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Abstract: We calculate the exact values of the quasinormal frequencies for massless perturbations with spin s <2

moving in pure accelerating spacetime. We use two different methods to transfer the perturbation equations into the

form of hypergeometric differential equations and obtain the same quasinormal frequencies. These purely imaginary
spectra are shown to be independent of the spin of the perturbation and match those of the so-called acceleration
modes of accelerating black holes after taking the Minkowski limit. This implies that the acceleration modes actu-

ally originate from the pure accelerating spacetime and the appearance of black holes would deform the spectra. In

addition, we calculate the quasinormal frequencies of scalar, electromagnetic and gravitational perturbations of D-di-

mensional de Sitter spacetime and compare them with previous results to verify the validity of our method.
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I. INTRODUCTION

The first detection of gravitational waves (GWs) from
the merger of two black holes (BHs) [1] and the release
of the first image of the supermassive BH in M87 [2]
have further convinced people that BHs are real celestial
objects in the universe, not just theoretical concepts.
When a BH gets perturbed, the relaxation can be de-
scribed by a superposition of exponentially damped si-
nusoids termed quasinormal modes (QNMs) [3—5]. Thus,
in the ringdown stage of the coalescence of two astro-
physical BHs, the GWs take the form of superposed
QNMs of the remnant BH. Due to the no-hair theorem,
the frequencies and decay rates of these QNMs are
uniquely determined by the final BH' s physical paramet-
ers [6]. The measurement of the QNMs from GW obser-
vations would help us to test general relativity and probe
the nature of remnants from compact binary mergers.
This program is called BH spectroscopy [7]. Moreover,
the QNMs can also be used to determine the linear stabil-
ity of a perturbed BH. For example, the study of QNMs
of massless scalar fields in the exterior of Reissner-
Nordstrom-de Sitter (RNdS) BHs can be used to determ-
ine whether the strong cosmic censorship conjecture is vi-
olated [8].

Recently, the QNMs of the so-called C-metric in vari-
ous situations have garnered some attention [9—17]. The
C-metric describes an axially symmetric and stationary
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spacetime that contains two causally separated BHs ac-
celerating away from each other in opposite spatial direc-
tions under the action of conical singularities along the
axis [18-20]. This model might be useful for understand-
ing the behavior of moving and accelerating BHs, such as
those resulting from a BH superkick or a cosmic string
connecting two BHs [21, 22]. These studies of QNMs of
accelerating BHs have taken advantage of the C-metric
being of Petrov type D, which allows the perturbation
equations for various test fields to be separable [23-26].
One interesting feature is the QNMs of both the charged
accelerating BHs and the rotating accelerating BHs can
be classified into three families: the photon sphere modes,
the near-extreme modes and the acceleration modes. The
photon sphere modes are associated with the peaks of the
potential barrier, while the near extreme modes are re-
lated to the near-horizon geometry of the BHs. The accel-
eration modes depend solely on the acceleration horizon
and are absent in non-accelerating spacetimes. This new
kind of modes was first identified for scalar perturbations
of the charged accelerating BHs [10]. Later, the similar
phenomenon was also verified for scalar [14] and gravita-
tional perturbations [17] of the rotating accelerating BHs.
In this study, we aim to explore the origin of the ac-
celeration modes. Given that the acceleration modes have
a weak dependence on the BH's charge or rotational para-
meter and depend solely on the surface gravity of the
Minkowski limit rather than the BH' s surface gravity, we
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naturally speculate that the acceleration modes might ori-
ginate from a pure accelerating spacetime without a BH.
It is worth noting that in pure de Sitter (dS) spacetime,
there exist dS modes [27-29], which become deformed
when BHs appear [8, 30-32]. Due to the remarkable sim-
ilarity between the accelerating spacetime and the dS
spacetime that the former has a accelerating horizon and
the latter has a cosmological horizon, it is reasonable to
connect the acceleration modes with the counterpart in
the pure accelerating spacetime.

We would like to calculate the QNMs of massless
perturbations with spin s <2 in pure accelerating space-
time. By taking the Minkowski limit of the master equa-
tions describing perturbations of accelerating BHs---spe-
cifically by setting the mass, electric charge, or spin to
zero---we can derive the equations that govern perturba-
tions in the empty accelerating spacetime. Two methods
are employed to solve the perturbation equations. The
first one is to follow the approach in [27], via direct co-
ordinate transformation we can find that the perturbation
equations are of hypergeometric type. Then the QNMs
are easily obtained when the proper boundary conditions
are imposed. This method works straightforward for scal-
ar perturbations [10]. The other approach is to analyze the
properties of the Minkowski limit of the Teukolsky-like
equations that govern various massless field perturba-
tions of spinning accelerating BHs [24]. This involves
identifying all singular points and demonstrating that the
equations are of the Fuchsian type, with all singular
points being regular singular points. If exactly three regu-
lar singular points are present, the equations can be
simply transformed into the standard form of the hyper-
geometric differential equations (HDEs) [33, 34]. Then
imposing the proper boundary conditions we can derive
the QNMs. To validate our approach, we employ this
method to calculate dS modes and compare our results
with those in [27]. We confirm that our results are
identical for dS modes of scalar, electromagnetic, and
gravitational perturbations. This advantage of this meth-
od is that it does not require complex coordinate trans-
formations to convert the equations into the form of
HDEs.

