
 

Fixing effective range parameters in elastic α-12C scattering: an impact on
resonant 24

+ state of 16O and SE2 factor of 12C(α,γ)16O*

Shung-Ichi Ando†

Department of Display and Semiconductor Engineering, and Research Center for Nano-Bio Science, Sunmoon University,
Asan, Chungnam 31460, Republic of Korea

l = 2

2+1 2+1

Eα = 10 2+4
l = 2

S E2

S E2 EG = 0.3
2+4 S E2 EG

2+1 l = 2

Abstract: Elastic α-12C scattering for  and E2 transition of radiative α capture on 12C, 12C(α,γ)16O, are studied
in cluster effective field theory. Due to the problem in fixing the asymptotic normalization coefficient (ANC) of the
subthreshold  state of 16O, equivalently, the effective range parameters of the  state, from the elastic scattering
data, we introduce the conditions that lead to a large value of the ANC. In addition, d-wave phase shift data of the
elastic scattering up to the α energy,  MeV, which contain resonant  state of 16O, are also introduced in the
study. Applying the conditions, the parameters of the S matrix of the elastic scattering for  are fitted to the phase
shift data, and the fitted parameters are employed in the calculation of astrophysical  factor of 12C(α,γ)16O; we
extrapolate the  factor to the Gamow-peak energy,  MeV. We find that the conditions lead to signific-
ant effects in the observables of the  state of 16O and the estimate of the  factor at  and confirm that the
ANC of the  of 16O cannot be determined by the phase shift data for .
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I.  INTRODUCTION

EG = 0.3

EG

1−1 2+1 lπith

B1 = 0.045 B2 = 0.245

The radiative α capture on 12C, 12C(α,γ)16O, is one of
the fundamental  reactions in nuclear  astrophysics,  which
determines, along with the triple α reaction, the C/O ratio
in the core of a helium-burning star [1]. It provides an ini-
tial  condition  for  computer  simulations  of  star  evolution
[2, 3] and leads to a significant influence on the results of
star explosions and nucleosynthesis [4]. The reaction rate,
or equivalently the astrophysical S factor of 12C(α,γ)16O at
the  Gamow-peak  energy,  MeV,  however,  has
not been measured in an experimental facility because of
the  Coulomb  barrier.  One  needs  to  employ  a  theoretical
model,  fit  the  model  parameters  to  experimental  data
measured at a few MeV energy, and extrapolate the reac-
tion rate to .  While it  is  known that E1 and E2 trans-
itions  of 12C(α,γ)16O are  dominant  due  to  the  sub-
threshold  and  ( ) states of 16O, whose binding en-
ergies  respected  to  the α-12C  breakup  energy  are

 MeV  and  MeV,  respectively  [5].

During the last half-century, many experimental and the-
oretical studies on the reaction have been carried out. For
a review, refer, e.g., to Refs. [6−10]. (For a brief review,
see Ref. [11].)

EG = 0.3
Q =
√

2µEG = 40

We  have  been  studying  reactions  related  to
12C(α,γ)16O  by  constructing  a  low-energy  effective  field
theory (EFT) based on the methodology of quantum field
theory  [12−14].  When  constructing  an  EFT,  one  first
chooses a typical scale of a reaction to study and then in-
troduces a large scale by which relevant degrees of free-
dom at low energy are separated from irrelevant degrees
of  freedom  from  high  energy.  We  choose  the  Gamow-
peak energy,  MeV,  as  a  typical  energy scale;  a
typical momentum scale would be  MeV
where μ is the reduced mass of α and 12C. 1) Because the
typical  wavelength of  the reaction is  larger  than the size
of the nuclei, nucleons inside the nuclei would be irrelev-
ant;  we  assign α and 12C  as  structure-less  (point-like)
spin-0 scalar  fields.  We  then  choose  the  energy  differ-
ence  between p-15N  and α-12C  breakup  energies  of 16O;
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∆E = 12.13−7.16 = 4.97

