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Abstract: Gravity is identical to curved spacetime. It is manifested by the curvature of a Riemannian spacetime in

general relativity but by torsion or non-metricity in teleparallel gravity models. In this paper, we apply these mul-
tiple options to the spacetime perturbation theory and seek the possibilities of representing the gravitation of the
background and that of the perturbation in separate ways. We show that the perturbation around a Riemannian back-
ground can be described by torsion or non-metricity, so that we have teleparallel like actions for the perturbation.
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I. INTRODUCTION

General relativity (GR) provided us a picture that
gravitation is identical to curved spacetime, and is formu-
lated by Riemannian geometry. With this, gravity is
manifested by the curvature which is constructed from
the Levi-Civita connection (or Christoffel symbol) and in
turn from the metric. However, Riemannian geometry is
not the unique approach to gravity theories. Sample the-
ories based on non-Riemannian geometries include the
Einstein-Cartan theory, the metric-affine theory, the tele-
parallel gravity, and so on. Usually in these theories, the
connection is not limited to be the Levi-Civita type, and
has no a priori dependence on the metric. For the telepar-
allel gravity [1—3], the curvature obtained from the con-
nection vanishes and gravity is manifested by other geo-
metric quantities: torsion in the metric teleparallel grav-
ity (MTG), or non-metricity in the symmetric teleparallel
gravity (STG) [4]. Within both frameworks one can build
models equivalent to GR. This means treating the same
thing in different pictures.

Since GR is a highly non-linear theory, it is not easy
to get exact solutions. In many cases, we have to resort to
perturbation theory [5], where physical quantities are di-
vided into the background parts and their perturbations.
Both the physical and background spacetimes are
Riemannian geometric and solved the Einstein equation.
More often than not, the background spacetime has high
degree of symmetry and its form is assumed to be already
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known, for instances, the Schwarzschild solution and the
Friedmann-Robertson-Walker universe. For the physical
spacetime, however, its exact form is not available. But
we know it is close to the background and the deviation is
treated as small perturbation.

After separation, both the (curved) background space-
time and the perturbation around it manifest gravitational
interactions. As mentioned above, gravity may be depic-
ted in multiple ways: curvature, torsion and non-metri-
city. In this paper, we seek the possibilities of mixed pat-
terns. More concretely, we ask the question whether the
gravity identified with the background spacetime is rep-
resented by the curvature of Riemannian geometry,
meanwhile the gravitation from the perturbation is repres-
ented by torsion or non-metricity, even though the whole
physical spacetime (background plus perturbation) is
fully Riemannian geometric? We will show that such pic-
tures of quasi-teleparallel gravity for spacetime perturba-
tions are possible.

This paper is organized as follows: First we will
briefly introduce the teleparallel gravity in Section II,
then discuss the ways of formulating the spacetime per-
turbations with non-metricity and torsion respectively in
Section III and IV, and conclude in Section V.

II. TELEPARALLEL GRAVITY

Teleparallel gravity can be considered as constrained
metric-affine models, so we start from the general metric-
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affine gravity theory [6] where the metric tensor g,, and
the affine connection I%,, are considered to be independ-
ent. From the metric tensor one can construct the Levi-
Civita connection,

S
I, = Eg” (0480 +0v8us — 00 8yuv) » (1)

which is torsion free: I, =%, and metric-compatible:
Vo8ur = 0p8uy =1}, 8av — I}, 84 = 0. Usually this is not the
case for the general affine connection I",, its lack of
these properties are characterized by the torsion tensor
r,=1%,-1%,  and the non-metricity  tensor
quv = Vop8uv = 0p8uv _rl;ﬂg(w _F(,l;ygfa. Wlth these deﬁni-
tions, the distortion tensor C',, =17, 1%, which meas-

ures the difference between 1’ v and T? _ can be decom-

uv?

posed as
¢, =K, +L,, (2)
where
K* —l(T" ~TF-TF 3)
w = 2 uv v v/ o
is the contortion tensor, and
Lp _ l Qp _ p_ p) 4
u 2( v uv va > ( )

is the disformation tensor. To get these relations, we have
used the metric g,, and its inverse to lower and rise the
tensor indices, and considered the properties that the tor-
sion tensor is antisymmetric 7%, = —T%  but the non-met-
ricity tensor is symmetric O, = Oy, under the inter-
change of the last two indices. Besides the metric, the
contortion tensor only depends on torsion, but the dis-
formation tensor only depends on non-metricity. The
Riemann curvature tensor can be obtained from the con-
nection and its derivatives. Since there are two kinds of
connections, we will have two different curvature tensors.
One is from the general connection,

/:ryv = a,UFIZ/U' - aVF/;t(r + I—‘[;)tar(f/u' - F/:/ar{:ur ’ (5)
and another is from the Levi-Civita connection,
Rp(ryv = aﬂrl:ar - aVrf/)w' + rl(;)mr(flu' - FI:/(IF(LU . (6)

The difference between these two curvature tensors de-
pends on the distortion tensor ¥, in Eq. (2) and in turn

on the torsion and non-metricity,

RP

ouy

=K -V.C +V,C- —C*

ouv Ho Ha

c, +C . C

va uo ? (7)
here again the covariant derivative operator V, is associ-
ated with the Levi-Civita connection. Then we have the
Ricci tensor

R, =R, -V, +V,C -C.CO +C.CL.,  (8)
and the curvature scalar
R=g"Ry =" Ry +V,(C)' = C") =, CH+ CH.CY, . (9)

Teleparallel gravity can be obtained by imposing on
the general metric-affine models the teleparallelism con-
straint, i.e., the curvature tensor from the general affine
connection vanishes: R, =0. So that the curvature
tensor from the Levi-Civita connection is totally determ-
ined by the distortion tensor and the metric itself,

R%'pv = _V#Clz/(r + VVCZ(T - C‘LQC(T,O. + C;z/aciyur . (10)
The curvature scalar, which now takes the form
R=V,/(CH-C")-C,CH+CCS,, (11)

plays an important role in general relativity where the
Einstein-Hilbert action for gravity is given by

I
SGRzi/d“x\/—_gR, (12)

here g is the determinant of the metric g,, and the unit
87G = 1 was adopted.

