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Abstract: One of the most critical issues in relativistic astrophysics is explaining the origin mechanisms of
(ultra)high-energy charged particle components of cosmic rays. Black holes (BHs), which are vast reservoirs of
(gravitational) energy, are candidates for such energetic cosmic ray sources. The main idea of this study is to invest-
igate the effects of scalar-tensor-vector gravity (STVG) and so-called modified gravity (MOG) on charged particle
acceleration by examining their dynamics and acceleration through the magnetic Penrose process (MPP) near mag-
netized Kerr BHs in MOG (Kerr-MOG BHs). First, we briefly study the horizon structure of the Kerr-MOG BH.
Then, we derive the effective potential for the circular motion of charged particles by considering electromagnetic
and MOG field interactions on the particles to gain insight into the stability of circular orbits. Our results show that
the magnetic field can extend the region of stable circular orbits, whereas the STVG parameter reduces the instabil-
ity of the circular orbit. Thus, from the examination of particle trajectories, we observe that, at fixed values of other
parameters, the Schwarzschild BH captures the test particle; in the case of the Kerr BH, the test particle escapes to
infinity or is captured by the BH, while in the Kerr-MOG BH, the test particle is trapped in some region around the
BH and starts orbiting it at a smaller value of the MOG field parameter. By investigating the MPP, we found that, in
stronger magnetic fields, the behavior of orbits becomes more chaotic. As a result, the particle escapes to infinity

with high energies.
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I. INTRODUCTION

In recent years, the process of exploring unseen com-
ponents of our cosmos has received considerable interest
from numerous scientists. The investigation of different
cosmic datasets has shown that dark energy (DE) plays a
dominant role in the accelerating growth of our universe
[1]. Theories and astrophysical observations related to
cosmology and the early universe indicate that approxim-
ately 68% of the whole universe is made up of DE [2, 3],
which can be described by a quintessential field or a re-
pulsive cosmological parameter A >0 [4—8]. Moreover,
there exists another mysterious object termed dark matter
(DM), which is supposed to compose at least 27% of mat-
ter content of the universe. Such matter consists of only
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weakly interacting particles and, as a result, does not in-
teract with light and electromagnetic forces. Various ex-
perimental studies have investigated DM directly, but un-
til now, no appreciative outcome has been obtained [9].
Hence, modified theories of gravity can be used to invest-
igate the unusual characteristics of DM. These theories
are derived from Einstein's general theory of gravity [10].

Milgrom [11] was among the pioneers to modify
Newtonian gravity to Modified Newtonian Dynamics
(MOND). The MOND model may be used to explore the
rotating curves of galaxies, but it may not be implemen-
ted for the gas density and temperature profiles of galaxy
clusters without DM [12]. An extended version of
MOND in tensor-vector-scalar gravity (TeVeS) is as-
sumed to be a possible replacement for general relativity

* Zhi-Min Chen acknowledges the support of the Shenzhen Natural Science Fund of China (Stable Support Plan Program No. 20220805175116001)

T E-mail: saecedkhan.u@gmail.com

 E-mail: javlon@astrin.uz

$ E-mail: zmchen@szu.edu.cn (Zhi-Min Chen)
# E-mail: zdenek.stuchlik@physics.slu.cz

©2025 Chinese Physical Society and the Institute of High Energy Physics of the Chinese Academy of Sciences and the Institute of Modern Physics of the Chinese
Academy of Sciences and IOP Publishing Ltd. All rights, including for text and data mining, Al training, and similar technologies, are reserved.

095102-1


http://orcid.org/0000-0001-9293-1838

Saeed Ullah Khan, Javlon Rayimbaev, Zhi-Min Chen et al.

Chin. Phys. C 49, 095102 (2025)

without DM [13]. In the case of a nonrelativistic weak ac-
celeration limit, the model mentioned above gives rise to
MOND, whereas its nonrelativistic strongly accelerating
framework is Newtonian. In contrast to conventional
scalar-tensor theories like Horndeski or DHOST, where
no-hair theorems impose strict limitations on black hole
solutions, the framework of modified gravity (MOG) in-
troduces a massive vector field interacting with the scalar
field. This interaction leads to a modified gravitational
structure not subject to the same constraints as purely
scalar-tensor frameworks. As a result, MOG does not fall
into the classes of such theories.

An alternative DM model, the scalar-tensor-vector
gravity (STVG), was introduced in [14]. Along with the
matter action and Einstein-Hilbert term, the fields of three
massive vectors and scalars are added to the action. This
theory can be used to analyze the solar system, gravita-
tional lensing, and rotational curves of galaxies, as well
as the dynamics of galaxy clusters in the absence of DM
[15]. By investigating MOG black holes (BHs), Moffat
[16] deduced that the dimensionless parameter o (which
describes the gravitational field’s strength) increases the
shadow radius. By studying Kerr-MOG BHs, Lee and
Han [17] found that a contributes to the radius of the in-
nermost stable circular orbit (ISCO). Recently, Khan and
Ren observed the shadow cast by BHs under the exist-
ence of a cosmological constant (A) and found that the
quintessential DE intensity of the quintessence field (y)
and A contribute to the shadow radius [18, 19].

The weak gravitational lensing properties of Schwarz-
schild-MOG BHs in the presence of plasma medium were
studied in [20]. The dynamics of test-charged and mag-
netized particles near regular and Schwarzschild BHs and
magnetic fields in MOG were explored in Refs. [21-26].
S2 star tests [27], twin QPOs around regular BHs [28],
vacuum and plasma magnetospheres of rotating magnet-
ized neutron stars, and death line conditions of radio-loud
pulsars have also been investigated in MOG [29].

