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Abstract: Within  the  framework  of  the  perturbative  QCD approach  utilizing    factorization, we  have   investig-
ated  the  CP  violation  and  branching  ratios  in  the  decay  processes  of    and

,  where  V  denotes  the  three  vector  mesons  ,  ω,  and  ϕ.  During  the    and
 decay processes, we incorporated the   mixing mechanism to describe the amplitudes of these

quasi-two-body decays. Within the interference region of the three vector particles, we observed distinct changes in
both  CP  violations  and  branching  ratios.  Furthermore,  our  study  presents  evidence  for  local  CP  violations  and
branching ratios that warrants further investigation through experiments.
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I.  INTRODUCTION
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The    meson  stands  out  due  to  its  composition  of
two heavy quarks, making it  a unique flavor-asymmetric
heavy meson.  It  was  initially  observed  by  the  CDF  col-
laboration  in  1998  [1].  In  the  context  of  the  Standard
Model  (SM),  this  meson  possesses  definite  b  and  c
quantum  numbers  and  lies  below  the  threshold  for 
meson  formation  [2].  Consequently,  it  remains  stable
against strong and electromagnetic interactions, undergo-
ing  only  weak  decay  processes  [3].  The  weak  decay  of
the    meson  is  typically  categorized  into  three  types,
owing  to  the  comparable  contributions  from the b  and c
quarks: (1) b quark decay with the c quark as a spectator;
(2) c quark decay, b quark as a spectator; and (3) annihil-
ation  of  both  the b  and c  quarks,  which  contributes  less
significantly.  Estimates  suggest  that  approximately  70%
of the total  decay rate  arises  from c-quark decays,  while
b-quark decays and annihilation contribute 20% and 10%,
respectively  [4]. The diverse  range of  weak decay chan-
nels  offered  by  the   meson presents  an  opportunity  to
test  the  Standard  Model  and  search  for  potential  signals

of new physics [5].
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Currently, various methodologies are employed to in-
vestigate  the  weak  decay  of  the    meson,  including
QCD  factorization  (QCDF)  [6−8],  perturbative  QCD
(PQCD)  [9,  10],  and  soft-collinear  effective  theory
(SCET) [11]. The QCD factorization approach is initially
employed  in  the  research  of  two-body  non-leptonic  de-
cays  of B mesons.  It  is  feasible  to  consider  taking  the  b
quark mass to infinity and neglecting higher-order contri-
butions  of    within  the  framework  of  QCDF.  The
amplitude  of  two-body  non-leptonic decays  can  be   ex-
pressed  as  the  product  of  the  form  factor  describing  the
transition  from  the  initial  state  meson  to  the  final  state
meson and the light-cone distribution amplitude of the fi-
nal meson in the heavy quark limit. Recently, QCDF has
been  extended  to  encompass  the  three-body decay   pro-
cesses of B mesons [12]. Soft-Collinear Effective Theory
(SCET)  originates  from  the  methodology  for  computing
hadronic matrix elements based on collinear factorization.
SCET is a framework describing the interactions between
high-energy  quarks,  collinear  gluons,  and  soft  gluons.  It
has been extensively applied to calculate the decays of B
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mesons  (quark-antiquark  bound  states  involving  bottom
quarks),  the  properties  of  hadronic  jets  produced  in
particle  collisions  during  the  generation  of  quarks  or
gluons, and the electroweak interactions of the Higgs bo-
son. SCET  not  only  exhibits  the  ability  to  handle   mul-
tiple  soft  energy  scales  but  also  provides  a  systematic
power-counting scheme. The PQCD approach effectively
curbs non-perturbative effects through the introduction of
transverse  momentum  ( )  and  Sudakov  factors.  non-
perturbative contributions  are  embedded  within  the   had-
ron wave  functions,  and  their  parameters  are  to  be   de-
termined experimentally.  Consequently,  the  PQCD   ap-
proach has found extensive application in the analysis of
two-body B meson  decays.  This  approach  is  capable  of
dealing  with  the  contributions  of  both  factorizable  and
non-factorizable annihilation  diagrams  in  a   comprehens-
ive and systematic manner, demonstrating wide applicab-
ility and  computational  feasibility.  For  the  decay   pro-
cesses  of    mesons  involving  non-relativistic  heavy
quarks,  particularly  when  the  charm  quark  in  the  final-
state  D  meson  is  approximately  collinear,  the  PQCD
method  based  on    factorization  offers  an  effective
solution. This  method  not  only  computes  various   Feyn-
man diagrams but also exhibits excellent performance in
handling non-factorizable and annihilation diagrams. The
successful application of the PQCD method in predicting
decays such as   [13] and   [14]. fur-
ther validates its efficacy and reliability.

The  complexity  involved  in  studying  the  decays  of
three-body  hadronic B mesons  is  universally  recognized
as  being  significantly  greater  than  that  of  two-body  de-
cays. Fortunately, it has been observed that a majority of
these  decays  are  predominantly  governed by  low-energy
scalar,  vector,  and tensor  resonance states,  which can be
effectively described within the framework of quasi-two-
body  decay  [15,  16]. CP  violation  is  a  captivating   phe-
nomenon  in  the  realm  of  particle  physics.  The  SM
provides a  comprehensive framework for  elucidating CP
violation; however,  certain  unexplained  phenomena   per-
sist [17]. Currently, one avenue of investigating CP viola-
tion entails exploring the CKM matrix and hadronic mat-
rix elements, while another involves scrutinizing interfer-
ence arising from different particle types.

ρ0−ω−ϕ

ϕ(1020) ρ0(770) ω(782)
π+π− K+K−

ρ0

We  introduce    mixing mechanism  to   com-
pute  the  branching  ratios  and  CP  violation  in  the  quasi-
two-body approach. Positive and negative electrons anni-
hilate  into  photons,  which  then  polarize  the  vacuum  to
form  the  ,    and    mesons.  These
mesons  can  then  decay  into   or   pairs. Mean-
while, the momentum can also be transferred through the
VMD  model  [18,  19].  Since  the  intermediate-state
particle is an unphysical state, we need convert it from an
isospin  field  into  a  physical  field  from  an  isospin  field
through the matrix R [20]. Then we can obtain the physic-
al state of  , ω and ϕ. It is worth mentioning that there is

ρ0−ω−ϕ

ρ0−ω−ϕ
ρ0

I −ωI −ϕI

ρ0−ω−ϕ
ϕI ρI ωI |I, I3 >

I3

109 Bc

no   mixing in the physical states and we neglect
the contribution of higher-order terms [21]. The physical
states   can be expressed as linear combinations
of  the  isospin  states  .  The  transformation
between the physical field and the isospin field in the in-
termediate state of  the decay process is  described by the
matrices R.  The  off-diagonal  elements  of R  contain  in-
formation  about   mixing.  Based  on  the  isospin
representation of  ,   and  , the isospin vector 
can  be  constructed,  where    denotes the  third   compon-
ent  of  isospin.  Currently,  the  Large  Hadron  Collider
(LHC) possesses high energy and high luminosity and is
capable of collecting approximately     meson events
annually  [22].  We  anticipate  that  our  prediction  can  be
validated through the  following experiments  at  LHC ex-
periment.

B+c → D+(s)π
+π−

B+c → D+(s)K
+K−

B+c → D+(s)π
+π− B+c → D+(s)K

+K−

This paper is structured as follows: In Sec. II, we in-
vestigate CP violation in the decay process 
via  a  mixing  mechanism involving  three  vector  mesons.
In  Sec.  III,  we  extend  this  analysis  to  the  decay  process

.  In  Sec.  IV,  we  derive  an  integral  form
representation of local CP violation. In Sec. V, we intro-
duce a formalism for localized CP violation and provide a
comparative analysis of the data. In Sec. VI, we examine
the branching ratio of   and  .
Finally, we  present  a  comprehensive  summary  and   con-
clusion. 