ΛH =
√

2µ∆E = 160

Q/ΛH = 1/4

 MeV, as the high energy (separ-
ation)  scale;  the  high  momentum  scale  is

 MeV. The theory provides us with a
perturbative expansion  scheme  and  the  expansion  para-
meter would be . The p-15N system is now re-
garded  as  irrelevant  degrees  of  freedom  and  integrated
out of the effective Lagrangian, whose effects are embed-
ded in the coefficients of terms of the Lagrangian. Those
coefficients  can,  in  principle,  be  determined  from  the
mother theory, while they, in practice, are fixed by using
experimental  data  or  empirical  values  of  them.  Because
of the perturbative expansion scheme of EFT, by truncat-
ing the terms up to a given order, one can have an expres-
sion of reaction amplitudes in terms of a few parameters
for each of  the reaction channels.  This  approach was re-
cently used for the study of reactions,  which are import-
ant  in  nuclear  astrophysics,  such as  elastic p-12C scatter-
ing [15],  elastic d-α scattering [16],  and radiative proton
capture on 15N [17, 18].

S E1

EG

Eα = 6.62 Eα

l = 2
S E2 EG

2+4 S E2

2+2

In  the  previous  works,  we  studied  various  cases  of
elastic α-12C scattering at low energies [19−23], E1 trans-
ition  of 12C(α,γ)16O  and  an  estimate  of  factor  of
12C(α,γ)16O at  [24], and β delayed α emission from 16N
[10]  up  to  the  sub-leading  order  within  the  cluster  EFT.
The  experimental  data  of  each  of  the  reactions  are  well
reproduced by the fitted values of the parameters of reac-
tion amplitudes, but a problem we observed in the previ-
ous work (see Fig. 6 in Ref. [22]) is that, by using the fit-
ted parameters to the precise phase shift data up to the p-
15N breakup energy,  MeV (  is  the α energy
in  the  laboratory  frame),  reported  by  Tischhauser  et  al.
(2009) [25], a path of the inverse of dressed 16O propagat-
or for  cannot be uniquely determined in the low-en-
ergy  region,  where  the  factor  is  extrapolated  to .
In this  work,  we  study  this  issue,  by  introducing  condi-
tions applied to the effective range parameters in the low-
energy region, employing two kinds of experimental data,
the phase shift of the elastic α-12C scattering explicitly in-
cluding  resonant  state  of 16O  and  the  factor  of
12C(α,γ)16O below the energy of sharp resonant  state of
16O.

l = 2
2+1

2+1 |Cb|2

|Cb|2 = (2.41±0.38)×104

|Cb|2 = (1.11±0.11)×105

2+1

A  known  problem  in  the  study  of  the  elastic α-12C
scattering  for  at  low  energy  is  that  the  asymptotic
normalization  coefficient  (ANC)  of  the  subthreshold 
state of 16O calculated from the effective range paramet-
ers is significantly smaller than the values deduced from
other reactions, such as the α transfer reactions. An estim-
ate of the ANC of the subthreshold  state of 16O, ,
using  the  effective  range  parameters  was  reported  by
König,  Lee,  and  Hammer  as 
fm−1/2 [26],  which  is  about  a  factor  of  five  smaller  than
the value of  fm−1/2 deduced from
the α-transfer  reactions, 12C(6Li,d)16O  and 12C(7Li,t)16O
[27]. While a large uncertainty of the ANC of the  state
deduced from the elastic α-12C scattering within a poten-

18×104

2+1

l = 2
r2 P2 Q2

2+1

l = 2

2+4
S E2 EG

tial model, with values ranging from 2 to  fm−1/2,
was reported by Sparenberg, Capel,  and Baye [28]. (The
values of ANC of the  state of 16O in the literature are
summarized, e.g., in Table 2 in Ref. [29].) As will be dis-
cussed  in  the  following,  the  inverse  of  the  dressed 16O
propagator  for  is  represented  in  terms  of  the  three
effective  range  parameters, , , , which  approxim-
ately configure a cubic polynomial function. In Fig. 6 in
Ref.  [22],  three  kinds  of  lines,  1)  having  a  maximum
point  and  a  minimum point,  2)  having  a  plateau,  and  3)
simply  decreasing  one,  were  obtained  from  the  cubic
function in the low energy region, where there are no data
points  to  determine  which  line  is  correct,  even  though
those sets of fitted values of the effective range paramet-
ers  evenly  reproduce  the  accurate  phase  shift  data  well.
Thus,  we  introduce  the  conditions  to  the  effective  range
parameters,  which  make  a  value  of  the  ANC  of  the 
state larger and the line of the inverse of the dressed 16O
propagator  for  simply  decreasing.  Because  there  is
no verification of the conditions, we discuss its reliability
by studying  the  effects  of  the  conditions  on  the  observ-
able of the resonant  state of 16O and the estimate of the

 factor of 12C(α,γ)16O at .

