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Abstract: We investigate the influence of an early matter-dominated era in cosmic history on the dynamics of cos-

mic strings and the resulting stochastic gravitational waves. Specifically, we examine the case where this era origin-

ates from the dark matter dilution mechanism within the framework of the minimal left-right symmetric model. By
numerically solving the Boltzmann equations governing the energy densities of the relevant components, we meticu-
lously analyze the modifications to the cosmological scale factor, the number density of cosmic string loops, and the
gravitational wave spectrum. Our results reveal that the early matter-dominated era causes a characteristic suppres-
sion in the high-frequency regime of the gravitational wave spectrum, providing distinct and testable signatures for

future ground-based interferometer experiments.
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I. INTRODUCTION

Modern cosmology originates from the study of the
universe expansion and element formation [1]. Further
observations give rise to the standard ACDM cosmologic-
al model, which suggests that after inflation and reheat-
ing, the universe successively experiences a radiation-
dominated (RD) era, a matter-dominated era (MD), and a
dark-energy-dominated era. Main evidences involve the
observations of the cosmic expansion [2], the big bang
nucleosynthesis (BBN) [3, 4], the cosmic microwave
background [5—8], and the accelerating expansion at late
times [9, 10].

Nevertheless, these observational results can hardly
date back to pre-BBN eras. Therefore, it is essential to
maintain an open perspective regarding the early history
of the universe before BBN [11]. Various hypotheses
beyond the standard cosmic history have been put for-
ward, such as an early matter-dominated (EMD) era
[12—-19], a kination-dominated era [20—25], and an inter-
mediate inflationary era [26—29]. Verification of such
novel hypotheses about the cosmic history necessitates
observational probes capable of accessing epochs prior to
BBN, when the universe was opaque to photons and tra-
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ditional electromagnetic detection methods are ineffect-
ive. Nonetheless, this challenge can be addressed through
observations of gravitational waves (GWs), a new mes-
senger first detected in 2015 [30]. Unlike electromagnet-
ic radiation, GWs can propagate freely through space,
preserving information from the early universe and reach-
ing us in the present day.

To explore the pre-BBN history, the stochastic gravit-
ational wave background (SGWB) originating from cos-
mic strings (CSs) provides a compelling avenue of invest-
igation [31—42]. CSs are one-dimensional topological de-
fects predicted by a variety of new physics theories bey-
ond the standard model (SM), particularly those in-
volving a spontaneously broken U(1) symmetry [43, 44].
CS loops are expected to persist as long-lasting sources,
emitting GWs from their formation epoch to the present
day. Once formed, the CS network rapidly evolve into a
scaling regime [45—48], where their correlation length
scales proportionally with the Hubble radius. As a result,
the resulting SGWB spectrum encodes a wealth of in-
formation about the cosmic history. Furthermore, the
SGWB generated by CSs spans an exceptionally broad
frequency range, making it detectable across a diverse ar-
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ray of GW experiments. These include pulsar timing ar-
rays (PTAs) operating in 107°-1077 Hz [49-51], space-
borne interferometers sensitive to 10™#-10"! Hz [52—54],
and ground-based interferometers covering 10-10° Hz
[55—58]. Thus, future GW experiments hold immense po-
tential to unravel the mysteries of the early universe.

In this work, we explore how the SGWB spectrum
originated from a preexisting CS network is modified by
an EMD era that arises within the framework of the dark
matter (DM) dilution mechanism [59—68]. This mechan-
ism addresses the DM overproduction problem by rely-
ing on significant entropy production from the decays of
a long-lived particle, referred to as the "dilutor". For the
dilution mechanism to be effective, the dilutor must dom-
inate the energy density of the universe for a finite period,
thereby introducing an EMD era that interrupts the con-
ventional RD era. To quantify the impact of this EMD
era, we will trace the evolution of the total energy dens-
ity of the universe by solving the relevant Boltzmann
equations. This allows us to derive the resulting SGWB
spectrum, which reflects the influence of the EMD era on
the cosmic string dynamics and the GW emissions.

This paper is outlined as follows. In Section II, we re-
view the formation of CS loops and analyze their number
densities during RD and MD eras, which are essential for
assessing the SGWB spectrum induced by CS loops. In
Section III, we investigate an EMD era emerging from
the DM dilution mechanism and examine its effects on
the evolution of the CS network, the loop number densit-
ies, and the resulting SGWB spectrum. Finally, in Sec-
tion IV, we summarize our findings.

II. GRAVITATIONAL WAVES ORIGINATING
FROM COSMIC STRINGS

In a scalar field theory with a global or gauge U(1)
symmetry, CSs could be formed after the spontaneous
breaking of the U(1) symmetry in the early universe.
They are one-dimensional topological defects concentrat-
ing energy of the scalar field (and the gauge field for the
gauged case) [69]. In the Nambu-Goto approximation,
CSs are described as infinitely thin objects with tension g,
which is the energy per unit length. The dimensionless
quantity Gu is commonly used to represent the CS ten-
sion. Considering the dynamics of CSs, these combined
factors establish CSs as promising sources of GWs [35,
70].

A. Gravitational waves from cosmic string loops

Cosmic strings are generated randomly in the early
universe, leading to the formation of a CS network. Long
strings with super-horizon lengths could intersect with
each other to form CS loops, whose relativistic oscilla-
tions can effectively emit GWs. Although small struc-
tures in long strings can also produce GWs, their contri-

butions are generally negligible, compared to those gen-
erated by loops [37, 71, 72]. In practice, it is sufficient to
consider only the stochastic GWs originating from CS
loops.