B+c → D+(s)ρ
0 → D+(s)π

+π−II.  CP VIOLATION IN  (ω, ϕ) 
DECAY PROCESS

 

V → π+π−A.    The resonance effect from 
B+c → D+(s)ρ

0

→ D+(s)π
+π−

π+π− ρ0

π+π−

π+π−

ρ0

ΠViV j

ρ0→ π+π− 100
ϕ→ π+π−

ω→ π+π−

ϕ→ π+π− ω→ π+π−

We present decay diagrams of the   (ω, ϕ)
  process  in  Fig.  1,  aiming  to  provide  a  more

comprehensive  understanding  of  the  mixing  mechanism.
The quasi-two-body approach used in this study is clearly
illustrated  in  Fig.  1. In  these  decay  diagrams,  the   pro-
cesses depicted in Fig. 1(a) represent direct decay modes,
where    pairs  are  produced  via  the   meson. Com-
pared to the direct decay processes depicted in Fig. 1(a),
the    pair  can  also  be  generated  through  a  distinct
mixing mechanism. Fig. 1(b) and 1(c) indicate that the ϕ
and ω mesons  undergo  resonant  decay  to  a   meson
pair  through  the  mixture  with  the    meson.  The  black
dots in the figure represent the resonance effect between
these  two  mesons,  denoted  by  the  mixing  parameter

. Although the contribution from this mixing mech-
anism is relatively small compared to that of diagram (a)
in Fig.  1,  it  is  considered in  our  calculations.  Given that
the branching ratio of   is approximately  %,
we  can  neglect  the  direct  contributions  from 
and  .  Consequently,  since  the  direct  decays  of

 and   are  negligible,  the  even smaller
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contribution from  resonant  mixing  can  also  be   disreg-
arded.

B+c → D+(s)ρ
0 → D+(s)π

+π−The  amplitude  of  the    (ω, ϕ) 
decay channel can be described as follows: 

A =
⟨
D+(s)π

+π−
∣∣HT

∣∣ B+c
⟩
+
⟨
D+(s)π

+π−
∣∣HP

∣∣B+c
⟩
, (1)

⟨
D+(s)π

+π−
∣∣HP

∣∣ B+c
⟩ ⟨

D+(s)π
+π−

∣∣HT
∣∣ B+c

⟩
where   and   repres-
ent the amplitudes associated with penguin-level and tree-
level contributions, respectively. Neglecting higher-order
terms, the amplitudes are as demonstrated below: 

⟨
D+(s)π

+π−
∣∣HT

∣∣ B+c
⟩

=
gρ0→π+π−

(s−m2
ρ0 + imρ0Γρ0 )

tρ

+
gρ0→π+π−

(s−m2
ρ0 + imρ0Γρ0 )(s−m2

ω+ imωΓω)
Π̃ρωtω

+
gρ0→π+π−

(s−m2
ρ0 + imρ0Γρ0 )(s−m2

ϕ+ imϕΓϕ)
Π̃ρϕtϕ, (2)

  ⟨
D+(s)π

+π−
∣∣HP

∣∣ B+c
⟩

=
gρ0→π+π−

(s−m2
ρ0 + imρ0Γρ0 )

pρ

+
gρ0→π+π−

(s−m2
ρ0 + imρ0Γρ0 )(s−m2

ω+ imωΓω)
Π̃ρωpω

+
gρ0→π+π−

(s−m2
ρ0 + imρ0Γρ0 )(s−m2

ϕ+ imϕΓϕ)
Π̃ρϕpϕ, (3)

tρ
(

pρ
)

tω (pω) tϕ
(

pϕ
)

B+c → D+(s)ρ
0 B+c → D+(s)ω B+c → D+(s)ϕ

sV

sV = s−m2
V + imVΓV

mV ΓV

√
s π+π−

gρ→π+π−
ρ0→ π+π−

ΠViV j ViV j

where  the  tree-level  (penguin-level)  amplitudes  ,
,  and    correspond  to  the  decay  processes

,    and  ,  respectively.
Here,    denotes  the  inverse  propagator  of  the  vector
meson  V,  defined  as    [23]. The  para-
meters    and    correspond  to  the  mass  and  decay
width  of  the  vector  mesons,  respectively.  Additionally,

  represents  the  invariant  mass  of  the    system.
Moreover,    represents the  coupling  constant   de-
rived from the decay process of  . In this paper,
the  momentum  dependence  of  the  mixing  parameters

 of   mixing is introduced to obtain the explicit s

Πρω = (−4470±250±
160)− i(5800±2000±1100)MeV2

Πωϕ = (19000+
i(2500±300))MeV2

Πϕρ = (720±180)−
i(870±320)MeV2

dependence.  The  mixing  parameter 
  was recently   determ-

ined with high precision near the ρ meson by Wolfe and
Maltnan  [24−26].  The  mixing  parameter 

  is  obtained  near  the ϕ meson. Addi-
tionally,  the  mixing  parameter 

 is measured near the ϕ meson [27−28]
We then define the following renormalized mixing para-
meters: 

Π̃ρω =
sρΠρω
sρ− sω

, Π̃ρϕ =
sρΠρϕ
sρ− sϕ

, Π̃ϕω =
sϕΠϕω
sϕ− sω

. (4)

The  differential  parameter  for  CP  asymmetry  can  be
expressed as follows: 

ACP =
|A|2−

∣∣A∣∣2

|A|2+
∣∣A∣∣2 . (5)

 

B.    Formulation of calculations
The  three-body  decay  process  involves  complex  and

multifaceted dynamical mechanisms. The PQCD method
is renowned for its effectiveness in addressing perturbat-
ive  corrections,  a  capability  that  has  been  successfully
demonstrated  in  two-body  non-leptonic  decays  and  also
shows potential for quasi-two-body decays. In the frame-
work of PQCD, within the rest frame of a heavy B meson,
the  decay  process  involves  the  production  of  two  light
mesons with significantly large momenta, indicating rap-
id motion. The dominance of hard interactions in this de-
cay amplitude is attributed to the insufficient time for soft
gluon  exchanges  with  the  final-state  mesons.  Given  the
high  velocities  of  these  final-state  mesons,  a  hard  gluon
imparts momentum to the light spectator quark within the
B meson, leading  to  the  formation  of  rapidly  moving  fi-
nal-state  mesons.  Consequently,  this  hard  interaction  is
characterized  by  six-quark  operators.  The  non-perturbat-
ive  dynamics  are  encapsulated  within  the  meson  wave
function,  which can be determined through experimental
measurements. On the other hand, perturbation theory en-
ables the computation of the aforementioned hard contri-
bution. Quasi-two-body decay can be analyzed by defin-

 

B+c → D+(s)ρ
0 → D+(s)π

+π−Fig. 1.    The decay diagrams of   (ω,ϕ)   process.
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ing the intermediate state of the decay process. In accord-
ance with the concept of quasi-two-body decay, the Feyn-
man diagram representing the amplitude for a three-body
decay can be constructed by applying the Feynman rules.

B+c
In Fig. 2, diagrams (a) and (b) illustrate the contribu-

tions  from  factorizable  emission  processes  in  the 
meson decay, while diagrams (c) and (d) depict the con-
tributions from non-factorizable emission processes. Dia-
grams (e)  and  (f)  show  the  contributions  from   factoriz-
able annihilation processes, whereas diagrams (g) and (h)

highlight the contributions from non-factorizable annihil-
ation processes.