As mentioned before, there are two kinds of fre-
quently studied teleparallel gravity models: MTG and
STG. In the MTG model, besides the teleparallelism con-
straint, the metric-compatibility is also required for f’j,v,
i.e., Oy =0, so that C*,, = K% . In this case, the curvature
scalar from the Levi-Civita connection in Eq. (11) be-
comes

1
R=T,T"--T

oy l (o
VT = T T = S T, T 4 2V, T4 = T2V, T

(13)
where T, =T",, is the torsion vector and the defined T is a

torsion scalar and is in quadratic form of the torsion
tensor. With these, one can construct a model equivalent



Spacetime perturbations and quasi-teleparallel gravity

Chin. Phys. C 49, (2025)

to general relativity within the framework of MTG. Such
a model depends heavily on torsion tensor (denoted by 7)
and is equivalent to general relativity, we may call it TGR
model. It has the action

1
Ster = §/d4x \/—_gT, (14)

it is the same as S g after integrating out the total derivat-
ive term in Eq. (13). Other MTG models are considered
as extensions to TGR, such as the f(T) model [7-10] and
the Nieh-Yan modified Teleparallel Gravity (NYTG)
model [11-14], and so on. The MTG model gives a pic-
ture that gravity is manifested by torsion in stead of
curvature. Please note that in MTG, the affine connection
f‘,’w or the torsion tensor are not fundamental variables.
The teleparallelism constraint determines that fﬁv can
neither have a general form nor be varied freely when us-
ing the variation principle. Furthermore, torsion is re-
quired to be existent, so that one cannot simply set all the
components of lA"’j,V to zero to fit the teleparallelism con-
straint. To find the true building blocks of the MTG mod-
els, it is convenient to make use of the tetrad formulation.
With this language the metric is built from the the tetrad
(or veilbein) e% through the relation g, = efeln,,, here
na = diag(—1,+1,+1,+1) is the Minkowski metric and the
Latin letters a,b,... are the Lorentz indices, used to de-
note the tensor components at the local flat space. The af-
fine connection f’jﬂ is constructed by the tetrad and the
spin connection &, as fﬁv = 92(3,,6‘V1+6)‘},H€}V’), here & is
the inverse of the tetrad: 6het =&, and #e) =¢,. Then
with the definition 7%, =17, -1%,,, it is straightforwardly
to obtain the expression of the torsion tensor

T’;W =60(0,€) - 6vez + &)‘Lﬂef - cD“bVeZ) . (15)
The spin connection, under the teleparallelism constraint
and the requirement of metric-compatibility, can be ex-
pressed as @9, = (A™")49,A, here A} is the position de-
pendent Lorentz transform. For the TGR model (14), it is
safely to adopt the Weitzenbock condition &9, =0, so
that 7%, = 6,(0,e; — 0,e;), and the TGR model itself can
be considered as a pure tetrad model, where only the tet-
rads are considered as fundamental fields and the torsion
which contains derivatives of tetrad is considered as the
strength field.

In the STG model, the general affine connection X .
is constrained to be torsionless besides the teleparallel-
ism constraint, so that % =1 . In this case, the
curvature scalar from the Levi-Civita connection in Eq.
(11) becomes

1 I 1
R= _ZQp(r,qu ﬂ"'iQprruQ MO"'ZQ#QH_EQMQﬂ

+V (0" -0 =Q+ V(0" -0, (16)

where Q* = Q" , Q" = Q"} are two non-metricity vectors,
and the defined Q is a non-metricity scalar which is in
quadratic form of the non-metricity tensor. Similarly, one
can construct a model equivalent to general relativity
within the framework of STG. Such a model depends
heavily on non-metricity tensor (denoted by Q) and is
equivalent to general relativity, we may call it QGR mod-
el. It has the action

Soon =5 [ dxvFEQ. (7)

It is the same as Sqr after integrating out the total deriv-
ative ‘terms in Eq. (16). Other symmetric teleparallel
gravity models are considered as extensions to QGR, for
example the f(Q) model [15—20] and the model with par-
ity-violating extensions [21, 22]. The STG model
provides a picture that gravity is ascribed to the non-met-
ricity. In this picture, the metric is fundamental. For the
QGR model (17), it is safely to adopt the so called coin-
cident gauge where fﬁ’w =0, so that Q,,, =d,g,, and the
model is a pure metric one.

III. SPACETIME PERTURBATION VIA NON-
METRICITY

From now on, we address to the question of how to
formulate gravitations from the background and the per-
turbation with separate pictures in the perturbation the-
ory. We first consider this problem within the metric for-
mulation. With this language, we have a metric g,, for
the physical spacetime and its Levi-Civita connection I%,,
defined in Eq. (1). At the same time we have a metric g,
for the background spacetime and its corresponding Levi-
Civita connection I%,, = 33°7(8,8sv +0,8ur — 0-8). Both
the physical and background spacetimes are of Riemanni-
an geometries, and manifest respective gravitational inter-
actions through respective curvatures, R(I') and R(T'). The
spacetime perturbation arise from the difference between
these two metrics, this leads to the mismatch between g,
and I, or between g,, and I,,.