The GW emission power of CS loops is given by [72,
73]

P=TGy’, (1)
where the coefficient I is estimated to be about 50 [74],
and G represents the Newtonian gravitational constant.
The frequencies of GWs emitted by a CS loop of length /
are [70]

2
fe=7”, neN*, @)

where 7 denotes the harmonic modes of the loop oscilla-
tion. Thus, the expression for the power can be rewritten
as

)

P=Gu’) P,

where P, is the dimensionless emission power in units of
Gu* for a single mode n, which can be estimated by nu-
merical simulations for GW emissions in RD and MD
eras [74].

Introducing ncs(/,7)dl as the number density of CS
loops of length / at cosmic time ¢, the energy density of
GWs emitted from CS loops per unit time at the emission
time f, can be expressed as

dpGW B ) lmax

| =, /0 nesid. (@)
Using Eq. (2), we derive

dszW 2]’1P ( )

drdf |, Z Iz ncs I (5)

Note that this result corresponds to the GW emission time
t., but GW experiments only receive signals at the
present time #,. Hence, the effect of the cosmological red-
shift must be accounted for, and the present GW fre-
quency is given by f = a(t.)f., while the present GW en-
ergy density is pgw = paw(t.)a*(t.), where a(?) is the scale
factor normalized such that a(z,) = 1. Integrating Eq. (5)
over time, we arrive at

dogw
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where

C(h) = (7

2 fo 2
f’;/t a’(H)nes (njc(t),t)dt,

with f, denoting the cosmic time when CS loops start to
radiate GWs.

The frequency spectrum of the SGWB induced by CS
loops is commonly characterized by a dimensionless
quantity

8nG* > f

1d
Qow(f) = — 2N - TZEINp.c.(h),

L - 8
pedinf  3H? ®)

where p. =3H?/(8nG) is the present critical density and
Hy=100hkms™' Mpc™' is the Hubble constant with
h=0.674+0.005 [8]. In order to calculate Eq. (8), we
need to know the evolution of the scalar factor a(r),
which can be computed from

da(n)
dr

a@®H(1), 9

where H(f) is the Hubble expansion rate.
In the standard ACDM model, the Hubble rate can be
expressed as [75]

H = Hy \/QG@)a ™ + Qa3 +Qy, (10)
where z=a'-1 is the 'cosmological redshift.
Q. =1.68x(5.38+0.15)x 107, €, =0.315+0.007, and

Q, =0.685+0.007 [76] are cosmological constants rep-
resenting the energy fraction of radiation, matter, and
dark energy, respectively.

_ 8.(2g25(0)

GD= 08T

(11)

is a function of the redshift z introduced to account for the
changes in relativistic degrees of freedom, where g.(z)
and g,,(z) arethe effective numbers of relativistic de-
grees of freedom for the energy and entropy densities, re-
spectively. Considering the evolution of g,(z) and g.,(2),
we can approximate G(z) as a piecewise function which
changes its value at the epochs of electron-positron anni-
hilation (z =~ 10°) and QCD phase transition (z ~ 2 x 10'?):
[75]

1, 7<10°,
G =:083 10°<z<2x102, (12)
039, z>2x10"

However, if an EMD era exists, the evolution of the
Hubble rate H(¢) would be altered, necessitating modific-
ations to the expressions above. This situation will be dis-
cussed in detail in Section II1.

B. Number density of cosmic string loops

For calculating the SGWB spectrum induced by CS
loops, it is crucial to estimate the loop number density
distribution ncs(l,7). There are two models for evaluating
ncs(l,1) based on numerical simulations and the scaling
nature of the CS network. The first is the BOS model, in-
troduced by Blanco-Pillado, Olum, and Shlaer [77]. This
model uses the horizon distance as the sole kinematic
scale to describe the scaling behavior and extrapolates the
loop production functions from numerical simulations to
derive ncg(l,1) in both RD and MD eras. The second is the
LRS model, proposed by Lorenz, Ringeval, and
Sakellariadou [78]. In this model, the number density dis-
tribution of produced loops per unit time is assumed to
follow a power law in the scaling regime, and the gravita-
tional backreaction effect is included to reduce loop pro-
duction below a certain scale. Compared to the BOS
model, the SGWB spectrum predicted by the LRS model
has a significantly higher amplitude. Consequently, the
constraint on the CS tension derived from the LIGO-
Virgo O3 dataset is much stringent for the LRS model
than for the BOS model [79]. Additionally, future space-
borne interferometers will more easily detect the SGWB
predicted by the LRS model [80].

Nevertheless, these two models rely on the scaling be-
havior of the CS network, which may be violated by the
inclusion of an EMD era. To account for this nonscaling
effect, we instead adopt the velocity-dependent one-scale
(VOS) model [72, 81, 82], which describes the dynamic-
al evolution of the CS network in a generic manner. This
model has also been used to interpret the positive evid-
ence of the nHz SGWB reported by PTA experiments
[83—85]. We will demonstrate below that the predictions
of the VOS model align with those of the BOS model
when the scaling regime is achieved and appropriate loop
production functions are assumed. Furthermore, the VOS
model can be directly applied to the cosmic history with
an EMD era, as will be discussed in Subsection Il C.