B+c → D+(s)ρ
0 → D+(s)π

+π−

B+c → D+(s)ρ
0 ρ0

ϕ)→ π+π−

B+c → D+ρ0 → D+π+π−

Vud V∗ub Vtd V∗tb

By employing the quasi-two-body decay method, the
total amplitude of   (ω, ϕ)   is com-
posed of two components:   (ω, ϕ) and   (ω,

. In this study, we illustrate the methodology of
quasi-two-body  decay  process  using  the  example  of

  , based  on  the  matrix  elements   in-
volving  ,   and  , . The amplitude of Fig. 1(a) is
presented as follows:

 

√
2A

(
B+c → D+ρ0→ D+π+π−

)
=
< D+ρ0|He f f |B+c >< π+π−|Hρ0→π+π− |ρ0 >

s−m2
ρ0 + imρ0Γρ0

=
∑
λ=0,±1

GF PB+c · ϵ∗ (λ) gρ
0→π+π−ϵ (λ) · (pπ+ − pπ− )√

2(s−m2
ρ0 + imρ0Γρ0 )

×
ß

VudV∗ub

ï
FLL

e (C1+
1
3

C2)+MLL
e (C2)+FLL

a (C2+
1
3

C1)+MLL
a (C1)

ò
+VtdV∗tb

ß
FLL

a (C2+
1
3

C1)+MLL
a (C1)

−
ï
MLL

e (
3
2

C10−C3+
1
2

C9)−MLL
a (C3+C9)+MLR

e (−C5+
1
2

C7)+ (−C4−
1
3

C3−C10−
1
3

C9)FLL
a

+(C10+
5
3

C9−
1
3

C3−C4−
3
2

C7−
1
2

C8)FLL
e + (−C6−

1
3

C5+
1
2

C8+
1
6

C7)FS P
e − (C5+C7)MLR

a

+(−C6−
1
3

C5−C8−
1
3

C7)FS P
a

ò™™
, (6)

PB+c pπ+ pπ− B+c π+

π− Ci ai

GF

fπ
FLL

e FLR
e FS P

e

MLL
e MLR

e

MS P
e

FLL
a FLR

a FS P
a

where  ,  , and   represent the momenta of  ,  ,
and  ,  respectively.    ( ) denotes  the  Wilson   coeffi-
cient (associated Wilson coefficient), ϵ represents the po-
larization of the vector meson, and   is the Fermi con-
stant.   refers to the decay constant of the pion [29].  In
the equation,  ,  , and   denote the contributions
from  factorizable  emission  diagrams,  while  ,  ,
and   indicate the contributions from non-factorizable
emission diagrams. Similarly,  ,  , and  , as well

MLL
a MLR

a MS P
a

LL LR S P

as  ,  ,  and  ,  correspond  to  the  contributions
from  factorizable  and  non-factorizable annihilation   dia-
grams, respectively.  The terms  ,  ,  and  [10][32]:
refer to three different flow structures.

The additional representation of the three-body decay
amplitude which  needs  to  be  considered  when   calculat-
ing CP  violation  through  the  mixing  mechanism   corres-
ponding to Figs. 1(b) and (c) is presented as follows:

 

A
(
B+c → D+(ϕ−ρ0)→ D+π+π−

)
=
< D+ϕ|He f f |B+c >< π+π−|Hρ0→π+π− |ρ0 > Π̃ρϕ

(s−m2
ϕ+ imϕΓϕ)(s−m2

ρ0 + imρ0Γρ0 )

=
∑
λ=0,±1

GF PB+c · ϵ∗ (λ) gρ
0→π+π−ϵ (λ) · (pπ+ − pπ− ) Π̃ρϕ√

2(s−m2
ϕ+ imϕΓϕ)(s−m2

ρ0 + imρ0Γρ0 )
×
ß
−VtdV∗tb

ï
(C4−

1
2

C10)MLL
e + (C6−

1
2

C8)MS P
e

+(C3+
1
3

C4−
1
2

C9−
1
6

C10)FLL
e + (C5+

1
3

C6−
1
2

C7−
1
6

C8)FLR
e

ò™
, (7)

and
 

√
2A

(
B+c → D+(ω−ρ0)→ D+π+π−

)
=
< D+ω|He f f |B+c >< π+π−|Hρ0→π+π− |ρ0 > Π̃ρω

(s−m2
ω+ imωΓω)(s−m2

ρ0 + imρ0Γρ0 )

=
∑
λ=0,±1

GF PB+c · ϵ∗ (λ) gρ
0→π+π−ϵ (λ) · (pπ+ − pπ− ) Π̃ρω√

2(s−m2
ω+ imωΓω)(s−m2

ρ0 + imρ0Γρ0 )
×
ß

VudV∗ub

ï
FLL

e

Å
c1+

1
3

C2

ã
+C2MLL

e −
Å

(C2+
1
3

C1)FLL
a +C1MLL

a

ãò
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−VtdV∗tb

ï
(C2+

1
3

C1)FLL
a +C1MLL

a +

Å
(2C4+C3+

1
2

C10−
1
2

C9)MLL
e

ã
+ (C3+C9)MLL

a + (C5−
1
2

C7)MLR
e + (C5+C7)MLR

a

+(C4+
1
3

C3+C10+
1
3

C9)FLL
a + (

7
3

C3+
5
3

C4+
1
3

(C9−C10))FLL
e + (2C5+

2
3

C6+
1
2

C7+
1
6

C8)FLR
e

+(C6+
1
3

C5−
1
2

C8−
1
6

C7)FS P
e + (C6+

1
3

C5+C8+
1
3

C7)FS P
a

ò™
. (8)

B+c → D+s π
+π−The  following  equations  represent  the  amplitude  forms  of  the  three-body  decay  ,  as  illustrated  in

Fig. 1:
 

√
2A

(
B+c → D+s ρ

0→ D+s π
+π−

)
=
< D+s ρ

0|He f f |B+c >< π+π−|Hρ0→π+π− |ρ0 >

s−m2
ρ0 + imρ0Γρ0

=
∑
λ=0,±1

GF PB+c · ϵ∗ (λ) gρ
0→π+π−ϵ (λ) · (pπ+ − pπ− )√

2(s−m2
ρ0 + imρ0Γρ0 )

×
ß

VusV∗ub

ï
FLL

e

Å
c1+

1
3

C2

ã
+MLL

e (C2)
ò
−VtsV∗tb

ïÅ
1
2

(3C9+C10)FLL
e

ã
+

1
2

(3C7+C8)FLR
e +

3
2

C10MLL
e +

3
2

C8MS P
e

ò™
,

(9)

 

A
(

B+c → D+s (ϕ−ρ0)→ D+s π
+π−

)
=
< D+s ϕ|He f f |B+c >< π+π−|Hρ0→π+π− |ρ0 > Π̃ρϕ

(s−m2
ϕ+ imϕΓϕ)(s−m2

ρ0 + imρ0Γρ0 )