From the viewpoint of metric-affine theory, it is con-
venient to choose the hatted connection in previous sec-
tion as the background Levi-Civita connection: f‘;v = 1:‘,’”,
so that the torsion vanishes but the non-metricity
Opuv = 0,8y —T%,8ay—T%,84c does not. The distortion
tensor C», =1% —I* =1, is determined by the non-
metricity tensor as indicated in Eq. (4). Different from the
full STG model, here the curvature tensor R induced

ouv
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by I, represents the curvature of the background space-
time and does not vanish unless the background is flat. Its
exact form is assumed to be already known in the per-
turbation theory. Then we have the Riemann curvature
tensor for the physical spacetime

RP

opy

= Rpwv -V, +V, L5, -, L

pa™=vo

+I° L

va' po

=R

ouv

+O6R’

ouy

(18)

and the Ricci tensor

Ry =R, -V,L/, +V,I} —I° L + I, L" =R, +6R,, .
(19)

These have been written in the form of separating back-
ground and perturbation. The perturbations oRf,,, and
OR,, are ascribed to non-metricity.

The curvature scalar for the physical spacetime
changes to

R=g"R, +VPL! —V, [+ L

v ou

= #VR/JV+Q+VH(Q_H _Q”) 5

_7p
L

(20)

where the non-metricity scalar Q is exactly the same as
that in the STG model defined in Eq. (16). If the underly-
ing theory for the physical spacetime 1s GR, the Finstein-
Hilbert action of gravity S =(1/2) [d*x+/=gR is rewrit-
ten as

1 _
s=2 / xR R+ Q). @1)

after removing the total derivative terms. Now we ob-
tained a QGR like action for the spacetime perturbations.
If the background spacetime is flat, g,, =7, f’;w =0,
R, =0 and Q,,=09,8,, the full action becomes
S =(1/2) [d*x+/=gQ, going back to the action of the
QGR model (17) under the coincident gauge.

Please note that in the action integral (21), spacetime
perturbation is not totally described by the second term
/—8Q, the first term also contributes to the action for
perturbation because the perturbation arises from the de-
viation of g, from the background metric g, and the
product +/—gg" itself contains perturbation. Now we
consider the expansion of the action as the perturbative
series. Firstly, we use the exponential map to describe the
deviation of g,, from the background metric:

8w = (€, () 8pr » (22)

where E is a small matrix and its elements €* are con-
sidered as the basic perturbation variables. This paramet-
erization of the perturbation is not conventional, but for
our purposes in this paper it has some advantages relat-
ive to the conventional parameterization of the metric
perturbation, such as g,, =g, +h, or the exponential
form 8w = 8uo (eh)pv. With the parameterization of Eq.
(22), ¢ has the meaning of transfer matrix for the map
between the physical spacetime and the background. It is
the same with the parameterization of the tetrad perturba-
tion, which will be discussed in the next section. In addi-
tion, this parameterization automatically guaranteed the
symmetric property of g,, as long as the background met-
ric g, is symmetric. As a comparison, in the convention-
al method; one should presuppose the symmetry of £, .
But with the parameterization of Eq. (22), the linear per-
turbation to the metric is ¢, +¢,, with €, = g,,€?, which
corresponds to 7, in the conventional parameterization.
With Eq. (22), one can obtain that

VR = N () (), @)
Secondly, we know Q is in quadratic form of the non-
metricity tensor Q,,, and the latter is at least a first order
perturbation quantity, so Q should be at least a second or-
der quantity. With these we expand the action (21) up to

the second order: S =S@ + SO+ S 4 | with

1 ~ -
S(O):E/d“x ’_—gR,S(l)z—/d4x -gGhe,, (24

and

1 _ _ _ -
5923 [ d VTR R G+ RS- R, -G, 4.
25)

In above equations, the lowering, raising and contrac-
tions of the background spacetime indices are done by the
background metric g, and its inverse, so
R=g"R, ,R, =g"R,, and G* =R'—(1/2)Rs" is the
background Einstein tensor. The zeroth order action S©
leads to the Einstein field equation for the background:
G* =T* and T* is the energy-momentum tensor when
matter couplings are included. At the same time, matter
couplings contribute a linear order term [ d*x+=gT%e),
which cancels out SV in Eq. (24) when the background
equation holds. The same reason is valid for S® in which
the term involves G would be canceled out by the mat-
ter action. So the quadratic action for the spacetime per-
turbation is
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] _ -
S(Z) — E /d4x /_g[(RMygﬂ(r_i_R/:/éU' RO’&I) )E +Q] . (26)

The quadratic action is a central element for the lin-
ear perturbation theory. One can see from Eq. (26) that all
the derivatives of perturbations are contained in the non-
metricity scalar Q, The background curvature, appearing
as coefficients, merely contributes to the “potential” of
€. The dynamics of the perturbation is mainly governed
by the non-metricity.

IV. SPACETIME PERTURBATION VIA TORSION

Now we turn to the question of depicting the perturb-
ation with torsion. This is not easy in terms of the metric
formulation used in the previous section, because both the
affine connections I%, and I%, are Christoffel symbols
and torsion free. So we switch to the tetrad formulation.

We use the tetrad e, (and its inverse ¢}) to denote the
“square root” of the physical spacetime metric, i.e.,
gu = €ielny. It matches the spin connection «f,,. That is,
with respect to ej;, the spin connection w9, is torsion free:

due;—0,e,+ w"bﬂeﬁ - w‘},vez =0, 27
and metric-compatible: Wy, = —wp,,, here the Lorentz in-
dices are lowered by the Minkowski metric. The affine
connection I%,, = 64(d,¢} +w e)) is just the Levi-Civita
connection of the metric g, .