In the VOS model, the dynamics of the CS network is
characterized by two fundamental parameters, the correl-
ation length L and the root-mean-square (RMS) velocity v
of string segments. Thus, the energy density of long
strings can be expressed as p = u/L?, and its evolution in
the universe is governed by [81]

p=—2H(1+)p- %p, (13)

where the friction effect is neglected. The term —2Hp ac-
counts for the dilution and stretching of the strings due to
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the cosmic expansion, while the term —2Hv?*p captures
the energy loss caused by the redshifting of velocities.
The term —¢vp/L represents the energy removed through
loop formation, where ¢ ~ (.23 [86] is the loop chopping
efficiency. Additionally, the evolution of the RMS velo-
city v is determined by [81]

k(v)

v=(1-v%) {T_ZHV} (14)

with [86]

2V2

T

1-8°
1+85°

k(v) = A=) (1+2V2v?) (15)

Introducing a dimensionless quantity & = L/¢t, which
represents the correlation length L normalized by the cos-
mic time ¢, the evolution equations above can be rewrit-
ten as

t§'=H(l+v2)t§—§+%Ev, (16)
o= (1 | K
tw=(1-v ){ ¢ 2Htv}. (17)

By numerically solving these equations, one finds that the
solutions rapidly converge to constant values of £ and v,
independent of the initial conditions. This indicates that
the CS network quickly evolves into a linear scaling re-
gime characterized by L o t. By setting & = v = 0, the scal-
ing solutions for RD and MD eras can be derived as [87]

& =0.271, v, =0.662, RD era, (18)

&m =0.625, Vm = 0.582, MD era.

(19)

The increase in the energy density of CS loops p. is

driven by the energy transfer from long strings, ex-
pressed as [37, 87, 88]
F v Fevu
Do = ——p = , 2

where the Lorentz factor y, = (1 —v?)~'/2 incorporates the
energy loss caused by the redshifting of the loop velocity,
and ¥ is a coefficient that characterizes the fraction of
slow, large loops responsible for the dominant contribu-
tion to GW emissions. The values of F differ between
RD and MD eras, denoted as 7, and ¥, respectively.

These values can be determined by comparison with nu-
merical simulations in the scaling regime [77, 89].

The energy in a CS loop of length / is expressed as pl.
Thus, the loop production function, defined by [37, 87]

1 dg.

Pn = adl

2

quantifies the rate of increase in the number density of
CS loops per unit length per unit time. Because of GW
emission, a CS loop of length /' at time 7 loses energy
T'Gu*(t—1t') by time f and consequently shrinks to a length
I =1 -TGu(t—t). Therefore, the loop number density per
unit loop length at time ¢ is given by

1 t
nes(hny= —— [ PU.1)d(1)dr,

20 (22)

fini

with () = [+TGu(t—1t'). t,,; denotes the initial time of
loop production, and the scale factors account for the di-
lution because of cosmic expansion. To determine ncs(Z, ¢)
for calculating the energy density of emitted GWs ac-
cording to Eq. (4), knowledge of the loop production
function P(1,¢) is required.

During an RD era, numerical simulations [77] reveal
that most large loops are generated with a length / charac-
terized by a fraction «, =1/L of the correlation length L.
a, satisfies a,&, ~0.1, where a quantity with a subscript
* is evaluated at the loop production time f,. Con-
sequently, the loop production function can be accurately
approximated by

F.Cv
Yt

Pi(l,1) = 6(&@—5), RD era, (23)

where 6(x) denotes the Dirac ¢ function, which fixes the
loop production time ¢, through the relation @&, = 1, /t,.
Substituting the expression for #.(/,7) into Eq. (22) with
act'? in the RD era, we derive an analytical expression
for the loop number density [87, 88, 90],

Fitv Ol (1

5/2
; , RDera,
ty,, aél aé, +aé,t, +TGu l‘*)

24

nes(ln) =

where ©(x) represents the Heaviside step function. By ac-
counting for the decrease in loop length due to GW emis-
sion, we have a,&,t, =1, =1+TGu(t-t,), leading to

r
g, = TGH 25)
a.é, +TGu

In the scaling regime of the RD era, we have &, =&,
vy = v, and &, = 0. Adopting
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F.=0.1, (26)
the loop number density formed in an RD era for
@&, =0.1 > I'Gu reduces to

0.18

S TG @01,

neg(l, 1) = scaling, RD era,

27)

which agrees with the result from numerical simulations
presented in Ref. [77].

On the other hand, numerical simulations for an MD
era suggest that loop production occurs on a wider range
of scales compared to that in an RD era and can be effect-
ively described by a power-law distribution of [-1% with
a cutoff [77]. This motivate us to assume the loop produc-
tion function as

FmlV

Pl = yv(l/t)l.69§3t5

(C] (am§ - ;) , MDera, (28)

where the theta function gives a cutoff at / = o, L with o,
satisfying ané, ~ 0.18 [77]. Using a o« t*/* in the MD era,
Fl

we derive the loop number density
t ’ l/
Fne / _ VvV e (t, -
tZ o ,yv,é‘:IB l/l,69trl.3| amg

where 1, is the initial time of the MD era. Under the as-
sumption that the #'-dependence of ¢ and v’ is negligible
and that ' =1+TGu(t—1) =1 for IGu< 1/(t—1), we per-
form integration by parts to obtain

) dr; (29)

neg (L) =

m ~ TmE' v
nes(l1) = a _0'31%/5131,1.6%,0.31 t
VL =1 f(and)] dﬂ ( l )
+ O|lt———
/tm 03 ],yv,é':/3 lrl,69tr0.3l amf
_ Tmf‘ Vv Vi
= 031[2 _,yvf?,llﬁgto&l + ’yvté‘iliégtgjl
l
o(- )
Amés
F V(tm)

0312 3y & () 1+ TG = 1) O

[+TGu(t—ty
® (rm _ A TGu(— ) )) , (30)
mé
where f, is determined by an&.t. =[+ITGu(t—t,). For
t > t,,, the last term in the above expression can be omit-
ted, leading to

n _ Tl v Vi
nes(L1) = 0312 | 9,£1167031 + Y, E3 11691031

®([_aml§-‘*>'