A magnetic field around BHs has crucial con-
sequences for the accretion process and charged matter. It
was found that BHs possess an accretion disk generated
by a conducting plasma, and their motion could consti-
tute a regular magnetic field. Recent findings show the
existence of strong magnetic fields near a supermassive
BH in the Galaxy center that are not associated with the
accretion disk [30]. Hence, BHs could be immersed in an
external magnetic field with a composite formation near a
BH's horizon. At the same time, their nature could be
simple and close to a magnetic field of homogeneous
nature at a larger, finite distance [31]. Kovar et al. [32]
observed that a BH in the equatorial plane of a magnetar
could be submerged in a homogeneous magnetic field if
the magnetar is placed at a distant location. Therefore, in
the current study, we focus on a BH immersed in a uni-
form external magnetic field, also called the Wald solu-

tion of the magnetized BH [33].

In relativistic astrophysics, the dynamics of both elec-
trically charged and neutral test particles near BHs are of
considerable interest. In particular, charged-particle dy-
namics are much more interesting because they play a
crucial role in understanding the consequences of the
magnetic field on the accretion process. The equations of
electrically charged particle dynamics outlined by the Re-
issner-Nordstrom or Kerr-Newman spacetime can easily
be separated and integrated [34]. Such dynamical motion
of particles has been studied in various articles [35—39].
By examining the dynamics of the particles around a
magnetized BH, Konoplya [40] deduced that the tidal
charge strongly influences the motion of masses and the
massless motion of particles. An abundant and detailed
investigation of the charged particle motion in magnet-
ized BHs can be found in [41—47]. Particle collision in
the ergosphere and the dynamics of particles have been
examined in Kerr and Kerr-Newman-Kasuya BHs, re-
spectively [48—50]. Recently, by studying charged
particle dynamics around the Kerr BH in a split mono-
pole magnetic field, Khan and Chen investigated the posi-
tion of stable circular orbits and deduced that the positive
magnetic field increases the stability of effective poten-
tial [51].

The weak magnetic field has negligible effects on the
motion of neutral particles or the background geometry.
However, the magnetic field has a notable impact on the
trajectory of a charged test particle. Thus, for charged test
particles with charge ¢ and mass m revolving near a BH
of mass M that is enveloped in a magnetic field of intens-
ity B, a dimensionless quantity 8=¢gBGM/mc* may be
defined as the relative Lorenz force [52, 53]. This quant-
ity could also have a significant value in an inadequate
magnetic field, owing to the greater amplitude of a partic-
ular charge g/m. A "charged particle" may refer to any
material, ranging from electrons to some charge inhomo-
geneity revolving in an accretion disk's innermost loca-
tion [54].

One of the most realistic energy release processes
from rotating BHs is the classical Penrose process, which
Penrose suggested in 1969 [55]. The main idea is that a
neutral particle decays into two neutral parts at the er-
goregion of a rotating Kerr BH, and one part falls down
the BH center with negative energy. At the same time, the
other part leaves the region with a positive energy that is
higher than the initial ("mother") particle's energy. In re-
cent years, several approaches and modifications of Pen-
rose processes have been developed in gravity theories.
For example, the magnetic and electric Penrose pro-
cesses have been suggested in Refs. [S6—64], considering
the decayed particles are spinning and charged.

Our primary objective in this work is to examine
charged-particle dynamics and particle acceleration near
a Kerr-MOG BH drowned in a nearby homogeneous
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magnetic field. The remainder of our article is organized
as follows. In Section II, we briefly review the Kerr-
MOG BH spacetime and its horizons. Section III invest-
igates charged-particle motions around a Kerr-MOG BH.
Section IV explores particle acceleration in the MPP. Fi-
nally, in Section V, we present concluding remarks.
Throughout this paper, the geometrical unit system is
used and Gy = ¢ =1 is assumed.

II. KERR-MOG BLACK HOLE

A. STVG field

The gravitational field action in the STVG theory in-
cludes GR S, matter (pressure-less) Sy, vector field S,
and scalar field Sy terms [65]:

SZSG+S¢+S5+SM, (1)
where
L l(R+2A)\/—_d4 )
““Yer) G §4%
1
S¢=—E/[‘K+V(<D)] V=gd'x, (3)
11 vV,GV;G V,uV
— I @ B oM ﬂﬂ)
Ss /G{Zg( @2
Ve(G)  V,.(w)
—Tor ) Ve @

Sy=- /(p i u, + QUi ®,) \—gd*x + J' D, , (5)

where R = g"’R,, is the Ricci scalar, A is the cosmologic-
al constant, g =det(g,,) is the determinant of the metric
tensor, V,, is the covariant derivation, and V(G) and V(u)
represent potentials associated with the two scalar fields,
G and pu, respectively. @ is the gravitational source
charge, Q= vaGyM, and K is the kinetic term for the
vector field @,:

1
K = 7l B"B,,, 6)

where B" =0,®, —0,®,. The covariant current density is
defined as

J* =«Thu, , (7

where T}, is the energy-momentum tensor for matter

with k = VaGy, a =(G-Gy)/Gy is a parameter defining
the scalar field, Gy is the Newtonian gravitational con-
stant, u* = dx*/dr is a timelike velocity, and 7 is the prop-
er time along a timelike geodesic. The perfect fluid en-
ergy-momentum tensor for matter is given by