At the same time, we have the background tetrad &
and its matched spin connection @9 ,. Their exact forms
are assumed to be known. Correspondingly, we have the
background metric g,, = &e’n,, and its Levi-Civita con-
nection 1% =(d,e +a9,e,). However, the physical
spacetime tetrad e, does not match the background spin
connection @9, D Th1s mismatching gives rise to the tor-
sion:

a a —a b —-a b
T4, =0,€,—0ve,; +0%,e) — e,

(28)
and relates to the torsion tensor mentioned at Section II
via the relation: 7%, =6,T¢, . Please note that the affine
connectlon from the mlsmatched pair (e, @%,) is

= 6(0,€5 + @5,e)), which is neither the Levi-Civita af-
ﬁne connection I*, for the physical spacetime metric nor
the Levi-Civita affine connection I%,, for the background
metric. But it is precisely the antisymmetry of this affine
connection that gives rise to the non-vanishing torsion:
Ty =T =T,

Now we introduce M¢, to measure the difference

1) Of course, this mismatching also happens between Eﬁ and wab“

between the spin connections @9, and «f,,,

M?)}l = (Dabp - wt;m . (29)
Since both @, and w,,, are antisymmetric under the in-
terchange of the first two Lorentz indices, so is the M-
tensor: My, = —Mpg,.

From the torsion defined in Eq. (28) and the torsion
free equation (27) for w9, one can obtain that the torsion
is determined only by the M-tensor,

T4, = Ml = Ml =M, = M

Jr Tﬁv = Mit)/y _M[[]JV . (30)

bv o
In the second equation above we have defined the tensors

M, = 6eb M, and so on. Combining it with the anti-
symmetric property, -M it is not difficult to

pou = TP
express the M-tensor with torsion as

1
M‘:lvz—é(Tﬁy+T#’j+Tij . 3D

The curvature for the background is determined by
the spin connection @9, alone,

Da _ —a
buv — aﬂw b

a  —C —~a

~C
_wcvwb/z ’

(32)

vV

there is a same formula for the physical spacetime
curvature R‘;W with wf, ie., R}, =0,09,—0,w),+
WY, w5, — W, w5, Now with M4 defined in Eq. (29), one

can obtain the following relation,

R(;;/lv_Rubyv DﬂM(;zv-i_DVMabu_Miu LI;V+M‘2vMLI;y
= R‘;w +0R',, (33)

where the covariant derivative D, is associated with both
the spin connection w9, and the affine connection I%, ,
for  example, DM, = 0,M¢, + S, M, — w5, M~
I*,,Mi,. According to the “tetrad postulate the covari-
ant derivative of the tetrad vanishes identically:
D, = 9,¢5 + ' eb —T%, et = 0. This is consistent with the
relat10n. ¥, = 00(3,e8 + wi,eb). Tt is easy to prove that the
covariant derivative of the inverse of the tetrad also van-
ishes identically, D,6, =0. This fact facilitates us to
freely move the tetrad and its inverse in and out of the co-
variant derivatives. The equation (33) has been written in
the form of separating background and perturbation. One
can see that the perturbation to the curvature, 6R¢
ascribed to M,
Eq. (31).

bpvﬁ
which comes from torsion according to
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The Riemann curvature tensor with all components
are labeled by spacetime indices can be obtained through
Eq. (33) with the help of the tetrad and its inverse,

Rpo’uv = gzpzez'R[;wv = Ogeg'R(;wv - D”Ml;_v
+D,MY - M M, + M, M (34)

# R°_ . the latter will be

oy

We should note that #7¢’R9,,
defined as R:,, =6&e,R},. Then we have the Ricci
tensor after taking the trace of the Riemann curvature

tensor:

R, = egezR“ - D,M",, + D,M", — M¥, M, + M%, M¢, .

bpv
(35)
Finaly the curvature scalar of the physical spacetime
R= g”VGZezR“bpv + Dy (M — M) — M, M7+ ME, MY
(36)
should be
uy b pa U 1 OO 1 TP
R=g" @R, + T, 1" = T T — Ty T
+2V, T = g™ 6l RS +T+2V,T" (37)

where T is precisely the one in MTG model, as defined in
Eq. (13). If the gravity theory for the physical spacetime
is general relativity, the FEinstein-Hilbert action
S =(1/2) [ d*x+/—gR after integrating out the divergence
terms is

1
S==

: (38)

/d4x \/—g(gl”égeﬁl?“bpv +T).

Now we have got a TGR like action for the space-
time perturbations. If the background spacetime is flat,
B = s @%, =0, R, =0 and T4, =d,el—0d,el, the full
action becomes S =(1/2) [ d*x+/—gR, going back to the
action of TGR model (14) under the Weitzenbock condi-
tion.

Similar as before, in the action integral (38), space-
time perturbation is not totally described by the second
term +/—gT, the first term also contributes to the action
for perturbation. We will again consider the expansion of
the action as the perturbative series. To be consistent with
the exponential map g, = (€Y, (€ 8por introduced in the
previous section, one should take the following map
between the tetrads,

e = (e, 0= () 0. (39)
With these considerations one can obtain
\/—gg‘”@jfeﬁl_?@pv = \—ge™ (e_f)‘:) (e_e)VaRp‘;V . (40)

Again, we know that T is in quadratic form of the torsion
tensor 7%, and the latter is at least a first order perturba-
tion quantity, so T should be at least a second order
quantity. After expanding the action (38) up to the second
order: | S=501sW1 9>+ . we find again that
SO = Efd4x \/—_gl_? S S = —fd“x \/—_gG*:,EZ The former
is the action for the background spacetime and leads to
the background Einstein equation, the latter is the first or-
der action which vanishes if the background equation is

valid. The quadratic action from (38) after using the
background equation becomes

1 =/ DPO D e DO P v
ko= - / d*xV=BLRY, + R,07, - RIS )ehel, + 1. (41)

This quadratic action is the same as Eq. (26) but in a dif-
ferent form. As before, all the derivatives of perturba-
tions are contained in the torsion scalar T, The back-
ground curvature, appearing as coefficients, merely con-
tributes to the “potential” of €. The dynamics of the per-
turbation is mainly governed by torsion.