2+4

Eα = 10

2+4 Eα =
4
3 ER(24) = 7.9

ER(24) 2+4
ER(24) = 5.86

Eα = 0

l = 2

2+1

2+1
2+1

l = 2
2+4

2+4

In  this  work,  we  first  study  the  elastic α-12C scatter-
ing at low energies including the resonant  state of 16O
in the cluster EFT. A set  of the experimental  data of the
phase shift  up to  MeV, reported by Bruno et  al.
(1975)  [30]  is  employed  along  with  the  precise  phase
shift data reported by Tischhauser et al. (2009) [25]. The
resonant  state  of 16O  appears  at 
MeV, where  is  the resonant energy of the  state
of 16O,  MeV  [5]. We  introduce  the  condi-
tions to restrict the parameter space of the effective range
parameters  in  the  low-energy region,  – 2.6  MeV,
and parameters of the S matrix of the elastic α-12C scatter-
ing  for  are  fitted  to  the  two  sets  of  the  phase  shift
data for  three  cases;  one  is  without  applying  the  condi-
tions to the effective range parameters and the other two
are those applied the conditions in the parameter fit.  For
one of the two, we employ a value of the ANC of the 
state  of 16O  to  fix  a  value  of  one  of  the  effective  range
parameters. For all cases, the fitted parameters reproduce
the phase shift data well, but we find a large difference in
the values of the ANC of the  state of 16O; we confirm
that the ANC of the  state of 16O cannot be determined
by the phase shift  data  of  the  elastic α-12C scattering for

. We also  find  the  noticeable  differences  in  the  val-
ues  of  parameters  for  the  resonant  state  of 16O.  We
compare  the  fitted  values  of  the  resonant  energy  and
width of the  state of 16O with those in the literature.

S E2

l = 2

We  then  employ  the  experimental  data  of  the 
factor  of 12C(α,γ)16O. First,  we study the energy depend-
ence of the inverse of the dressed 16O propagator for 
in  the  low-energy  region.  We  fix  one  of  the  effective
range parameters for the large value of the ANC to repro-
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2+1

y(0) h(2)
R

S E2 χ2

χ2/N = 1.18

S E2 S E2

EG = 0.3
S E2 EG

2+4 S E2

EG

2+1

2+1

duce a  value of  the ANC of  the  state  of 16O deduced
from the α-transfer reactions.  Then,  using  the  fitted  val-
ues of the effective range parameters for two of the three
cases,  two  additional  parameters,  and ,  of E2
transition  amplitudes  of 12C(α,γ)16O are  fitted  to  the  ex-
perimental  data of the  factor.  We find the  values
as  and  1.55,  for  the  cases  with  and  without
applying  the  conditions,  respectively,  where N is  the
number of the data of the  factor. Then, the  factor
is  extrapolated  to  MeV;  we find  quite  different
values  of  the  factor  at . We  discuss  the  signific-
ance  of  introducing  the  conditions  in  the  observables  of
the  state  of 16O and  the  estimate  of  the  factor  at

 and argue the necessity to adopt a value of the ANC
of  the  state  of 16O  deduced  from  the α-transfer reac-
tions  to  reduce  the  uncertainty  in  fixing  the  effective
range parameters of the  state of 16O.1)

l = 2

l = 2

2+4

l = 2

S E2

S E2 EG

S E2

l = 2

This  paper  is  organized  as  follows.  In  Section  2,  we
review the expression of the S matrix of the elastic α-12C
scattering  for  in  the  cluster  EFT.  In  Section  3,  the
numerical  results  of  this  work  are  presented;  in  Section
3.1, the conditions applied to the effective range paramet-
ers  are  discussed,  and  in  Section  3.2,  the  parameters  of
the S matrix for  are fitted to the experimental phase
shift data, and the fitted values of the resonant energy and
width  of  the  state  of 16O are  compared  with  those  in
the  literature.  In  Section  3.3,  the  energy  dependence  of
the inverse of the dressed 16O propagator for  on the
conditions in the low energy region is studied. Then, two
additional  parameters  of  the E2  transition  amplitudes  of
12C(α,γ)16O  are  fitted  to  the  experimental  data  of 
factor  and  the  factor  is  extrapolated  to . The  nu-
merical  results  of  the  factor are  presented  and  dis-
cussed. Finally, in Section 4, the results and discussion of
this  work  are  presented.  In  Appendix  A,  the  expansion
formulas of the digamma function and the inverse of the
dressed 16O propagator  for  are  summarized,  and  in
Appendix  B,  the  expression  and  derivation  of  the E2
transition amplitudes of 12C(α,γ)16O in the cluster EFT are
briefly discussed. 