TV = (om + pa)uu” — pug" , ()

where py and p,, are the density and pressure of matter,
respectively. From Eqgs. (7) and (8), using u,u" = -1, we
get

JH = kpput . )

For the matter-free and pressureless MOG field (7%, = 0)
in the asymptotically flat (zero-cosmological constant)
spacetime, the field equation takes the form

e (10)

where T}, is the tensor of the massive-vector field. Ob-
servational data from a galaxy and cluster dynamics show
that the mass of the particles of the field ® is approxim-
ately mg =2.6x 1072 eV, which is almost zero [66]. One
may assume that the vector field is an analog of the elec-
tromagnetic field, and its field tensor is defined as

1 103 ] 107
ij = —E(BHBW - ZgﬂVB P Bug) (11)
with
ABY =0, (12)
AgBY +AB* +A,B” =0. (13)

The above assumptions imply that the potential term
of the action S is zero (V(¢) = (1/2)u®,d* = 0), so it has
only a kinetic term. One may consider the kinetic term to
be a function of the massive-vector field invariant
B=B,B" as K= f(B). The Schwarzschild-MOG BH
solution is obtained with the simple linear approximation
K=8.

B. Kerr-MOG BHs

This section aims to study the Kerr-MOG BH sub-
merged in an externally uniform magnetic field. The
MOG field equations are axially symmetric, stationary,
and asymptotically flat. In Boyer-Linquist coordinates,
the spacetime geometry can be expressed as [67]
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ds® = g,,dt2 + g,,dr2 + g99d92 + g¢¢d¢2 +2g,,dtde, (14)

with
[ A-d*sin’0 P .,
gn‘_ p2 5 grr_ A’ 809—P )
.2
0
8op = sm2 [(a2 +7%)? —a?sin’ HA] ,
P
)
asin” 6
=0 L [A- @+, (15)
¥e;
where

A=1-2GMr+d®+aGyGM?, p*=r*+d*cos’6. (16)

In the above expressions, G=Gy(l+a@) and Gy
define the constant of gravity and Newton's constant of
gravity, respectively. The parameter a characterizes the
coupling strength of the gravitational field in MOG. The
parameter a represents the BH's spin, while the dimen-
sionless parameter a describes the gravitational field
strength. Moreover, M represents the BH's mass and
could be related to the Arnowitt—Deser—Misner (ADM)
mass by the relation M, = (1 +a)M [68]. By incorporat-
ing the value of G and utilizing the dimensionless quantit-
ies r—>r/GyM, a— a/GyM, and @ - ao/GyM in Eq.
(16), A takes the form

A=r'=2(0+a)r+a*+a(l +a). (17)

In rotating spacetime, the vector potential can be exten-
ded as

M
o, = VoM

" 02

(=1,0,0,asin*6). (18)

C. Event horizon properties
The spacetime metric in Eq. (14) simplifies to the
Kerr spacetime for @ =0, Schwarzschild-MOG BH for
a =0, and Schwarzschild BH for a =a =0.
From observations of the solar system, the restriction
on the parameter o can be given by [14, 69]

2

s < 1.5%10° cm X ~1. (19)

NVo

Moreover, different astrophysical observations have
obtained various constraint values for the parameter a.
For instance, Ref. [70] demonstrated that MOG can act as

DM around the galactic cluster Abel 1689, with a set to
8.89, based on X-ray observations. Another constraint on
o comes from analyzing data from gravitational wave
events GW150914 and GW151226, which yields estim-
ates of 2 to 8.3 [71]. The constraint from the NGC1277
galaxy observation, with no signs of DM effects, is ob-
tained as a =16.61 [72]. Around Sagittarius A*, with a
mass of 4.1x10°M,, a was found to be 0.055 [73]. By
measuring the size of the supermassive BH at the center
of the neighboring galaxy M87, located 26 Mpc away
from the solar system, a was estimated to be 1.13%939
[74]. Additionally, Ref. [66] set o to 8.89 +0.34 using ob-
servational data from the rotation curve of the nearby
galaxy. Recently, a critical value of the MOG parameter
was found to be ~0.4 using the shadow of SrgA* BH
[75].

Figure 1 describes the geometric structure of BH hori-
zons versus the spin parameter a on the left side and the
parameter o on the right side. The graphical behavior
shows that the Kerr and Schwarzschild-MOG BHs have
the smallest and largest horizons, respectively. The
graphs also depict that a increases the BH horizons,
whereas a shrinks the horizons.

One can obtain possible values of MOG and spin
parameters that can provide a horizon in the spacetime of
the Kerr-MOG BH by setting A =0 and 9,A =0.

In Fig. 2, we demonstrate a set of values of a and a
that correspond to BH (BH with a horizon) and no BH
(an object without a horizon), where the blue line corres-
ponds to BH solutions. The blue line implies that ex-
treme values for the BH spin correspond to the maxim-
um value of the MOG field parameter. The extreme val-
ues of ae, are observed to increase with increasing @py.x
in quadratic form. In our subsequent analyses, we use
these results to choose test values for spin and MOG
parameters.