The remainder of this paper is organized as follows.
In Sec. 11, we explicitly show the derivation of QNMs of
massless scalar perturbations in pure accelerating space-
time by solving the Minkowski limit of the Klein-Gor-
don (KG) equation in the background of the C-metric,
employing the two methods described above. We calcu-
late the QNMs of massless perturbations with spin s <2
in Sec. III by solving the Minkowski limit of the Teukol-
sky-like equations in the spinning C-metric spacetime.
Moreover, in Sec. IV we use the new method to calculate
dS modes of scalar, electromagnetic, and gravitational
perturbations of D dimensional dS spacetime and com-
pare the results with those in [27]. We give a brief sum-

mary in Sec. V. Finally, in Appendix A we introduce
some basics of Fuchsian equations involved in this work.
By convention, we employ geometric units ¢ =G =1 and
the metric signature (—,+, +,+).

II. SCALAR FIELD

We first study the QNMs of scalar perturbations of
pure accelerating spacetime. We consider a massless
neutral scalar filed minimally coupled to gravity living in
the spacetime of a C-metric. The evolution of the scalar
perturbations is described by the KG equation, which has
been shown to be separable through conformal transform-
ation, as demonstrated in [10]. The C-metric that covers
one BH can be written in terms of spherical-type coordin-
ates as [20]

2 _ 1 _ 2 di}"z
4N (1—ﬂrcos9)2< fndt+ 205
r’do? 2 .2 )
+ P0) + P(0)r” sin” Ody ), (1)
where
_ _ 27M 2.2

f(r)—(l p >(1 ﬂr), (2)
PO)=1-2AMcos8b. (3)

Here A is the parameter describing acceleration, M is the
mass of the BH. As A — 0, this metric asymptotes to
Schwarzschild metric. As explained in [35], taking the
Minkowski limit M =0, the metric (1) in the region
r < 1/A can be turned into the uniformly accelerated met-
ric (also named Rindler metric) through an appropriate
coordinate transformation and A is interpreted as the ac-
celeration of a test particle located at the origin r = 0.

Ref. [10] found that under the conformal transforma-
tion g, — Q%g,, ® - Q*®, where Q=1-Arcosb, the
KG equation V*V,® =0 becomes separable by choosing
the ansatz

(i) — Z e—iw/,,,tei)mp ¢[n;(r))([m (9)’ (4)

Im

where wy, is the quasinormal frequency and m is the
magnetic (azimuthal) quantum number. In the following
we will neglect the subscript im for simplicity. As one
can see from the metric (1) that the conical singularities
occur on the axis at both § =0 and 8 = . To remove the
conical singularity at 6 =z, one can specify the period of
the azimuthal coordinate ¢ as 2xC, where C = 1/P(n). As
a consequence, the magnetic quantum number m would
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not be an integer, instead, m must be of the form
m = myP(rr) with my being an integer [24], since one has
eim(¢+27rC) — eim‘p.

Consequently, one has the following separated equa-
tions

d2¢(”) 2 _
e +(w’=V,) 8(r) =0, (5)
d’x(6)
dXZ — — (m* = V) x(6) = 0, (©)
where
dr do
dr*=%, dZZM, (7)
and
~ A f) f) o)
V=10 <r2 32 T 3y 6 ) ’ ®
.2
Vy = P(0) (AsinZH— w
. , 2 99
+sm900250P (©)  sin 06P (9)). ©)

Here r, is the tortoise coordinate and A is-a separation
constant. Taking the Minkowski limit M — 0, the separ-
ated wave equations (5) and (6) that govern the scalar
perturbations in pure accelerating spacetime are reduced
to

d de(r)
(1-Ar) - {(1 - Ar) — }
A1
+ {wz—(l—ﬂzﬂ) (ﬁ_?)} o(r)=0, (10)
and
sinG% (sin@d):l(:)> + {u— %)smza—mz} Y@ =0. (11)

Note that in the Minkowski limit there is no difference
for m and m,. We can see that the angular equation (11)
has the same form as the equation of the Laplacian spher-
ical harmonics Y, in spherical coordinates. Therefore, we
can write the angular equation as

d
oL
siné—

(sin&d);(:)) +[ee+1)sin® 0 —m?] x(6) =0, (12)

from which we find the separation constant 4 is related to
the eigenvalue of the spherical Laplacian operator by

/l=€(€+1)+%. (13)

A. Direct conversion to HDEs

We follow the steps in [27] to show that the radial
equation (10) can be transformed into the HDE by a
change of variable. First of all, by introducing two dimen-
sionless quantities

x=rA, and w=A, (14)
the equation (10) can be written as
d’¢ do < L (A 1))
2.1) 22 s =
(x*=1) T +2xdx a3t 2 =0, (15

Then making the change of variable y = x?, the equation
is transformed into

&')2

& dp  (0C+1
4y(y—l)d—;2p+(6y—2)d—(j+( (; )