II.  S MATRIX OF ELASTIC α-12C SCATTERING
AT LOW ENERGIES

δl

Ãl

In  this  section,  we  review  the  expression  of  the S
matrices  of  the  elastic α-12C  scattering  at  low  energies
and  its  brief  derivation  in  the  cluster  EFT  [23].  The S
matrices of the elastic α-12C scattering for lth partial wave
states  are  given  in  terms  of  phase  shifts, ,  and  elastic
scattering amplitudes, , as
 

S l = e2iδl = 1+2ipÃl . (1)

We now assume that the phase shifts can be decomposed
as 

δl = δ
(bs)
l +δ

(rs1)
l +δ(rs2)

l +δ(rs3)
l , (2)

δ(bs)
l

δ(rsN)
l N = 1,2,3

where  is a phase shift generated from a bound state,
and  with  are those from the first, second,
and  third  resonant  states,  and  each  of  those  phase  shifts
may have  a  relation  to  a  corresponding  scattering  amp-
litude as 

e2iδ(ch)
l = 1+2ipÃ(ch)

l , (3)

ch(annel) = bs,rsN Ã(bs)
l Ã(rsN)

l

N = 1,2,3

Ãl

Ã(bs)
l Ã(rsN)

l

N = 1,2,3

where ,  and  and  with
 are the amplitudes for the binding part and the

first,  second,  and  third  resonant  parts  of  the  amplitudes,
which  are  derived  from the  effective  Lagrangian  in  Ref.
[23]. The total amplitudes  for the nuclear reaction part
in  terms  of  the  four  amplitudes,  and  with

, read 

Ãl = Ã(bs)
l + e2iδ(bs)

l Ã(rs1)
l + e2i(δ(bs)

l +δ
(rs1)
l )Ã(rs2)

l

+ e2i(δ(bs)
l +δ

(rs1)
l +δ

(rs2)
l )Ã(rs3)

l . (4)

We note that the total amplitudes are not obtained as the
summation  of  the  amplitudes,  but  the  additional  phase
factors appear in front of them.

l = 2
2+1 2+2 2+3 2+4

Ã(bs)
l

l = 2

The amplitudes  are  calculated  by using the  diagrams
in Figs.  1 and 2 [19, 20, 22].  In the present  study of the
elastic α-12C  scattering  for , we  include  the  sub-
threshold  bound  state  and  three  resonant , , 
states  of 16O.  For  the  bound  state  amplitude,  with

, one has 

Ã(bs)
2 =

C2
ηW2(p)

K2(p)−2κH2(p)
, (5)

C2
ηW2(p)

l = 2

p =
√

2µE

where  in the numerator of the amplitude is cal-
culated from the  initial  and  final  state  Coulomb  interac-
tions for  in Fig. 2; p is the magnitude of relative mo-
mentum of the α-12C system in the center of mass frame,

, where E is the energy of the α-12C system, and 

W2(p) =
1
4
(
κ2+4p2

)(
κ2+ p2

)
, C2

η =
2πη

exp(2πη)−1
, (6)

Fixing effective range parameters in elastic α-12C scattering: an impact on resonant 24
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EG1) Recently, the ambiguity of the ANCs of all bound states of 16O in the estimate of the S factors of 12C(α, γ)16O at  are studied in the framework of the R-matrix
analysis by Mukhamedzhanov et al. [31].
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η = κ/p
κ = ZαZ12CαEµ ZA

αE

κ = 245
κ > ΛH

−2κH2(p)

where η is  the  Sommerfeld  parameter, : κ is  the
inverse of the Bohr radius, , where  is the
number of protons in a nucleus, and  is the fine struc-
ture constant. One has  MeV, which is regarded as
a  large scale  of  the  theory because of . The func-
tion  in the denominator of the amplitude is the
Coulomb  self-energy  term,  which  is  calculated  from the
loop diagram in Fig. 1, and one has 