D. Magnetization of Kerr-MOG black holes

We assume that the Kerr MOG BH is immersed in an
external asymptotically uniform magnetic field and that
the magnetic field B is orthogonal to the equatorial plane,
oriented along the z axis. It is worse to note that the mag-
netic field could be expressed with the help of the electro-
magnetic 4-vector potential A, using Wald's approach.
Henceforth, its non-vanishing terms can be described as
[47, 52]

B
A = E(gt¢+2agﬂ)_%gtt_%7 (20)

B 0
Ay = E(gw +2agiy) — Egm' (21)

The induced electrical charge Q is called the Wald
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Fig. 2. (color online) BH vs. no BH regions in the a—a

space.

charge. This explains the induced electric potential differ-
ence between the BH horizon and infinity due to the ex-
ternal magnetic field's presence and spacetime's rotation.
The maximum induced BH charge produced due to the
BH spin takes the Wald value (Qw = 2aBM) [33]. In prin-
ciple, BHs with a maximum Wald charge possess the re-
duced electromagnetic potential as follows:

B Ow B

A = 28w~ 5 Ay = 2 80w (22)

III. RADIATING CHARGED PARTICLES IN THE
FIELD OF MAGNETIZED Kerr-MOG BHs

In this section, we separately discuss the effects of the
electromagnetic and MOG interactions on the charged
particle dynamics around the magnetized Kerr-MOG BH.

A. Gravitational radiation reaction

Here, we explore the phenomenological radiation
called the gravitational-like counterpart to radiation. The
equation of motion for massive test particles within the
spacetime of the Kerr-MOG BH, as depicted in Ref. [16],
is presented in a non-geodesic form

3.0F ' ' 7
25 ’
2.0
1.5
1.0
0.5
0.0

—05 b L L L I}
-1.0 -0.5

Vh/M

(color online) Graphical description of the BH horizons at various combinations of spin parameter a (left) and « (right).

(23)

q
— 4+ wut = =B,
m

ds

where u* =dx*/ds is the four-velocity of the particle,
which can be normalized as u,u* = —1, and g = am. The
four velocities are orElhogonal to the four accelerations of
u

the particle: w* = TR that is, u,w* = 0. In Eq. (23), the
radiation reaction forces' radiation is not considered. In
Ref. [76], the Lorentz-Abraham-Dirac (LAD) equation
[77] is modified for the radiation reaction by the STVG
field for test particles in the form

Duw g 1
— = ZB U+~ Ry u”
ds m T2 wt

+7oL (u"VaB"V + EWBMB@) W, (24)
m m

where " = g" +u'u’, h,u’ =0, and 7o =2§*/(3m) is the
damping time of the radiation. It is also shown that the
damping time is approximately 10~%s for electrons, while
it is 10~%s for protons, and on the order of 10~ s for the
scenario of a stellar-mass BH orbiting an SMBH [76].
This implies that one may neglect gravitational-like radi-
ation in studies of the acceleration of protons up to ultra-
high energies.

B. Electromagnetic radiating particles

The expression of the non-geodesic equation for
charged particles around magnetized BHs containing the
influence of external (electro)magnetic fields and the ra-
diation reaction force reads [77]

dl/t” ooV A H H

-+ = f + fi. (25)
ds

Here, fi' = (q/m)F"u” is the Lorentz force by an external

(electro)magnetic field, while f; = (g/m)F*u” is the self-

force of the charged particle by the electromagnetic field
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emitted by the charged particle itself, including tail
forces, which can be neglected [78]. The radiation reac-
tion force takes the form [79]

¥ __ q (9F‘;; o4 v Vv a
= %K T +FWF/,—Fﬁ#FV> Wt

q a v (oo
- (FLF, + FouFpuu®) u"} . (26)

The qualitative analyses in Ref. [79] have shown that
the ratio of the radiation reaction force Fgr ~ g*B2/(m*c*)
to the Newton force is

Fre ¢'BMG _ @)4(@)3 (L)z( M )
Fx m3ct e m 108G 10M,

5 () () (swa) (i)
104 \e/ \'m 108G/ \10M, /"’
and in the Sgr A* case, the ratio for protons is [80, 81]

2
% - ﬁ (94 (%)3 <1£G) (M?/:,A*) - @

The above estimations on radiation reaction forces in
proton motion imply that one may also neglect the ef-
fects of the field radiated by protons on their motion. The
revised scaling relation for radiation losses now includes
a Lorentz factor dependence, reflecting significant losses
for high-energy protons around stellar-mass black holes.
However, these losses remain within bounds, allowing for
an effective MPP for supermassive black holes. This pro-
cess operates as a localized redistribution mechanism,
balancing radiative losses with gravitational and magnet-
ic energy contributions in the MOG framework, pre-
serving the core dynamics of the MPP.

27)

IV. GEODESICS AROUND Kerr-MOG SPACE-
TIME: WITHOUT ELECTROMAGNETIC
AND GRAVITATIONAL RADIATIONS

This section aims to explore the characteristics of the
photon region around a Kerr-MOG BH by neglecting
both electromagnetic and gravitational radiation by the
particles, with the assumptions of p*p, = —m?. Therefore,
by applying the technique of separation of variables, the
corresponding geodesic motion of the metric in Eq. (14)
could be expressed by the Hamilton—Jacobi equation as

_os
or
1 N . 1

= Eg;lv(P/i - qﬂ,u + qq)/l)(Pv - qﬂv + q(Dv) + Emz’ (29)

where § = +/am is the gravitational test particle charge. In
Eq. (29), H and S denote the Hamiltonian and Jacobi ac-
tions, respectively. Moreover, m? is the rest mass, while
pu =08 /dx* is the four-momentum of particles. Due to
spacetime symmetry, the preserved energy and angular
momentum may be described in the form

-&=p, = gul + g+ qA, + G, (30)

L=py =gyl + 8pod +q Ay +GDy. (€29)]

The dot denotes the derivative for the proper time z.
Therefore, by using &= E/m, L =L/m, and a particular
charge g = g/m, the Hamiltonian in Eq. (29) modifies to

1 1
H = Hy 0+ 58"+ 58" Pi, (32)
with
1
7_{Ii(’”, 0) = 2 [gtt(a =qA, + E](Dt)z + g¢¢(£ —qA, - ‘7<D¢)2

—28"(E+GA+ D)L - GA,— GDy) + 1.