=
∑
λ=0,±1

GF PB+c · ϵ∗ (λ) gρ
0→π+π−ϵ (λ) · (pπ+ − pπ− ) Π̃ρϕ√

2(s−m2
ϕ+ imϕΓϕ)(s−m2

ρ0 + imρ0Γρ0 )
×
ß
−VusV∗ub

ï
FLL

a

Å
c2+

1
3

c1

ã
+MLL

a c1

ò
−VtsV∗tb

ï
FLL

a

Å
c2+

1
3

c1

ã
+MLL

a c1+MLL
e

Å
C3+C4−

Å
1
2

C9+C10

ãã
+MLL

a (C3+C9)+MLR
e

Å
C5−

1
2

C7

ã
+MLR

a (C5+C7)+FLL
a

Å
C4+

1
3

C3+C10+
1
3

C9

ã
+MS P

e

Å
C6−

1
2

C8

ã
+FLL

e
2
3

(2(C3+C4)− (C9+C10))

+(C5+
1
3

C6−
1
2

C7−
1
6

C8)FLR
e + (C6+

1
3

C5−
1
2

C8−
1
6

C7)FS P
e + (C6+

1
3

C5+C8+
1
3

C7)FS P
a

ò™
, (10)

and
 

√
2A

(
B+c → D+s (ω−ρ0)→ D+s π

+π−
)
=
< D+sω|He f f |B+c >< π+π−|Hρ0→π+π− |ρ0 > Π̃ρω

(s−m2
ω+ imωΓω)(s−m2

ρ0 + imρ0Γρ0 )

=
∑
λ=0,±1

GF PB+c · ϵ∗ (λ) gρ
0→π+π−ϵ (λ) · (pπ+ − pπ− ) Π̃ρω√

2(s−m2
ω+ imωΓω)(s−m2

ρ0 + imρ0Γρ0 )
×
ß

VusV∗ub

ï
FLL

e

Å
c1+

1
3

C2

ã
+MLL

e (C2)
ò

−VtsV∗tb

ï
(2C4+

1
2

C10)MLL
e + (2C6+

1
2

C8)MS P
e + (2C3+

2
3

C4+
1
2

C9+
1
6

C10)FLL
e +(2C5+

2
3

C6+
1
2

C7+
1
6

C8)FLR
e

ò™
. (11)

B+c → D+(s)ρ
0(ω,ϕ)→ D+(s)π

+π−
Therefore,  the  total  amplitude  for  the  process

  is  the  coherent  sum  of  the
amplitudes  from  the  three  diagrams  (a),  (b),  and  (c)
shown in Fig. 1. This includes both the direct decay amp-
litudes and all contributions from mixed resonance states.
 

B+c → D+(s)π
+π−C.    CP violation results of the 

decay process

B+c → D+π+π−
We present outcome plots that illustrate CP violation

in  the  decay  processes  of    and

B+c → D+s π
+π−

ρ0−ω−ϕ
ACP

√
s

π+π−

. As shown in the figures, we investigate the
  mixing.  Figs.  3  and  4  depict  the  variation  of

  as  a  function  of  ,  which  represents  the  invariant
mass of the   system. These results are derived using
the central parameter values of the CKM matrix elements.
The observed  CP  violation  in  these  decay  processes   of-
fers valuable  insights  into  fundamental  physics  phenom-
ena, including vector meson interferences.

B+c → D+π+π− 97.54
The  maximum  CP  violation  from  the  decay  process

 in Fig. 3, with a value of  %, occurs at
an invariant mass of 0.782 GeV, which corresponds to the

The CP violations and branching ratios for Bc
+→ D(s)

+π+π−(K+K−) from interference of the vector... Chin. Phys. C 49, (2025)
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0.357
B+c → D+ϕ

ρ0−ω

mass  of  the  ρ  and ω mesons.  Additionally,  small  peaks
are also observed in the invariant mass range around the
ϕ(1.02  Gev)  meson.  The  value  of  CP  violation  is  rather
small, with a magnitude of  %. In the decay process
of  ,  only  the  contribution  from  the  penguin
diagram  exists,  while  there  is  no  contribution  from  the
tree  diagram.  Hence,  the   mixing contributes   con-

siderably to the decay process.
B+c → D+s π

+π−

B+c → D+π+π− π+π−

ρ0

0.18

−2.10

Regarding  the  decay  process  of    illus-
trated  in  Fig.  4,  we  observe  a  similar  trend  to

.  When  the  invariant  mass  of    ap-
proaches  that  of  the    or ω, a  pronounced  peak  is   ob-
served  at  approximately  0.783  GeV with  a  CP  violation
of  %.  Additionally,  there  is  a  smaller  peak  near  the
mass  of  the  ϕ  meson,  corresponding  to  a  value  of

%. 

B+c → D+(s)ϕ ρ0

→ D+(s)K
+K−

III.  CP VIOLATION IN  ( , ω)
 DECAY PROCESS

 

V → K+K−A.    The resonance effect from 

B+c → D+(s)ϕ ρ0 → D+(s)K
+K−

K+K−

ρ0

π+π−

ρ0 K+K−

K+K−

(ϕ−ρ0) (ϕ−ω) (ρ0−ϕ)
(ρ0−ω) (ω−ϕ) (ω−ρ0)

B+c
D+(s)

K+K−

ρ0 K+K−

B+c → D+(s)π
+π−

B+c → D+(s)K
+K−

In  Fig.  5,we  present  the  decay  diagrams  for
  ( , ω)    process.  In  these  decay

diagrams, the processes depicted in (a),  (d),  and (g)  rep-
resent direct decay modes, where the   pairs are pro-
duced via the intermediate states of  , ω, and ϕ, respect-
ively.  Unlike  the  decay  to    meson  pairs,  all  three
vector mesons  , ω, and ϕ can directly decay into 
meson  pairs.  In  addition  to  the  direct  decay  mechanism,
the    meson  pair  can  also  be  generated  through  a
mixing mechanism. Fig.  5(b), (c),  (e),  (f),  (h),  and (i)   il-
lustrate  the  contributions  of  the  , ,  ,

,  , and   resonance hybrids, respect-
ively.  For  instance,  Fig.  5(b)  demonstrates  that  the 
meson decays into the   and ϕ mesons via  quasi-two-
body  decay,  followed  by  the  resonant  decay  of  the  ϕ
meson into a   meson pair  through mixing with the
 meson. Therefore, the   meson pairs generated by

this  mixing  mechanism  correspond  to  six  distinct  cases.
Although the contribution from this mixing mechanism is
relatively small compared to direct decay, it is still signi-
ficant and must be considered. Similar to the decay chan-
nel  of  ,  we  provide  the  amplitude  for

: 

 

B+c → D+(s)V → D+(s)π
+π−Fig. 2.    The Feynman diagrams for emission and annihilation contributions in the   decay process.

 

ACP
√

s

B+c → D+π+π−

Fig.  3.      Plot  of    as  a  function  of    corresponding  to
central parameter values of CKM matrix elements for the de-
cay channel of  .

 

ACP
√

s

B+c → D+s π
+π−

Fig.  4.      Plot  of    as  a  function  of    corresponding  to
central parameter values of CKM matrix elements for the de-
cay channel of  .
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⟨
D+(s)K

+K−
∣∣HT

∣∣ B+c
⟩

=
gϕ→K+K−

sϕ
tϕ+

gρ→K+K−

sρsϕ
Π̃ρϕtϕ+

gω→K+K−

sωsϕ
Π̃ωϕtϕ

+
gρ→K+K−

sρ
tρ+

gϕ→K+K−

sϕsρ
Π̃ϕρtρ+

gω→K+K−

sωsρ
Π̃ωρtρ

+
gω→K+K−

sω
tω+

gϕ→K+K−

sϕsω
Π̃ϕωtω+

gρ→K+K−

sρsω
Π̃ρωtω, (12)

  ⟨
D+(s)K

+K−
∣∣HP

∣∣ B+c
⟩

=
gϕ→K+K−

sϕ
pϕ+

gρ→K+K−

sρsϕ
Π̃ρϕpϕ+

gω→K+K−

sωsϕ
Π̃ωϕpϕ

+
gρ→K+K−

sρ
pρ+

gϕ→K+K−

sϕsρ
Π̃ϕρpρ+

gω→K+K−

sωsρ
Π̃ωρpρ

+
gω→K+K−

sω
pω+

gϕ→K+K−

sϕsω
Π̃ϕωpω+

gρ→K+K−

sρsω
Π̃ρωpω. (13)

gV

V → K+K−√
2gρK+K− =

√
2gωK+K− = −gϕK+K− = 4.54

Here,   denotes the coupling constant obtained from
the  decay  process  .  Moreover,  the  following
relationship holds: 
[30, 31].
 