V. CONCLUSIONS

Gravity is identical to curved spacetime and can be
manifested by curvature, torsion or non-metricity. Armed
with these multiple options, we in this paper revisited the
problem of separating the physical spacetime into back-
ground and perturbation in perturbation theory, and con-
sidered the possibilities of formulating the gravitation of
background and that of perturbation in separated ways.
We showed that the perturbation to the curvature of a
Riemannian spacetime can be represented in terms of
non-metricity (in the metric formulation) or torsion (in
the tetrad formulation), but the background is still of
Riemannian geometry. With these separate treatments,
we got teleparallel like actions for the spacetime perturb-
ation around a Riemannian background.

Torsion and non-metricity have applications in other
branches of physics. In the solid physics, topological de-
fects caused by plastic deformations to the ideal crystals
can be also formulated in the differential geometry. In
this language, a kind of linear defects, called dislocations,
is described by torsion (see the section 3.9 of Ref. [2]),
and the point-like defects are described by non-metricity
(see Ref. [23] for an example). As an analogy, in this pa-
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per we want to provide a preliminary image in which the
spacetime perturbations are considered as point-like topo-
logical defects or dislocations randomly distributed over
the background spacetime.

This formalism can be extended to some more gener-
al theories, such as the scalar-tensor theories in which the
Lagrangian density is a linear function of the Ricci scalar,
or the f(R) theory which is equivalent to the former case
after Legendre transformation and field redefinition.

These theories were originally formulated in the so-called
Jordan frame. However, through conformal transforma-
tion (or Weyl rescaling) they can be transformed into the
Einstein frame in which the action of gravity has the form
of Einstein-Hilbert, taking the price of introducing non-
minimal couplings to the matter sector. Then the formula-
tion presented here can be applied to these theories in
strait forward ways.

References
[1]
(2]

R. Aldrovandi and J. G. Pereira, Teleparallel Gravity, Vol.
173. Springer, 23 Dordrecht, (2013).

S. Bahamonde, K. F. Dialektopoulos, C. Escamilla-Rivera,
G. Farrugia, V. Gakis, M. Hendry, M. Hohmann, J. Levi
Said, J. Mifsud and E. Di Valentino, Rept. Prog. Phys.
86(2), 026901 (2023), arXiv: 2106.13793[gr-qc]

M. Kirssak, R. J. van den Hoogen, J. G. Pereira, C. G.
Bohmer and A. A. Coley, Class. Quant. Grav. 36(18),
183001 (2019), arXiv: 1810.12932[gr-qc]

J. M. Nester and H. J. Yo, Chin. J. Phys. 37, 113 (1999),
arXiv: gr-qc/9809049[gr-qc]

V. F. Mukhanov, H. A. Feldman and R. H. Brandenberger,
Phys. Rept. 215, 203 (1992)

F. W. Hehl, J. D. McCrea, E. W. Mielke and Y. Ne'eman,
Phys. Rept. 258, 1 (1995), arXiv: gr-qc/9402012[gr-qc]

R. J. Yang, EPL 93(6), 60001 (2011), arXiv: 1010.1376[gr-
qc]

Y. F. Cai, S. Capozziello, M. De Laurentis and E. N.
Saridakis, Rept. Prog. Phys. 79(10), 106901 (2016), arXiv:
1511.07586[gr-qc]

M. Krssak and E. N. Saridakis, Class. Quant. Grav. 33(11),
115009 (2016), arXiv: 1510.08432[gr-qc]

S. Bahamonde, K. F. Dialektopoulos, M. Hohmann, J. Levi
Said, C. Pfeifer and E. N. Saridakis, Eur. Phys. J. C 83(3),

(3]

(4]
(3]
(6]

(8]

(9]

[10]

193 (2023), arXiv: 2203.00619[gr-qc]
M. Li, H. Rao and D. Zhao, JCAP 11, 023 (2020), arXiv:
2007.08038[gr-qc]

(1]

[12] M. Li, H. Rao and Y. Tong, Phys. Rev. D 104(8), 084077
(2021), arXiv: 2104.05917[gr-qc]

[13] M. Liand H. Rao, Phys. Lett. B 841, 137929 (2023), arXiv:
2301.02847[gr-qc]

[14] ' F. Zhang, J. X. Feng and X. Gao, Phys. Rev. D 110(2),
023537 (2024), arXiv: 2404.02922[gr-qc]

[15] D. Zhao, Eur. Phys. J. C 82(4), 303 (2022), arXiv:
2104.02483[gr-qc]

[16] D. Zhao, Phys. Rev. D 110(12), 124034 (2024), arXiv:
2404.16299[gr-qc]

[17] J. Lu, X. Zhao and G. Chee, Eur. Phys. J. C 79(6), 530
(2019), arXiv: 1906.08920[gr-qc]

[18] M. Hohmann, Phys. Rev. D 104(12), 124077 (2021), arXiv:
2109.01525[gr-qc]

[19]  N. Frusciante, Phys. Rev. D 103(4), 044021 (2021), arXiv:
2101.09242[astro-ph.CO]

[20] H. Rao, C. Liu and C. Q. Geng, Eur. Phys. J. C 84(12),
1317 (2024), arXiv: 2406.09036[gr-qc]

[21] M. Li, Y. Tong and D. Zhao, Phys. Rev. D 105(10), 104002
(2022), arXiv: 2203.06912[gr-qc]

[22] F. Zhang, J. X. Feng and X. Gao, Phys. Rev. D 108(6),
063513 (2023), arXiv: 2307.00330[gr-qc]

