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Abstract: We study the inelastic charmonium (J/¢, ¥(2S)) and bottomonium (Y'(nS )) photoproduction and frag-
mentation processes in p-p and Pb-Pb collisions at LHC energies, where the ultra-incoherent photon emission is in-
cluded. In the framework of the NRQCD factorization approach, an exact treatment is developed which recovers
Weizsicker-Williams approximation (WWA) near the region Q2 ~ 0, where the methods of Martin-Ryskin and
BCCKL are used to avoid double counting. We calculate the 02, ¥, 2z, \/s, pr dependent and the total cross sections.
It turns out that the inelastic photoproduction and fragmentation processes provide valuable contributions to the
heavy quarkonium production, especially in the large pr regions. While the relative contribution of ultra-incoherent
photon channel is very important, which rapidly increases along with the growing quarkonium mass, and begins to
dominate the photoproduction processes at large pr ranges. Moreover, we obtain the complete validity scopes of
WWA in inelastic heavy quarkonium photoproduction in heavy-ion collisions. WWA has a much higher accuracy at
high energies and in Pb-Pb collisions. The existing photon spectra are generally derived beyond the applicable

scopes of WWA, and the double counting exists when the different channels are considered simultaneously.
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I. INTRODUCTION

The study of heavy quarkonium has yielded valuable
insight into the nature of the/ strong interaction, Q0
bound states have provided useful laboratories for prob-
ing both perturbative and nonperturbative QCD. During
the last years, the study of the heavy vector meson pro-
duced by photon-induced interactions at hadronic col-
liders has been strongly motivated by the possibility of
constraining the dynamics of the strong interactions at
high energies [1-5]. It also sheds light on the low-x phys-
ics and helps to constrain the nuclear parton distributions
[6-9]. It is well known that this type of mechanism can
be theoretically studied using the Weizsdcker-Williams
approximation (WWA) [10—12]. The central idea of
WWA is that the moving electromagnetic field of
charged particles can be treated as a flux of photons. In
an ultrarelativistic ion collider, these photons can interact
with the target nucleus in the opposite beam (photopro-
duction) or with the photons of the opposite beam (two-
photon reactions). At the CERN Large Hadron Collider
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(LHC) energies, the intense heavy-ion beams represent a
prolific source of quasireal photons, hence enabling ex-
tensive studies of photon-induced physics. In the calcula-
tions, an important function is the photon flux function,
which has different forms for different charged sources.
Although great development has been achieved, the
features of WWA in inelastic heavy quarkonium photo-
production in heavy-ion collisions are rarely noticed.
WWA is usually employed beyond its applicable scopes,
and imprecise statements pertaining to the advantages of
WWA were given [13—28]. For instance, the WWA is
usually adopted in electroproduction reactions or exclus-
ive processes, where the virtuality Q* of the photon is
very small, controlled by m, or the coherence condition.
However, when the WWA is used in hadronic collisions,
Q? is controlled by the nucleus mass my and it is not ob-
vious that the WWA is still valid. Particularly in the ul-
trarelativistic heavy-ion collisions at LHC energies, the
influence of WWA becomes significant to the accuracy
of describing photoproduction processes, since photon
flux function scales as f, o Z?In /s/m, in which the colli-
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sion energy +/s and the squared nuclear charge Z? turn
into the very large enhancement factors to the cross sec-
tions. Thus, heavy-ion collisions have a considerable flux
advantage over the proton. For these reasons, it is neces-
sary to present a comprehensive analysis of WWA in in-
elastic heavy quarkonium photoproduction in heavy-ion
collisions, and to estimate the important inaccuracies ap-
peared in its application.

There are different channels which contribute to
heavy quarkonium production. From the beam side, the
different photon sources need to be considered [29]: co-
herent-photon  emission (coh.), ordinary-incoherent
photon emission (OIC), and ultra-incoherent photon
emission (UIC). In the first type, the virtual photons are
emitted coherently by the whole nucleus which remains
intact after photons radiated. In the second and third
types, the virtual photons are emitted incoherently by the
protons and quarks inside nucleus, respectively, and nuc-
leus will dissociate after photon radiation. To avoid con-
fusion, the terminology "elastic" and "inelastic" describe
the case of whether the target nucleus remains intact or is
allowed to break up after scattering with photons. When
these different photon sources are considered together,
we have to weight its relative contributions to avoid
double counting. Meanwhile, in the final state, there are
two types of inelastic productions need to be distin-
guished: direct and fragmentation contributions [30—32].
The fragmentation process is described by the fragmenta-
tion functions to specify the probability of final partons
(gluons or quarks) hadronizing into quarkonia bound
states. The fragmentation contribution originates from the
large pr region, where one encounters large logarithms of
pr/my, such large logs are resummed into the fragmenta-
tion functions. This essentially means that fragmentation
mechanism can be only used in the large pr region, and
one can not naively add the direct and fragmentation con-
tributions together, since this will also cause double
counting [32—34]. But in fact, the double counting exists
in most works, and the fragmentation formalism is em-
ployed beyond its validity range [14—22].

There are numerous studies on these processes,
however, the application of UIC, to our knowledge, is in-
sufficient in inelastic heavy quarkonium photoproduction.
For instance, Gongalves et al. systematically studied the
exclusive production of vector mesons in hadronic colli-
sions considering different phenomenological models in
Refs. [36, 37]. Machado et al. studied the inelastic and
exclusive heavy quarkonium photoproductions within the
color dipole formalism [38, 39]. In Refs. [40—42], Klein
and Nystrand studied the exclusive vector meson produc-
tion via photon-Pomeron or photon-meson interactions,
and discussed the interlay between photoproduction and
two-photon interaction [43]. Ducati ef al. investigated the
exclusive J/y photoproduction and the radially excited
Y(2S) state off nucleons in p-p collisions according to the

light-cone dipole formalism [44]. There are also many
other relevant works, however the photon emission types
in all of these works are coherent, with the incoherent-
photon emission being neglected. Furthermore, the UIC
photoproduction, which is best treated as inclusive pro-
cesses, can provide additional corrections to the central
collisions. For instance, the authors in Refs. [18—20] have
investigated the inelastic dileptons, photons, and light
vector mesons productions at the LHC energies. These
works show that the UIC photoproduction enhances the
contribution of massless and light final-state particles in
the central collisions. However, the correction is not clear
for heavy quarkonium due to its large mass.

According to the above purposes, in the present work,
we investigate the inelastic photoproductions of char-
monium (J/, ¥(25)) and bottomonium (Y'(nS)) in p-p
and Pb-Pb collisions at LHC energies. An exact treat-
ment is performed that recovers the WWA near the
0? ~0 _domain and can be considered as the generaliza-
tion of leptoproduction [45]. The full kinematical rela-
tions matched with the exact treatment are also obtained.
We present a consistent analysis of the features of WWA
in heavy-ion collisions comparing with the exact results,
and study the double counting. In addition, we estimate
the contribution of ultra-incoherent channel to the inelast-
ic heavy quarkonia photoproductions.

It is necessary to mention that there is a important
work recently done by Wangmei Zha et al., where they
address similar challenges in reconciling WWA validity
[46]. Based on the QED approach, Wangmei Zha et al.
developed a spatially-dependent photon flux distribution
and established a more precise relationship between the
photon transverse momentum distribution and impact
parameter of collisions. They justified the inadequacy of
the WWA model in describing the photon flux for elec-
tron-ion collisions, and pointed out that the QED ap-
proach provides a more realistic basis for calculating the
impact parameter dependence of photoproduction pro-
cesses in electron-ion collisions. Within this refined
method, they explores the potential of utilizing nuetron
tagging from Coulomb excitation of nuclei to effectively
determine centrality for exclusive photoproduction in
electron-ion collisions. Their study offers a new method-
ology for exploring the spatial and momentum structure
of gluons in nuclei, and offering novel insights for experi-
mental design and data analysis.

We organize the paper as follows. In Sec. II, we
presents the formalism of exact treatment for the inelast-
ic heavy quarkonium photoproduction in heavy-ion colli-
sions. Based on the Martin-Ryskin method, we consider
the coh., OIC, and UIC processes simultaneously. And
according to the BCCKL method, we match the fixed or-
der and fragmentation contributions. In Sec. III, we turn
the accurate formula into the WWA one near the region
0*~0, and study the several widely utilized photon
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fluxes. In Sec. IV, we numerically calculate the @2, y, z,
/s, and pr dependent differential cross sections, and the
total cross sections at LHC energies. Finally, in Sec. V
Wwe summarize our paper.