Furthermore, we make the ansatz

¢=y'1-y"4, (17)

where the parameter 4 and B are chosen the following
values

+1
5 .
A= Bzi%, (18)
_¢
2’

to find that the function ¢ must be the solution of the
HDE

d*¢ dé .
Y(l—y)dfyz+[7—(a+,3+1)y] dfy—aﬂ¢=0 (19)
with the parameters a, § and y are equal to
a=A+B,
—A+B+1
B= 5
vy=2A+ % (20)
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One can verify that Eq. (19) indeed has three regular
singular points y =0, 1 and oo, which is of the standard
form of the HDE. In contrast, Eq. (15) has three regular
singular points x =0, 1 and -1, while oo is an ordinary
point. The structure of the regular singular points is
altered by the change of variable from x to y. The further
transformation (17) is employed to obtain the standard
form of the HDE. There are several possible combina-
tions for the values of 4 and B (and therefore of a, f, and
7). Thus the solutions of Eq. (A12) can be written in sev-
eral equivalent forms. In the following we study in detail
the case A = 4! and B= 2.

Similar to dS QNMs, the QNMs are solutions to the
equations of motion that satisfy the physical boundary
conditions: (i) the field is regular at the origin; (ii) the
field is purely outgoing near the acceleration horizon. De-
pending on the values of the parameters, the HDEs have
different solutions [27, 36]. The regular behavior at r =0
singles out the solution of Eq. (15) to be

b=y (1-y)% 2 F (.Biy:y), 1)

where ,F(a,8;y;y) denotes the hypergeometric function.
To explore the behavior of the solution at y — 1, namely
the acceleration horizon, we utilize the linear transforma-
tion formulas for the hypergeometric functions [36]. If
the quantity y —a - = —i® is not an integer, then the re-
lation between two hypergeometric functions with vari-
ablesyand 1—y is

_ Tty - a—fa’)y%l(l )%
[(y-a)'(y-p)

XoF(a,Bia+B—-y+1;1-y)

@ +B=y) i . @
+Wy (I-y)

X Fi(y—a,y=Biy—a—-p+1;1-y), (22)

where I'(y) denotes the Gamma function. We can check
that the first term on the right hand side of above equa-
tion represents an ingoing wave and the second term rep-
resents an outgoing wave. To satisfy the boundary condi-
tions of QNMs, we should discard the first term. This is
achieved when we impose "

y—a=-n, or y—-B=-n n=0,1,2,---, (23)
such that T'(y — @) or I'(y —B) becomes infinity. However,
from (20) we can find that if y—a -8 = —i@® is not an in-

teger, then  neither y—-a=({(+2-i®)/2 nor
v—B=({+1-i@®)/2 can be an integer, since (£+2)/2 and
(€+1)/2 are integers or half-integers, —i@/2 is not an in-
teger or half-integer and therefore their sum cannot be an
integer. Hence the condition (23) cannot be satisfied if
v—a—Db is not an integer.

Instead, we must assume y—a—p is an integer. If
y—a—-B=-n;, where n; =1,2,3,... %, we can write the
radial function (21) as

_ %1 _ % F(a+,8—n])r(n1) e
p=yz(1-y) { [@r' Q) (I-y)
n—1
(@~np;(B—ny), s
X; -, Y
S =D (e+B-ny)
I'l@a—n)T'(B-ny)
— (@)s(B)s s
X;m“_” [In(1-y)—¢(s+1)
—Y(s+n+ 1) +y(a+s)+Y B+ s}, (24)

where y(y) =dI'(y)/dy. We can see that the first term in
curly brackets represents an outgoing wave while the
second term represents an ingoing wave. Thus to satisfy
the boundary conditions of QNMs, we must impose the
condition

a—n =-n,or B—n=-n, n=0,1,2,---, (25)
to retain the outgoing wave. Combine this with
v—a—B=-n;, we can find the accelerating QN frequen-
cies are equal to

iw=C+1+2n, iw=C(+2+2n, (26)
which can also be written as
iw=C+n, n=1,2,3,---. 27

The result shows that the previous assumption is self-con-
sistent. We can verify that our result matches those of the
acceleration modes for a scalar field moving in the space-
time of the charged C-metric [10] and spinning C-metric
[14] when taking the Minkowski limit. Therefore, we
may arrive at the conclusion that the acceleration modes
found for accelerating BHs in fact originate from the
empty accelerating spacetime and get deformed when

1) Note that repeated symbols in each subsection of this paper may represent different quantities.

2) We do not need to consider y —a — £ is equal to zero or a positive value, since the former means the scalar perturbations are always static and the latter makes the

scalar perturbations unstable.
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BHs present in the spacetime.

B. Fuchsian equations

In this subsection, we will derive the QNMs of the
scalar field in the empty accelerating spacetime by using
the simple connection between HDEs and Fuchsian equa-
tions. A linear differential equation in which every singu-
lar point, including the point at infinity, is a regular sin-
gularity is called Fuchsian equation or equation of Fuch-
sian type. In particular, a Fuchsian equation with three
regular singular points reduces to the HDE. In the ap-
pendix A we give a brief review of the basics of Fuch-
sian equations relevant to this work by referring to Refs.
[33] and [34]. The knowledge of Fuchsian equations can
help us transform an equation with three arbitrary regular
singular points into the form of the standard HDE in a
programmatic way.