H2(p) =W2(p)H(η) , H(η) = ψ(iη)+
1

2iη
− ln(iη) , (7)

ψ(z)

Eα = 2.6
−2κHl(p) l = 0,1,2

l = 2
2κH2(p)

1/η2 = (p/κ)2 p→ 0
H2(p) (p/κ)2

where  is the digamma function. As discussed in Ref.
[20],  large  and  significant  contributions  to  the  series  of
effective range expansions, compared to the terms calcu-
lated using a phase shift datum at the lowest energy of the
data,  MeV [25], appear from the Coulomb self-
energy  term,  with .  In  addition,  for

,  one  can  find  the  appearance  of  the  large  terms  by
expanding  the  self-energy  term, ,  in  terms  of

 in  limit.  Expressions of  the function
 expanded in powers of  are presented in Ap-

pendix A. Thus, one has 

2κReH2(p) =
1

24
κ3 p2+

17
80
κp4+

757
4032κ

p6

+
289

10080κ3
p8+

491
22176κ5

p10+ · · · , (8)

κ3
where one may notice that the large terms proportional to

 and κ appear in the first and second terms on the right-
hand side of the equation. Those terms are regarded as the
terms that do not obey the counting rules and need to be
subtracted by the counter terms [32, 33].

K2(p)
Nuclear interaction  is  represented  in  terms  of  the  ef-

fective range parameters in the function  in the de-
nominator of the amplitude in Eq. (5). We introduce two

p2 p4

p6

p6 l = 2

terms proportional to  and  as leading order contribu-
tions,  to  subtract  the  two  large  contributions  from  the
self-energy term mentioned above, and a term proportion-
al to  as a sub-leading one; the effective range terms up
to  order are included for , and we have 

K2(p) = − 1
a2
+

1
2

r2 p2− 1
4

P2 p4+Q2 p6 , (9)

a2 r2 P2 Q2

l = 2
where , , ,  are  the  effective  range  parameters
for .

a2 r2 P2 Q2

Ã(bs)
2

2+1

We  fix  a  parameter  among  the  four  effective  range
parameters, , , , ,  by  using a  condition that  the
inverse  of  the  scattering  amplitude  vanishes  at  the
binding energy of the  state of 16O. Thus, the denomin-
ator of the scattering amplitude, 

D2(p) = K2(p)−2κH2(p) , (10)

p = iγ2 γ2

2+1 γ2 =
√

2µB2 = 37.0
a2

K2(p)

vanishes  at  where  are  the  binding  momentum
of  the  state  of 16O;  MeV.  We  fix
the  scattering  length  by using  the  condition  and  re-
write the expression of the function  as 

K2(p) =
1
2

r2(γ2
2 + p2)+

1
4

P2(γ4
2 − p4)

+Q2(γ6
2 + p6)+2κH2(iγ2) . (11)

√
Z2 2+1

l = 2

At the binding energy, one has the wave function nor-
malization factor  for the bound  state of 16O in the
dressed 16O propagator for  as 

1
D2(p)

=
Z2

E+B2
+ · · · , (12)

E = −B2where the dots denote the finite terms at , and one
has 

√
Z2 =

Ç∣∣∣∣dD2(p)
dE

∣∣∣∣
E=−B2

å−1/2

=

Ç
2µ

∣∣∣∣dD2(p)
dp2

∣∣∣∣
p2=−γ2

2

å−1/2

.

(13)

√
Z2The  wave  function  normalization  factor  is multi-

plied to  a  reaction  amplitude  when  the  bound  state  ap-
pears in the initial or final state of a reaction.

 

Fig.  1.    Diagrams  for  dressed 16O  propagators.  A  thick  and  thin  double  dashed  line  with  or  without  a  filled  circle  represents  the
dressed or bare 16O propagator, respectively. A thick (thin) dashed line represents a propagator of 12C (α), and a shaded blob in the loop
diagrams represents the Coulomb Green's function.