II. GENERAL FORMALISM OF EXACT TREAT-
MENT

For heavy quarkonium production and decay, an ef-
fective field theory known as nonrelativistic QCD (NR-
QCD), has been proposed to explain the huge discrep-
ancy between the theoretical predictions and experiment-
al measurements of the transverse momentum distribu-
tion of J/y production at the Tevatron. This scheme has
proven to be highly successful in numerous applications
[47]. In this section, we employ this scheme to describe
the inelastic heavy quarkonium photoproduction. The
NRQCD scheme is based upon a double expansion in «;
and v (the heavy-quark relative velocity in quarkonium
rest frame), and its form for inelastic quarkonium A pro-
duction is

H
dopip-nix = Z dO—AJrBHQQ[l.s] ["]+X<O[1,8J [n]).

n

(1

Here, doa. 00, 4mx are the process-dependent short-dis-
tance coefficients (SDCs), which can be computed in per-
turbative QCD by expansion in «, and correspond to the
production of a heavy quark-antiquark pair QQy, [n] in a
specific color and angular momentum state n=>*' L\,
The term (0538][11]) denotes the NRQCD long-distance
matrix elements (LDMEs), which describe the probabil-
ity of hadronization and have a well-defined scaling with
v (v=0.08 and 0.25 for bottomonia and charmonia, re-
spectively). Since the color-singlet LDME for quarkoni-
um production (0“[*S{"]) is related to the color-singlet
LDME for quarkonium decay, it can be determined in lat-
tice QCD, from potential models, or from the y decay
rates into lepton pairs [33]. On the other hand, it is not
known how to compute the color-octet production
LDMEs from first principles, and they are usually de-
termined by fitting some experimental data. Notably, if
NRQCD factorization holds, the LDMEs should be uni-
versal.

For 17~ quarkonia productions, J/y¢, ¢(2S) and
T(nS), the sum over n, truncated at order v*, involves
four LDMEs [47]: (O"[3S{"D), (O"[*SPD), OM['S$D),
and (07 [3P(JS)]). Due to their lengthy expressions, we
summarized them in Appendix A for completeness and
convenience.

A. Accurate cross section for the general inelastic pho-
toproduction process ab — aHX
The exact treatment for the inelastic heavy quarkoni-

um photoproduction in heavy-ion collisions can be con-
sidered as proceeding in two steps. In the first step, the
density matrix of virtual photon should be expanded us-
ing the polarization operators, according to the fact that
the photon radiated from the projectile is off mass shell
and no longer transversely polarized. In the second step,
the square of the electric form factor D (Q?) is adopted as
the weighting factor (WF) for different charged sources
to avoid double counting.

By comprehensively analyzing the terms neglected in
transiting from the exact formula of Fig. 1(a) to the
WWA one, we can naturally estimate the features of
WWA in heavy-ion collisions. In our case, the details of
the result depend essentially on the characteristic beha-
viour met when moving off mass shell for photoprocess
amplitudes:In the first step of exact treatment, we should
derive the general form of cross section for the inelastic
heavy quarkonium photoproduction in Fig. 1(a):

do(@+B— a+H+X)

= Z/dx,,fh/g (xh,yz)da(a/+b—>a+H+d), 2)
b

where x, = p,/pp 1s the momentum fraction of the mass-
less parton b struck by the virtual photon, and the distri-
bution function of parton b in nucleus B is

fo (x4%) = Ry (5.) [Zp () + Nn (x.42)] . (3)
where Ry (x,u?) is the nuclear modification factor [48], Z
is the proton number, N is the neutron number. p (x,u?)
and n (x,u?) are the parton distributions of the proton and

24
"

Y

(b)
(a): The general inelastic heavy quarkonium photo-
production. The virtual photon emitted from a interacts with
parton b of nucleus B, a can be the nucleus or its charged par-
ton (protons or quarks). (b): real photoabsorption.

Fig. 1.
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neutron, respectively. According to the NRQCD scheme,
the partonic cross section in Eq. (2) can be written as

do(a+b—-> a+H+d)

=Y (Ofiglnldo (a+b— a+Q0uglnl+d). (4)

Denoting the virtual photo-absorption amplitude by
M*, we obtain the SDCs in the parton level

do (a+b— a+ Q0 5[n]+d)

_ Ame Qe MM &p
T T o P any2E,

o 206" (Po+py— o —k) dll

47/ (o pp)* —m2m3

where e, is the charge of o, a., is the electromagnetic
coupling constant, E, is the energy of o/, and II is a
phase space volume of the produced particle system (with
total momentum k). Keeping in mind the process. in
which photons may be emitted by various particles, we
present a generalized density matrix of the virtual photon
as:

®)

1
20

STy
- (e 2L e (@)
QP,—g) P, —g)

(0.

P = [(bo+ma) T (i +my ) ']

(6)

where C(Q?) and D(Q?) are the general notations of
form factors for a. Note that the p*” is non-diagonal, in-
dicating that the virtual photons are polarized. The ex-
pression in Eq. (5) is formulated to naturally introduce
the terminology suitable for WWA. Namely, instead of
discussing nucleus-nucleus collisions [Fig. 1(a)], one can
refer to the collisions of a virtual photon off the nucleus
[Fig. 1(b)].

Now we employ the accurate expression Eq. (5) to
give the Q*- and y-dependent differential cross section
for the inelastic heavy quarkonium photoproduction. It is
more convenient to perform the calculations in the rest
frame of a, where |q|=|po|=r, 0> =-¢* = (po—pu’)’ =

2m, (/1 +m2—my), &*p!, = r*drdcosbdep, and
y=(q P»)/ (Pa-Pv) = (q0—IpylrcosO/E, ) fm, (which

measures the relative energy loss of a in the lab-system).
By doing the following transformation

dcosfdr = JdQ*dy = dQ*dy,

D(r,cos6)
7
‘ D(0Q%,y) @

the differential cross section of Eq. (5) can be turned into
(the details of J are given in Appendix B)

do ((Z+b > a+ QQ_[Lg][l’l] +d>

dQ*dy
G MM 5. pow)
= v s(l 9 7s’
47rQ2'0” bs PCM> S5 PcM
270)*6* (po + pp— P, — k) dlI
e (pApb L ) , ®
4pCM‘/~_Y
and
f(SaprDeMs 8, Pem)
~ a )
£ peu Vs Sab — My — My, ©)

[ ’
Pcm VSab \/(sab —m2 =)’ — dm2m?

where 5., = (po+pp)? and §=(g+p,)* are the energy
square in the a-b and y*-b partonic processes, respect-
ively. pcy and pcy are the corresponding momenta. The
details are summarized in Appendix B.

After integrating over the phase space volume II, the
following quantity will be included in the result Eq. (8):

W = %/M”M*V(Zn)464(q+pb—k)dna (10)

where W*” is the absorptive part of the yb amplitude [Fig.
1(b)], connected with the cross section in the usual way.
The tensors according to which W*” is expanded, can be
constructed only from the ¢, p,, and g tensor. Consider-
ing the gauge invariance ¢*W* = ¢g"W*" =0, it is conveni-
ent to use the following transverse and longitudinal polar-
ization operators [49]

&gy (¢"Py+1ha") _ Phrid’
q-P» (G- po)’
" 1 qz , , qz
€ == (q”—p" ) (q -p , a1
4q q-Py q-Pv
which satisfy the relations: g.€;" =q.€” =0, €, =-2,
and €, = 1. Furthermore,
4'q"
=o't =g+ (12)

¢’

is the polarization tensor of an unpolarized spin-one bo-
son with mass ¢*. Having expanded W*” in these tensors,
we get

W = €' Wr (Q%.q-py) + €' WL (Q%.q-ps) - (13)
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These Lorentz scalar functions Wy and W are connected
with the transverse and longitudinal photon absorption
cross sections ot and o7, respectively:

Wr =2pew Vior(y' +b — H+d),

Wi =2pem VoL (v +b —> H+d). (14)

Substituting Egs. (13), (14) into Eq. (8), we finally obtain

do (a/+b — a+ Q0 glnl +d)
dQ?dy

2 em . ~
= 4‘:TQ2 [2P++O'T ()’ +b— 00y 8(n] +d) +p%
Xop, (7* +b— Q0 5(n] +d)] S (Sabs Pcms S, Pem)
62 Qem ++ o
= ——diF[n] P%Tb[n] —POOLb[n]} J (Sab, Pems 8, Pem) ,
21 0]
(15)
where  the relations:  doy/di = F,[n]T,[n]  and

do/df = —=2Q°F,[n]Ly[n], are employed. F,[n], T,[n] and
Ly[n] are the functions of Mandelstam variables 3, 7, i,
and Q?, which can be found in Ref. [26]. The coeffi-
cients p® are the elements of the density matrix Eq. (6) in
the yb-helicity basis:

4(1-y) 4m?
20" = &P = {%_ gf} D@H£2C(0).
_ -y

p" =€ = = D(Q*)~C(Q%). (16)

Here we come to the position to derive the second
step of exact treatment, the details of the form factors in
Eq. (16) need to be distinguished in each photon emis-
sion channel. In the Martin-Ryskin method [50], the
probability or weighting factor (WF) of the coherent-
photon emission is given by the square of the electric
form factor in p-p collisions: wen =G} (Q%) =1/
(1+0%/0.71 GCV)4, where the effect of the magnetic
form factor is neglected. We adopt this central idea to
deal with the situation in heavy-ion collisions, where the
magnetic form factor is also included. In the case of co-
herent-photon emission, the photon emitter o is nucleus,
and thus the general notations C(Q?) and D(Q?) in Eq.
(16) are the elastic nucleus form factors. In p-p collisions,
o presents proton, C(Q%) and D (Q?) turn into the Sachs
combinations [22]

4m? +7.780°
4m§, +0*

oy (Q°) =1,Ge (07).