Moreover, for small TGy, we can use the approximations
te = (@n&) '(I+TGu) and ¢ =~ (I/t)"'(I+TGu) to express
the loop number density in the MD era as

(€3]

Fnl {v*(amf*)(’-“ v(l/1)*!
0.3122(1 +I'Gput)? Y. E3 7é

I
® (amf* - ;) ,  MD era.

ni(l1) =

(32)

In the scaling regime, where £ =&, =&, and v=v, = v,
taking @&, =0.18 and

Fm =0.316, (33)

the loop number density formed in the MD era becomes

0.27 = 0.45(1/1)°3!
2(1+TGur)?

nes(lt) = ©(0.18t—1), scaling, MD era,

(34

which is also consistent with the simulation result in Ref.
[77].

We now analyze the SGWB spectrum generated by
CS loops within the standard ACDM cosmological mod-
el, utilizing the expressions (27) and (34) for the loop
number density in the scaling regime. In the ACDM mod-
el, the MD era succeeds the RD era at the time of matter-
radiation equality, ., =51.1+0.8kyr [76]. Notably, CS
loops formed during the RD era and surviving into the
MD era also contribute to the loop number density in the
MD era, as given by [77]

1/2

(Lo = 5o——

2+ TGurye OO I 2TGHD.

scaling.
(35)

By inserting the scale factor a(r) and the loop number
density ncs(l,t) into Egs. (7) and (8), the SGWB spec-
trum can be obtained.

In Fig. 1, we demonstrate the SGWB spectra in the
ACDM model for the CS tension parameter
Gu=107,10""1,5%x10"3,10715, and 5x107'8. At suffi-
ciently high frequencies, the spectra tend to be flat,
primarily due to GW emissions during the RD era [77].
For smaller values of Gu, the total GW emission power is
reduced, allowing CS loops to survive longer. At a specif-
ic cosmic time, the average length of loops would be
smaller, leading to GWs emitted at higher frequencies. As
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Fig. 1.  (color online) SGWB spectra for various values of

Gu in the standard ACDM cosmological model.

aresult, the SGWB spectrum shifts downward in amp-
litude and rightward in frequency as Gu decreases [74].

In the following section, we will examine the effects
of an additional EMD era inserted into the RD era, focus-
ing on its impact on the scale factor, the loop number
density, and the SGWB spectrum. This modification may
violate the scaling behavior, necessitating the use of the
more general expressions for the loop number density as
in Egs. (24) and (32).

III. GRAVITATIONAL WAVE SPECTRUM IN-
FLUENCED BY AN EARLY MATTER-DOM-
INATED ERA

In this section, we discuss an EMD era motivated by
the DM dilution mechanism and study its impact on the
SGWB spectrum generated by cosmic strings.

A. Early matter-dominated era

An EMD era is an MD period spanning from cosmic
time #; to t,, embedded within the conventional RD era.
Thus, there exists an initial RD era before ¢;, and a sub-
sequent RD era after 7. The second RD era ends at the
time of matter-radiation equality f.,, after which the uni-
verse transitions into the final MD era, corresponding to
the traditional cosmological evolution. This timeline is
depicted in Fig. 2.

We propose the following assumption for the origin
of such an EMD era. A massive, long-lived particle Y de-
couples from thermal equilibrium and transitions into

Original RD EMD

Second RD

nonrelativistic matter, dominating the universe as the
temperature decreases and initiating an EMD era at time
t;. The slow decays of Y into SM particles release en-
tropy into the plasma. In the context of the DM dilution
mechanism, this entropy injection dilutes the DM abund-
ance to the observed value. Once the majority of Y
particles have decayed, the EMD era concludes at time 7,.

Now we discuss the evolution of the related energy
densities. The radiation and matter energy densities, p,
and p,,, scale with the scale factor @ as [91]

proca’, pmoca. (36)
The scale factor-evolves as aoxt'/? in an RD era and
acx*?® in an MD era. Starting from an initial temperat-
ure T, in the original RD era, the Y particles constitute a
matter- component with energy density py, while the
plasma of SM particles has energy density psy. Con-
sequently, the energy densities evolve as

psmect,  pyect??, (37)
during the original RD era, and
psmoct™P, pyoect, (38)

during the EMD era. Notably, the energy density of Y de-
creases more slowly than that of SM particles during the
original RD era, leading to the onset of the EMD era.

B. Dark matter dilution mechanism

In this subsection, we discuss the DM dilution mech-
anism as the origin of the EMD era. As severe con-
straints from DM detection experiments have reduced in-
terest in weakly interacting massive particles with masses
around the electroweak scale as DM candidates, a lighter
DM candidate X has gained prominence due to its ability
to evade direct detection bounds. Nevertheless, thermal
production of X particles with low annihilation cross sec-
tions typically results in an overproduction problem [92,
93]. Within the DM dilution mechanism [60—64, 66, 67],
the overproduction of DM particles is mitigated by en-
tropy injection from the decays of a dilutor particle Y,
which dominates the universe for a period, thereby indu-
cing an EMD era.

Following Ref. [68], we discuss the DM dilution

Final MD

@
131

@
to

Fig. 2.

@
teq

> {

(color online) Sketch of the cosmic timeline featuring an EMD era. In chronological order, the universe evolves through the

original RD era, the EMD era, the second RD era, and the final MD era.
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mechanism within the minimal left-right symmetric mod-
el (LRSM) as a concrete and illustrative example. In this
model, the lightest right-handed neutrino N; serves as the
light DM candidate X, and the next-to-lightest right-
handed neutrino N, or a neutral Higgs boson A acts as the
dilutor Y. As a Majorana fermion, the DM candidate X
has two degrees of freedom and its number density in
thermal equilibrium and in the relativistic limit is given
by [91]

_ 303

3
ny = ) T-.