 

Fig.  2.    Diagram  for  elastic α-12C  scattering  amplitudes.  A
shaded blob represents the initial or final Coulomb wave func-
tion,  and  a  thick  and  thin  double-dashed  line  with  a  filled
circle  a  dressed 16O  propagator.  See  the  caption  of Fig.  1 as
well.
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|Cb|lThe ANCs  for the bound states of 16O are calcu-
lated  by  using  the  formula  of  Iwinski,  Rosenberg,  and
Spruch [34] 

|Cb|l =
γl

l

l!
Γ(l+1+ κ/γl)

Ç∣∣∣∣dDl(p)
dp2

∣∣∣∣
p2=−γ2

l

å−1/2

, (14)

Γ(x)

√
Zl

2+1 |Cb|2
r2

P2 Q2

where  is  the  gamma  function,  and  one  may  notice
that the ANCs are proportional to the wave function nor-
malization factor  comparing Eqs. (13) and (14). The
ANC of the  state of 16O, , can be calculated by us-
ing the fitted values of the effective range parameters, ,

, .
2+2 2+3 2+4The amplitudes for the resonant , ,  states may

be obtained in the Breit-Wigner-like expression as 

Ã(rsN)
2 = − 1

p

1
2Γ(2i)(E)

E−ER(2i)+R(2i)(E)+ i 1
2Γ(2i)(E)

, (15)

with 

Γ(2i)(E) = ΓR(2i)
pC2

ηW2(p)
prC2

ηr
W2(pr)

, (16)

 

R(2i)(E) = a(2i)(E−ER(2i))2+b(2i)(E−ER(2i))3 , (17)

ER(2i) ΓR(2i)

2+i i = N +1 N = 1,2,3 pr

ηr = κ/pr

R(2i)(E)
E = ER(2i)

a(2i) b(2i)

where  and  are the energy and width of the res-
onant  states  (where  with ),  and 
and  are the momenta and Sommerfeld factors at
the  resonant  energies:  we  suppressed  the i indices  for
them. The functions  have the second and third or-
der  corrections  expanded  around ,  where  the
coefficients,  and , are fitted to the shapes of res-
onant peaks.

l = 2
Using the relations for the amplitudes in Eqs. (5) and

(15),  the S matrix  for  in  Eq.  (1)  is  obtained  in  a
simple and transparent expression as 

e2iδ2 =
K2(p)−2κReH2(p)+ ipC2

ηW2(p)
K2(p)−2κReH2(p)− ipC2

ηW2(p)

×
4∏

i=2

E−ER(2i)+R(2i)(E)− i 1
2Γ(2i)(E)

E−ER(2i)+R(2i)(E)+ i 1
2Γ(2i)(E)

, (18)

E = p2/(2µ)

where we represented the part of the subthreshold state as
a function of momentum, p, and the parts of the resonant
states  as  functions  of  energy, E;  they  are  related  by  the
non-relativistic equation, . 

III.  NUMERICAL RESULTS

In this section, we first introduce the conditions to ap-

l = 2 Eα = 10 S E2

E = 2.5

l = 2

2+4

l = 2

S E2

S E2

EG

ply to the effective range parameters when fitting them to
the phase shift data. We then employ two kinds of experi-
mental data, the phase shift of the elastic α-12C scattering
for  up  to  MeV  and  the  factor  of
12C(α,γ)16O up to  MeV. Employing the phase shift
data, we fit the parameters of the S matrix of the elastic α-
12C scattering for  with and without applying the con-
ditions, and compare the fitted values of resonant energy
and width of the  state of 16O with those in the literat-
ure. We then study the energy dependence of the inverse
of the dressed 16O propagator for  in the low-energy
region  by  using  the  fitted  values  of  the  effective  range
parameters. Then, employing the experimental data of the

 factor,  we  fit  additional  parameters  of  the E2 trans-
ition amplitudes of 12C(α,γ)16O, and the  factor is  ex-
trapolated to . 