Di} () =Gt (@)

(17)

where p, = 2.79 is the magnetic dipole moment. In Pb-Pb
collisions, « is lead ion, C(Q?) and D(Q?) are

DCP(LhPh (QZ) = ZzFezm (Qz) ’

Comy (07) = 13, F2, (0) (18)
where
Fen (0°) = > [sin(QR,)
(OR,)?
—OR, cos(QRy)] Tvaor (19)

is the electromagnetic form factor parameterization from
the STARIlight MC generator [51], in which
R,y =1.1A"2 fm, a =0.7 fm and Q = V2.

In the: case of ordinary- and ultra-incoherent photon
emissions, the contributions must be multiplied by the 're-
maining' probability, 1—w.y,, to avoid double counting
[50]. For ordinary-incoherent photon emission in Pb-Pb
collisions, o is the protons within the lead ion, and the
corresponding D(Q?) and C(Q?) are

Dy (Q°) = [1-Fan (@) D3 (2)
Com () = [1-Feu (27)] € (€7).

PbPb (20)
For ultra-incoherent photon emission, o is the individual
quarks within the nucleus. The corresponding C(Q*) and

D(Q?) in p-p collisions have the following form

DUIC

o (Q7) = C, (0% = 1-GL(0). 21
In Pb-Pb collisions, since the neutron can not emit
photon coherently, the WF for proton and neutron inside

lead ion are different

Dyl p(Q%) = Cpypy|p(Q%) = [1 = For (O = GR(QY)],

Dpyppln(Q) = Chyppla(Q%) = [1 = F2,,(Q)]-
(22)

B. (7 and y distributions of heavy quarkonium
production

Now we switch the general expression [Eq. (15)] to
each specific channel in inelastic photoproduction pro-
cesses in heavy-ion collisions. In the initial state, the pro-
cesses may be direct or resolved that are sensitive to the
gluon distribution in the nucleus [4]. The photons emit-
ted from the projectile, can interact either directly with
the quarks participating in the hard-scattering process
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(direct photoproduction) or via their quark and gluon con-
tent (resolved photoproduction). Thus, the process
v*b — H+ X receives contributions from both direct and
resolved channels. All two contributions are formally of
the same order in the perturbative expansion and must be
included [52]. Actually, as always with photons, the situ-
ation is quite complex. Together with the three different
photon emissions mentioned in Section I, the complete
description of the heavy quarkonium production requires
the calculation of six classes of processes [Figs. 2-3]: co-
herent-direct (coh.dir.), coherent-resolved (coh.res.), or-
dinary-incoherent direct (OIC dir.), ordinary-incoherent
resolved (OIC res.), ultra-incoherent direct (UIC dir.),
and ultra-incoherent resolved (UIC res.) processes. These
abbreviations will appear in many places of the remain-
ing content.

In the case of direct photoproduction [Fig. 2], the cor-
responding differential cross sections are

do—cohdin
—— A+B->A+H+X
d0%dy ( - )

= 22 /dxbdffb/s (xbnuz) Z<Oﬁ,8] [n])
b n

do

XW(A-’-b_)A-i-QQ[LS][n]"'d),

(23)

doorc di.
dQ?dy

=2Zpm» / dxydifys (xp.17) Y (Off [n])
b n

« do
dydQ*dt

A+B-> X, +H+X)

(p+b— p+0Q0usnl+d). (24)

Fig. 2. (a): coherent-direct process in which the virtual
photon emitted from the whole incident nucleus A interacts
with parton b of target nucleus B via the y*-¢g Compton scat-
tering and y*-g fusion, and 4 remains intact after photon emit-
ted. (b): incoherent-direct process in which the virtual photon
emitted from the quark a within nucleus A4 interacts with par-
ton b, and A is allowed to break up after photon emitted.
Where photon emitter a are proton and quark for ordinary-in-
coherent photon emission (OIC) and ultra-incoherent photon
emission (UIC), respectively.

Fig. 3.
of hadron-like photon emitted from nucleus 4, interacts with

(a): coherent-resolved process in which the parton o’

the parton b of target B via g-g Compton scattering, g-g anni-
hilation and g-g fusion. (b): incoherent-resolved process in
which the parton @ inside nucleus 4 emit a resolved virtual
photon, then the parton «’ of this resolved photon interacts
with parton b inside target B like a hadron, and A4 is break up
after photon-emitted. Where photon emitter @ are proton and
quark for ordinary-incoherent photon emission (OIC) and ul-
tra-incoherent photon emission (UIC), respectively.

douic gir

dQ?dy
=2 / dxdx,difun (Xa ) firs (Xo.17) Y _(Off g[nl)
a,b n

y do
dydQ*dt

A+B->X,+H+X)

(a+b—a+Q0uglnl+d),

(25)

where the factor of two arises because both nuclei emit

photons and thus serve as targets. The partonic cross sec-
tion can be derived from Eq. (15) with m, =m, =0 and
e, = e,, Where e, is the charge of massless quark a.

In the resolved photoproduction [Fig. 3], the corres-
ponding differential cross sections are

do—coh.res.
————(A+B—->A+H+X
d0%dy ( - )

= 22 Z/d‘xbdza’dffb/B (-xbaﬂz) fa’/y (Za’s/lz)

Pbaem ypcoh Z(O[l 8]

do—a/b_)QQ[l\XJ [nld

df ’

(26)

dO—OlCre&
———— A+B-> X, +H+X
dQdy ( — A4 )

= 2ZPb Z Z/d-xbdza’dffb/B (-xb,,uz) fa’/y (Za’,#z)

a’em ypOIC doy 'b— Q00 8)[n)d
271_ Z(O[l 8] [n]>7dt

@7
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dO-UIC res.

dQ*dy
= ZZZ/dxadxbdza/dfﬁ,/A (xa,,uz)
ab da

2 ++

do gy )
X Z«){l 8] [n])%ﬂx[]d

A+B-> X, +H+X)

(28)

where z, = p./q and f, (zs.4?) denote the parton's mo-
mentum fraction and the parton distribution function of
the resolved photon [53], respectively. The involved par-
tonic cross sections can be found in Ref. [52].

C. pr and z distributions of heavy quarkonium
production

The distributions in pr and inelastic variable
z=(pu-py)/(q-py) can be obtained using the Jacobian
transformation. In the final state, we need to classify the
two types of inelastic photoproductions. In the first type,
direct heavy quarkonium produced from the y-g fusion,
annihilation and Compton scattering of partons. In the
second type, fragmentation heavy quarkonium produced
through the final fragmentation of a parton. In the follow-
ing, we will take into account all of these aspects.

1. Direct heavy quarkonium photoproduction

Before doing the transformation the Mandelstam vari-
ables in y*-b parton level should be expressed as:

2
§= (MT coshy, + \/coshzy,M% +m}— M,%) ,

~

=M}, — Q> —2My (E, coshy, — pey sinhy, ) ,

i :M,zi —2My (Eb coshy, + pcum sinhy,) s (29)

where y, is the rapidity, My = \/M% + p? is the trans-
verse mass of heavy quarkonium, Ey, E,, and pcy are the
corresponding energies and momentum. The details are
summarized in Appendix B.

In the case of direct-photon processes, the variables
x;, and 7 should be transformed as

didx, = Tdy.d D) |,y (30)
Xp = yrdpr = D(yr’ T) yrapr,

and the corresponding differential cross sections are

d O coh.dir.
dp Tdy r

(A+B—->A+H+X)

= 2Z/dQ2dyfb/B (xb»ﬂz)jz:(Oﬁ,BJ[n])
b n

do

XW(A+b_>A+QQ_[1,8][n]+d), (31)

d ir.
JoICdis (4 4 B X, + H+X)
dedyr

=27 Y / dQ*dyfyys (x0.17) T Y _(Off )
b n

do
X—
dQ*dydt

(p+b— p+Q0p5nl+d), (32)

doyic gir
dedyr

= 22 /szdydxafa/A (-xa,/lz) fb/B (xbnuz) j

X Z(O[l gilnl)

A+B—-> X, +H+X)

de d (Cl+b—>d+QQ-[1’g][n]+d).

(33)

In the case of resolved processes, we should choose
the variables 7 and z,, to do the similar transformation

N D (zu.1")
dr'dzy = Jdy,dpr = |————"|dy.dpr, (34)
D( Vrs pT)

the corresponding differential cross sections are

d cohn.res.
QOcohres (4 4 B 5 A+ H+X)
dprdy,

= ZZZ/szdydxbfb/B (xb,,uz) fy (Za/,ﬂz)J

Z5yem yp h Ao wp-00; g
—= Z(OUSJ n]>7“,

21 di 33)

dO—OIC res.
dedyr

= 2ZP[) Z Z/szdydxb.ﬁ)/B (xln/'lz) f}/ (Za”#z)

@em ypOIC do—a’b—‘QQ[l,xl["]d
o SO g,

A+B->X,+H+X)

xJ (36)

d res
duiCres (AL B X, +H+X)
dprdy,

=23y / dQ*dydx,dx, fua (Xa 1)
ab a
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a’em Ry
X fors (30 182) y (20, 18%) T €45 %

doyp-00

H a’b—Q0y 31[nld

X § <O[1,3][n]> - s
n

dt 37)

where the Mandelstam variables of resolved photopro-
ductions are the same as Eq. (29) but for Q* = 0.