(39)

where T denotes the temperature and /(x) represents the
Riemann zeta function. For sufficiently weak interac-
tions, X particles freezes out from the plasma at a temper-
ature Tro > my, leaving a number density in the comov-
ing volume of
Yy = nx _ &’ (40)
s Antga(Tro)

where s = 2n%g,(T)T?/45 is the entropy density.

If X particles evolve without interference, Yy remains
conserved, leading to a present-day relic energy density
fraction of [68]

26 L0 @1

keV g.s(Tro)
where s, =2891.2cm™ and p. = 1.05%x107h> GeV/cm®
[76] are the entropy density and the critical energy dens-
ity at present, respectively. Thus, for my <keV, Q% ex-
ceeds the observed cold DM relic density Qcpy = 0.265
[76] by at least one order of magnitude, causing an over-
production problem.

Introducing a long-lived dilutor Y with a mass my
much larger than my can effectively address the overpro-
duction problem of X particles. First, during the RD era,
both Y and X particles decouple relativistically at a simil-
ar temperature, resulting in comparable yields, Yy =~ Y.
Second, because of my > my, Y particles become nonre-
lativistic at a relatively high temperature, while X
particles remain relativistic. Consequently, Y particles
quickly dominate the energy density of the universe, initi-
ating an EMD era. Finally, when the lifetime of Y
particles comes to an end, they decay into SM particles
and X particles, injecting entropy and consequently dilut-
ing the energy density px of X particles.

This situation can be analyzed using the Boltzmann
equations [67]

d
Lr +3Hpy = -T'ypy,

m (42)

d
x +4Hpx = yBxI'ypy,

” (43)

d
% +4Hpgym = (1 -yBx)ypy,

(44)
where T'y is the decay width of the dilutor Y, y represents
the energy fraction carried away by X particles among all
the decay products of Y, and By is the branching ratio of
the decay channel Y — X. Assuming that X particles re-
main ultra-relativistic throughout the aforementioned pro-
cess, and using

8

T3 Ox + Py +psm)s

H=
3IM;,

(45)

we can solve the Boltzmann equations.

In the minimal LRSM with the SU(3)c xSU(2); %
SUQ2)r xU(1)p_, gauge symmetry [94, 95] considered in
Ref. [68], there are two scenarios for the DM dilution
mechanism, where the DM candidate X is the lightest
right-handed neutrino N;.

e Scenario 1: the dilutor Y is the next-to-lightest
right-handed neutrino N,, which undergoes a three-body
decay mediated by a right-handed gauge boson W into
two charged leptons ¢¢' and one N,. The related right-
handed charged current interactions are described by the
Lagrangian

2
L= %W{{ (ZN,»yﬂV{f;stfR +iigy,Vidr | +He,

- (46)

where g is the unified SU(2)L xSU(2)r gauge coupling,
and VB, and V&, are the right-handed Pontecorvo-
Maki-Nakagawa-Sakata (PMNS) and Cabibbo-Kobay-
ashi-Maskawa (CKM) matrices that connect the flavor
and mass bases. The decay channels of Y include
N, —» Nitt', Ny, — £qq’, and N, — (W,

e Scenario 2: the dilutor Y is the neutral Higgs boson
A, which is associated with the origin of the Majorana
neutrino masses and can decay into two N; particles. The
relevant Yukawa couplings are given by the Lagrangian

Lz = QL(Yq(D + qu))QR + ZL(Y[(D + Y[(b)LR

+Yu Llioy ALy + Yy LyiosAgLg +H.c., 47)
where the family indices are suppressed. @ is an
SUQ2)L xSU(2)r bidoublet scalar, with ® =ioc,®*io,. A
and A are SU2)L and SU(2)r triplet scalars, respect-
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ively. Qpr and Ly denote left-handed and right-handed
quarks and leptons. Y,, ¥,, ¥;, ¥, Ya , and Y,, represent
the Yukawa coupling matrices. The dilutor A is the Higgs
boson arising from the electrically neutral component of
Ar. Its decay channels involve A — NNy,
A — W Wg — 4 fermions, A — yy, and so on.

We will consider both scenarios in the following ana-
lysis.

We solve the Boltzmann equations for the bench-
mark points (BPs) specified in Tables 1 and 2 for Scen-
arios 1 and 2, respectively. The values of y, my, , my,, ma,
my,, the ratio tanB of two vacuum expectation values
from the bidoublet, and the mixing angle 6,, between A
and the 125 GeV Higgs boson 4 are adopted based on the
results presented in Ref. [68]. The dilutor decay width 'y
and the branching ratio By are calculated using the for-
mulas provided therein. All BPs are selected to ensure the
correct DM relic abundance through the DM dilution
mechanism. BP1a and BP2a will be the primary focus of
the following analysis, while the remaining BPs will
provide additional results for comparison.

We adopt the initial temperature as T, = my/10, at
which Y particles have decoupled with Yy ~ Yy and be-
come nonrelativistic, while X particles are relativistic.
The initial conditions for the energy densities of Y, X, and
SM particles are

2% A
py =myYySs(Tini) = —— myYx g, (Tin)T;

The obtained energy densities py, px, and pgy as
functions of cosmic time ¢ are illustrated in Fig. 3 for
BP1la in Scenario 1 and BP2a in Scenario 2.