A.    Conditions applied to the effective range parameters
D2(p)

p2

r2 P2 Q2

2+1

r2 P2 Q2

0 ≤ Eα ≤ 2.6

The  inverse  of  the  propagator, , is  approxim-
ately  represented  as  a  cubic  equation  in  powers  of ,
whose coefficients are given by the effective range para-
meters , , .  In  general,  it  can  have  a  minimum
point and a maximum point, a flat plateau, or a simply de-
creasing  one  in  the  low-energy  region,  as  mentioned
above.  To  make  it  a  simple  decreasing  function,  which
results in a large value of the ANC of the  state of 16O,
we  introduce  the  conditions  when  fitting  the  effective
range  parameters, , , ,  in  the  low  energy  region,

 MeV.
H(η) 1/η

η→∞
ψ(z)

ReD2(p)
E = −B2 p2 = −γ2

2

We first expand the function  in terms of  in
the asymptotic limit, ; the formulas for the expan-
sion of the digamma function  are summarized in Ap-
pendix A. Thus, the real part of the inverse of the propag-
ator, ,  in  Eq.  (10)  expanded  around  the  binding
energy, , i.e., , is obtained as 

ReD2(p) ≃
5∑

n=1

Cn(γ2
2 + p2)n , (19)

with 

C1 =
1
2

Å
r2−

1
12
κ3
ã
+

1
2

Å
P2+

17
20
κ

ã
γ2

2

+3
Å

Q2−
757

4032κ

ã
γ4

2 +
289

2520κ3
γ6

2

− 2455
22176κ5

γ8
2 + · · · , (20)

 

C2 = −
1
4

Å
P2+

17
20
κ

ã
−3
Å

Q2−
757

4032κ

ã
γ2

2

− 289
1680κ3

γ4
2 +

2455
11088κ5

γ6
2 − · · · , (21)
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C3 = Q2−
757

4032κ
+

289
2520κ3

γ2
2 −

2455
11088κ5

γ4
2 + · · · ,

(22)

 

C4 = −
289

10080κ3
+

2455
22176κ5

γ2
2 − · · · , (23)

 

C5 = −
491

22176κ5
+ · · · , (24)

Cn < 0 n = 1,2,3
ReD2(p)

C4 C5 < 0

and  the  conditions;  for  are  introduced,
which  make  simply  decrease  in  the  low energy
region.  (One  may  notice  that ,  above.)  These
conditions lead to restrictions on the effective range para-
meters as 

Q2 <
757

4032κ
− 289

2520κ3
γ2

2 +
2455

11088κ5
γ4

2 + · · · , (25)

 

P2 > −17
20
κ−12

Å
Q2−

757
4032κ

ã
γ2

2 −
289

420κ3
γ4

2

+
2455

2772κ5
γ6

2 + · · · , (26)

 

r2 <
1

12
κ3−
Å

P2+
17
20
κ

ã
γ2

2 −6
Å

Q2−
757

4032κ

ã
γ4

2

− 289
1260κ3

γ6
2 +

2455
11088κ5

γ8
2 + · · · ,

(27)

(γ2/κ)2 = 0.023 < (Q/ΛH)2 = 0.0625
where  the  terms  are  expanded  in  powers  of

 [ ];  the  truncation  of
higher-order terms would be a good approximation. From
those conditions, one has the minimum or maximum val-
ues of the effective range parameters as 

r2,max = 0.159026fm−3 , P2,mim = −1.05390fm−1 ,

Q2,max = 0.149343fm . (28)

Z2

C1 Z−1
2 = −2µC1

C1 2+1

We note that the wave function normalization factor  in
Eq. (13) is obtained by  in Eq. (20),  (note
that  is negative), and the ANC of the  state of 16O is
presented as 

|Cb|2 =
1
2
γ2

2 Γ(3+ κ/γ2)
1√
−C1

. (29)

2+1 |Cb|2

r2 P2 Q2 C1

Thus, if one adopts the ANC of  state of 16O, , as
an input, then one can fix one of the three effective range
parameters, , , , in  by this equation. 

2+4B.    Fitting the effective range parameters and the 
state of 16O

Eα = 6.62

2+2 2+3
Eα(2+2 ) = 3.58 Eα(2+3 ) = 5.81

r2 P2 Q2 l = 2

2+1

l = 2 ReD2(p)
S E2 EG

l = 2
Eα = 10

2+4

l = 2 r1

|Cb|2 θ = {r2,P2,Q2,ER(22),ΓR(22),ER(23),ΓR(23),

a(23),b(23),ER(24),ΓR(24),a(24),b(24)}

χ2

In  the  previous  work  [22],  we  employed  the  precise
phase shift data up to  MeV, reported by Tisch-
hauser et  al.  (2009) [25],  to fit  the parameters,  including
the  resonant  and  states  of 16O.  (They  appear  at

 MeV  and  MeV.) We  ob-
tained six sets of the values of effective range parameters,