[23]  J. Queiruga, Class. Quantum. Grav. 37, 185009 (2020)


https://doi.org/10.1088/1361-6633/ac9cef
https://doi.org/10.1088/1361-6633/ac9cef
https://doi.org/10.1088/1361-6633/ac9cef
https://doi.org/10.1088/1361-6633/ac9cef
https://doi.org/10.1088/1361-6633/ac9cef
https://doi.org/10.1088/1361-6633/ac9cef
https://doi.org/10.1088/1361-6633/ac9cef
https://doi.org/10.1088/1361-6633/ac9cef
https://doi.org/10.1088/1361-6633/ac9cef
https://doi.org/10.1088/1361-6633/ac9cef
https://doi.org/10.1088/1361-6633/ac9cef
https://arxiv.org/abs/2106.13793
https://arxiv.org/abs/2106.13793
https://arxiv.org/abs/2106.13793
https://doi.org/10.1088/1361-6382/ab2e1f
https://doi.org/10.1088/1361-6382/ab2e1f
https://doi.org/10.1088/1361-6382/ab2e1f
https://doi.org/10.1088/1361-6382/ab2e1f
https://doi.org/10.1088/1361-6382/ab2e1f
https://doi.org/10.1088/1361-6382/ab2e1f
https://doi.org/10.1088/1361-6382/ab2e1f
https://doi.org/10.1088/1361-6382/ab2e1f
https://doi.org/10.1088/1361-6382/ab2e1f
https://doi.org/10.1088/1361-6382/ab2e1f
https://doi.org/10.1088/1361-6382/ab2e1f
https://arxiv.org/abs/1810.12932
https://arxiv.org/abs/1810.12932
https://arxiv.org/abs/1810.12932
https://arxiv.org/abs/9809049
https://arxiv.org/abs/9809049
https://arxiv.org/abs/9809049
https://arxiv.org/abs/9809049
https://arxiv.org/abs/9809049
https://doi.org/10.1016/0370-1573(92)90044-Z
https://doi.org/10.1016/0370-1573(92)90044-Z
https://doi.org/10.1016/0370-1573(92)90044-Z
https://doi.org/10.1016/0370-1573(92)90044-Z
https://doi.org/10.1016/0370-1573(92)90044-Z
https://doi.org/10.1016/0370-1573(92)90044-Z
https://doi.org/10.1016/0370-1573(92)90044-Z
https://doi.org/10.1016/0370-1573(92)90044-Z
https://doi.org/10.1016/0370-1573(92)90044-Z
https://doi.org/10.1016/0370-1573(92)90044-Z
https://doi.org/10.1016/0370-1573(94)00111-F
https://doi.org/10.1016/0370-1573(94)00111-F
https://doi.org/10.1016/0370-1573(94)00111-F
https://doi.org/10.1016/0370-1573(94)00111-F
https://doi.org/10.1016/0370-1573(94)00111-F
https://doi.org/10.1016/0370-1573(94)00111-F
https://doi.org/10.1016/0370-1573(94)00111-F
https://doi.org/10.1016/0370-1573(94)00111-F
https://doi.org/10.1016/0370-1573(94)00111-F
https://doi.org/10.1016/0370-1573(94)00111-F
https://arxiv.org/abs/9402012
https://arxiv.org/abs/9402012
https://arxiv.org/abs/9402012
https://arxiv.org/abs/9402012
https://arxiv.org/abs/9402012
https://doi.org/10.1209/0295-5075/93/60001
https://doi.org/10.1209/0295-5075/93/60001
https://doi.org/10.1209/0295-5075/93/60001
https://doi.org/10.1209/0295-5075/93/60001
https://doi.org/10.1209/0295-5075/93/60001
https://doi.org/10.1209/0295-5075/93/60001
https://doi.org/10.1209/0295-5075/93/60001
https://doi.org/10.1209/0295-5075/93/60001
https://doi.org/10.1209/0295-5075/93/60001
https://doi.org/10.1209/0295-5075/93/60001
https://doi.org/10.1209/0295-5075/93/60001
https://doi.org/10.1209/0295-5075/93/60001
https://arxiv.org/abs/1010.1376
https://arxiv.org/abs/1010.1376
https://arxiv.org/abs/1010.1376
https://doi.org/10.1088/0034-4885/79/10/106901
https://doi.org/10.1088/0034-4885/79/10/106901
https://doi.org/10.1088/0034-4885/79/10/106901
https://doi.org/10.1088/0034-4885/79/10/106901
https://doi.org/10.1088/0034-4885/79/10/106901
https://doi.org/10.1088/0034-4885/79/10/106901
https://doi.org/10.1088/0034-4885/79/10/106901
https://doi.org/10.1088/0034-4885/79/10/106901
https://doi.org/10.1088/0034-4885/79/10/106901
https://doi.org/10.1088/0034-4885/79/10/106901
https://doi.org/10.1088/0034-4885/79/10/106901
https://doi.org/10.1088/0034-4885/79/10/106901
https://arxiv.org/abs/1511.07586
https://arxiv.org/abs/1511.07586
https://arxiv.org/abs/1511.07586
https://doi.org/10.1088/0264-9381/33/11/115009
https://doi.org/10.1088/0264-9381/33/11/115009
https://doi.org/10.1088/0264-9381/33/11/115009
https://doi.org/10.1088/0264-9381/33/11/115009
https://doi.org/10.1088/0264-9381/33/11/115009
https://doi.org/10.1088/0264-9381/33/11/115009
https://doi.org/10.1088/0264-9381/33/11/115009
https://doi.org/10.1088/0264-9381/33/11/115009
https://doi.org/10.1088/0264-9381/33/11/115009
https://doi.org/10.1088/0264-9381/33/11/115009
https://doi.org/10.1088/0264-9381/33/11/115009
https://arxiv.org/abs/1510.08432
https://arxiv.org/abs/1510.08432
https://arxiv.org/abs/1510.08432
