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near N =32 and 34"

Q. Yuan (ZH)'*  L.Y. Shen GLEIE)'2 M. R. Xie (f#§H1)'? H. H. Li (Z5£138)'2 1. G. Li (Z5fifE) 251
X. Xu ()" W. Zuo (Z£4E)">
'Heavy Ion Science and Technology Key Laboratory, Institute of Modern Physics, Chinese Academy of Sciences,
Lanzhou 730000, China
School of Nuclear Science and Technology, University of Chinese Academy of Sciences, Beijing 100049, China

*Southern Center for Nuclear-Science Theory (SCNT), Institute of Modern Physics, Chinese Academy of Sciences,
Huizhou 516000, China

Abstract: Shell evolution is crucial for understanding nuclear structures across the nuclear chart. In this work, we
employed the ab initio valence space in-medium similarity renormalization group with chiral nucleon-nucleon and
three-nucleon interactions to study neutron-rich Si, S, Ar, and Ca isotopes, particularly focusing on nuclei near
N =32,34. We systematically analyzed both neutron and proton shell evolutions by examining the excitation ener-
gies of the first 2% states and the effective single-particle energies. Our calculations show that the N =32 sub-shell
gradually weakens as protons are removed from the doubly magic nucleus 52Ca, eventually disappearing in #0Si.
Conversely, the strength of the N = 34 sub-shell is enhanced with the removal of protons from *Ca. Furthermore,
our results indicate the existence of the proton Z = 14 sub-shell in neutron-rich Si isotopes. These findings suggest
that *3Si is a doubly magic nucleus, with the excitation energy of the first 2* state around 2.49 MeV, which is about
400 keV higher than that of >*Ca. This value is comparable to that of other well-known exotic doubly magic nuclei,
such as 2Ca and 78Ni, which is extremely interesting for further experiments in RIB facilities. In addition, we pre-
dicted the low-lying spectra of neutron-rich Si, S, and Ar isotopes, providing new insights for future experiments.
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I. INTRODUCTION

The understanding of nuclear structure is fundament-
ally anchored in magic numbers or shell closures [1, 2].
The advent of rare isotope beams (RIB) has opened new
avenues for studying nuclei with extreme neutron-to-pro-
ton (N/Z) ratios, where well-established shell structures
are significantly modified [3—5]. This shell evolution
leads to the disappearance of traditional magic numbers,
such as the N =8, 20, and 28 islands of inversion (IOIs)
in the vicinity of '?Be [6], **Mg [7], and **Si [8], respect-
ively. On the other hand, new magic numbers have been
observed in neutron-rich nuclei, including N = 14, 16, 32,
and 34 [9-18]. These discoveries have not only pro-
foundly advanced our understanding of nuclear physics
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but also challenged theoretical models, stimulating ongo-
ing research into the shell evolution in exotic nuclei with
extreme N/Z ratios.