For the z distribution, we should rewrite the Mandel-
stam variables in Eq. (29) as follows:

My pp

z  z(1-2)’
—(1-2)(5+0%),
i=Mpy-z(5+0%),

§=

i

(38)

thus, we can do the similar Jacobian transformation. The
relevant cross sections in z distribution can be obtained in
the following manner
/P?max
p;l?'min

The Jacobian factors J and corresponding kinematical
boundaries are summarized in Appendix B.

d’o

dzdp>

do

ao _ 2
0 dp?. 39)

2. Fragmentation heavy quarkonium production

The fragmentation heavy quarkonium production is
also an important channel which is described by the frag-
mentation functions (FFs). This factorization theory of
quarkonium production that has been proven at present is
the collinear factorization method [54], where one can
compute rates at leading power (LP) or next to leading
power (NLP) in mg,/p7. LP contributions can be factor-
ized into partonic cross sections to produce a specific
single parton convolved with one particle FFs [30]. NLP
contributions can be factorized to produce two specific
partons convolved with two-parton FFs [54]. The Feyn-
man diagrams in the cut diagram notation for these two
contributions are shown in Fig. 4. This fragmentation pic-
ture dominates over all other creation mechanisms at
large pr range. In particular, gluon fragmentation repres-
ents the dominant source of high energy prompt quarko-
nia at hadron colliders. Of course, because the LP and
NLP contributions represent the leading and first sublead-
ing terms in an expansion in powers of mj/p7, one would
not expect them to be valid unless pr is significantly
greater than m,. Fragmentation predictions for charmoni-
um differential cross sections are therefore unreliable at
low pr domain. In order to suppress NLP contributions
and to ensure the validity of fragmentation mechanism,
Ref. [35] suggested that a criterion pr >3M;,, be used in

Fig. 4.
production. Left: sing-parton (here taking gluon as an ex-

pQCD factorization diagrams of heavy quarkonium

ample) fragmentation. Right: heavy quark-pair fragmentation.

comparing data with theory. In Refs. [32—34], a criterion
pr>10GeV was used in their predictions. Similarly,
fragmentation results for bottomonium production are un-
trustworthy throughout the pr < 15 GeV region [31].

In present paper, we adopt the LP-factorization form-
alism-to calculate the fragmentation contributions to
heavy quarkonium production. Calculations of these frag-
mentation contributions, at any given order in «,, are
much simpler than those of full fixed-order calculations.
According to the NRQCD scheme, the inelastic quarkoni-
um H production in two-body collisions can be written as
Eq. (1), where the SDCs, doa,p.00,4mx- describes the
production of a QQ pair in color and angular momentum
state n. At large transverse momentum pr, one can apply
LP factorization to the SDCs in Eq. (1). The general ex-
pression is [30, 55]

LP-fra;
d g

A+B—Q0[n]+X = Z do—A+B—>(‘+X ® DC—>QQ[”] . (40)
c

where d&4,5_..x are the parton production cross sections
(PPCSs) to produce a parton ¢, and D,_,og;, are FFs for a
parton ¢ to fragment into a Q@ pair with quantum num-
bers n. In the LP factorization, the SDCs of Eq. (40) for
photoproduction and initial partons hard scattering
(had.scat.) can be summarized as following master for-
mula

d LP-frag
A+B—QQ1 g1[n]X

= ZZfa/A (xa’#2) ®ﬁ</a (Za’aﬂz) ®ﬁJ/B (xb’ﬂz) ®

ab,c a

doex(pe = p:-/zcuuz)®DL'HQQ[1,8]U!J (Zc’luz) ’ (41)
where z. is the longitudinal momentum fraction of the
hadron relative to the fragmenting parton. f, s (x,.4?) is
the PDF of parton a=g,q,g in nucleus A, or the flux
function of photon a =vy. fi, (zar, u2) 1S 6,46 (1 —z,) in the
"direct" case (since the parton a is the photon itself), or
the PDF of parton £ in the resolved photon a. The parton
distributions in the photon behave like a/a,(Q?) for large
Q*. Therefore the additional power of @, contained in the
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"resolved" component as compared to the "direct" one is
compensated. The hard PPCSs, doy,_.x, and FFs have
been calculated to NLO accuracy, they are expansions in
powers of a;

n Al 2 A2
dbypex = asdo{/b)ﬂx + ast'( ) +O(a/§),

yb—cX
4
+0(a)),

+0(@).  (42)

A NG )
dG gpex = a,db

yb—cX + Cl'3 dé-(3)

sA0 ypsex
Desgomr = @D, gy + 01D g
In this paper, we use the LP factorization approxima-
tion for the SDCs to compute fragmentation contribu-
tions that augment the LO fixed order calculations of the
SDCs which are presented in the previous sections. Since
direct and fragmentation contributions can not be dir-
ectly added up, we adopt the method developed by Bod-
win, Chao, Chung, Kim, and Lee (BCCKL) to avoid
double counting, where the matching rule between fixd-
order and fragmentation has been performed [32—34].
Therefore, we combine the LO fixed-order calculations
with LP fragmentation corrections [Eq. (40)] according to
the formula

do = doo(a’) +do™ "¢ (o), (43)

where we denotes the LO (o) contributions to SDCs by
doo, which are discussed in previous sections and start
from Eq. (5). We denotes the LP fragmentation correc-
tions by do'Pf?¢ | and only consider the contributions at
order o?, because the authors in Ref. [33] have shown
that the LP fragmentation contributions at order o’ are
small, and only have little effect on the cross section pre-
diction for photoproduction.

For do'*f?¢ we combine the PPCSs and FFs both at
order a?. The LP fragmentation process also include the
six classes of sub-processes which are described in Figs.
2, 3. According to Eq. (40), in calculations we just need
to replace the LO SDCs [Egs. (31)-(37)] with the convo-
lution of PPCSs and FFs. The PPCSs of the direct and re-
solved processes can be found in Refs. [56, 57]. We con-
sider gluon and light-quark fragmentations. The gluon
FFs D, g are given for the 'S{ at order o? (LO) in
Refs. [58, 59], for the 35(18) at orders «, (LO) and
a? (NLO) in Refs. [60, 61], and for the *P at order
a2 (LO) in Refs. [59, 60]. Because the gluon FF for the
35" begins at order o (LO), we do not consider it here.
The light quark FF D,_,¢[n] is given for the *S ® at or-
der o (LO) in Refs. [61, 62], the other light quark FFs
vanishes though order 2.

For achieving pr distribution, we should rewrite the
Mandelstam variables as follows,

§=y(sl,b—mi—mi) —Q2+ml27,
1
2coshy,

i=-(3+0%

>
Il

[Q% (" —2coshy,) —e7" 5],

err

, 44
2coshy, “4)

and since the parton c is taken to be lightlike by neglect-
ing the parton mass, z. = p./p. = 2prcoshy,/ V. Then the
variables z. and 7 can do the transformation

D (z.1)

dy,dpr. 45
DOy pr) Yrapr (45)

didz. = dy,dpr = ’

III. WEIZSACKER-WILLIAMS APPROXIMA-
TION

The connection between the process in Fig. 1(a) and
(b) is evident. By Fourier-transforming the electric and
magnetic fields of an ultrarelativistic charged point-like
particle, the photoproduction process can be expressed in
terms of the real photo-absorption cross section with the
photon spectrum. This idea was originally pointed out by
Fermi [10], and was independently developed for the pro-
cess involving relativistic collisions of charged particles
by Weizsicker and Williams, and the method is now
known as the Weizsdcker-Williams approximation
(WWA) [11]. An essential advantage of WWA consists
in the fact that, when using it, it is sufficient to obtain the
photo-absorption cross section on the mass shell only.
Details of its off mass-shell behavior are not essential. In
the present section, we switch the accurate expression Eq.
(15) into the WWA form by taking Q* — 0, and discuss a
number of widely employed photon spectra. There are
two simplifications: the scalar photon contribution o is
neglected; the term of o is substituted by its on-shell
value. This provides us a powerful approach to study the
features of WWA in inelastic heavy quarkonium photo-
production in heavy-ion collisions.

Taking Q% — 0, Eq. (15) turns into:

lim do (@ +b — a+ Q05 +d)

020
— |:e§aem( ++)dde2:| o ﬁCM %
2n Q? YPcMm \/S_o 02=0
=ordn’| (46)
02=0

where the contribution of o, and the terms proportional
to Q? are neglected in the limit Q*> — 0. And the general
form of the photon spectrum f,(y), which is associated
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with various particles, reads

dn’ _  [dQ’ exaem .,
ro=3=v [ 5
20en [ dQ? 2(1-y) 2ym?
%l /@{yc«fw{ 02 (o).