B.    Formulation of calculations

B+c → D+(s)K
+K−

B+c → D+(s)π
+π−

B+c → D+K+K−

Fig.  5  illustrates  nine  distinct  scenarios  in  the  decay
process  . Among these, cases (b), (d), and
(i)  closely resemble the decay process  of  ,
differing only by the substitution of π with K. The amp-
litude forms for these cases are similar to those presented
in  Eqs.  (13)-(18).  Focusing  on  the    decay
process as an example, we outline all corresponding amp-
litude forms depicted in Fig. 5. These forms sequentially
correspond to cases (a), (e), (h), (g), (c), and (f) in Fig. 5:

 

A
(

B+c → D+ϕ→ D+K+K−
)
=
< D+ϕ|He f f |B+c >< K+K−|Hϕ→K+K− |ϕ >

(s−m2
ϕ+ imϕΓϕ)

=
∑
λ=0,±1

GF PB+c · ϵ∗ (λ) gϕ→K+K−ϵ (λ) · (pK+ − pK− )√
2(s−m2

ϕ+ imϕΓϕ)

×
ß
−VudV∗ub

ï
(C4−

1
2

C10)MLL
e + (C6−

1
2

C8)MS P
e + (C3+

1
3

C4 −
1
2

C9−
1
6

C10)FLL
e + (C5+

1
3

C6−
1
2

C7−
1
6

C8)FLR
e

ò™
,

(14)

 

 

B+c → D+(s)ϕ ρ0 → D+(s)K
+K−Fig. 5.    The decay diagrams of   ( , ω)   process.
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√
2A

(
B+c → D+(ρ0−ϕ)→ D+K+K−

)
=
< D+ρ0|He f f |B+c >< K+K−|Hϕ→K+K− |ϕ > Π̃ϕρ

(s−m2
ρ0 + imρ0Γρ0 )(s−m2

ϕ+ imϕΓϕ)

=
∑
λ=0,±1

GF PB+c · ϵ∗ (λ) gϕ→K+K−ϵ (λ) · (pK+ − pK− ) Π̃ϕρ√
2(s−m2

ρ0 + imρ0Γρ0 )(s−m2
ϕ+ imϕΓϕ)
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ß

VudV∗ub
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FLL
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3

C2)+MLL
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1
3

C1)+MLL
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+VtdV∗tb

ß
FLL
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1
3

C1)+MLL
a (C1)−
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MLL
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3
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C10−C3+
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1
2

C7)

+ (−C4−
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C9)FLL
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3

C5+
1
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C7)FS P
e − (C5+C7)MLR

a +(−C6−
1
3

C5−C8−
1
3

C7)FS P
a

ò™™
,

(15)

 

√
2A

(
B+c → D+(ω−ϕ)→ D+K+K−

)
=
< D+ω|He f f |B+c >< K+K−|Hϕ→K+K− |ϕ > Π̃ϕω

(s−m2
ω+ imωΓω)(s−m2

ϕ+ imϕΓϕ)

=
∑
λ=0,±1

GF PB+c · ϵ∗ (λ) gϕ→K+K−ϵ (λ) · (pK+ − pK− ) Π̃ϕω√
2(s−m2

ω+ imωΓω)(s−m2
ϕ+ imϕΓϕ)

×
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VudV∗ub
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FLL

e

Å
c1+

1
3

C2

ã
+C2MLL

e −
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ãò
−VtdV∗tb
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C7)FS P
e +(C6+

1
3

C5+C8+
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(16)

 

√
2A

(
B+c → D+ω→ D+K+K−

)
=
< D+ω|He f f |B+c >< K+K−|Hω→K+K− |ω >

(s−m2
ω+ imωΓω)

=
∑
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7
3

C3+
5
3

C4+
1
3

(C9−C10))FLL
e + (2C5+

2
3

C6+
1
2

C7+
1
6

C8)FLR
e

+ (C6+
1
3

C5−
1
2

C8−
1
6

C7)FS P
e +(C6+

1
3

C5+C8+
1
3

C7)FS P
a

ò™
,

(17)

 

A
(

B+c → D+(ϕ−ω)→ D+K+K−
)
=
< D+ϕ|He f f |B+c >< K+K−|Hω→K+K− |ω > Π̃ωϕ

(s−m2
ϕ+ imϕΓϕ)(s−m2

ω+ imωΓω)

=
∑
λ=0,±1

GF PB+c · ϵ∗ (λ) gω→K+K−ϵ (λ) · (pK+ − pK− ) Π̃ωϕ√
2(s−m2

ϕ+ imϕΓϕ)(s−m2
ω+ imωΓω)

×
ß
−VudV∗ub

ï
(C4−

1
2

C10)MLL
e + (C6−

1
2

C8)MS P
e

+ (C3+
1
3

C4 −
1
2

C9−
1
6

C10)FLL
e + (C5+

1
3

C6−
1
2

C7−
1
6

C8)FLR
e

ò™
, (18)

Kun Shuai Ye, Gang Lü, Na Wang et al. Chin. Phys. C 49, (2025)

-8



and
 

√
2A

(
B+c → D+(ρ0−ω)→ D+K+K−

)
=
< D+ρ0|He f f |B+c >< K+K−|Hω→K+K− |ω > Π̃ωρ

(s−m2
ρ0 + imρ0Γρ0 )(s−m2

ω+ imωΓω)

=
∑
λ=0,±1

GF PB+c · ϵ∗ (λ) gω→K+K−ϵ (λ) · (pK+ − pK− ) Π̃ωρ√
2(s−m2

ρ0 + imρ0Γρ0 )(s−m2
ω+ imωΓω)

×
ß

VudV∗ub

ï
FLL

e (C1+
1
3

C2)+MLL
e (C2)+FLL

a (C2+
1
3

C1)+MLL
a (C1)

ò
+VtdV∗tb

ß
FLL

a (C2+
1
3

C1)+MLL
a (C1)−

ï
MLL

e (
3
2

C10−C3+
1
2

C9) −MLL
a (C3+C9)+MLR

e (−C5+
1
2

C7)

+ (−C4−
1
3

C3−C10−
1
3

C9)FLL
a +(C10+

5
3

C9−
1
3

C3−C4−
3
2

C7−
1
2

C8)FLL
e + (−C6−

1
3

C5+
1
2

C8+
1
6

C7)FS P
e

− (C5+C7)MLR
a +(−C6−

1
3

C5−C8−
1
3

C7)FS P
a

ò™™
. (19)

 

B+c → D+(s)K
+K−C.    CP violation results of the  decay

process

B+c → D+K+K− B+c → D+s K+K−

K+K−

ACP
√

s

We present  plots  illustrating  CP  violation  in  the   de-
cay processes of   and  . Tak-
ing into account the   threshold, Fig. 6 and 7 depict
the variation of   as a function of  , representing the

K+K−

B+c → D+K+K−

34.30 K+K−

B+c → D+ϕ B+c → D+K+K−

ρ→ K+K−

ω→ K+K−

ϕ→ K+K−

invariant mass of the   system. In the decay process
of   shown in Fig. 6, a pronounced CP-viol-
ating  effect  is  observed  near  1.02  GeV.  The  peak  value
reaches  % when the invariant mass of   is close
to the mass of the ϕ meson (1.02 GeV). In the decay pro-
cess of   associated with the   de-
cay, it is observed that only the penguin diagram contrib-
utes, while there is no contribution from the tree diagram,
which does not induce CP violation. The CP violation de-
pends on the intermediate decay processes   and

, as well as the interference between these pro-
cesses and  .