In the calcium isotopic chain, both “°Ca and “Ca are
traditionally recognized as doubly magic nuclei. Recent
experimental studies have further revealed that *Ca [10],
2Ca [13, 14], and >*Ca [15, 18] also exhibit doubly ma-
gic characteristics, introducing new magic numbers at
N =16, N=32, and N = 34, respectively. As protons are
removed from “°Ca down to 3*Si, the N =20 shell clos-
ure remains robust [19—21]. However, with the further re-
moval of protons, the N =20 magic number disappears,
as evidenced by the onset of deformation in Mg, which
is known as the N =20 IOI [7]. For the N =28 isotones,
the magic number persists up to **Ni when protons are
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added above “Ca [4, 5]. Conversely, removing protons
from “®Ca results in a substantial reduction in the excita-
tion energy of the first 2+ excited states (E(2})), indicat-
ing that the N =28 shell closure present in “*Ca disap-
pears in nuclei around **Si, forming the N =28 IOI [8].
Moreover, the strength of the N =32 sub-shell gradually
diminishes as protons are added starting from 32Ca, disap-
pearing in 3¥Fe and heavier isotones [22—26]. Similarly,
as protons are removed from >2Ca, the N =32 sub-shell
weakens in °Ar [27, 28]. Additionally, the N =34 sub-
shell has been observed only in *Ca and *?Ar so far [15,
18, 28], and it has been confirmed to disappear in iso-
tones heavier than *>Sc [26, 29, 30]. Meanwhile, experi-
mental studies on the odd-mass P, Cl, and K isotopes sug-
gest that the Z = 16 sub-shell disappears in isotopes near
N =28 [31-37], while the Z =16 shell gap is enhanced
from K to 3K [31, 38]. On the other hand, the Z = 14
sub-shell is present in 3*Si [19-21] and **Si [39], but ex-
perimental evidence for the Z = 14 sub-shell in heavier Si
isotopes 1is still lacking. Therefore, the evolution of the
proton Z =14 and Z = 16, as well as the neutron N =32
and N =34 sub-shells, in the neutron-rich Ar, S, and Si
isotopes remains an intriguing open question. In particu-
lar, the enhancement of the N = 34 magicity for isotones
with smaller Z, as suggested theoretically in Ref. [40, 41],
has been confirmed in 2 Ar [28], with **Si predicted to be
a doubly magic nucleus [28, 40, 42].

Over the past decades, ab initio calculations, based on
high-resolution interactions derived from the chiral ef-
fective field theory (YEFT), have made great progress
[43-50], offering a comprehensive framework for under-
standing the properties of shell structures in exotic nuclei.
The shell evolution of calcium isotopes and isotopes
around calcium has attracted extensive theoretical studies,
including mean-field methods [42, 51, 52], shell model
(SM) [5, 30, 40, 53], Gamow SM [54], coupled-cluster
theory [55], self-consistent Green’s function [56], and in-
medium similarity renormalization group (IMSRG) [22,
25, 26, 28, 30, 41, 57]. However, for the neutron-rich
N =32 and N =34 isotones, especially for **Si, precise
and systematic ab initio calculations and evaluations are
still required. In this paper, we performed systematical
calculations for the shell evolution in the neutron-rich
nuclei below Ca isotopes, using the valence-space IMS-
RG (VS-IMSRG) with nucleon-nucleon (NN) and three-
nucleon (3N) forces derived from yEFT.

The paper is organized as follows: First, we provide a
brief introduction to the framework of the VS-IMSRG.
This is followed by E(2) calculations for neutron-rich
Si, S, Ar, and Ca isotopes. Next, we present the effective
single-particle energies (ESPE) for both neutrons and
protons, followed by a discussion of the shell evolution.
Subsequently, the low-lying states of neutron-rich Si, S
and Ar isotopes are examined. Finally, a summary is
provided.

. METHOD
We start with the intrinsic A-body Hamiltonian

= Z <(p12mA > Zv’f"’

i<j<k

(1)

where p is the nucleon momentum in the laboratory, m
implies the nucleon mass, v¥ and v*" corresponds to the
NN and 3N interactions, respectively. In this work, we
employ the EM1.8/2:0 interaction [59, 60], which repro-
duces ground-state (g.s.) energies of nuclei up to '*2Sn re-
markably well '[61, 62]. Additionally, the NN-
N3LO + 3Ny, interaction [63] is also used, which shows a
good description ‘of g.s. energies up to nickel isotopes
[63]. For NN-N°LO + 3N, a large SRG scale of 1= 2.6
fm™! is adopted to neglect the induced 3N forces for the
NN part, and the bare 3N interaction is employed. For
both interactions, we take the harmonic-oscillator basis at
hw=16 MeV with e =2n+1=14 and Esn, =14,
which has been checked to be large enough for conver-
gence, as presented in our previous work [64].