(47)

In the case of coherent-photon emission, Ref. [5]
presented a modified photon flux function of proton from
Eq. (47). Neglecting the magnetic form factor and adopt-
ing the dipole form of electric form factor of proton:
C(Q%) = D(Q*) =Gi(Q%, and employing the coherent
condition Q? <1/R; (Q2.. =0.027,yms = 0.16), one ob-
tains with a = 2m>/Q} . and b =2m}/0.71 = 2.48,

max

_a'em

= yla-2x+Q2x+c))d +2x+cr)d,

f&[D(Y)

+ Bx+c3)ds +(2x+cy)dy], (43)
where x depends on y,
1 1
X=——+ R (49)
y oy

Actually, the origin of various” widely employed
photon spectra is another plane wave form, which is giv-
en in Ref. [49] and can be written as

em dy dQ* [y
dn’(y) = e: yy Qz[ D(Q?)
Q2
+HA-0=g m"‘c(Qz)} (50)

this form is achieved from the complete form Eq. (47) by
assuming that, Q%. =y*m2/(1 —y), which is the LO term
of the following complete expression

2 _
Qmin -

ot o (500 +12) (505 — $+2)
25(2};

2 ~
—(Sap —m3) \/(sab —§+m2)? - 4sabm§] .

(51
This approx1mat10n is only available when m? < 1 GeV?,
however m; and mj3, do not satisfy the cond1t1on, this is a
error source in various spectra. Especially for lead ion,
this approximation cause erroneous results.

Drees and Zeppenfeld (DZ) provided another widely
used photon distribution function of proton [15-21],
which is the approximate analytic form of Eq. (50). As-
suming e C(Q*)=D(Q*) =GL©@»), and
0 - 0?, they obtained

— 00,

=~

mln

aem 1+(1-y)°
y

" )

where A= (1+0.71GeV*/Q%,). f3, properly include
electric form factor of proton to describe the situation of
the proton as photon emitter. Because WWA is usually
adopted in electroproduction processes, if one directly
obtains the spectrum of proton from that of electron by
just replacing the m, with m,, it would extensively over-
estimate the cross section. In Ref. [23], Drees, Ellis, and
Zeppenfeld (DEZ) also performed a spectrum of lead ion.

fo:0) =

L
6

3 3 1

S S 52
A At ag (52)

Assuming |y <1, 2~ %, Cpy(0%)=0, and
2
Dp, (Q?) = exp (—% , they achieved
0
e [ exp(=02in/ O5)
-t o=t
fDEZy y
)t 0%
+ | —+—y (0, =21, 53
<y 3 0 &)

where Q2 =m3,y?, T(a, 05,/ 05) = [ 1*e™dt is the in-
complete Gamma Function. It should be noticed that,
y <1 means Q% _ ~0,which contradicts with the as-
sumption Q2 ~ oo.

Based on Eq. (52), Nystrand derived a modified

max

photon spectrum of proton which includes the Q. term
in Eq. (50) and can be presented as [25]
Tem 1 +(1-y)
RO = oy
A+3 17 4 1
Aot e st ea Y

In addition, the effect of including the magnetic form
factor of the proton has been estimated by Kniehl, the fi-
nal expression fX(y) (Eq. (3.11) of Ref. [22]) is too long
to include here, but will be discussed further below.

Another most important approach for coherent photon
spectrum is the semiclassical impact parameter descrip-
tion, which excludes the hadronic interaction easily. The
calculation of the semiclassical photon spectrum for the
case of E1 (electric dipole) excitation is explained in Ref
[63], and the result is

fretyy= 0 (€Y' {fKo(f)Kn ®
£ [KS(&)—K%@)]}, (55)

where v is the velocity of the point charge Ze, Ky(x) and
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Ki(x) are the modified Bessel functions, and
& = Wbyin/ YLV = bminmay/v. Although the semi-classical
photon spectrum is Q?-independent, the boundary of y
should be constricted by coherence condition [3].

In the case of ultra-incoherent photon emission, Ref.
[64] presented a photon spectrum inside a quark from Eq.
(50). Neglecting the weighting factor in Eqgs. (21) and
(22), and setting Q2. =1GeV* and Q2 = §/4, one ob-
tains

2
max

5 -
Qmin

@ 1+ (1 -y

= 56
“m (56)

In

£O)

Finally, Brodsky, Kinoshita and Terazawa calculated an-
other important incoherent photon spectrum in Ref. [65],
which is originally derived for e-p scattering,

e ()

% {m(%—z)ﬂ} +(2;yy)21n<

In high-energy physics, the WWA is often used in
studying hadronic interactions and heavy-ion collisions:
Wangmei Zha et al. generalized WWA to calculating the
cross section and pr distribution of ‘the Breit-Wheeler
process in relativistic heavy-ion collisions and their de-
pendence on collision impact parameter (b) [66]. Based
on the WWA, theses author also analyzed gluon shadow-
ing in heavy nuclei through Bayesian Reweighting of co-
herent J/y photoproduction in UPCs [67]; ATLAS col-
laboration studied the exclusive muon pair production in
the two-photon process [68]; d'Enterria and Silveira [69]
proposed using equivalent photons from colliding lead
ions to observe light-by-light scattering experimentally,
later, the direct observations were obtained by the AT-

2
€, Qem

ngT(y) =

2-2y
2-y

)

(57)

LAS [70] and CMS [71] collaborations using lead-lead
collisions; Monte-Carlo event generators, such as Pythia
[72] and STARIlight [41], also utilize the WWA. Gener-
ally, particle production in hadronic collisions is often
modelled using WWA [41, 43]. Although great develop-
ment has been achieved, the properties of WWA in in-
elastic heavy quarkonium photoproduction in heavy-ion
collisions are often neglected, and the imprecise state-
ments were given [13—28]. Especially in the ultrarelativ-
istic heavy-ion collisions at LHC energies, WWA be-
comes deterministic to the accuracy of describing photo-
productions, since f, «cZ’In v/s/m, +/s and Z* are the
very large factors. Therefore, we will comprehensively
analyze the WWA in the mentioned case, and estimate
the inaccuracies in above spectra.

IV. NUMERICAL RESULTS

Now, we are ready to show the numerical results. In
the calculations, we adopt an approximation m, = My /2
for the quark mass, where My is the mass of heavy
quarkonium. All the masses are taken from PDG [73].
We use m, = 0.938 GeV, aen = 1/137.036, prumn = My and
the two-loop QCD coupling constants «, with n; =3 and
A =0.2GeV [74]. We adopt MSHT20 LO (NLO) set for
PDFs with n;=3 [75], and the factorization scale
u= +/M%+ Q% The LDMEs and the full kinematical re-
lations are summarized in Appendices.

First of all, we choose the J/y as an example, to com-
prehensively study the properties of WWA in inelastic
heavy quarkonium photoproduction in heavy-ion colli-
sions. Therefore, the distributions in @2, y, z, and +/s are
plotted in Figs. 5-8, where all the results are the sum of
direct and resolved contributions, and do not include the
fragmentation contributions. The left panels of Figs. 5-8
show the relative errors with respect to the exact results,
the central and right panels show the exact results of
cross sections in p-p and Pb-Pb collisions, respectively.

10* 108 g
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Fig. 5. (color online) @? distribution of the J/y photoproduction at LHC energies. (a): relative error of the WWA result with respect

to the exact one. (b), (c): exact results of the @?-dependent differential cross sections in p-p and Pb-Pb collisions, respectively. Black
solid line---coherent-photon emission [coh.(dir.+res.)]. Red dashed line---ultra-incoherent photon emission [UIC (dir.+res.)]. Blue dot-

ted line---ordinary-incoherent photon emission [OIC (dir.+res.)].
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Fig. 7. (color online) (a): relative error of the WWA result with respect to the exact one. (b), (c): exact results of do/dz in p-p and Pb-

Pb collisions. Black solid and dark cyan dot-dashed lines denote the coherent-direct and resolved photon emissions, respectively. Red
dashed and magenta dot-dot dashed lines denote the ultra-incoherent direct and resolved photon emissions, respectively. Blue dotted
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Fig. 8. (color online) Same as Fig. 5 but for the total cross sections as a function of +/s.

In Fig. 5, there is only one curve in panel (a), since
the curves of coh., OIC and UIC are consistent with each
other. We observe that the relative error can be neglected
in small Q® region, but becomes non-negligible at
Q% 2 1 GeV? and shows the rapid growing at high Q7 re-
gion. At Q% =1GeV?, the relative error is about 7%; at
0% =10 GeV?, the error reaches up to 86%. Therefore,
WWA has a good accuracy only in very small Q? do-
main where exact treatment can nicely recover to WWA.
But in the large Q° region, WWA becomes inapplicable
where the deviation is prominent, especially when

0% >1GeV>.

In panels (b) and (c), the coherent and ultra-incoher-
ent photon emissions dominate the small and large Q* re-
gions, respectively. They become comparable at
0> =10" and 102 GeV? in p-p and Pb-Pb collisions, re-
spectively. We notice that, except for the region
102 < Q% < 107! GeV?, the contribution of ordinary-inco-
herent photon emission can be neglected safely compar-
ing with other two channels. According to the views de-
rived from panel (a), one can deduce that WWA is valu-
able in coherent and ordinary incoherent-photon emis-
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sions. Especially in Pb-Pb collisions, the WWA has a
much higher accuracy in coherent process which quickly
approaches to zero before Q% =102 GeV?, this effect-
ively avoid WWA error. However, WWA is not valid for
ultra-incoherent photon emission, which concentrates on
the large Q* domain where the WWA error is prominent.