B+c → D+s K+K−

K+K−

ρ0

ϕ→ K+K−

In  the  decay  process  of    as  shown  in
Fig. 7, an intriguing phenomenon has been observed. The
CP violation exhibits a sharp increase when the invariant
mass of the   pair is around 0.93 GeV. Notably, this
peak  does  not  align  with  the  mass  of  the  ϕ  meson;  in-
stead, it spans a broader range from 0.9 to 1.05 GeV. We
propose that this behavior results from the resonant mix-
ing of the  , ω,  and ϕ particles,  with the decay channel

  making  the  dominant  contribution  through
their combined effect. 

AΩCPIV.  THE LOCALISED CP VIOLATION OF 

ACP

B+c → D+(s)ρ
0

Mλ
B+c→D+(s)ρ

0 = αpB+c · ϵ∗(λ) pB+c

B+c
ρ0

ρ0→ π+π− Mλ
ρ0→π+π− = gρϵ(λ) (p1− p2)

p1 p2 π+

π− ρ0

gρ
ρ0→ π+π−

In  this  paper,  we  perform  the  integral  calculation  of
 to facilitate future experimental comparisons. For the

decay  process  ,  the  amplitude  is  given  by
,  where    represents the   mo-

menta of the   meson, ϵ denotes the polarization vector
of   and λ corresponds to its polarization. The paramet-
er α  remains independent of λ, which is  from the contri-
bution  of  PQCD.  Similarly,  in  the  decay  process

,  we  can  express  ,
where   and   denote the momenta of the produced 
and    particles  from   meson,  respectively.  Here,  the
parameter   represents an effective coupling constant for

. Regarding the dynamics of meson decay, it is

 

ACP
√

s

B+c → D+K+K−

Fig.  6.      Plot  of    as  a  function  of    corresponding  to
central parameter values of CKM matrix elements for the de-
cay channel of  .

 

ACP
√

s

B+c → D+s K+K−

Fig.  7.      Plot  of    as  a  function  of    corresponding  to
central parameter values of CKM matrix elements for the de-
cay channel of  .
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+→ D(s)
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∑
λ=0,±1 ϵ

λ
µ (p)(ϵλν (p))∗ = −(gµν− pµpν/m2

V )

B+c → D+(s)ρ
0→ D+(s)π

+π−

observed  that  the  polarization  vector  of  a  vector  meson
satisfies  . As a res-
ult,  we  obtain  the  total  amplitude  for  the  decay  process

 [32]: 

A = αpµB+c

∑
λ ϵ
∗
µ(λ)ϵν(λ)
sρ

gρππ (p1− p2)ν

=
gρππα

sρ
· pµB+c

ï
gµν−

(p1+ p2)µ (p1+ p2)ν
s

ò
(p1− p2)ν

=
gρππ
sρ
·

Mλ
B+c→ρ0D+(s)

p B+c · ϵ∗
· (Σ− s′)

= (Σ− s′) ·A. (20)

√
s′

√
s
π+π−

s′

Σ = 1
2

(
s′max+ s′min

)
s′max(s′min)

The  high  ( )  and  low    ranges  are  defined  for
calculating the invariant mass of  . By setting a fixed
value for s, we can determine an appropriate value for 
that  fulfills  the  equation  ,  where

  denotes the  maximum  (minimum)  value,   re-
spectively.

B+c → D+(s)π
+π−

Utilizing the  principles  of  three-body kinematics,  we
can  deduce  the  local  CP  asymmetry  for  the  decay

 within a specific range of invariant mass: 

AΩCP =

∫ s2

s1
ds

∫ s′2
s′1

ds′ (Σ− s′)2 (|A|2− |A|2)∫ s2

s1
ds

∫ s′2
s′1

ds′ (Σ− s′)2 (|A|2+ |A|2) . (21)

Σ =
1
2
(

s′max+ s′min

)
s′ s′max > s′ > s′min

π+π−
∫ s′2

s′1
ds′(Σ− s′)2

s′ s′

s′ ∫ s′2
s′1

ds′(Σ− s′)2

AΩCP

B+c → D+(s)ϕ ρ0 → D+(s)K
+K−

B+c → D+(s)ρ
0 → D+(s)π

+π−

Our calculation takes into account the dependence of
  on  .  Assuming  that 

represents  an integral  interval  of  high invariant  mass  for
the    meson  pair,  and    represents  a
factor dependent on  . The correlation between Σ and 
can  be  easily  determined  through  kinematic  analysis,  as
  only varies  on  a  small  scale.  Therefore,  we  can   con-

sider  Σ  as  a  constant.  This  allows  us  to  cancel  out  the
term   in both the numerator and denominat-
or,  resulting in   no longer  depending on the high  in-
variant mass of positive and negative particles. The form
of    ( , ω)    is  similar  to  that  of

  (ω,  ϕ)  ,  only  π  needs to  be   re-

placed with K. 

V.  NUMERICAL RESULTS OF THE LOCALIZED
INTEGRATED CP ASYMMETRY

π+π− K+K−

K+K−

ρ0−ω−ϕ
ρ0−ω ϕ−ρ0 ϕ−ω

According  to Table  1,  the  integration  ranges  of  0.65
GeV to 1.06 GeV and 0.98 GeV to 1.06 GeV correspond
to  the  resonance  regions  for  the    and    final
states,  respectively.  The  threshold  for  the    final
state  is  also  considered.  The  resonance  interactions
between different  particles  can  result  in  more   pro-
nounced  CP  violation  phenomena  across  various  energy
intervals. We present the local integral values as detailed
in Table 1. We have comparatively analyzed the distinc-
tions  between  the  three-particle  mixed  resonance  of

  and  the  two-particle  mixed  resonances  of
,    and  ,  while  also  providing  numerical

results that exclude these mixed resonances.
B+c → D+π+π−

ρ0−ω

97.54

AΩCP

ϕ−ρ0

ϕ−ω

B+c → D+π+π− B+c → D+s π
+π−

B+c → D+ρ0→ D+π+π−

ρ−ω

B+c → D+s π
+π−

B+c → D+π+π− B+c → D+s π
+π−

ρ0−ω−ϕ ρ0−ω
ϕ−ρ0

During  the  decay  process  of  ,  both  in
the case of a three-particle mixture and a   mixture,
the variation of CP violation is significantly larger in the
resonant  region  compared  to  the  non-resonant  scenario,
with changes in sign. Despite a peak reaching  % of
CP violation, the local integral value exhibits only minor
fluctuations,  and  the  central  value  of    is  approxim-
ately 0.0706. The influence of   mixing is relatively
insignificant  compared  to  the  no-mixing results.   Addi-
tionally,  the  effect  of   mixing,  arising from higher-
order contributions  with  very  small  values,  can  be   neg-
lected. Therefore, we do not present these results. For the

 and   decay processes, the out-
come of "no mixing" is depicted in Fig. 1(a), namely the
result  of  the  direct  decay  of  .  The
outcome  of  this  process  is  -0.0176.  Meanwhile,  we  also
computed  the  result  of  the  process  represented  by  Fig.
1(c), and the result was -0.0106. In other words, the 
mixing  mechanism  significantly  influences  the  total  CP
violation.  For  the  decay  processes  of  ,  the
three-particle mixing  mechanism  exhibits  negligible   ef-
fects  on  CP  violation.  In  the  decay  processes  of  both

  and  ,  the  values  of  the
  mixing  and  the    mixing  are  essentially

identical.  The  influence  of    mixing  is  relatively

 

0.65 GeV ≤ √s ≤ 1.06 GeV π+π− 0.98 GeV ≤ √s ≤ 1.06 GeV K+K−

AΩCP B+c → D+(s)π
+π− B+c → D+(s)K

+K−
Table 1.    The peak local (      for the   final states and       for the   final states)
integral of   from different resonance rangs for   and   decay processes.