In the above expression, H,(r,6) represents the poten-
tial part of the Hamiltonian. Utilizing Eqgs. (30) and (31),
the values of 7 and ¢ can be obtained as

. 8uw(L—qAy—qDy) + gpp(E+ GA; + GD;)
i== ) ; (33)
8u8pp — 8o

_ gu(L~ C_]ﬂ¢ - Elq)¢) +gr¢(8+ gA, +qo,)

¢ 2
81t8¢p — 81y

N

The energetic boundaries imposed by the H =0 con-
straint could restrict the charged test particle dynamics.
By making use of the energy condition, the effective po-
tential may be associated with the specific energy for cir-
cular orbits (7 =0) as &= U,z(r,0), which, in the Kerr-
MOG BH, simplifies to [43]

U,y (r,0) = P VP Z 207 Vzgz —40y. (35)

where ¢ = —g",8 = -2[g"(qA, +q®P,) - g’ (L ~GA; — GDy)],
and y = —g"(GA, +q®,)* + 28" (A + GO )L~ Ay~ GPy)~
g L~-qA,—qDy) 1.

Magnetic fields around BHs produce chaotic behavi-
or in charged particle dynamics, except in the equatorial
plane. In the equatorial plane, the minima and maxima of
U indicate stable and unstable circular orbits, respect-
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ively. The circular orbits of the Kerr-MOG BH can be
distinguished into four different classes [53]: the pro-
grade anti-Larmor orbit (PALO) for £ > 0,8 > 0; retro-
grade Larmor orbit (RLO) for £ < 0,8 > 0; prograde Lar-
mor orbit (PLO) for £ > 0,8 < 0; and retrograde anti-Lar-
mor orbit (RALO) for £<0,8<0. Here, £>0 and
L <0 denote the co-rotating and counter-rotating
particles, respectively, while 8> 0 and 8 <0 define the
repulsive and attractive Lorentz forces, respectively.

The dynamics of charged particles can be bounded by
the boundaries of their effective potential

E=Ug(r,0,8,L). (36)

The behavior of the effective potential (35) is invest-
igated in Fig. 3, which allows us to illustrate the general
features associated with the motion of charged particles
without explicitly computing the equation of motion [31].
Also, the graphical behavior depicts that the magnetic
field stabilizes the circular orbits (first column of Fig. 3).
The particles coming from infinity with a higher spin
parameter a require more energy to climb U,z compared
to those with a smaller value of a, and vice versa for the
parameter o (for details, see the second and last columns
of Fig. 3). The middle and right panels show that circular
orbits are initially unstable but become stable along x at a
higher distance. It is also observed that the BH spin in-
creases the instability, whereas a decreases the instability
near the BH horizon. Furthermore, the circular orbit's in-
stability at the horizon in the Kerr-MOG BH is higher
than in the Schwarzschild-MOG BH.

A. Charged particle trajectories

The Keplerian accretion disk could generate the tra-
jectories of circular orbits near a BH, while the ISCO de-
termines its lower boundary. One can obtain the boundar-
ies of particle dynamics by investigating the properties of
the effective potential U.4(r,6). Therefore, the circular
orbits of the charged test particle could be acquired using
the stationary positions of the effective potential as

115, .
l 1.02- |
110 |}
1.00 |
1.05 ||
i &098 |
1.00 i

096 !

095 ||

a=09,a=01,L=6] (g4 !

10 20 30 40 50 0 5 10
X

0.90
0

Fig. 3.

a=01,8-001,L£=55 100 | |

5,’L(eﬂ-(r, 9) = 0, agﬂeﬁ(}’, 9) =0. (37)

In the Schwarzschild BH, the local extrema of
U.(r,0) are located only on the equatorial plane. On the
contrary, in our case (Kerr-MOG BH), the local extrema
in the equatorial plane can also determine the circular or-
bits [31].

In principle, charged particle motion near a BH im-
mersed in a uniform external magnetic field is chaotic.
Although charged particle trajectories near stable circular
orbits still possess a structured nature [43], it has been ob-
served that the charged particles also have structural tra-
jectories on the equatorial plane. At the same time, their
nature becomes chaotic as the angle of inclination of the
beginning point varies from the equatorial plane (since
the inclination of orbits changes in each period).

The characteristic of effective potential may provide
various kinds of energetic boundaries (Eq. (36)). The
graphical behavior of the test charged particle trajector-
ies in the background of Schwarzschild, Kerr, and Kerr-
MOG BHs are shown in the top, middle, and bottom rows
of Fig. 4, respectively, in the absence of an external mag-
netic field (8 =0). From Fig. 4, it can be observed that
the Schwarzschild BH captures the test particle at the
same value of other parameters. In contrast, in the case of
Kerr and Kerr-MOG BHs, the test particle is trapped in
some region around the BH. It starts circularly orbiting
due to decreased gravitational forces in spacetime and in-
creased centrifugal forces. This means that in the Kerr
and Kerr MOG BH cases, the falling rate of accreting
matter is smaller than that of the Schwarzschild BH. Fur-
thermore, the presence of minor MOG effects makes the
trajectories (bounded orbits) chaotic (unstable) and re-
duces the width between the turning planes due to the
fifth interaction (MOG field). Meanwhile, its greater val-
ues result in particles falling into the BHs.