In Fig. 6, the results are expressed as a function of y.
In panel (a), the curves of coh. and OIC share the same
trend, and are consistent with each other in the large y do-
main. We find that y = 0.1 is a key point: when y < 0.1 the
WWA results nicely agree with the exact ones for both
channels, and WWA has a better accuracy in coherent
process rather than OIC one (at y = 107, the deviations
are about 1.6%o and 6.7%o in each case, respectively); but
when y > 0.1, the relative errors become prominent, espe-
cially the curves show a pronounced peak near y=1.
Therefore, WWA is only effective when y < 0.1 and it has
evident error at large values of y. Additionally, the relat-
ive error of UIC is prominent (about 0.3-0.6) in the whole
y regions.

In panels (b) and (c), the coherent processes domin-
ate the very small y regions, this behaviour guarantees the
accuracy of WWA. Conversely, the UIC contributions are
predominantly from the regions y > 107" and y>107% in
p-p and Pb-Pb collisions, respectively. Comparing with
the views derived from panel (a), we can yerify that the
validity range of WWA is compatible with coh. and OIC
processes. Particularly in Pb-Pb collisions, the WWA has
a better accuracy in coherent process, since its contribu-
tion fall off far more rapidly. However, in UIC process,
WWA is inapplicable in the entire y regions.

In Fig. 7, we provide the cross section do/dz Vs z.
The panel (a) explicitly shows us that, WWA is applic-
able in coh. and OIC processes in the entire z range, and
has the highest accuracy in coh. process (the deviation is
about 1.1%o0 — 4.7%0). Whereas the deviation of UIC pro-
cess reaches up to 153%-268% in the whole z regions. In
panels (b) and (c), we find that the z behaviour of each
channel is quite different. Firstly, the resolved contribu-
tions dominate the lower z region and become smaller
than those of direct contributions when z > 0.3; this fea-
ture agrees with the traditional perspective that the re-
solved process contributes appreciably only at z<0.3
[76]. Secondly, the results are divergent near the end-
point z =1, which are mainly from the color-octet 'S,
and 3P, processes. The reason is that the NRQCD predic-
tion breaks down and the color-octet channels exhibit col-
linear singularities in the region of z < 1, where diffract-
ive production takes place. In order to screen the collin-
ear singularities and suppress the elastic production, the
traditional way is to impose the cuts: z<0.9,
My >10GeV and pr>1GeV or M,, (actually, if
Prmin # 0, Zmax Will naturally less than one). Another pos-
sibility to suppress the elastic production at z <1 would
be to require that Q? be sufficiently large [26]. However,

then also the bulk of the inelastic contribution would be
sacrificed. Finally, the coherent contributions are larger
than those of UIC processes in the whole z regions. Espe-
cially in Pb-Pb collisions, coherent contribution domin-
ates the entire z regions about an order of magnitude than
other two channels. Since the equivalent photon flux
scales as Z?, which is a large enhancement factor for the
Cross section.

In Fig. 8, we show the total cross sections distributed
in +/s. In panel (a), the curves of coh. and OIC are con-
sistent with each other. We do not show the curve of UIC
process, where the deviation is 0.38-0.49 in the whole +/s
ranges. It can be seen that the curves show a pronounced
rising when /5<400 and 1400 GeV in p-p and Pb-Pb
collisions, respectively. And they slowly decreased with
increasing 4/s. The trend of curves is similar to the res-
ults of Kniehl [22]. Therefore, WWA has the significant
errors in small +/s domain (RHIC energies), and has a
good accuracy at high energies (LHC energies). In pan-
els (b) and (c), the coherent process is slightly smaller
than UIC one in p-p collisions; while the situation is op-
posite in Pb-Pb collisions, where the coherent process
starts to play a fundamental role (it is about one and two
orders of magnitude larger than OIC and UIC processes,
respectively). The reason is that the coherent process
scale with Z?, whereas the OIC and UIC processes scale
approximately with Z and N,, respectively. As for Z > 1,
the coherent part dominates the production processes.
Based on the views derived from the left panel and previ-
ous discussions, we can deduce the further conclusion
that WWA can reach the high accuracy in high energy
range and in Pb-Pb collisions, where the UIC contribu-
tion is greatly suppressed; however it is not a good ap-
proximation in p-p collisions, where the UIC contribu-
tion is comparable with the coherent one.

In the comprehensive discussions of the results dis-
played in above four figures [Figs. 5-8], we obtained the
validity scopes of WWA. Therefore, in deriving of the
equivalent photon spectra based on WWA, the kinematic-
al boundaries are crucial to the accuracy. Now, we dis-
play the total cross sections in Tables 1-3, to discuss the
accuracies and its sources of the widely employed photon
spectra mentioned in Section III. In p-p collisions [Table
1], the relative error of f3, is the largest, since the integ-
ration is performed in the entire kinematical allowed re-
gions: Q% =oo0 and yn. = 1, we know that from Figs. 5
and 6, the Q> >1GeV?* and y> 0.1 domains are able to
give a large fictitious contribution. For the spectrum fy,,
the deviation has a obvious reduction compared to f7,,
since it includes the Q2. term in Eq. (50) which is omit-
ted in fJ,. Actually this term is inversely proportional to
©Q* and thus has the noticeable effect in small Q* region,
which can not be neglected when performing the photon
spectra; the perspective agrees with Kniehl [22]. The rel-
ative error of f¢, is higher than that of £ but lower than
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Table 1. J/y photoproduction in the channel of coherent-photon emission in p-p collisions [7 TeV].
coh.(dir.+res.) Exact 13z Ry fs 1 S
o[nb] 22.4241 43.3561 35.1059 39.9058 20.3327 22.6512
0 [%] 0.00 93.35 56.55 77.96 9.33 1.01

Relative error with respect to the exact result: § = |07/ 0Exact — 1].

Table 2. Same as Table 1 but in Pb-Pb collisions [2.76 TeV].

Y Y
fDEZ fSC

18.9783 1.9274

coh.(dir.*res.) Exact

o[mb]

2.4854

o[%] 0.00 663.59 22.45

Table 3. Same as Table 1 but for ultra-incoherent photon
emission in p-p [7 TeV] and Pb-Pb [2.76 TeV] collisions.

TUIC (dir-+res.). Exact 17 Ty
opp [nb] 24.2773 39.2290 101.3291
Spp %] 0.00 61.59 317.38

o pppp [Mb] 0.2494 0.6023 0.7254
Spopy [%] 0.00 141.51 190.87

that of f7,, since the magnetic form factor of proton is
also included in this form, which effects only the large Q*
range and should be essentially excluded [56]. Finally,
the modified proton spectra fjj, nicely agrees with the
exact ones (6 ~ 1%). There are two reasons: fy, is de-
rived from the complete form Eq. (47) which includes the

2. term and properly excludes the effects of magnetic
form factor; it adopts the coherence condition, which
means that the wavelength of the photon is larger than the
size of the nucleus, and the charged constituents inside
the nucleus should act coherently. This condition effect-
ively cut the WWA errors. There are also other limita-
tions which can reach the such high accuracy, the key
point is that, in most of the physically interesting cases a
dynamical cut off exists, such that, the photo-absorption
cross sections differ slightly from their values on the
mass shell. The details can be found in Ref. [49].

In Pb-Pb collisions [Table 2], the deviation of f3;,
reaches up to 680.19%, since f3z, is constructed on a
contradictory assumption: Q2 ~ oo and y < 1 (actually,

2 ~oo is equivalent to ym. ~ 1). For fX, it roughly
agrees with the exact ones in both p-p and Pb-Pb colli-
sions, but the deviations still can not be neglected. Since
foc is calculated from the semiclassical impact parameter
description, where the coherence condition is used. One
should be careful that when using fJ., setting yma. =1
will cause the erroneous results.

In the case of ultra-incoherent photon emission [Ta-
ble 3], the derivations are prominent and turn to much
serious in Pb-Pb collisions. This quantitatively verifies
the inapplicability of WWA in UIC process. In particular,

the errors of fy.r are the largest, since it is originally de-
rived from e-p scattering, but is directly expanded to de-
scribe the probability of finding a photon in any relativist-
ic fermion [20—22],this will overestimate the cross sec-
tions. Therefore, the UIC process should be treated in ex-
act treatment, and the results in Refs. [13—28] are not ac-
curate enough, where the mentioned spectra are adopted
and the serious double counting exists.

Next, in Table 4, we estimate the contributions of the
UIC channel to the heavy quarkonium photoproduction,
and discuss the double counting encountered in most of
the works when the different photon emissions are con-
sidered at the same time. In p-p collisions, UIC result is
comparable with coh. one for J/y, and becomes about
two times larger than coh. one for T(1S). In Pb-Pb colli-
sions, the ratio of UIC to the coh. one is about 10% for
J/w, and about 29% for T(1S). Therefore, the UIC chan-
nel plays the very important role in p-p collisions, and
can also provide the meaningful contribution in Pb-Pb
collisions. In addition, the relative contribution of UIC
channel to the inelastic heavy quarkonium photoproduc-
tion becomes much more obvious along with the increas-
ing quarkonium mass.