First of all, the radial equation (15) can be cast into
the form of Eq. (A1) with

2x

P(X)=ﬁ’ (28)
~2.2 2

q(x):wx +{(+1)(x*—-1) (29)

(x2_ 1)2x2

We can easily identify the three regular singular points,
which are denoted by a; =0, a, =1 and a; =—1. Then
from Egs. (A2) and (A3) by expanding p(x) and g(x)
around these singular points, we can determine the coeffi-
cients

A =0, B =-(({+1), C,=0, (30)
&? —*+20(L+1)

Ay=1, By=—, CGG=——"—", (31
4 4
~2 ~2_2 1

Az =1, B3=%, C3=%W). (32)

Since x = oo is an ordinary point, the parameters A,, B,
and C,, with r = 1,2,3, should satisfy the constraint (AS8).
We can check from above expressions that it is indeed
this case.

Next, from the indicial equation (A5), we can determ-
ine the characteristic exponents of each regular singular
point, which are given by

a=C+1, a,=-¢,
i i
Bi= 5 ﬁz——j,
i i
Y1 =7, 72——7- (33)

One can check that above result satisfies the constraint
(A10). Through the transformation (A11), that is

)" (x_l)?g(w, (34)

x+1

2x _( X
9= x+1

the radial equation (15) can be turned into the standard
form of HDE (A12), with the parameters given by (A13)

a=C+1+id, B=C+1, y=20+2. (35)

As discussed in the previous subsection, the one of the
solutions of Eq. (15) that is regular at r = 0 is given by

¢= (X)m -1 %2F @By y).

5 (36)

Asbefore, we need to change the variable of hypergeo-

metric function from y to 1—y to explore the behavior of

the solution at the acceleration horizon. If the quantity

v—a—B=—i® is not an integer, then we have
_Ily-a-p)

y (+1 %‘
" To-alG-B) (5) o-v
XoF (. Bia+B—y+151-y)

Ta+p—c) (y\“! g @
L@@ (E) (1= 2D

XoFi(y—a,y=B;y—a-+1;1-y).

¢

37

The second term on the right hand side of above equation
represents an outgoing wave, which is allowed by the
boundary condition at the acceleration horizon. To
achieve this, we should impose

Y—a=—n, or 'y_ﬂ:_ns n=0,1,2,"'. (38)
One can check that this condition cannot be satisfied,
which means we should instead assume that y—a -8 is
an integer. If y—a—-B=-n;, where n; =1,2,3,..., the

solution can be written as

N\ e [T(a+B-n)T(m)
¢_<2) o 1)'{ T(a)L(B)

S (@—ny), (B-n),

stz(): st(1—ny),

)

sz(l —y)°'ln(1 =) —y(s+1)

s sl(n+s)!

(I-y™

(=" (@+p-m)

1_ 5
= = ST B=m)

s=!

—yY(s+n+1)+y(a+s)+yY(B+9)]}.
(39)
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We can see that the first term in curly brackets represents
an outgoing wave while the second term represents an in-
going wave. Thus to satisfy the boundary conditions of
QNMs, we must impose

a—-n =-n,or f—n=-n n=0,1,2,---. (40)
Combine this with y—a—8=—n;, the accelerating QN

frequencies are equal to

iw=~C+n+1, 41)
which is equivalent to (27). In this way we get the
identical result using two methods, although the radial
functions (21) and (36) in these two cases are different.

III. MASSLESS PERTURBATIONS OF ANY SPIN

In this section we will calculate the QNMs of mass-
less perturbations of any spin of the accelerating space-
time. The master equation describing massless perturba-
tions of spinning C-metric due to fields of any spin has
been derived in [24] by following the approach of Teuk-
olsky [37] within the context of the Newman-Penrose
formalism [38]. Remarkably, similar to the Teukolsky
equation of the Kerr BH, the master equation can be sep-
arated into its radial and angular parts, due to the-fact that
the spinning C-metric is of Petrov type D. By taking the
Minkowski limit, we can obtain the equations capturing
the dynamics of scalar, Dirac, electromagnetic and gravit-
ational perturbations in the empty accelerating spacetime.

The metric of spinning C-metric in terms of the Boy-
er-Lindquist-type coordinates (z,7,0, ) is given by [39]

1 1
=0 { -5 (Q-d*Psin’6) dr*
2asin’ 6
)
sin?0
+

ds*

[Q-P(r*+a")]didg

[P (r2 + a2)2 -d*Q sin? 9} d¢2

) )
+ adrz + ;d@z}, (42)

where a is the rotation parameter and the functions Q, X,
P and Q are defined by

Q=1-Arcosd, T =r*+a*cos’0,
P=1-2AMcos8+a*A>cos’0,

Q:A(l—ﬂzrz), A=r—2Mr+a*. (43)

The master equation describing the dynamics of a mass-

less field with spin weight s in this spacetime is given by

(V9 = sT") (V,, = sT,) +45*¥,] ¢ =0,

s=0,+1, 1,3, 42,

(44)

where ¥, = —(1 +iaAYMQ?/(r —iacos6)’ is the nonvan-
ishing Weyl scalar in the spinning C-metric background
and a "connection vector" is introduced by