As we can see from Figs. 3(a) and 3(b), the initial en-
ergy density of the dilutor Y in both BPs is lower than
psm by one order of magnitude. Nonetheless, the de-
crease in py is slower than that of pgy as the universe ex-
pands, leading to py=psu at #; ~3x10"7 GeV™' and
f; ~2x 10" GeV™' in BPla and BP2a, respectively. This
indicates the beginning of the EMD era. Subsequently, Y
particles dominate the universe until their decays become
effective, leading 'to the end of the EMD era at
t,~5%10” GeV~' for BPla and £, ~3x10% GeV™" for
BP2a. Since Iy in BPla is lower than that in BP2a, as
shown in Tables 1 and 2, the decays of Y particles occur
at later times, leading to a longer duration of the EMD
era. the ¥ decays inject entropy into the plasma, increas-
ing psym, the plasma temperature, and the entropy density
s. . Consequently, the X comoving number density
Yx =nyx/s is significantly diluted, ensuring that the relic
abundance of X particles being consistent with the obser-
vation in both BPs.

By substituting the obtained py, px, and psy into Eq.
(45) and solving Eq. (9) with a(f) = 1, we determine the
evolution of the scale factor a(r) in both BPs, as illus-
trated in Fig. 4. Compared with the standard ACDM cos-
mological model, the presence of the EMD era reduces
the scale factor prior to #,. This occurs because the scale

ini
45 ini> (48) factor evolves as ao*? during an MD era, increasing
more rapidly with time than a o« !/? during an RD era.
s T (49) Therefore, and a smaller a is required at the onset of the
Px = 120 ~ i EMD era to ensure a(fy) = 1 at the present time #,.
I C. Impact on the loop number density of cosmic strings
P = 7= 8 (Tui) Ty (50) ) .
30 Since the insertion of the EMD era affects the evolu-
Table 1. Benchmark points in Scenario 1 where N, serves as the dilutor Y.
Scenario 1 BPla BP1b BPlc
Common N, =200GeV, y = 0.35, tang = 0.5
my, 6.5keV 10keV 30keV
mg 5% 10"GeV 6x10"GeV 7x10'GeV
Iy 2.22x10"3GeV 1.07x10"3GeV 5.77x10"4GeV
Bx 4.41x1073 4.41x1073 4.41x1073
Table 2. Benchmark points in Scenario 2 where A serves as the dilutor Y.
Scenario 2 BP2a BP2b BP2c
Common my, =6.5keV,y=1,0x,=0
mp 1TeV 103TeV 10°TeV
Mg 10'1GeVv 3.16x 1012GeV 10'4GeV
Iy 3.51x1072'GeV 3.51x10"GeV 3.51x107°GeV
Bx 5.11x10712 5.11x10718 2.42x10720
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tion of the CS network in the VOS model, it is necessary
to examine how the normalized correlation length ¢ and
the RMS velocity v change with time. We should con-
sider these variations when calculating the number dens-
ity of CS loops during the EMD era. To achieve this, we
solve Egs. (16) and (17) with the Hubble rate H(r) modi-
fied by the presence of the EMD era, and obtain & and v
being functions of cosmic time ¢ for BPla and BP2a, as
demonstrated by blue solid lines in Fig. 5. For comparis-
on, the results of the standard ACDM model without the
EMD era are also presented as red dotted lines.

During the RD era in the ACDM model, ¢ and v ba-
sically maintain the scaling values & =0.271 and
v, =0.662, as stated in Eq. (18). Some deviations around
t~10°GeV™"' and t~10°GeV™' are attributed to
changes in relativistic degrees of freedom shown in Eq.
(12). For t 2 tq, the universe transits to the MD era, res-

ulting in an increase in & and a decrease in v. It is import-
ant to note that the time axis in Fig. 5 is on a logarithmic
scale, indicating that the changes in ¢ and v occur relat-
ively slowly. Nonetheless, this represents a mild nonscal-
ing effect.

When the EMD era occurs, ¢ increases, while v de-
creases, and both quantities gradually return to their scal-
ing values after the EMD era ends. Therefore, the EMD
era also introduces a nonscaling effect, which will be in-
corporated into the calculation of the CS loop number
density. Furthermore, we estimate the magnitudes of the
time derivatives £ and v by calculating the evolution of
their ratios to &/t and v/z, respectively, as shown in Fig.
6. We find that, during the EMD era for both BPs, |t£/£|
and |tv/v| are smaller than 0.15 and 0.03, respectively.
Thus, & and v are negligible compared to £/t and v/t, and
this will simplify the calculations below.
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Following the derivation from Eq. (29) to Eq. (32), the EMD era as
we evaluate the CS loop number density formed during
|

Fl [ v 4
EMD _Im , ,
nes (L4 <Z‘Sl‘2)—7t2 ; W@(t —ng)dt
¢ 4 t o r =0 " i
NELCE 4 +/ VoL~ f(and)] ®(t_ )
t2 0.31')/V/§,3l’1'69t/0'31 " " 0'317/‘7/{":/3111,69#0,31 amf

o Fml {0.180‘311;* B (l/t)‘”‘v} 00,187 1) + Fnlv(t)O(0.181, — 1 -T'Gut) 5D
0.312(1+TGut)? Y &3 v,E3 031y, E ()RRt +TGu(t/t — 1)]'9°
[
where I'Gu < ané, = 0.18 has been used in the third step. ing era and surviving into subsequent eras, with respect to
In addition, similar to Eq. (35), we must account for the timeline in Fig. 2. For clarity, we define the notations
the number densities of CS loops produced in a preced- for these loop number densities as follows.
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and BP2a (lower panels).
o % : CS loops formed in the original RD era and

surviving into the EMD era.

o 1n85: CS loops formed in the EMD era and surviv-
ing into the second RD era.

e n&: CS loops formed in the second RD era and sur-
viving into the final MD era.

o n™: CS loops formed in the original RD era and
surviving into the second RD era.