On the other hand, Table 4 also shows us that the
double counting is serious. The total results with no
weighting factor (NWF) are much larger than those of ex-
act ones. These large fictitious contributions are mainly
from the lower Q* domain. The traditional way of ex-
cluding these unphysical results is to utilize a cutoff
0% >1GeV? when performing the equivalent photon
spectra. Such as the calculation of f) [Eq. 56], the cutoff
is adopted to replace the remaining probability factor
"1-we". However, we can see that the corresponding
errors in Table 3 are still evident. Therefore, when the
different photon emissions are considered simultan-
eously, each channel should be multiplied by the probab-
ility or weighting factor to avoid double counting.

Now, we turn to study the contribution of photopro-
duction processes to the heavy quarkonium productions
in p-p and Pb-Pb collisions at LHC energies. Before the
discussion, there is one critical issue must be addressed:
heavy quarkonium productions in hadronic collisions (es-
pecially Pb-Pb) are spatially limited, with a collision
parameter range within 2R, (R, = AY*1.2 fim is the size of
the nucleus). When considering the contribution of
photonproduction to the hadronic process, the equivalent
photon flux should be integrated to b, = 2R,. Integrat-
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Table 4. Exact results of the J/y and T(1S) photoproductions in p-p [7 TeV] and Pb-Pb [2.76 TeV] collisions. All the results are the
sum of the direct and resolved contributions, and do not include fragmentation contributions.
Exact Quarkonium coh. UIC Total Total (NWF)
o pp [nb] JI 22.4241 24.2773 46.7014 103.9845
opppy [Mb] JIy 2.4854 0.2494 2.7348 3.1055
opp [pb] T(LS) 13.6794 26.9652 40.6446 82.6189
opprp D] T(1S) 0.7345 0.2113 0.9458 1.1262

ing to infinity artificially enhances the cross section by
including unphysical contributions from non-overlapping
nuclei at large, violating the spatial constraints of the col-
lision geometry. However, in present paper, we per-
formed the calculations and developed our formalism
based on the parameterized form factor method, which do
not include impact parameter b explicitly (where the form
factor is derived from the Fourier transform of the charge
density p of the nucleus and the approximate plane waves
are used). For the consistency of our formalism, we ad-
opt the empirical approximation to include this trunca-
tion affects, which is also used in the literature [3, 4, 63].
Where the effect of by = 2R, is appear in the cut Q2.
the details see Appendix B. The strict method to incor-
porate b isthe semiclassical impact parameter descrip-

tion, which is more appropriate to calculate the case of
heavy ions collisions and often used in the study of UPCs
(recently, Wangmei Zhang et al. developed a spatially-de-
pendent photon flux distribution and established a more
precise relationship between the photon transverse mo-
mentum distribution and collision impact parameter [46]).

In Figs. 9 and 10, we adopt the exact treatment to plot
the p; distributions of charmonium (J/¢, ¥(2S)) and bot-
tomonium (Y(nS)) photoproductions, respectively.
Where all the results are the sum of the direct and re-
solved photon contributions. For completely showing the
photoproduction contribution and studying the pr beha-
viour of each photon source, we plot the Figs. 9 and 10 in
different p; ranges which compensate with each other. In
Fig. 9, we plot the p; distribution of charmonium in the
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(color online) The pr distribution of J/y and ¥(2S) photoproductions in p-p and Pb-Pb collisions. Red dashed line denotes the

initial partons hard scattering (had.scat.). Magenta dot-dashed line is for coherent-photon emissions [coh.(dir.+res.)]. Blue dot-dot
dashed line is for ultra-incoherent photon emissions [UIC (dir.+res.)]. Dark yellow dotted line is for ordinary-incoherent photon emis-
sions [OIC (dir.+res.)]. Black solid line is for the sum of had.scat. and photoproduction processes. The J/y and ¢(2S) data are from the
CMS collaboration [77]. The rapidity y, is integrated over the experimental range [y,| < 1.2.
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Fig. 10. (color online) Same as Fig 9, but for (nS) productions, all the results are the sum of direct and fragmentation Y(nS) produc-

tions. The branching fractions are B,(Y(1S) — uu~) =2.48%, B,(Y(2S) — u*u™) =1.93%, and B.(T(3S) - u*u~) =2.18%. The T(nS) data
are from the CMS collaboration [78]. The rapidity y, is integrated over the experimental range |y,| < 1.2.

range of 2 GeV < pr <20 GeV. Fragmentation mechan-
ism is unreliable at this p; range, because the LP and
NLP contributions is valid only for py > my. (Authors in
Ref. [32, 34] have shown that the NLO LP SDC are very
different to the fixed-order SDC accurate through NLO at
small pr. They suggested that a criterion
pr >3M,;;, ~ 10 GeV to ensure the validity of fragmenta-
tion mechanism and suppress NLP contributions.) In or-
der to consider the NLO effects, the LO results are multi-
plied by the K factor in Ref. [79], we choose K = 1.8 and
1.3 for direct and resolved contributions, respectively.
The spectra of photoproductions are compared to the hard
scattering of initial partons. In panels (a) and (c), we
compare the results with data of CMS Collaboration [77].
At very small pr, the color-singlet and color-octet distri-
butions are corrupted by collinear divergences and soft
gluon effects [31]. Since the intrinsic motion of incident
partons renders the differential cross section uncertain for
pr <2GeV, our predictions only concern the range
pPr= 2 GeV.

In p-p collisions [panels (a), (¢)], the UIC processes
are larger than the coh. ones, this verifies again the signi-
ficance of UIC channel in p-p collisions. However, the
coh. contributions are still comparable with UIC ones
(doeon./doyic ~0.18-0.13 in the py ranges considered).
This is different to the results in Ref. [18], where the coh.
contributions are neglected. In Pb-Pb collisions [panels

(b), (d)], the coh. processes are larger than the UIC ones,
since they scale with Z?, whereas the UIC ones scale with
N,. We disagree with the results in Refs. [20, 21] where
the situation is opposite to us, the UIC contributions are
about an order of magnitude larger than coh. ones. Fi-
nally, we notice that the charmonium photoproduction
processes give the valuable corrections to the had.scat.
when pr >4 GeV, and the corrections become more obvi-
ous along with the increasing pr. And compared to p-p
collisions, the corrections are more obvious in Pb-Pb col-
lisions. This is also different to the the results in Refs.
[20, 21] where the contribution of photoproduction even
larger than the hadronic process. The reason is that they
do not consider the cut b, = 2R,, artificially enhancing
the cross section by including unphysical contributions
from non-overlapping nuclei at large. This cut will ex-
clude the large contribution from small Q* region [see
Fig. 5], and causing the coherent contribution becomes
much smaller (for incoherent channel, this cut only cause
the small effect).

In Fig. 10, we plot the exact results of bottomonium
(T(nS)) photoproduction and fragmentation processes.
For avoiding double counting, we adopt the BCCKL
method where the matching rule between fixed-order and
fragmentation has been performed [32—34]. Since the
fragmentation bottomonium productions are untrust-
worthy throughout the py <15 GeV region [31], and in
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order to suppress the next to leading power (NLP) contri-
butions. We present our theoretical predictions for the
values of pr > 20 GeV. In upper panels, the exact results
are compared to the CMS data [78]. In the case of p-p
collisions [panels (a)-(c)], the differences between UIC
processes and coh. ones become much larger than those
of J/y productions in Fig. 9. In the case of Pb-Pb colli-
sions [panels (d)-(f)], the UIC channel becomes larger
than the coh. one at sufficiently large pr ranges. This fea-
ture is opposite to the situation in panels (b), (d) of Fig. 9.
We disagree with the results in Ref. [21] where the UIC
contributions are much larger than the coh. ones in the
whole pr ranges, and the fragmentation formalism is
used beyond its validity scope and the double counting
exists. Thus, the relative contribution of UIC channel to
the heavy quarkonium photoproduction increases with the
growing quarkonium mass. And UIC process begins to
dominate the photoproduction processes at large pr do-
main. Finally, we find that the contributions of photopro-
duction and fragmentation processes are still non-negli-
gible in bottomonium production.

V. SUMMARY AND CONCLUSION

In the framework of the NRQCD, we studied the pro-
duction of heavy quarkonium originating from inelastic
photoproduction and fragmentation processes in p-p and
Pb-Pb collisions at LHC energies. We derived the exact
treatment by performing a consistent-analysis of the terms
neglected in transiting from the-exact formula to the
WWA one, where the Martin-Ryskin method is adopted
to weight the different photon sources, and the BCCKL
method is adopted to match the fixed-order and fragment-
ation contributions. The full partonic kinematics matched
with the exact treatment were also given. By comprehens-
ively discussing the Q*-, y-, z- and +/s-dependence beha-
viours of cross sections, we obtained the features of
WWA in inelastic heavy quarkonium photoproductions in
heavy-ion collisions. In order to estimate the errors exist-
ing in the widely employed photon spectra, we calcu-
lated the total cross sections. Meanwhile, the double
counting problems and the relative contributions of the
ultra-incoherent channel were also discussed. Finally, we
also calculated the pr-dependent cross sections to dis-
cuss the contributions of photoproduction and fragmenta-
tion processes to the inelastic heavy quarkonium produc-
tions.