Q1

r=< {@[M(ﬂzr4 +a*) +r(1 +a> A A - Mr)]
+i%[(1 +a* A cosd— AM(1 +coszl9)]},

. Q1
"= - s <§QB,Q+2?{COSHQ),
E 9
L SE {a@,Q N ,cos@(.ZIZ— 1)
L 20 Psin” 6
+iﬂM(COSZQ—..7(22L12COSO+ 1):| ] (45)
Psin 60

Ref. [24] demonstrated that the master equation (44) ad-
mits separable solutions of the form

Y(t,r,0,) = Y Qe ™R, (1S 1 (0),  (46)

Im

where w, is the wave frequency and m is the azimuthal
number. Again, we will neglect the subscript Im for sim-
plicity in the following discussions. The radial equation is
then

Q“‘% (Q““ %) + Vi R(r) = 0, (47)
with
Vieaay = = 2r-F(r = M)(1 + 5)(1 +25)
+W_2,-s{_an;6éQ
L oM (Z 4 _ 1 ‘i”;frz} +2K, (48)

where K is the separation constant and o = (1 +a>A?).
By introducing

H(r)=(r+a)'*Q"?, (49)

and the "tortoise" coordinate r,, where



Quasinormal modes of accelerating spacetime

Chin. Phys. C 49, (2025)

dr
dr,

-2 (50)

9’
r2+a?

the radial equation can be transformed into the one-di-
mensional Schrodinger-like equation

2

d—H(r) + \7H(r) =0,

pr: (51)

with the potential

- ‘+a)w-— P 4G
o |(Pra)wmam N7 dG
r2+a?

20

T Pra? [r A (r— M)(1 + 5)(1 +25)
ir((r2 +a2) w—am)

(r*+a?) ’

- K —2iwrs— (52)

where

rQ

_s[r=M) (1-rA%) — rA?A| .
(2 +a2)’

G= (r*+a?)

(53)

Moreover, the angular equation is given by

1 d(. dy ()
sinf——

g (0 )+ Ve @@ =o.

(54)

with

1 =2K + 52— 070)
P
1 { (wcos@—oys)?
+ R— e —
P2

V(ang) (9) =

sin?
—(z+w—4sAM)* + (zcos 0 — s07)?

—(AMcosO—-1>+1—0y+AM?

+4s(og—1)cosO02sAM — w)} , (55)

where Y(0) = VPS(6), and
w=-m+2sMA.
Taking the Minkowski limit, M =a =0, the angular

equation reduces to

z=aw+ SMA

1 d ( dY(6)> { (scos@+m)?
2 (sing™t® _ok - COSIEM iy~ 0.
sinoag \"" a0 )T ° sin0 ©

(56)

Compare this equation with the one of the spin-weighted
spherical harmonics Yy, [40]

1 0 ( 0 )
@% SIHH%SY(,"

0 2
+ {£(€+ -5 — W} Y =0, (57
sin“ 6
we can immediately find that
2K = s+ 52 =L+ 1). (58)

Thus the separation constant of the angular equation in
the Minkowski limit is known and the QN frequencies
can be obtained solely by considering the radial equation.
The radial equation (51) in the Minkowski limit simpli-
fies to

a2 , dH(r)
(1-Ar) 2rA —

2i 1
+<w2+ lsw_{’(£’+ )

- S H U+ DA - szﬂz)H(r) =0,

(59

which in terms of the dimensionless quantities (15) can
be written in the form of Eq. (A1)

PH | 2 d£+(_ oe+1)
dx®> " x*—1 dx (2 —1)*x2
Co ~2_ 2
2is® i O°—s +£({;+1)>H:0. (60)
x(x2-1) x2-1)

A. Fuchsian equation

In the following we will show that Eq. (60) belongs to
the Fuchsian equation with three regular singular points
0, 1 and —1, which then can be easily turned into the
standard form of the HDE. From (A1) we know

2
PO= 51 (61)
()= — 0 +1) s
0= (R2-1%x2 x(x2-1)

=2 +0(l+1)

Jr—(xz_l)2 (62)

We can verify that the three points 0, 1 and —1 are the
regular singular points of the equation and the infinity is
an ordinary point. Furthermore, we can expand p(x) and
g(x) around each regular singular point as (A2) and (A3),
with the expansion coefficients given by

A =0, By=-ll+1), C,=2isd, (63)



Tao Zhou, Peng-Cheng Li

Chin. Phys. C 49, (2025)

Ay =1,

1
32 = —Z(S—l.&))z,

1
C,= 1 (s* - @ —4is+20(L+ 1)), (64)
and
A3=1,
By = —(s+i0)
3= (sFio),
1
Cy= 4 (=5 +@ ~dis-20(+1)). (65)

Here the three regular singular points are labeled as
a; =0, a; =1 and a3 = —1. Next, from the indicial equa-
tion (AS) we can determine the characteristic exponents
of each regular singular point, which are given by

(11=£+1, sz—f,

1 1
Bi= E(_S+i&))’ B2 = E(s—id)),

1 - 1 ..
Yy = §(s+zw), vy = 5(—s—ta)). (66)
Through the transformation (A11), that is
_2x
r= x+1’
X NG x—1 3 (~s+id)
H=
(x+l) <x+1> 80). (67)

the radial equation (60) can be turned into the standard
form of HDE (A12), with the parameters given by (A13)

a={+1+iw,
B=C+1-35,

y=20+2. (68)