® 1% : CS loops formed in the EMD era and surviv-
ing into the final MD era.

rmrm .

o nZy™: CS loops formed in the original RD era and
surviving into the final MD era.

Following the approach in Ref. [77] for accounting
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for the cosmological expansion, ngy can be determined by

nES (Lt > 1)@ (1) = Mg (legs Leg )@ (eq)s (52)

where loq = [+TGu(t—t.q). This leads to

12, 0.180{0.11eq — [[ + TGu(t — teg)1}
m _€q eq eq
nes(ht> ta) = B+ TGury?
eq M
0.18220(0.11eq — =T Gut)

2(+TGut)’? ’

(53)

which is just Eq. (35). Similarly, by introducing
11’2 =+ FG,l,l(l— t1,2): we obtain

a’(t)
@)
_ 0.1840(0.11, — 1 -T'Gur)
- 2(+TGur)? ’

nes (Lt <t<t)= nes(l,t)

(54
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@)

neg (Lty <t <ty = a37(t) neg (L, 1)
_0.184°@(0.1¢, — 1 -T'Gput) (59)
nPerI+TGuty”?
rmrm Cl3(le ) rmr
Rcg (Z,t > teq) = (,13([‘; Ncg (leq,teq)
0.181)*£20(0.1t; - | - T Gpt)
B P21+ TGurys”
(56)

Moreover, the number densities of CS loops pro-
duced during the EMD era and surviving into the second
RD and final MD eras are given by

@’ (1) ;EMD
&A1) CS
_ Ful0O(0.181, = -TGur)
03142821+ TGury?

L [0187 vy (/1) v(1)

6i Yo (12)
N Fulv(t1)0(0.181, — [ —TGut)
0.31y, (B B2t +TGu(t/t — 1)1

(57)

ng]g(l, tz <t< teq) = (129t2)

@ (teg) e
a3(;; ”cs(leq,teq)

_ Falty20(0.185, — [ -TGpt)
0314”221+ TGury
0.18%'v,  (L/6)"*'v(t)
Yo és Y€ (12)
FnCti,2v(t)) ©(0.18t, — [ =T Gur)
" 0.31y, &3t 211 + TGu(t/t; — 1)]16°°

nes (Lt > teg) =

(58)

D. Modification of the GW spectrum

We now analyze the SGWB spectrum generated by
cosmic strings, incorporating modifications to the scale
factor a(¢) and the CS loop number density ncs(l,¢) in-
duced by the EMD era. Based on Egs. (7) and (8), the
GW spectra for Gu = 107" are presented in Figs. 7(a) and
7(b) for BP1a and BP2a, respectively. The contributions
from CS loops formed during different eras are demon-
strated separately. Note that, in earlier eras, the CS loops
are smaller in length and generate GWs at higher frequen-
cies.

In order to assess the sensitivity of GW detection ex-
periments, we also show the constraints from the North
American Nanohertz Observatory for Gravitational

Waves (NANOGrav) [96], the European Pulsar Timing
Array (EPTA) [97], and the Parkes Pulsar Timing Array
(PPTA) [98], as well as the sensitivity curves of the Inter-
national Pulsar Timing Array (IPTA) [99], the Square
Kilometer Array (SKA) [100], the Laser Interferometer
Space Antenna (LISA) [52], TianQin [101], Taiji [102],
LIGO [103], the Cosmic Explorer (CE) [104], and the
Einstein Telescope (ET) [105].

Compared to the GW spectrum for Gu = 107! in the
ACDM model illustrated in Fig. 1, the spectra in both
BPs with the EMD era display a suppression at high fre-
quencies f 2 10 Hz, which corresponds to the contribu-
tions from CS loops formed during the original RD and
EMD eras. The primary reason for this suppression is as
follows. Since the scaling behavior of the CS network is
only slightly violated, the correlation length L remains
approximately proportional to the cosmic time ¢, suggest-
ing that the lengths of the generated loops are positively
correlated with the scale factor a(r). As shown in Fig. 4,
the EMD era reduces the scale factor before f,. This
means that CS loops with a given initial length /, which is
inversely proportional to the frequencies of the emitted
GWs through f. =2n/l, are formed at a later time, when
the energy densities of both CS loops and emitted GWs
are reduced. As a result, the GW spectrum at sufficiently
high frequencies is suppressed, and the end time of the
EMD era, 1,, is related to the GW frequency at which this
suppression effect becomes significant. For the paramet-
ers listed in Table 1, the dilutor N, in BP1a has a longer
lifetime than the dilutor A in BP2a, resulting in a longer
EMD era and, consequently, a stronger suppression.

We proceed to investigate how the GW spectrum
changes with different parameters. In Fig. 8, the GW
spectra for BP1a and BP2a are displayed with the CS ten-
sion parameter varying as Gu =107, 107!, 3x 10713,
107, and 5x 1078, For a smaller CS tension, the GW
emission power is reduced, and the lifetimes of CS loops
are extended. This suggests that the loops existing at #,
originated from earlier times with smaller initial lengths,
reducing the average loop length at #, and increasing the
frequencies of the emitted GWs. Consequently, the sup-
pression effect caused by the EMD era begins at a higher
GW frequency, as shown in Fig. 8.