The Hamiltonian in Eq. (1) is rewritten as normal-
ordered operators with respect to the Hartree-Fock refer-
ence state,

H= E0+Zﬁ] aaj 2’2ZFW aaalak

ijkl

3'2 E Wl/klmn a akanamal:v (2)

ijkimn

where Ey, f, I, and W correspond to the normal-ordered
zero-, one-, two-, and three-body terms, respectively. The
residual normal-ordered three-body term W is neglected
in practical calculations and the contribution of 3N force
can be effectively captured at the normal-ordered two-
body level [65].

The normal-ordered Hamiltonian is then decoupled
from the large Hilbert space to a small valence space by
VS-IMSRG. This decoupling is achieved by solving the
flow equation [46, 49, 50],

dH
1 — (s, HGs), )
with an anti-Hermitian generator
d
w5 = 005 = o) @

In the present work, valence protons in the sd shell
and neutrons in the pf shell above 20 inner core are ad-
opted. In practical calculations, we use the Magnus form-
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alism [66] of VS-IMSRG, truncating all operators at the
two-body level while capturing the effects of the 3N force
through ensemble normal ordering (ENO) [50], to gener-
ate consistently valence-space effective Hamiltonians,
where the imsrg++ code is employed [67]. Subsequently,
the nuclear observables are obtained using the large-scale
SM code, KSHELL [68].

III. RESULTS

In the present work, we systematically investigate
shell evolution at N =32 and N =34 in neutron-rich iso-
topes below Ca using the ab initio VS-IMSRG method.
The E(2}) in even-even nuclei, provides an important ob-
servable for characterizing shell structures, with a high
E(27) value typically attributed to a large shell gap. Fig-
ure 1 represents the calculated E(27) values for even-even
isotopes of Ca, Ar, Si, and S, compared to available ex-
perimental data. Our VS-IMSRG calculations with the
EM1.8/2.0 and NN-N°LO + 3N, interactions reasonably
reproduce the measured E(27) values in these isotopes,
although an overall overestimation is observed. To evalu-
ate the uncertainty in the model space, we also" per-
formed VS-IMSRG calculations within the ey, =12,
E3max = 12 model space. The difference in the calculated
E(27) values is less than 200 keV compared to the results
obtained with en, = 14, Esn. = 14. However, the calcu-
lated E(2{) for *Ca, using the EM1.8/2.0 and NN-
N*LO + 3Ny, interactions, differs by about 500 keV, in-
dicating a larger uncertainty due to-the underlying nucle-
ar forces. Nevertheless, the trends for the E(2}) states of
these nuclei calculated using both interactions are consist-
ent.

When protons are removed from *Ca, the decreasing
E(27) indicates the N =28 shell gap is shrinking and
eventually disappears in **Si, which is well reproduced in
our VS-IMSRG calculations, as discussed in our previ-
ous work [64]. For N =32, our results show that *>Ca
clearly exhibits a sub-shell with a steep rise in E(2})
compared to neighboring Ca isotopes, consistent with the
experimental results [13]. In contrast, the calculated

E(2}) values for °Ar, “S, and “6Si are significantly re-
duced, much lower than that of 3>Ca. Furthermore, the
calculated E(2}) for *Si is close to that of the nearby
#8i, indicating the disappearance of the N = 32 sub-shell
in “6Si. However, relativistic mean-field calculations [52]
and large-scale SM studies [40] suggest that Si still ex-
hibits a strong N =32 shell closure, which contrasts with
our results. In Ref. [52], the relativistic mean field calcu-
lation gives a two proton shell gap A,, peak for *Si, as-
sociated with magic character, although it is slightly
smaller than the peak for 3?Ca. However, the obtained
isotopic shift AE dose not support the magicity of “Si in
the relativistic mean field calculation [52]. In Ref. [40],
SM calculations’ were performed with modifications to
the phenomenological SDPF-MU interaction in order to
reproduce existing experimental data. While this fit suc-
cessfully reproduces the known experimental data, it may
introduce  greater uncertainty when predicting unknown
nuclei, resulting in a relatively higher E(2}) for *Si,
which may similar to the situation of observed E(27) of
*Ca in Ref. [18].