https://doi.org/10.1140/epjc/s10052-023-11322-3
https://doi.org/10.1140/epjc/s10052-023-11322-3
https://doi.org/10.1140/epjc/s10052-023-11322-3
https://doi.org/10.1140/epjc/s10052-023-11322-3
https://doi.org/10.1140/epjc/s10052-023-11322-3
https://doi.org/10.1140/epjc/s10052-023-11322-3
https://doi.org/10.1140/epjc/s10052-023-11322-3
https://doi.org/10.1140/epjc/s10052-023-11322-3
https://doi.org/10.1140/epjc/s10052-023-11322-3
https://doi.org/10.1140/epjc/s10052-023-11322-3
https://doi.org/10.1140/epjc/s10052-023-11322-3
https://arxiv.org/abs/2203.00619
https://arxiv.org/abs/2203.00619
https://arxiv.org/abs/2203.00619
https://doi.org/10.1088/1475-7516/2020/11/023
https://doi.org/10.1088/1475-7516/2020/11/023
https://doi.org/10.1088/1475-7516/2020/11/023
https://doi.org/10.1088/1475-7516/2020/11/023
https://doi.org/10.1088/1475-7516/2020/11/023
https://doi.org/10.1088/1475-7516/2020/11/023
https://doi.org/10.1088/1475-7516/2020/11/023
https://doi.org/10.1088/1475-7516/2020/11/023
https://doi.org/10.1088/1475-7516/2020/11/023
https://doi.org/10.1088/1475-7516/2020/11/023
https://arxiv.org/abs/2007.08038
https://arxiv.org/abs/2007.08038
https://arxiv.org/abs/2007.08038
https://doi.org/10.1103/PhysRevD.104.084077
https://doi.org/10.1103/PhysRevD.104.084077
https://doi.org/10.1103/PhysRevD.104.084077
https://doi.org/10.1103/PhysRevD.104.084077
https://doi.org/10.1103/PhysRevD.104.084077
https://doi.org/10.1103/PhysRevD.104.084077
https://doi.org/10.1103/PhysRevD.104.084077
https://doi.org/10.1103/PhysRevD.104.084077
https://doi.org/10.1103/PhysRevD.104.084077
https://doi.org/10.1103/PhysRevD.104.084077
https://doi.org/10.1103/PhysRevD.104.084077
https://arxiv.org/abs/2104.05917
https://arxiv.org/abs/2104.05917
https://arxiv.org/abs/2104.05917
https://doi.org/10.1016/j.physletb.2023.137929
https://doi.org/10.1016/j.physletb.2023.137929
https://doi.org/10.1016/j.physletb.2023.137929
https://doi.org/10.1016/j.physletb.2023.137929
https://doi.org/10.1016/j.physletb.2023.137929
https://doi.org/10.1016/j.physletb.2023.137929
https://doi.org/10.1016/j.physletb.2023.137929
https://doi.org/10.1016/j.physletb.2023.137929
https://doi.org/10.1016/j.physletb.2023.137929
https://doi.org/10.1016/j.physletb.2023.137929
https://arxiv.org/abs/2301.02847
https://arxiv.org/abs/2301.02847
https://arxiv.org/abs/2301.02847
https://doi.org/10.1103/PhysRevD.110.023537
https://doi.org/10.1103/PhysRevD.110.023537
https://doi.org/10.1103/PhysRevD.110.023537
https://doi.org/10.1103/PhysRevD.110.023537
https://doi.org/10.1103/PhysRevD.110.023537
https://doi.org/10.1103/PhysRevD.110.023537
https://doi.org/10.1103/PhysRevD.110.023537
https://doi.org/10.1103/PhysRevD.110.023537
https://doi.org/10.1103/PhysRevD.110.023537
https://doi.org/10.1103/PhysRevD.110.023537
https://doi.org/10.1103/PhysRevD.110.023537
https://arxiv.org/abs/2404.02922
https://arxiv.org/abs/2404.02922
https://arxiv.org/abs/2404.02922
https://doi.org/10.1140/epjc/s10052-022-10266-4
https://doi.org/10.1140/epjc/s10052-022-10266-4
https://doi.org/10.1140/epjc/s10052-022-10266-4
https://doi.org/10.1140/epjc/s10052-022-10266-4
https://doi.org/10.1140/epjc/s10052-022-10266-4
https://doi.org/10.1140/epjc/s10052-022-10266-4
https://doi.org/10.1140/epjc/s10052-022-10266-4
https://doi.org/10.1140/epjc/s10052-022-10266-4
https://doi.org/10.1140/epjc/s10052-022-10266-4
https://doi.org/10.1140/epjc/s10052-022-10266-4
https://doi.org/10.1140/epjc/s10052-022-10266-4
https://doi.org/10.1140/epjc/s10052-022-10266-4
https://arxiv.org/abs/2104.02483
https://arxiv.org/abs/2104.02483
https://arxiv.org/abs/2104.02483
https://doi.org/10.1103/PhysRevD.110.124034
https://doi.org/10.1103/PhysRevD.110.124034
https://doi.org/10.1103/PhysRevD.110.124034
https://doi.org/10.1103/PhysRevD.110.124034
https://doi.org/10.1103/PhysRevD.110.124034
https://doi.org/10.1103/PhysRevD.110.124034
https://doi.org/10.1103/PhysRevD.110.124034
https://doi.org/10.1103/PhysRevD.110.124034
https://doi.org/10.1103/PhysRevD.110.124034
https://doi.org/10.1103/PhysRevD.110.124034
https://doi.org/10.1103/PhysRevD.110.124034
https://doi.org/10.1103/PhysRevD.110.124034
https://arxiv.org/abs/2404.16299
https://arxiv.org/abs/2404.16299
https://arxiv.org/abs/2404.16299