The subsequent analysis is parallel to the scalar field
case, so we shall not present all the details but the main
steps here. The requirement of being regular at the origin
of the accelerating spacetime singles out the solution of
the HDE to be the hypergeometric function. To explore
the behavior of the solution at the acceleration horizon,
viz. y =1, we need to change the variable of hypergeo-
metric function from y to 1-y, which depending on the
values of the parameter y —« — 8 can have different form,
either like (37) or (39). To satisfy the boundary condition
that the field is purely outgoing near the acceleration ho-
rizon, we must impose (25) as well, which leads to

iw=n+{+1. (69)
We obtain the same result of the QN frequency as the one
in the previous section. It is interesting to note that the
spectra are purely imaginary and independent of the spin
of the perturbations. Moreover, the result of s=-2
matches that of the acceleration modes of gravitational
perturbations of spinning C-metric [17] after taking the
Minkowski limit.

B. - Direct conversion

Similar to the analysis of the scalar field in the previ-
ous section, the radial equation (60) can be converted in-
to the standard form of the HDE through proper trans-
formation, but the process is more complicated than the
case of the scalar field. A direct thought is to make the
change of variable y = x?, which leads to

d*H dH ( {e+1)
Ay(y—1)—— +(6y-2)— + | —
y(y )dy2+(y )dy+ v
2is@ a)2—52+£(t’+1)>
+ + H=0. 70)
N RO T — (

In the case of the scalar fields s =0, via the change of
variable y = x?, the regular singular points of the equa-
tion change from (0,1,—1) to (0,1,00). The equation can
then be turned into the form of the HDE. However, for
s #0, due to the appearance of the +/y term in the equa-
tion, the point y =0 is not a regular singular point any-
more, which makes situation even worse. Nevertheless,
the similar issue was encountered in dS spacetime and a
coordinate transformation was proposed [41], that is

(71)

which may be useful here. Make such change of variable,
the radial equation (60) becomes

d*H(z) 1dH(z)
dz? z dz
($—@%) @— 1 +2is@ (2 — 1) +4zL(L+1)
- 4722(z—1)2
x H(z) = 0. (72)

Now we can see that the regular singular points for this
equations are (0,1,—1), thus it is natural to turn this equa-
tion into the form of the HDE. Note that with the new co-
ordinate z, the positions of the origin of the accelerating
spacetime and the acceleration horizon are switched,
which is not convenient for the subsequent analysis. To
avoid this issue, we introduce
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y=1-z (73)

such that the origin is still at y = 0 and the acceleration is
at y = 1. Then above equation becomes

CH, 1 dH
dy* y—-1dy
(82— @)y +2is@y(y—2) +4(1 =)L+ 1)
4y (y— 1)
xH=0. (74)
Consider the ansatz for H(y),
Hy) =y'(1-y°H(), (75)
where
1 .-
+1, (s +id),
A= B= (76)
-, Ss-id),

we get that the function H(y) must be solutions of the
HDE

d*H dA .
Y=y =+ [y=(e+B+1y] —=—-apf =0,  (77)
y dy
with the parameters given by
a=A+B+ St lw,
2
B=A+B- s+ zw,
2
y =2A. (78)

There are four equivalent choices for 4 and B, the one

with A=¢+1 and B= 5(—S +i®) yields exactly the same

parameters of the HDE as (68). Since the two HDEs are
the same, it is expected that the QNM spectra are identic-
al as well.

IV. DE SITTER MODES

In this section we will use the transformation of
HDEs and Fuchsian equations with three regular singular
points to calculate the dS modes to show the validity and
convenience of this method. Here we consider scalar,
electromagnetic and gravitational perturbations in D di-
mensional dS spacetime. As we will show below, our res-

ults are identical with those presented in [27].

A. Scalar field

For simplicity in the following we only consider a
massless scalar field minimally coupled to gravity living
in the pure dS spacetime. The QN frequencies are embod-
ied in the radial part of the master equation [42], which is
given by

d’R 1 dR
x(1 —x)ﬁ —E[(D+ Dx—(D- 1)]5
1 (@& e+D-3)\,
+Z(1—x_ ; )R—O. (79)

Here and in the subsequent subsections x =7?/L, @ = wL
with L being the radius of the dS space and D is the
spacetime dimension. We can observe that above equa-
tion have three regular singular points, which are labeled
by a; =0, a, =1 and co. Writing the radian equation into
the form of (A1) and then we can expand p(x) and g(x)
around a; and a, as (A2) and (A3), with the expansion
coefficients given by

D-1
AI_T9
D+¢-3
PRSIULE)
—(D-3)+a&* -
o ol ) (80)
4
and
A2:1’
6)2
B2 Ia
D— 2 2
sz( 3)¢ w+£" &1

4

Then from the indicial equations (A5) and (A6), the char-
acteristic exponents of each regular singular point, which
are given by

4 1
0’1—5, 0225(3—1)—5),
Bl_ 2’ ,82— 27
D-1
v1=0, = R (82)

Moreover, through the transformation (All) the radian
equation can be turned into the standard HDE with the
parameters given by (A13). The comparison with the ana-
lysis of the scalar field in dS spacetime [27] shows that
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both the transformations connecting the radial equation to
the HDE and the resulting HDEs are exactly the same
(see Eqgs.(46)-(48) of [27]). This clearly implies that the
QNM spectra in these two cases are identical.