The situation is different for N =34 isotones. The
N =34 sub-shell has been experimentally observed in
3Ca [15, 18] and *Ar [28], and it is predicted to be en-
hanced moving towards the more neutron-rich region [28,
40, 41]. Of particular interest are S and “8Si, which may
also exhibit double magicity. As shown in Fig. 1, the cal-
culated E(2}) of *Si is even higher than that of *Ca, in-
dicating that *8Si is a well-developed doubly magic nuc-
leus, with shell strength comparable to those of observed
doubly magic nuclei such as 3>3Ca, and *Ni. Moreover,
large-scale SM calculations based on the modified SDPF-
MU interaction predict that the E(2}) of **Si is approxim-
ately 3 MeV [40], which is in good agreement with our
calculations using the EM1.8/2.0 interaction, and smaller
than the results obtained from the NN-N3LO + 3N,,; inter-
action. Notably, our previous works suggest that 43Si is a
potential candidate for two-neutron halo [69]. For *°S, a
steep rise in E(2}) is obtained from VS-IMSRG calcula-
tions using both interactions, indicating the persistence of
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Fig. 1. (color online) E(2}) values in Ca, Ar, S, and Si isotopes, calculated using ab initio VS-IMSRG based on the EM1.8/2.0 and

NN-N3LO + 3Ny, interactions, along with available experimental data [58].
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the N =34 sub-shell. However, the E(2}) of *S calcu-
lated using the EM1.8/2.0 interaction is comparable to
that of 2Ar, whereas the calculations with the NN-
N°LO + 3Ny, interaction generally yield higher E(2}) val-
ues, with the calculated E(2}) of S being higher than
that of >2Ar. These discrepancies further raise doubts
about the existence of the Z = 16 sub-shell in *°S, as dis-
cussed in detail in Fig. 3. Therefore, the properties of S
and “8Si provide excellent test cases for ab initio meth-
ods and underlying nuclear forces, and future experi-
ments are strongly encouraged. Recently, similar calcula-
tions have been done in Ref. [57] to discuss the shell
evolution of N =32 and 34 sub-shells.

The ESPE offers a good reflection for the size of shell
gaps [5, 70, 71]. In this paper, the ESPEs are calculated to
gain further insight into the shell evolution in these exot-
ic nuclei below Ca. First, the ESPEs of neutron single-
particle states for N = 28, N =32, and N = 34 isotones are
calculated and the results are presented in Fig. 2. For the
N =28 isotones, it is clear that the N =28 shell gap rap-
idly diminishes with the removal of protons from *3Ca, as
shown in Fig. 2(a). These findings align with both theor-
etical and experimental investigations [8, 64], which
demonstrate the collapse of the N =28 sub-shell in nuc-
lei located below “8Ca. Figure 2(b) shows the ESPEs rel-
ative to the neutron v1p;,, orbital. Here, it is evident that
the N =32 shell gap gradually decreases from approxim-
ately 3 MeV in 2Ca, eventually disappearing in *°Si,
where the shell gap shrinks to about'1.5 MeV. Addition-
ally, for the N =32 isotones, as the proton number de-
creases, the neutron OpOh (particle-hole) component
across the N =32 subshell in the 07 state gradually de-
creases from about 85% in 32Ca to about 20% in 6Si,
with the 2p2h excitation across the N =32 subshell be-
coming the dominant configuration. In contrast, the
N =34 shell gap increases as protons are removed from
%Ca, as illustrated in Fig. 2(c). Correspondingly, the
neutron 0p0h component across the N =34 subshell is
dominant in the 0] states of all the N =34 isotones. The
N =34 shell gap increases from approximately 2.5 MeV

NN-N’LO+3N, ; —A— —o— —=—

in %*Ca to about 4 MeV in “3Si, further enhancing the ma-
gicity of *Si. The results align with the relativistic
Hartree—Fock—Bogoliubov calculations, which also pre-
dict N =34 shell gaps of 2.5 MeV in **Ca and 4 MeV in
8Si [42].