We found that the inelastic photoproduction and frag-
mentation processes provide valuable contributions to the
heavy quarkonium production, especially in the large pr
regions. While the ultra-incoherent photon emission plays
very important role in p-p collisions, and can also provide
the meaningful contribution in Pb-Pb collisions; its relat-
ive contribution to inelastic heavy quarkonium photopro-
ductions rapidly increases along with the growing

quarkonium mass, and begins to dominate the photopro-
duction processes at large pr ranges.

The validity scopes of the WWA in the processes dis-
cussed in this work are highly restricted, which are com-
patible with the characteristics of coh. and OIC processes,
and possess high accuracy only within the ranges of
0*<1GeV?, y<0.1, Z>1, and /s >400 and 1400 GeV
in p-p and Pb-Pb collisions respectively. In particular,
the WWA has a much higher accuracy in Pb-Pb colli-
sions, where the coh. process is enhanced by Z3, and the
UIC one is greatly suppressed. Conversely, the kinemat-
ical behaviours of the UIC process are contradict to those
of WWA, which concentrate on the regions where the
WWA errors are prominent. Therefore, WWA is not a
suitable approximation in p-p collisions, where the UIC
contribution becomes dominant. Furthermore, we found
that the aforementioned equivalent photon spectra are
generally derived beyond the applicable scopes of WWA,
and the serious double counting exists when different
channels are considered simultaneously. Indeed, the ex-
act treatment is necessary to accurately address the in-
elastic heavy quarkonium photoproduction in p-p and Pb-
Pb collisions at LHC energies.

It should be noted that, when considering the contri-
bution of photonproduction to the hadronic process, the
equivalent photon flux should be integrated to by, = 2Ry4.
Integrating to infinity artificially enhances the cross sec-
tion by including unphysical contributions from non-
overlapping nuclei at large. In present paper, we adopt the
empirical approximation to include this truncation affects.
The proper method to incorporate b is the semiclassical
impact parameter description (Glauber model), which is
more appropriate to calculate the case of heavy ions colli-
sions (recent work, see Ref. [46]). In our future work, we
will perform our work based on the b-dependent scenario.

APPENDIX A. LONG-DISTANCE MATRIX ELE-
MENTS OF HEAVY QUARKONI-
UM

For the reader's convenience and for completeness,
we list here the involved LDMEs. The mass of heavy
quarkonia are M, =3.097 GeV, Myps) =3.686 GeV,
M'Y'(IS) =9.460 GGV, M‘Y‘(zs) =10.023 GCV, and
Myisy =10.355 GeV [73]. The LDMESs of the charmoni-
um are given by [79—81],

(©O"PsPy =1.32GeV?,
©O7'1'sP1) = (4.50+0.72) x 1072 GeV°,
(O"'Ps® = (3.12+£0.93) x 1073 GeV?,

O"PPP = (-1.21£0.35)x 1072 Ge V>, (A1)
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(©"*1Ps{"1) = 0.76 GeV?,
(0"['s P17y = (0.0080 +0.0067) GeV?,
(0"®9135®1y = (0.00330 +0.00021) GeV?,

(0" PPy = (0.0080 +0.0067)m? GeV>. (A2)
The LDME:s for the bottomonium [81] are,
OS]y = 9.28 GeV?,
O[Sy = (13.60 +2.43) x 1072 GeV?,
(OIS Py = (0.61+£0.24)x 1072 GeV?,
(O PPOY = (-0.93+0.5)m2 x 1072 GeV?,  (A3)
(OS] = 4.63 GeV?,
<O‘I’(2S)[IS(()8)]> =(0.62+1.98) x 1072 GeV?,
(O"PS®]) = (2.22+0.24) x 1072 GeV?,
(O"PPPY) = (<0.13+0.43)m) x 1072 GeV?,
(A4)
(O™ 9PS (")) = 3.54 GeV?,
OISOy = (1.45+1.16) x 102 Ge V>,
(O"9PS®) = (1.32+£0.20)x 1072 GeV?,
(O"CIPPPYY = (-0.27 +£0.25)m2 x 107 Ge V>,
(A5)
And the multiplicity relations
O PP = 27+ 1O PP, (A6)

are used, where m, and m, are the charm quark and bot-
tom quark mass, respectively.

APPENDIX B. FULL KINEMATICAL RELA-
TIONS
We give here a detailed treatment of the partonic kin-

ematics which is matched with the exact treatment.
The energy and momentum in a-b parton level read

P - (S +m2) B (05 —m2)
a = 2 '_Sab s b — 2 ’_Sab s
Sap — 12
Pcm = (2bx/ry)’ (BI)

where the s, for each photon emission are

2, Xb 2 2
Sablcoh. = my+ — (s—mA —mB) s

Np
2 29
Sabloic = m, + N (s—my—m3),
AN
2, XaXp 2 2
S, =m, + S—my —m B2
wluic = m;, NANB( 1 —m3), (B2)

where 5= (ps+ps)* = (Ny+Np)’syy/4 is the energy
square in 4-B process. While the energy and momentum
in y*-b parton level are

CL(-0) (M)
A P RV
Lo (re) ., (3-Mp)
= N = . B3
Pcm 23 Pcm 23 (B3)

The Mandelstam variables involved in the case of dir-
ect photoproduction are

§=(q+ps) =y (sap—m) — Q7
f=(q-pn’=-(1-2)(5+0),
= (py—pu)’=My-2(5+0),

(B4)
while those for resolved photoproduction are

§ = (P +P6)’ = V2w (Sap—m?),

-(1-2)3%,

= (pa—pn)’

i = (py=pn)’ = Mjy—2§". (B3)

The kinematical boundaries of the mentioned distri-
butions are given in Tables B1, Tables B2. When we cal-
culate the contribution of photoproduction to hadronic
process in Figs. 9 and 10, the cut by, = 2R, should be
considered for avoiding the unphysical contributions
from non-overlapping nuclei at large. We adopt the cent-
ral ideal in Refs. [3, 63], the squared transverse mo-
mentum of the photon can be written as

2
1
2 _ (- ( 2 X 2)~7
Ot =(-n (@ -T=m )~ .
b2 +x’m?
Coin= =75 (B6)

where bya = 2R4 (R4 = AY?1.2 fm).

Finally, we give here the Jacobian determinant 7 for
each distribution. In the case of the Q° and y distribu-
tions, we have
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Table B1. The kinematical boundaries of 2, y distributions. $umin = 8, = (nr + prmin)?, p3 = 80+ Q> M%) /(3 + 0H)?.

Variables Coherent direct UIC direct Coherent resolved UIC resolved
Zamin [(M,Z, +§)- \/(v—ME,P——Atp%mms] /(25)
Zmax [(M}, +8)+ \/(v—Mg,)Z——4pszms] /(28)
Fmin ~(1 = Zmin)($ + 0%) —(1 = zmin)$”*
Fax ~(1 = Zma)(§ + Q%) —(1 = zmax)§*
Za'min \ \ Y (Sap —m2)] 85 in/ VXaXpSNN)
Za’max \ \ 1 1
Xpmin Gmin + O/ [V(Sabl ey —M3)] (Smin + O/ (¥XaSNN) $rin/ V(b vy = 1131 Srin/ OXaSNN)
Xpmax 1
Xamin \ Gmin + 01/ (vsnN) \ Sonin/ (vSNN)
Xamax \ 1 \ 1
Ymin Bmin + 0D/ (Sablxypma —M2) 8% i/ (Sablxpmax — M%)
Vi [ @@+ 0= fiem)
0, =202+ [ (o + 2 (50 = § 12 = (S =)\ (s = 5+ 202 = A5l [(25a)
O Y(Sablxym ™ M) = Smin
Table B2. The kinematical boundaries of pr, z distributions. Where x| = §/s,5, other boundaries are the same as Table B1.
Variables Coherent direct UIC direct Coherent resolved UIC resolved
Onin 2m2 /(1= x)
Onax 1/R2 (1=x1)snn 1/R? (1= x1)snn
1Vrmas] [y + M3+ 1/ Gmax = M3)? = 4p% Smax) e + M3 = \/ Gimax = M3)2 = 4p2 5ina)1'/2
Pmin My,
PTmax (1-2) [z(sablx,,,m -m2) - M%,]
J = 2; ’Z"‘ - (B7) (5 + 0 5)
wEp (r2+m2) J = ; - , (B9)
y (sarh|xbmax - m(,) ( V- COShyrmT)
while those for z distribution are
for coherent-direct process. And the relations between
T =L, Fes = 27“, (BS) Eq. (72) and the rest cases are: Jincondir =J/Xa»
z(1-2) z(1-2)

and that for p; distribution is

jcoh.res. = j/xb, and gy-incoh.re& = j/xa-xb- In the case of
fragmentation processes, J = (§+0%) / (cosh Ve \/E) ,
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