In Figs. 4 and 5, we plot the charged particle traject-
ories in the close environment of the Kerr-MOG BH in
the presence of an external asymptotically uniform mag-
netic field (with 8 #0). We can observe various types of
orbits with corresponding boundary conditions. The first

0.98 | |
096 | !

094 | f

il
092 | f

a=09,8=001,L=5

20 25 30 35 0 5 10 %5 20 25 30 35
X X

090 L

(color online) Graphical description of the effective potential at various discrete values along the radial coordinate x.
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(color online) Test particle trajectories (solid curves) around BHs described by the shaded circle without considering external

magnetic field (8). Trajectories in the first, second, and third rows indicate the Schwarzschild, Kerr, and Kerr-MOG BHs, respectively.
The fourth column corresponds to the 3D particle trajectories, whereas the first and second columns describe their 2D orientations. Us-

ing the principles of energy and angular momentum conservation, we can describe the 4D configuration space (7,x,y,z) in a 2D graph
(third column), where the motion boundary is plotted via the effective potential (dotted-dashed curves).

one is related to the existence of an outer boundary,
where the central magnetized BH should capture the
charged particle. The second type is related to the exist-
ence of an inner boundary where the particle must escape
to infinity. The third type is related to inner and outer
boundaries, between which the charged particle is trapped
around the BH and forms a toroidal region. The latest
type is characterized by no inner and outer boundaries,
where the BH can trap the particle or escape to infinity.
The impact of the parameter a on particle trajectories can
be explicitly observed in Figs. 4 and 5. Also, one can see
from the first and second rows of Fig. 5 that the MOG
field shrinks the region between the outer and inner

boundaries and increases the chaos in the bounded orbits.
However, the wideness of the region of the bounded or-
bits for negatively charged particles is smaller than that
for positively charged particles.

V. PARTICLE ACCELERATION IN THE
MAGNETIC PENROSE PROCESS

Particles within a neutral accretion disk can be ion-
ized in various ways, such as particle disintegration or
atom ionization due to particle collision in the hot and
magnetized accretion disk. Another alternative possibil-
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Fig. 5.
tails, see Fig. 4).

ity is connected with the accretion disk, which contains a
quasineutral collection of ions and electrons as charged
particles in circle-like orbits around a BH and photons.
When the matter in the disk is sufficiently thick, the
charged particles' principal free path becomes signific-
antly shorter than that of the entire circumference of the
orbits, and they travel together like a neutral entity. The
plasma density decreases dramatically along the disk near
the inner boundary, and charged particles are not further
restricted by the surroundings and start floating independ-
ently, controlled entirely via the (electro)magnetic fields.
This particle ionization model, proposed by Stuchlik
et al. in [82], naturally corresponds to the magnetic Pen-
rose process (MPP) [56, 83], in which the initial neutral
particle is divided into two charged particles. This
straightforward ionization model may be used to investig-

(color online) Charged test particle trajectories (solid curves) around a Kerr-MOG BH with an external magnetic field (for de-

ate the destiny of ionized Keplerian disks [84], and if the
magnetic influence is weak, it can be used to create mod-
est oscillations of particles in circular orbits [53, 85]. The
ionization process conserves both the charge and kinetic
momentum of the particle [47]:

O0=qr+q3, M) = Ta@) + Ta@)- (33)

It is possible to demonstrate that kinetic momentum
remains unchanged during ionization using

Po) = P2 t Pa3)» (39

because the electromagnetic effects balance out [82, 84].
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In practical cases, one of the generated charged particles
might be significantly heavier than the other; for ex-
ample, in the ionization of atoms, the ion is much more
massive than the electron. The gradually more massively
charged product absorbs practically all the kinetic mo-
mentum of its predecessor's neutral particle, and the
lower-charged product's dynamic impact may be ignored:

Pa(l) ® Pa@) > Pa)- (40)

The neutral particle will be separated into two
charged particles after ionization, and while their total
mechanical momentum remains conserved, the charged
particle will feel the effect of the electromagnetic field
via the Lorentz force, and their trajectories will be signi-
ficantly different from the neutral one, as shown in Fig. 6.

In this section, we assume that the ionization event
would take place close to the Kerr-BH equatorial plane
but with some small perturbation 6, ~ 7/2, which allows
the particle to also move in the vertical direction. The
neutral parent particles appear to be in a spherical orbit
with a starting location of x* and four-velocity of u,:

x¥ =(t,1,0,¢) =(0,r9,6p,0), (41)

Uo = (U, Ur, g, uy) = (E,0,0, L). (42)

The particular energy & and angular momentum £
associated with neutral electrical particles adhering to cir-
cular orbits regulate the particle's motion constants [86]:

P2 +ar+axaVI+ayr-a @3)
= e ,

L=r+d®+2a/(U+a)r—a
s (VTFar—aaa). (44)

&

where P2 =r2-3(1+a)r+2a+2a\{I+a)r—a. The in-
ner edge of the Keplerian disks is situated at the ISCO,
which can be obtained with the condition of
&P U/dr* = 0.