The proton-neutron interaction matrix elements relev-
ant to the evolution of N =32 and N = 34 involve the pro-
ton 70d;/, and nls,, orbits vs. the neutron v1ps;,, vipy ),
and v0fs,, orbits. The complex interactions between dif-
ferent orbits and various components of the nuclear force
make it difficult to present a simple and clear picture for
the physical reasons behind this shell evolution, as dis-
cussed in Ref. [40].

Similarly, the proton ESPEs for the Si and S isotopes
are also investigated, with a focus on the evolution of the
Z =14 and Z = 16 sub-shells, as shown in Fig. 3. A signi-
ficant Z = 14 shell gap, approximately 5 MeV, is ob-
served from calculations using both the EM1.8/2.0 and
NN-N3LO + 3N, interactions. Based on these results, we
propose that “Si is a doubly magic nucleus, with both
Z =14 and N = 34 shell closures. On the other hand, the
behavior of the Z = 16 shell gap in the S isotopic chain
shows notable differences between the two interactions.
Calculations with the EM1.8/2.0 interaction predict the
Z =16 shell gap to be about 1.5 MeV around S, while
the NN-N’LO + 3N, interaction gives a shell gap of ap-
proximately 3 MeV. In the latter case, the Z =16 shell
gap in *°S is comparable to the N =32 sub-shell in %Ca.
The EM1.8/2.0 interaction utilizes a nonlocal 3N regulat-
or, while the NN-N3LO+ 3Ny, potential employs both
local and nonlocal (Inl) 3N regulators. The difference in
the treatment of the 3N force may play an important role
in the observed variation in the Z = 16 shell gap. Never-
theless, the trends for the evolution of the Z =14 and
Z =16 shell gaps with changing neutron number are con-
sistent in the calculations using both interactions. In con-
clusion, whether °S is a doubly magic nucleus remains
uncertain in our theoretical calculations, requiring further
experimental investigation.

To precisely estimate the E(2) value of *8Si, we used
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Fig. 2.

(color online) The ESPEs of the neutron v0f,2, v1ps2, vlpij2, and v0fs;, orbits in the N =28, N =32, and N = 34 isotones, cal-

culated by VS-IMSRG using the EM1.8/2.0 and NN-N3LO + 3Ny, interactions.
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Fig. 3. (color online) The ESPEs of the proton z0ds)s,
nlsij, and 70d3), orbits in the Si and S isotopes, calculated by
VS-IMSRG using the EM1.8/2.0 and NN-N3LO + 3Ny, inter-
actions.

the EM18/20, NN-N3LO+3N1n1, and NN-N4LO+3N1H1
[63] interactions to calculate the E(2{) values for **Si and
%Ca within both the en. = 14, Esny = 14 model space
and the e = 12, E3ni = 12 model space.” A robust lin-
ear correlation emerged between the calculated E(2}) val-
ues for *8Si and >*Ca. Therefore, we applied a Bayesian
linear regression model, using the experimental value of
E(27) for 3*Ca (2.043 MeV) [18], to obtain the posterior
distribution of the E(2}) value for “*Si. The probability
density distribution and 95% confidence interval are
shown in Fig. 4. We obtained the E(2}) value for “*Si as
E(2})=2.49+0.03 MeV.

Furthermore, the evolution of the low-lying states in
the neutron-rich Si, S, and Ar chains is also systematic-
ally investigated by ab initio VS-IMSRG calculations,
and the results are depicted in Fig. 5, along with avail-
able experimental data. For these nuclei, experimental
data are currently quite limited, but with advancements in
experimental techniques, it is expected that more data
will be accessible in the near future. As illustrated in Fig.
5, our calculations are in good agreement with the avail-
able experimental results. Notably, the calculated
E(47)/E(2}) ratios of *Si, 3°S, and Ar are all less than
2, approaching the vibrational limit, which indicates
nearly spherical shapes. Furthermore, the predicted 03
states by VS-IMSRG calculations exhibit different beha-
viors among these isotopes. Specifically, the 03 states of
Ar isotopes show a sharp descent, reaching a minimum at

o
=]
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=
-
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By (BSi) /MeV
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.(__________________.
\
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o

———
\
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2.0 .