Decay channel B+c → D+π+π− B+c → D+s π
+π− B+c → D+K+K− B+c → D+s K+K−

ϕ−ρ−ω mixing 0.0706+0.002−0.063
−0.002−0.091 −0.0134+0.0005−0.0016

−0.0005+0.0006 0.1636+0.006+0.046
−0.006−0.067 −0.0278+0.001−0.0004

−0.001+0.0012

ρ−ω mixing 0.0706+0.002−0.064
−0.002−0.091 −0.0133+0.0005−0.0013

−0.0005+0.0012 0.0906+0.006+0.074
−0.006−0.072 −0.0267+0.001+0.014

−0.001−0.004

ϕ−ρ mixing −0.0176+0.0006+0
−0.0006−0 −0.0156+0.0006−0.0005

−0.0006+0.00001 0.0290+0.0005−0.045
−0.0005−0.041 −0.0258+0.0009+0.0012

−0.0009+0.0008

ϕ−ω mixing − − −0.0381+0.0006+0.012
−0.0006−0.0096 −0.0264+0.00003−0.002

−0.00003−0.001

no mixing −0.0176+0.0006+0
−0.0006−0 −0.0155+0.0006+0

−0.0006−0 0.0784+0.001+0.091
−0.001+0.050 −0.0252+0.0009+0.0015

−0.0009+0.0005
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minor and can be disregarded.

B+c → D+K+K−

AΩCP

B+c → D+ϕ

B+c → D+s K+K−

The effect of the mixing mechanism in the decay pro-
cess  of    is  significant,  with  the  central
value of   reaching 0.1636 for CP violation, compared
to  0.0784  without  mixing.  This  is  because  in  the  decay
process of  , only the penguin diagram contrib-
utes, while there is no contribution from the tree diagram.
Consequently,  considering  the  three-particle  mixing,  the
change  in  CP  violation  becomes  more  pronounced.
However, in the process  , the CP violation
exhibits  a  notable increase due to the three-particle mix-
ing.

1/mb

1/mb

Bc

Theoretical errors give rise to uncertainties in the res-
ults.  In  general,  the  major  theoretical  uncertainties  arise
from power corrections beyond the heavy quark limit, ne-
cessitating  the  inclusion  of    power  corrections.
However, the   corrections are power-suppressed and
typically non-perturbative, meaning they cannot be accur-
ately calculated using perturbation theory. Consequently,
this  scheme introduces additional  sources of  uncertainty.
The first  source  of  error  comes from variations  in  CKM
parameters, while the second source of error comes from
hadronic  parameters  such  as  mixing  parameters,  form
factors, decay constants,   meson wave functions, and D
meson  wave  functions.  By  employing  central  values  for
these  parameters,  we  initially  compute  numerical  results
for  CP  violation  and  subsequently  incorporate  errors
based on standard deviations as shown in Table 1. 

B+c → D+(s)V → D+(s)K
+K−

B+c → D+(s)V → D+(s)π
+π−

VI.  THE BRANCHING RATIO OF
 AND

 

A.    The branching ratios of different decay channels

B+c → D+(s)ρ
0→ D+(s)π

+π−√
2gρK+K− =

√
2gωK+K− =

−gϕK+K− = 4.54
B+c → D+(s)V → D+(s)K

+K−

B+c → D+(s)V → D+(s)K
+K−

Due  to  isospin  breaking,  the  effects  of  three-particle
mixing on the branching ratios of 
are  symmetrical.  By  considering 

,  we  calculate  the  branching  ratios  of
  both  with  and  without  three-

particle  mixing.  The  differential  branching  ratio  for  the
quasi-two-body    decays is   writ-
ten as [33, 34]: 

dB
dζ
=
τBc q3

D+(s)
q3

48π3 m5
Bc

|A|2 , (22)

ζ =
s

m2
Bc

Bc

τBc qD+(s)

with  the  variable    and  the    meson mean   life-
time  .  Among  them,  q  and    are  respectively
defined as 

q =
1
2

√
s− (mK +mK)2, (23)

and 

qD+(s)
=

1
2

…[(
m2

B−m2
D+(s)

)2
−2

(
m2

B+m2
D+(s)

)
s+ s2

]
/s . (24)

B+c → D+(s)V → D+(s)π
+π−

mK mπ

B+c → D+(s)ρ
0→ D+(s)K

+K−

B+c → D+(s)ω→ D+(s)K
+K− ρ0

mρ(ω) < mK +mK mρ(ω)
meff

0

The  formula  for  computing 
merely requires substituting   with   in Eq 23. In cal-
culating  the  decays  of    and

,  the    and  ω  pole  masses  are
below  the  invariant  mass  threshold,  i.e.,

[35]. In this case, the pole mass of 
should  be  replaced  by  an  effective  mass  ,  to  avoid
kinematic singularities in the phase space factor [36]: 

meff
0 (m0) = mmin+ (mmax −mmin)

×
ï
1+ tanh

Å
m0− (mmax +mmin)/2

mmax −mmin

ãò
, (25)

mmax = mBc −mD(s) mmin = mK +mK√
s

here    and    are  the  upper
and lower thresholds of  , respectively. 

B+c → D+(s)V → D+(s)K
+K−

B+c → D+(s)V → D+(s)π
+π−

B.    The results of the branching ratio in the decay pro-
cess of  and

B+c → D+(s)V → D+(s)K
+K−

B+c → D+(s)V → D+K+K−

B+c → D+s V → D+s K+K−

We present the result graphs of the branching ratio for
the  decay  process  ,  arising  from
the mixing of ϕ, ρ, and ω mesons, in Fig. 8 and Fig. 9, re-
spectively.  One  can  observe  the  branching  ratio  of

 exhibiting a rise and fall near the
mass  of  the ϕ meson in Fig.  8.  A prominent  peak in  the
branching ratio is observed near the mass of the ϕ meson
for  the  decay  channel    in  Fig.  9.
Furthermore, we have computed the local integrals of the
branching  ratios,  which  can  be  directly  compared  with
experimental data in Table 3.

As illustrated in Fig. 10 and Fig. 11, we offer the dis-
tribution of the branching ratios of the invariant  mass of
two π-mesons under the mixed mechanism. It can be ob-
served  in  Fig.  10  that  an  obvious  peak  exists  near  the
mass of the ρ meson. In Fig.  11,  a pronounced peak can
likewise be discerned near the mass of the ρ meson, while
a small peak is present near the mass of the ϕ meson.

