:

R = [1— FBRY] go_g X FRU. (A5)

This piece produces imperceptible variations to the ori-
ginal result, on the order of <1%. Moreoyer, since the
RL approximation ensures Fp(Q?=0)=1,the construc-
tion defined in Eq. (A4) and Eq. (AS) guarantees that this
holds true for the current BRL scheme as well.

APPENDIX B: ANALYTIC CONTINUATION TO
COMPLEX PLANE

In order to compute the meson BSA we require the
knowledge of the quark propagator for complex mo-
mentum. In Euclidean space-time, the total momentum P
is parametrized as P =(0,0,0,iM), with P?> = —M?. In this
case, the quark propagator S(q = P/2) is sampled within
complex parabolas defined by

ge =q* =M +iz\/G* VM2, (B1)

where ¢ is the relative quark momentum, M is the bound
state mass and z is the angle between ¢ and P. The Eq.
(B1) forms a parabola in the complex plane centered at
M?/4. To solve the quark SDE in the complex plane one
commonly employed technique is the Cauchy interpola-
tion method. The Cauchy integral formula for a closed
contour y and a complex number z, reads as

&dz.

72—20

1
f(Zo) =5

2mi (B2)

We can rewrite Eq. (B2) as

§ (@) dz
flao) =~

Yz—-20

(B3)

Employing Eq. (B3), we can numerically calculate the
dressing function of the quark propagator in Eq. (2.4) by
solving its SDE. Nevertheless, the quark propagator ex-
hibits a pair of complex conjugate poles in the complex
plane. It limits the region where the Cauchy interpolation
can be used. Beyond the position of the singularities of
the quark propagator we employ a parameterization con-
sisting of the following complex conjugate pair Ansatz,
which is a common practice:

S(p) = —ipo.(p?)+0(p?),

n %

2y _ @i @;
o) = Z {p2+m,- +p2+mf

i

n

O'X(Pz) = Z Lﬂﬁim, +

i

Bi

pr+m;

(B4)

J.

where the parameters m;, @;, 8; can be obtained by fitting
the corresponding quark SDE solution along the p? real
axis or, alternatively, on a parabola in the complex plane
that does not enclose the poles. We use two pairs of com-
plex conjugate poles as these are enough to provide a suf-
ficiently precise fit for the quark propagator.

APPENDIX C: CHEBYSHEV EXPANSION

The process of calculating the dressing functions from
the homogeneous BSE can be simplified by factorizing
the angular dependence and subsequently expanding it in
terms of Chebyshev polynomials of the second kind. This
method allows for a more efficient representation and
computation of the dressing functions. For instance, con-
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sider the following expression:

g’ p) =Y _ai(q’ PP, 1)
J

Here, P;(z) denotes the Chebyshev polynomials.
These are a sequence of orthogonal polynomials, which
are used extensively in numerical analysis due to their
convenient properties, providing an optimal choice for in-
terpolation and approximation of functions over a given

interval.

The variable z in the equation is the cosine of the
angle, calculated from the dot product of ¢ and p, where ¢
represents the quark momentum and p symbolizes the
total momentum. Importantly, z falls within the range
(-1,1), which is the standard interval for the Chebyshev
polynomials. By employing this factorization and expan-
sion approach, we can simplify the calculation of the
dressing functions, making it more efficient and manage-
able, especially for the extensive computational tasks at
hand.
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