Ey-(8Si) /MeV
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30 3.5

Fig. 4. (color online) Correlation between the E(2}) values
in 34Ca and *3Si, derived from the VS-IMSRG calculations us-
ing the NN-N*LO + 3Nj,;, EM1.8/2.0, and NN-N3LO + 3Ny, in-
teractions within both the em. = 14, E3zmax = 14 model space
and the emax =12, E3max = 12 model space. Probability density
distribution and 95% confidence interval for the E(2{) value
of #8Si in the inset panel are obtained using Bayesian linear re-
gression, given the experimental E(2]) value for 3*Ca (2.043
MeV).

S2Ar with EM1.8/2.0 and at *°Ar with NN-N3LO+3N,,
which needs to be verified by future experiments. In addi-
tion, the 03 states of Si isotopes exhibit a steady decline
from °Si to “Si, followed by a rapid rise towards *Si.
On the other hand, the 03 states of S isotopes display a
staggering pattern. Moreover, the 27 states of Si and Ar
isotopes also show a staggering. The lower 03 states in-
dicate the disappearance of the magic number and the on-
set of shape coexistence in these isotopes, as discussed in
our previous work [64]. In °*Ca, the 0} state is primarily
dominated by the neutron 2p2h excitation (87%), while
in Si, S, and *°Ar, the 0pOh and 1plh configurations
dominate, each contributing approximately 30%-40%. In
contrast, for the N =34 isotones, the 0; states are all
dominated by the 2p2h excitation. These results will
provide valuable information for future experiments in
this region.

IV. SUMMARY

We presented calculations for the neutron-rich Si, S,
Ar, and Ca isotopes using the ab initio valence-space in-
medium similarity renormalization group (VS-MSRG),
based on chiral nucleon-nucleon and three-nucleon
forces, specifically the EM1.8/2.0 and NN-N°LO + 3Ny,
interactions. A detailed analysis of shell evolution at
N=28, N=32, and N =34 inthese isotopes is per-
formed based on E(2}) and effective single-particle ener-
gies. Our calculations well reproduce the reduction of the
N =28 shell gap in the isotones below *Ca. Furthermore,
our results indicate that the N =32 sub-shell also gradu-
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(color online) Energy levels of neutron-rich Si, S, and Ar isotopes calculated by VS-IMSRG with the EM1.8/2.0 (lines in

lower panels) and NN-N3LO+3Ny,; (lines in upper panels) interactions, compared with the available experimental data [58]. Here, the

open symbols represent experimental data [58].

ally weakens as we move from *2Ca to “Si, eventually
disappearing in “°Si. In contrast, the N = 34 sub-shell is
enhanced when moving from 3*Ca to *3Si, with the shell
gap increasing from approximately 2.5-MeV in >*Ca to
about 4 MeV in *8Si. Given the fact that our calculations
show that the Z = 14 sub-shell is preserved in the Si iso-
topes, the doubly magic character of “*Si is highly pro-
posed. Moreover, our calculations also reveal that the cal-
culated E(2}) values of **Ca and **Si with different inter-
actions exhibit a robust linear correlation, with the E(2})
of *8Si being approximately 400 keV higher than that of
%4Ca. Taking into account the uncertainties associated

with the model space used in our calculations, as well as
the linear correlation between the calculated E(2}) val-
ues of 3*Ca and *8Si, we employed Bayesian linear re-
gression to predict that the E(27) of **Si is approximately
2.49 MeV, which is comparable to the values measured in
other exotic doubly magic nuclei, such as *>**Ca [13, 18],
and 7®Ni [72]. This result sparks significant interest for
further experimental investigations. Additionally, the
low-lying spectra of neutron-rich Si, S, and Ar isotopes
are systematically calculated, providing valuable inform-
ation for future experimental studies.
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