Although the MPP is a regional decaying procedure,
its energy balance can only be determined with the help
of the electromagnetic field's local value. As a result, a
simple estimation of an asymptotically homogeneous
magnetic field compatible with a spinning axis could be
utilized. The neutral particle (neutron) orbiting the cent-
ral BH in a thin Keplerian disk or thick torus is in a
bound state, and its energy is slightly lower than unity,
E; < 1, where the value E; =1 is reserved for a particle at

rest located at infinity. Thus, the second particle's energy
E> = pp—qA;—q®, could be negative and of huge mag-
nitude. The third particle's (proton) energy E; = ps+
gA;+§®; has the potential to be relatively high. MPP
combined with chaotic dynamics in the combined gravita-
tional and magnetic fields leads to the second charged
particle trajectory [82], and the circular motion of the
particles will be transmuted into linear motion alongside
the lines of the magnetic field. Such a flow of charged
particles may be used as a straightforward model for the
relativistic jets (or particle winds) discovered in several
active galactic nuclei and quasars. The BH instantly cap-
tures the second particle with significant negative energy,
as illustrated in Fig. 6.

The MPP of the charged particles that accelerate is
depicted in Figs. 6 and 7 at various values of 8 and a. As
previously discussed in [ ], the mechanism of chaotic
scattering ensures that the ultra high-energy third particle
can depart to infinity through magnetic field lines, while
the particle with significant negative energy is instantly
absorbed by the BH (see Figs. 6 and 7). Moreover, it
should be observed that the chaotic nature increases in the
case of a greater magnetic field value, and the particle es-
capes to infinity more quickly.

A. Astrophysical relevance

In practical astrophysical situations, the arbitrary elec-
tromagnetic field near a BH is insufficient because its
stress-energy tensor does not contribute to spacetime geo-
metry. To contribute, the electromagnetic field energy
density must be on the order of gravitational field density.
Therefore, the requirement for the existence of a magnet-
ic field having strength B and BH mass M is [87, 88§]

4 M, M
g, ) ~10" g G- @9
[0}

B << Bg =
However, it may significantly influence the motion of
a charged particle. The interplay of the electromagnetic
Lorentz force and gravitational attraction experienced by
charged matter, symbolized by a specific charge, g/m,
could be expressed using the dimensionless "magnetic
parameter” B. Charged test particles may symbolize pro-
tons, electrons, ions, and massively charged anomalies,
such as plasma objects or charged dust with specific
charges g/m ranging from the electron maximum to zero.
Due to the enormous magnitude of its specific charge, the
magnetic field parameter Bfor protons, ions, and, in par-
ticular, electrons can be enormous even in relatively weak
magnetic fields, representing an essential impact of the
electromagnetic Lorentz force on its dynamics even in
weak magnetic fields. Results of an analogous study that
involves protons and ions are listed in Table 1.
Suppose that the MPP is associated with an ionized
Keplerian disk and a chaotic scattering approach. In this
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Fig. 6.

(color online) Particle acceleration near a magnetized spinning BH. In the left column, the electrically neutral particle (or in

the absence of external magnetic fields) is shown by solid black curves, which lie along the inside edge of the accretion disk, decom-
posing into two charged particles: in the middle column, positively charged particles (blue curves), and in the right one, negatively
charged particles (red curves). While the second particle (blue) gets stuck with excessive negative energy upon orbiting around the BH,
the third particle (red) gains excessive energy via chaotic scattering and escapes along the magnetic field line.

case, one might deduce that magnetized, revolving BHs
could form jets headed toward infinity with exception-
ally high velocities. As a result of the rotational energy

extraction of BHs due to capturing electrons with signi-
ficant negative energy, this is a fundamental procedure
forahighly challenging Blandford-Znajek mechanism [56].
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parameters.

When the ionized disk rotates around a non-spinning
BH (or a slowly spinning BH encircled by a relatively
weak magnetic field), the MPP creates storms that can-
not go on to infinity with acquired energy from the rota-
tional motion of the encircling objects (which represents
the Payne-Blandford procedure [89]). This chaotic scat-
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(color online) Identical scenario to that of Fig. 6 but with comparatively higher values of the magnetic field (8) and MOG (o)

tering procedure results in the creation of jets caused by
the conversion of revolving energy of matter initially re-
volving in the Keplerian disk; nevertheless, the energy as-
sociated with this transformation of circular motion en-
ergy to translational dynamic energy is smaller than that
associated with electromagnetic field acceleration.
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Table 1.
parameter 8 =0.1 for different kinds of charged particles trav-
eling near the BH Mgy ~ 10 M.

Magnetic field strength B related to the magnetic

M = 10Mg/ electron proton Fe+ charged dust

B8=0.1

104G 0.4G 24G 10'°G

B. Ultra-high energy cosmic rays in the extreme
regime as products of MPP

Cosmic rays are connected to the significant growth
of particle energy. These are typically made up of high-
energy ions or protons; their detected isotropic disper-
sion implies an extragalactic origin, which is why the
production mechanism has long been contested. Inspec-
tions of Ultra-High-Energy Cosmic Rays (UHECRs) as-
sociated with energetic particles of E > 10'® eV (on rare
occasions, particles with energy E > 10*' eV are found,
surpassing the GZK limit of 10" eV owing to the inter-
play of cosmic microwave background) are of particular
interest [47]. The study of particles with more enormous
energy than the GZK limit necessitates strict distance
limitations on the origin of such energetic particles.

The extreme acceleration of particles with energies
E > 10?!' eV can be difficult to explain. However, we may
suggest a basic strategy centered on the MPP's ultra-effi-
cient regime if it is near a supermassive BH surrounded
by an abundant magnetic field. The charged particle's en-
ergy generated by the MPP in an extraordinarily efficient
regime may be described as

Enpr = 1.3(1+ @) (%) (g) (1011:)4Mo) <1ng) 10% eV.