B. Electromagnetic field

For electromagnetic fields moving in the D dimen-
sional dS spacetime, the separation of the equations of
motion has been studied in [43]. Depending on the
choices of gauge of the electromagnetic field, there are
two sets of physical solutions to the field equations,
which are called physical modes I and II. Correspond-
ingly, there are two sets of radial equations and QNM
spectra [27].

The radial equation of physical mode I is given by

@R [D+1 1 } AR
dx? 2x 1-x] dx
L[ @ _(¢-hesD-2) 30-2)
4 Lx(1-x)? x2(1-x) x(1-x)
xRD =0. (83)

We can observe that this equation has three regular singu-
lar points a; =0, a, =1 and co. As before, we can write
this equation into the form of (A1) and then expand p(x)
and ¢(x) around a; and a, as (A2) and (A3), with the ex-
pansion coefficients given by

D+1
Al =5 >
2
1
B =4 ({=1)D+(-2),
1
Ci=y ~D(+2)+ @~ 2 +30+4), (84)
and
A2= 1,
~2
w
B2 = Z9
1
Cr= 4 (DU+2) =&+ -3(-4). (85)

Then from the indicial equations (A5) and (A6), the char-
acteristic exponents of each regular singular point are
given by

-1 1
) = T, ) = 5(—D—€+2),
i i
ﬁlzj, ﬁz=—7,
-2 D-2
=— =— 86
Y1 7 Y2 3 (86)

We can compare above results with those in [27] and find
that both the transformations connecting the radial equa-
tion to the HDE and the resulting HDEs are exactly the
same (see Eqs.(7)-(10) of [27]). This means the resulting
QNM spectra would be identical.

The radial equation of physical mode II is given by

PRI D(1—x)+x—3 dRID
dx? 2(1—x)x dx
1 @ (C+1)(D+l-4)
- R =0. (87
T ax(-x) L1=-x x ®7)

Similar to the physical mode I, this equation have three
regular singular points a; =0, a, =1 and . As before,
we can write this-equation into the form of (A1) and then
expand p(x) and ¢(x) around a, and a, as (A2) and (A3),
with the expansion coefficients given by

D-3
AIZT,

1
Bi= 1+ )(D+L-4),

1
C =Z(—D(€+1)+&)2—€2+3€+4), (88)
and
Ay =1,
&')2
BZ - T,
1
C2=Z(D(£’+1)—&)2+€2—3€—4). (89)

Then from the indicial equations (A5) and (A6), the char-
acteristic exponents of each regular singular point are
given by

t+1 1
aI—T, az=§(—D—5+4)’
i i
ﬁl—?, ,32——?,
D-3
71=0, »= N (90)

Similar to the physical mode I, both the transformations
connecting the radial equation to the HDE and the result-
ing HDEs are exactly the same as those in [27] (see
Eqs.(22)-(24) therein). This means the resulting QNM
spectra would be same.

C. Gravitational perturbations

In dimensions higher than four, the gravitational per-
turbations of D dimensional dS spacetime are grouped in
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three types, according to their tensorial behavior on the
(D-2) sphere: tensor, vector and scalar types [44]. In
contrast, there is only tensor type for gravitational per-
turbations in four dimension. The radial equations of
these types of perturbations in this background can be
uniformly expressed as [45]

d’R; N 1-3x d&
dx2  2x(1-x) dx
2 - BB+ 1)(1-x)
I ¥ 1—x)— BB+ DHA-x)
+4x(1—x)2 o +a(l—x) P
XR; =0, oD
where @ and 3 are introduced by
(D-2)D
—F—, tensor type,
4
D-4)(D-2
a = %, vector type, (92)
(D-6)(D-4)
—————, scalar type,
6
and
~ 20+D-4
B=—T—. (93)

2

This equation has three regular singular points a; =0,
a, =1 and co. As before, we can write this equation into
the form of (A1) and then expand p(x) and ¢(x) around
a; and a, as (A2) and (A3), with the expansion coeffi-
cients given by

Al = Es
1. -
Bl - _Zﬁ(ﬂ-'_l)s
1 o
C = Z(&—,Bz—ﬁ+w2), (94)
and
Ay =1,
&')2
BZ = Z’
1 o
C, = -2 (@-B -p+w?) (95)

Then from the indicial equations (A5) and (A6), the char-
acteristic exponents of the three regular singular points
are given by

N 1+p N B
1= 2 5 2= 2’
_o 0
Bi=7. B=—7
1 1
n=g (14 Vaa+1), y=(1-Vaa+1).  (96)

Again, both the transformations connecting the radial
equation to the HDE and the resulting HDEs are exactly
the same as those in [27] (see Eqgs.(34)-(36) therein).
Therefore, the QNM spectra in these two works would be
identical.