B+c → D+V → D+π+π− B+c → D+s V → D+s π
+π−

9.037×10−7 4.55×10−8

6.61×10−7 2.63×10−7

B+c → D+ρ0→ D+π+π−

B+c → D+s ρ
0→ D+s π

+π−

The computed local integral values for the decay pro-
cesses    and 
are   and  ,  respectively.  The quasi-
two-body decay results are   and  , re-
spectively. From the outcomes of CP violation presented
in  Table  1,  it  can  be  observed  that  in  Process

, the mixed resonance augments the
decay  amplitude.  Therefore,  the  branching  ratio  of  the
mixed  resonance  is  marginally  larger  than  that  of  the
quasi-two-body decay. However, the mixed resonance in
Process   attenuates the  decay amp-
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litude,  leading  to  a  branching  ratio  that  is  one  order  of
magnitude  lower  than  that  of  the  quasi-two-body  decay.
We hold the view that  the mutual  cancellation of the  in-
terference terms in the mixed decay process gives rise to
a smaller total branching ratio outcome.

B+c → D+V → D+K+K−

D+ϕ
We  find  that  in  the  decay  of  ,
  constitutes  the  dominant  contribution,  with  a  ratio

92

B+c → D+ϕ→ D+K+K− B+c → D+ρ0→
D+K+K− B+c → D+ω→ D+K+K−

B+c → D+ϕ
B+c → D+ϕ→ D+K+K−

for branching ratio of  %, while the branching ratios of
the  three  direct  decay  modes  are  of  the  same  order  of
magnitude  from  , 

 and  . The absence of tree-
level diagrams in the two-body decay of   leads
to  a  small  branching  ratio  for  .
Meanwhile,  the  sum of  the  branching  ratios  of  the  three

 

B+c → D+V → D+K+K−
Fig.  8.      The  differential  branching  ratios  for  the

 decay process from the mixing of ϕ, ρ,
and ω mesons.

 

B+c → D+s V → D+s K+K−
Fig.  9.      The  differential  branching  ratios  for  the

 decay process from the mixing of ϕ, ρ,
and ω mesons.

 

B+c → D+V → D+π+π−
Fig.  10.      The  differential  branching  ratios  for  the

  decay  process  from  the  mixing  of ϕ, ρ,
and ω mesons.

 

B+c → D+s V → D+s π
+π−

Fig.  11.      The  differential  branching  ratios  for  the
  decay  process  from  the  mixing  of ϕ, ρ,

and ω mesons.
 

B+c → D+V → D+π+π− B+c → D+s V → D+s π
+π−Table 2.    The branching ratio results of   and  .We also presented the outcomes of quasi-two-

body decay for comparison.

Decay channel The three-particle admixture in this paper Quasi-two-body [37]

B+c → D+ρ0→ D+π+π− 9.037+0.30
−0.21 ×10−7 6.61+1.64

−0.99 ×10−7

B+c → D+s ρ
0→ D+π+π− 4.55+0.33

−0.31 ×10−8 2.63+0.35
−0.35 ×10−7

 

B+c → D+V → D+K+K− B+c → D+s V → D+s K+K−Table 3.    The PQCD predictions of the branching ratios for quasi-two-body decays   and  .

Decay channel Branching ratio Direct three-body decay/Mixed three-body decay

B+c → D+ρ0→ D+K+K− 1.66+0.15
−0.31 ×10−11 35.37%

B+c → D+ω→ D+K+K− 2.36+0.37
−0.37 ×10−11 50.21%

B+c → D+ϕ→ D+K+K− 4.37+0.20
−0.21 ×10−11 92.98%

B+c → D+ϕ(ρ0,ω)→ D+K+K− 4.70+0.53
−0.51 ×10−11 1

B+c → D+s ρ
0→ D+s K+K− 1.10+0.15

−0.14 ×10−11 0.0083%

B+c → D+s ω→ D+s K+K− 3.76+0.48
−0.47 ×10−12 0.0028%

B+c → D+s ϕ→ D+s K+K− 1.44+0.95
−0.24 ×10−7 109.09%

B+c → D+s ϕ(ρ0,ω)→ D+s K+K− 1.32+0.12
−0.12 ×10−7 1
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direct decays is significantly larger than the branching ra-
tio of  the  mixed  decay,  which  can  be  attributed  to   de-
structive interference.

B+c → D+s V → D+s K+K−

B+c → D+s ϕ→ D+s K+K− 109

B+c → D+s ϕ→ D+s K+K−

In the decay of  ,  the branching
ratio  of    constitutes  %  of  the
branching ratio of the mixed decay. The branching ratios
of  the  other  two  direct  decays  are  four  or  five  orders  of
magnitude  lower  than  that  of  the  mixed  decay  and  are
therefore  negligible.  The  fact  that  the  branching  ratio  of

 exceeds that of the mixed decay is
also attributed to destructive interference. 

VII.  SUMMARY AND CONCLUSION

B+c
π+π−

K+K−

ρ0

B+c → D+π+π− B+c → D+K+K−

ρ0−ω−ϕ

ρ0

The CP violation in the decay process of   meson is
predicted through an invariant mass analysis of   and

meson  pairs  within  the  resonance  region,  resulting
from the  mixing  of ϕ, ω,  and   mesons.  We  observe  a
sharp change  in  CP  violation  within  the  resonance   re-
gions  of  these  mesons.  Local  CP  violation  is  quantified
by  integrating  over  phase  space.  For  the  decay  process

  and  ,  the  CP  violation
change large from the effects  of   mixing at  the
ranges  of  resonance.  Experimental  detection  of  local  CP
violation can be  achieved by reconstructing the  resonant
states  of  ϕ, ω,  and    mesons within  the  resonance   re-
gions.

Our calculation results for the branching ratios indic-
ate that the combined branching ratios of the three direct

B+c → D+ϕ(ρ0,ω)→ D+K+K−

B+c → D+s ϕ(ρ0,ω)→ D+s K+K−

B+c → D+ϕ(ρ0,ω)→ D+K+K−

B+c → D+(s)V → D+(s)π
+π−

decays exceed those of the mixed decays in the processes
  and
.  The  contributions  from  the

three  direct  decays,  along  with  additional  interference
terms, influence the overall branching ratio, especially for
the decay process of  . Mean-
while,  we  computed  the  branching  ratio  of  process

 and carried out a systematic com-
parative  analysis  and  in-depth discussion  with  the   re-
search  findings  of  the  quasi-two-body  decay  approach.
The outcomes manifested the influence of the mixed res-
onance. 

APPENDIX A: INPUT PARAMETERS

Vtb Vts Vub Vus Vtd Vud

VtbV∗ts = λ
VubV∗us = Aλ4(ρ− iη) VubV∗ud = Aλ3(ρ− iη)(1− λ2

2 )
VtbV∗td = Aλ3(1−ρ+ iη)

λ = 0.22650±0.00048
A = 0.790+0.017

−0.012 ρ̄ = 0.141+0.016
−0.017 η̄ = 0.357±0.011

ρ̄ = ρ

Å
1− λ

2

2

ã
η̄ = η

Å
1− λ

2

2

ã

The  ,  ,  ,  ,  , and   terms in the above
equation are derived from the CKM matrix element with-
in the framework of the Standard Model. The CKM mat-
rix, whose elements  are  determined through experiment-
al observations, can be expressed in terms of the Wolfen-
stein  parameters  A,  ρ,  λ,  and  η:  ,

,  ,
.  The  most  recent  values  for  the

parameters in the CKM matrix are  ,
,  ,  and  .

Here,  we  define    and  [38]
[39].  The  physical  quantities  involved  in  the  calculation
are presented in the Table A1.
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