(46)

Here, m and ¢q represent the mass and charge of the test
particle, respectively, whereas e and m, are the charge
and mass of a proton, respectively. Protons possessing an
energy of E>10*" eV are undoubtedly possible even
when a=0.8, as supermassive BHs that possess mass
M =10'"M, are contained in a magnetic field with
strength B = 10*G and are quietly rotating. It is important
to note that the energy of a photon may be calculated for
the supermassive BH SgrA*, and the corresponding mag-
netic field observable in the galaxy's center is provided

by

Ey>(+a) (g) (0%) (1£G) (MiZA*) (%) 107 eV.
“47)

This quantity should be comparable to the well-
known knee of the energy range in the gathered data,
which is located at Eyn. ~ 10°° eV, where the entire
amount of particle flow detected is greatly reduced, im-

plying the presence of an incredibly strong origin placed
at a relatively close distance. The MPP on SgrA* recom-
mends that the model be connected to the UHECR data
knee at E ~ 10 ¢V.

VI. CONCLUDING REMARKS

The magnetic field has a profound influence on the
astrophysical phenomena that occur in the vicinity of
BHs and other compact objects. Even a small magnetic
field may considerably affect the location of the inner
edge of an ionized Keplerian accretion disk and the
charged particle's trajectory if the particular particle's
charge g/m is sufficiently high. As GRMHD algorithms
reveal, the real magnetic field near a BH may possess a
relatively complex nature [90, 91]. Therefore, this article
examines charged-particle motion and acceleration in
MPP around a Kerr-MOG BH drowned in a uniform
magnetic-field configuration.

From the investigations of horizons, we observed that
the Kerr BH has the smallest horizon, whereas the
Schwarzschild-MOG BH has the largest horizon. Result
graphs also showed that o contributes to the area of BH
horizons, whereas a shrinks it. To gain information on the
stability of a circular orbit, we explored its effective po-
tential. Our study showed that an infinity-incoming
particle with a higher value of a required more energy to
climb the effective potential than its lower value, and vice
versa for the parameter a. The second and third panels of-
Fig. 1 demonstrate that the circular orbits are initially un-
stable but become stable along the axes. We also ob-
served that o results in a decreasing circular orbit instabil-
ity near the horizon of the BH. The instability of circular
orbits near the Kerr-MOG BH's horizons is higher than
that of the Schwarzschild-MOG BH. Interestingly, the
magnetic field contributes to the stability of circular or-
bits.

It has been observed that particles have structural tra-
jectories on the equatorial plane, and their nature be-
comes chaotic as the inclination angle varies from that
plane. In principle, charged particle dynamics around a
magnetized BH reveal four feasible regimes of the ion-
ized Keplerian disk behavior: surviving in consistent epi-
cyclic motion, changing into a chaotic toroidal state, col-
lapsing due to escaping along the magnetic field paths,
and collapsing due to falling into the BHs. From the study
of particle trajectories, we noticed that the Schwarzschild
BH captures the test particle at fixed values of other para-
meters. In contrast, in the Kerr BH, the test particles may
either escape to infinity or be trapped by the BH, while in
the Kerr-MOG BH, the test particle is trapped in some re-
gion around the BH and starts orbiting it (see Fig. 4).

Our study found various types of boundary condi-
tions. The first is related to the existence of an outer
boundary, where the BH should capture the particle. The
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second type is associated with the existence of an inner
boundary, where the particle must escape to infinity. The
third type relates to inner and outer boundaries between
which the charged particle is trapped around the BH and
forms a toroidal region. The last type is characterized by
no inner or outer boundaries, where the BH can trap the
particle or escape to infinity. The impact of the paramet-
er a on particle trajectories can be explicitly observed in
Figs. 4 and 5.

We investigated an approach for supermassive BHs to
be responsible for producing UHECRSs and used a unique,
ultra-efficient regime of MPP and ionization of neutral
particles, including neutron-beta decaying at the horizon
of a rotating BH. In investigating the MPP, we found that
for a larger magnetic field, the behavior of orbits be-
comes more chaotic due to the particle escaping toward
infinity more quickly, which is analogous to the findings
of [87]. In addition, charged particles from an ionized
Keplerian disk may be accelerated near Kerr-MOG BHs
with an MPP efficiency of more than 10'°, allowing pro-
tons to accelerate to the following energies:

* 10°! eV in the vicinity of a supermassive BH of
mass M = 10'°M, and B = 10*G;

* 10" eV in the vicinity of M87, a supermassive BH
of mass M =7x10°M, and B = 10> G; and

¢ 10"% ¢V in the vicinity of SgrA*, a supermassive
BH of mass M =4x10°M, and B=10 G.

This approach may be used for neutron stars with
small masses compensated by enormous magnetic fields.
However, such directions will be left for future research.
Because relativistic electrons lose synchrotron radiation
10" times quicker than protons, heavier elements of
UHECRSs appear more likely in this scenario.

Magnetic field data at the event horizon scale are re-
quired to predict the candidates of supermassive BHs
within the proposed framework. Few precise measure-
ments are available, but future VLBI observations will
likely increase this number. We believe that the proposed
concept of a supermassive BH as a UHECR power en-
gine opens up new avenues to understanding this unique
high-energy phenomenon and its significance in various
high-energy scenarios.

Note that the MOG and GR + EM theories share
some mathematical isomorphisms, and the vector-scalar
interactions in MOG contribute to additional degrees of
freedom. These impact stability in ways that differ from
purely electromagnetic effects, providing unique modific-
ations to orbit dynamics in the MOG framework.
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