V. SUMMARY

In this-work, we have investigated the QNMs of per-
turbations with spin s <2 in pure accelerating spacetime
to explore the origin of the acceleration modes recently
discovered for scalar and gravitational perturbations of
accelerating BHs [10, 14, 17]. The perturbation equa-
tions were obtained by taking the Minkowski limit of the
master equations describing various types of perturba-
tions of accelerating BHs. We have employed two meth-
ods to get the QNM spectra by solving the radial part of
the perturbation equations. One is via change of variable
to convert the radial equation into the form of the stand-
ard HDEs. This works well for scalar perturbations as the
case for dS mode in pure dS spacetime [27], but for other
types of perturbations the operation is more complicated.
The alternative method involves using the simple connec-
tion between Fuchsian equations with three regular singu-
lar points—to which the radial perturbation equations be-
longs to— and HDEs. These two methods were shown to
produce the same QNM spectra.

It is interesting to find that the resulting QNM spec-
tra of the pure accelerating spacetime are purely imagin-
ary and independent of the spin of the perturbations, and
match those of the acceleration modes of accelerating
BHs after taking the Minkowski limit. This implies that
the acceleration modes actually originate from the pure
accelerating spacetime and the appearance of BHs would
deform the spectra. The situation is very similar to the
one of the dS modes [8, 30-32], which were first calcu-
lated in pure dS spacetime and then were identified in the
scalar QNMs of Schwarzschild-dS BHs [30]. In addition,
we have also applied the second method to the calcula-
tion of QNMs of scalar, electromagnetic and gravitation-
al perturbations in D dimensional dS spacetime and the
results are identical to those in [27], which verifies the
validity of this method.

Given that acceleration modes are closely linked to
the acceleration parameter and exhibit robustness to BH
parameters, it would be intriguing to explore the observ-
ability of these modes. This could shed light on the accel-
eration of BHs within GW signals, potentially aiding in
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the detection of moving and accelerating BHs.
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APPENDIX A: SOME BASICS OF FUCHSIAN
EQUATIONS

Given a second-order linear ordinary differential
equation

() + p(x)f' (x) +q(x) f(x) =0, (A1)
where a, (r=1,2,---,n) and oo are regular singular points
of this equation. Besides, since a, is a regular singular
point, it is also the first-order pole of p(x) at most, we
have

A,
+p(x) (A2)

x—a,

p)=Y"
r=1

where A, is the residue of p(x) at x = a,, ¢(x). is analytic-
al in complex plane. When x — oo, ¢(x) approaches to 0
since x = oo is the regular singular point of the equation,
which implies ¢(x) can be set to zero.

Based on similar analysis, g(x) can be expanded as

b

n

q(x)=Z{

r=1

B,

(x—a,)’

C,

X—a,

(A3)
with

(A4)

r=1

When considering series solution of Eq. (A1), the coeffi-
cient of the lowest power of x satisfies the so-called indi-
cial equation. The roots of the indicial equation determ-
ine the characteristic exponents, which in turn dictate the
form of the solution. For each regular singular point a,
(a, # ) of Eq. (A1), the corresponding two characterist-
ic exponents satisfy the following indicial equation

pPP+A,-Dp+B. =0 (r=1,2,---,n). (AS)

Moreover, if the point at infinity x = oo is a regular singu-
lar point, its characteristic exponents obey the equation

o+ (1 —ZA,>p+Z(B,+a,C,) =0.  (A6)
r=1 r=1

From these two equations, we can obtain an important
constraint in this case

Zroots of all indicial equations =n— 1. (A7)

For example, for the HDE, the sum of all characteristic
exponents is 1, since n = 2.

On the other hand, if x = oo is an ordinary point rather
than a singular point of the Eq. (A1), the parameters A,,
B, and C, satisfy the following equations,

oA, =2,
r=1
5°C, =0,
r=1

. (A8)
> (B, +a,C,) =0,
r=1

5™ (24,B,+aC,) =0.

r=1

For Fuchsian equations with three regular singular points,
say a, b and ¢ (# o, so o is an ordinary point), from
above formulas we can write the equations in the follow-
ing form

ﬁ+{1—01—02+ 1‘ﬁ1‘ﬁ2+ 1‘71‘72}%
dx? x—a x—b x—c dx
N {maz(a—b)(a—C) +[31,32(b—0)(b—a)
x—a x—b

f

Y1v2(c—a)(c—b) _
¥ G-aG-ba-0 "

X—C

b

where (@, a,), (B1, B2) and (v, v,) are the correspond-
ing characteristic exponents of the regular singular points
a, b and c. From (A5) and (A8) we immediately find

(A9)

o +m+pi+frtyity. =1 (A10)
Through the following transformation
_(b-ox—-a)
YT o-aa-o
x—a\e (x=b\"
r= (29" (222) (A11)
x—c x—c

Eq. (A9) can be turned into the standard form of HDE,

d2

g dg _
(1 —y)CTy2 +[y—(a+B+1)y] & —-afg=0, (Al2)

whose parameters are related to those of the Fuchsian
equations by
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a=vy +a;+p,

B=y+ai+p, y=l+a;-a. (Al3)

The detailed derivation of above formulas using

Riemann's P-functions can be found in [33].
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