https://doi.org/10.1140/epjc/s10052-019-7038-3
https://doi.org/10.1140/epjc/s10052-019-7038-3
https://doi.org/10.1140/epjc/s10052-019-7038-3
https://doi.org/10.1140/epjc/s10052-019-7038-3
https://doi.org/10.1140/epjc/s10052-019-7038-3
https://doi.org/10.1140/epjc/s10052-019-7038-3
https://doi.org/10.1140/epjc/s10052-019-7038-3
https://doi.org/10.1140/epjc/s10052-019-7038-3
https://doi.org/10.1140/epjc/s10052-019-7038-3
https://doi.org/10.1140/epjc/s10052-019-7038-3
https://doi.org/10.1140/epjc/s10052-019-7038-3
https://arxiv.org/abs/1906.08920
https://arxiv.org/abs/1906.08920
https://arxiv.org/abs/1906.08920
https://doi.org/10.1103/PhysRevD.104.124077
https://doi.org/10.1103/PhysRevD.104.124077
https://doi.org/10.1103/PhysRevD.104.124077
https://doi.org/10.1103/PhysRevD.104.124077
https://doi.org/10.1103/PhysRevD.104.124077
https://doi.org/10.1103/PhysRevD.104.124077
https://doi.org/10.1103/PhysRevD.104.124077
https://doi.org/10.1103/PhysRevD.104.124077
https://doi.org/10.1103/PhysRevD.104.124077
https://doi.org/10.1103/PhysRevD.104.124077
https://doi.org/10.1103/PhysRevD.104.124077
https://doi.org/10.1103/PhysRevD.104.124077
https://arxiv.org/abs/2109.01525
https://arxiv.org/abs/2109.01525
https://arxiv.org/abs/2109.01525
https://doi.org/10.1103/PhysRevD.103.044021
https://doi.org/10.1103/PhysRevD.103.044021
https://doi.org/10.1103/PhysRevD.103.044021
https://doi.org/10.1103/PhysRevD.103.044021
https://doi.org/10.1103/PhysRevD.103.044021
https://doi.org/10.1103/PhysRevD.103.044021
https://doi.org/10.1103/PhysRevD.103.044021
https://doi.org/10.1103/PhysRevD.103.044021
https://doi.org/10.1103/PhysRevD.103.044021
https://doi.org/10.1103/PhysRevD.103.044021
https://doi.org/10.1103/PhysRevD.103.044021
https://doi.org/10.1103/PhysRevD.103.044021
https://arxiv.org/abs/2101.09242[astro-ph.CO]
https://arxiv.org/abs/2101.09242[astro-ph.CO]
https://arxiv.org/abs/2101.09242[astro-ph.CO]
https://doi.org/10.1140/epjc/s10052-024-13711-8
https://doi.org/10.1140/epjc/s10052-024-13711-8
https://doi.org/10.1140/epjc/s10052-024-13711-8
https://doi.org/10.1140/epjc/s10052-024-13711-8
https://doi.org/10.1140/epjc/s10052-024-13711-8
https://doi.org/10.1140/epjc/s10052-024-13711-8
https://doi.org/10.1140/epjc/s10052-024-13711-8
https://doi.org/10.1140/epjc/s10052-024-13711-8
https://doi.org/10.1140/epjc/s10052-024-13711-8
https://doi.org/10.1140/epjc/s10052-024-13711-8
https://doi.org/10.1140/epjc/s10052-024-13711-8
https://arxiv.org/abs/2406.09036
https://arxiv.org/abs/2406.09036
https://arxiv.org/abs/2406.09036
https://doi.org/10.1103/PhysRevD.105.104002
https://doi.org/10.1103/PhysRevD.105.104002
https://doi.org/10.1103/PhysRevD.105.104002
https://doi.org/10.1103/PhysRevD.105.104002
https://doi.org/10.1103/PhysRevD.105.104002
https://doi.org/10.1103/PhysRevD.105.104002
https://doi.org/10.1103/PhysRevD.105.104002
https://doi.org/10.1103/PhysRevD.105.104002
https://doi.org/10.1103/PhysRevD.105.104002
https://doi.org/10.1103/PhysRevD.105.104002
https://doi.org/10.1103/PhysRevD.105.104002
https://arxiv.org/abs/2203.06912
https://arxiv.org/abs/2203.06912
https://arxiv.org/abs/2203.06912
https://doi.org/10.1103/PhysRevD.108.063513
https://doi.org/10.1103/PhysRevD.108.063513
https://doi.org/10.1103/PhysRevD.108.063513
https://doi.org/10.1103/PhysRevD.108.063513
https://doi.org/10.1103/PhysRevD.108.063513
https://doi.org/10.1103/PhysRevD.108.063513
https://doi.org/10.1103/PhysRevD.108.063513
https://doi.org/10.1103/PhysRevD.108.063513
https://doi.org/10.1103/PhysRevD.108.063513
https://doi.org/10.1103/PhysRevD.108.063513
https://doi.org/10.1103/PhysRevD.108.063513
https://arxiv.org/abs/2307.00330
https://arxiv.org/abs/2307.00330
https://arxiv.org/abs/2307.00330
https://doi.org/10.1088/1361-6382/ab9932
https://doi.org/10.1088/1361-6382/ab9932
https://doi.org/10.1088/1361-6382/ab9932
https://doi.org/10.1088/1361-6382/ab9932
https://doi.org/10.1088/1361-6382/ab9932
https://doi.org/10.1088/1361-6382/ab9932
https://doi.org/10.1088/1361-6382/ab9932
https://doi.org/10.1088/1361-6382/ab9932
https://doi.org/10.1088/1361-6382/ab9932
https://doi.org/10.1088/1361-6382/ab9932

	I INTRODUCTION
	II TELEPARALLEL GRAVITY
	III SPACETIME PERTURBATION VIA NON-METRICITY
	IV SPACETIME PERTURBATION VIA TORSION
	V CONCLUSIONS
	REFERENCES