In addition, we consider the results for BP1b and
BP1lc in Scenario 1 and for BP2b and BP2c¢ in Scenario 2,
whose parameters as tabulated in Tables 1 and 2, respect-
ively. The obtained GW spectra are illustrated in Fig. 9.
For BPla, BP1b, and BP1c in Scenario 1, the dilutor N,
has the same mass, but the masses of the DM candidate
N, differ, causing variations in the decay width of N,. A
smaller decay width T'y, corresponds to a longer duration
of the EMD era, leading to stronger suppression effects at
high frequencies, as illustrated in Fig. 9(a). On the other
hand, the masses of the dilutor A are different for BP2a,
BP2b, and BP2c in Scenario 2. A heavier A implies that
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values of the CS tension parameter Gpu.

the EMD era occurs earlier, and hence a higher fre-
quency at which the suppression of the GW spectrum
commences. This is clearly demonstrated in Fig. 9(b).
Furthermore, we assess the influence of the suppres-
sion effect caused by the EMD era on the experimental
sensitivity of ground-based interferometers. Given a GW
spectrum Q. (f) converted from the strain noise of a in-
terferometer system, along with a signal spectrum
Qqienal(f), the signal-to-noise ratio (SNR) for a practical
observational time 7., can be evaluated as [106, 107]

f;nax
Q = tobs / |:
f .

‘min

/2

}df} :

signal (f )

HOISC (f) (59)

where [ fiin, fmax] 18 the accessible frequency band. If the
SNR reaches a threshold oy, = 10, it is probable that the
GW signal will be detected.

Using the sensitivity curves of LIGO, CE, and ET, we
compute the SNRs for 7, = 1 yr as functions of the CS
tension parameter Gu. The results with the EMD era for
BP1la in Scenario 1 and BP2a in Scenario 2 are presented
by solid lines in Figs. 10(a) and 10(b), respectively, while
those for the ACDM model are indicated by dotted lines.
In addition, the upper limits Gu<5.3x107"" and
Gu<2.88x107!"" at 95% confidence level given by
NANOGrav [96] and PPTA [108] searches for a SGWB
generated by cosmic strings are indicated by the regions
shaded in wheat and magenta colors. For the BPs we
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ACDM models are represented by dotted lines in similar colors.

choose, the EMD era does not influence the GW spec-
trum in the ~ nHz frequency band, where the PTA experi-
ments are sensitive, and thus these upper limits remain
valid.

For Gu < 1072, we find that the inclusion of the EMD
era has insignificant impact on the SNRs, because the
suppression effect occurs at frequencies outside the sens-
itive bands of LIGO, CE, and ET (cf. Fig. 8). In contrast,
for Guz 1072, the SNRs are obviously reduced. Com-
pared to BP2a, the dilutor in BP1a has a longer lifetime,
leading to a stronger suppression effect and, con-
sequently, smaller SNRs.

IV. SUMMARY

In this work, we explore the influence of an EMD era
on the dynamics of a preexisting CS network and the res-

ulting SGWB. We first review the GWs generated by CS
loops, highlighting the explicit dependence of the SGWB
spectrum on the CS loop number density ncs and the
scale factor a(f). We then analyze the evolution of the CS
network based on the VOS model and discuss the scaling
behavior. By assuming appropriate forms for the loop
production functions, we derive expressions for the CS
loop number densities in RD and MD eras, which are
consistent with numerical simulations in the scaling re-
gime. Notably, these expressions are expected to remain
valid even in cases where the scaling behavior is violated.

Next, we consider a cosmic timeline that incorporates
an EMD era within the conventional RD era. As an illus-
trative example, this EMD era is attributed to a massive,
long-lived dilutor in the DM dilution mechanism, particu-
larly within the framework of the minimal LRSM, where
the dilutor is either N, in Scenario 1 or A in Scenario 2.
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In this context, the overproduction of the DM particle N,
is resolved by entropy injection from the dilutor decays.
By solving the Boltzmann equations, we obtain the evolu-
tion of the number densities for the dilutor, DM, and SM
particles, as well as the time dependence of the scale
factor. These solutions allow us to identify the onset and
conclusion of the EMD era. Compared to the standard
ACDM cosmological model, the scale factor before the
end time #, of the EMD era is smaller.

Furthermore, we show that the evolution of the nor-
malized correlation length ¢ and the RMS velocity v of
the CS network is modified by the presence of the EMD
era, exhibiting a nonscaling behavior. Subsequently, we
calculate the number density of CS loops formed during
the EMD era, as well as the number densities of loops
generated in earlier eras and surviving into later eras. Us-
ing these results, the influence of the EMD era on the
SGWB spectrum arising from CS loops is demonstrated.

We find that the EMD era induces a suppression in
the SGWB spectrum at sufficiently high frequencies,
which is linked to the reduction of the scale factor prior to

t,. Additionally, for a smaller CS tension, the average
length of CS loops at 1, is smaller, causing the suppres-
sion effect to begin at a higher frequency. Moreover, a
smaller decay width of the dilutor implies a longer dura-
tion of the EMD era, leading to a stronger suppression ef-
fect. Furthermore, a heavier dilutor causes an EMD era to
occur earlier, resulting in suppression at higher frequen-
cies.

Finally, we estimate the SNRs of the ground-based in-
terferometers LIGO, CE, and ET as functions of Gu. The
results show that for BP1a and BP1b with Gu > 107'2, the
SNRs are significantly reduced, as the suppression effect
falls within the sensitive frequency bands of these experi-
ments. This study highlights that changes in the cosmic
history, such as the presence of an EMD era, can affect
the dynamics of the CS network and produce observable
signatures in the resulting SGWB spectrum.
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