, , , fitted well the precise phase shift data for 
(see Tables 1 and 2 in Ref.  [23]),  but those values make
the different values of the ANC of the  state of 16O and
the  different  paths  of  the  real  part  of  the  inverse  of  the
dressed 16O propagator for , , in the low en-
ergy  region  where  the  factor  is  extrapolated  to 
(see Fig. 6 in Ref. [23]). In the present work, we employ
and  include  a  set  of  the  phase  shift  data  for  up  to

 MeV reported by Bruno et al. (1975) [30], to re-
fit  the  parameters  explicitly  including  the  resonant 
state of 16O in the S matrix of the elastic α-12C scattering
for . There are 13 parameters (12 parameters when 
is  fixed  by ), 

,  which  are  fitted  to  the
two sets  of  the  phase  shift  data,  introducing  the  condi-
tions  to  the  effective  range  parameters,  by  means  of  the

 fit using an MCMC ensemble sampler [35].

2+1
|Cb|2 = 10×104

r2

N = 245
2+4

a(24)

b(24)

ΓR(24) χ2/N
ΓR(24) χ2/N

N = 26

r2 P2 Q2

|Cb|2
|Cb|2 = 3.24×104

In Table 1, values of the parameters fitted to the phase
shift  data  are  displayed;  in  the  second  column,  those  in
the previous work (the column (I) in Table 2) [22], in the
third  column,  those  of  this  work  without  applying  the
conditions,  and in  the  fourth  and fifth  columns,  those  of
this work applying the conditions in Eqs. (25), (26), (27)
to  the  effective  range  parameters  are  presented.  In  the
fifth column, the value of the ANC of the  state of 16O,

 fm−1/2, is adopted to fix one of the effect-
ive  range  parameters, . In  the  previous  work,  we  em-
ployed  the  experimental  data  reported  by  Tischhauser  et
al.  (2009) [25] only (the number of data is );  we
included the  state as a background from high energy,
where  the  resonant  energy  and  width  are  fixed  by  using
the  experimental  data  [5]  and  the  parameters  and

 were not included. One can see that the values in the
second  and  third  columns  are  in  good  agreement  except
for  those  of  and .  We  discuss  the  values  of

 later,  and  the  larger  values  of  are  due  to  the
inclusion of the phase shift data reported by Bruno et al.
(1975) [30] (the number of data is ). We find that
the  conditions  applied  to  the  effective  range  parameters
change the values of , ,  significantly in the third
column and the fourth and fifth columns. One may notice
that  the  values  of  the  effective  range  parameters  in  the
second and third columns do not satisfy the bounds due to
the  conditions  in  Eq.  (28),  and  those  in  the  fourth  and
fifth columns satisfy them. The values of ANC,  are
altered  largely;  we  obtain  fm−1/2 when
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2+4
|Cb|2 = 22.8×104

|Cb|2 = (3.2−22.8)×104

(2−18)×104

χ2/N

2+1
l = 2

a(23) 2+3

not applying the conditions, which is about a factor of 1.6
larger  than  that  reported  by  König,  Lee,  and  Hammer.
This  may be due to  the  inclusion of  state  of 16O (see
Ref.  [22]  as  well),  and  fm−1/2 when ap-
plying the conditions in the fourth column, which is about
a  factor  of  two  larger  than  those  deduced  from  the α-
transfer  reactions.  While  this  range  of  the  values  of  the
ANC,  fm−1/2 agrees with  that  re-
ported by Sparenberg, Capel, and Baye in their study em-
ploying a potential model,  fm−1/2 [28]. In ad-
dition, the values of  are similar in the third column
and  the  fourth  and  fifth  columns;  we  confirm  that  the
ANC of the  state of 16O cannot be determined by the
phase  shift  data  of  the  elastic α-12C  scattering  for .
One can also find that the values of the shape parameter,

, of the  state and the width and shape parameters,

ΓR(24) a(24) b(24) 2+4, ,  and  of  the  state  are  altered  between
the third column and the fourth and fifth  columns in the
table.

l = 2 Eα

Eα = 6.62
2+4

Eα = 10

In Fig. 3, the phase shifts of the elastic α-12C scatter-
ing for  are plotted as functions of the α energy .
A solid line is plotted using the values of the parameters
in the third column in Table 1, and a dotted line is drawn
using  those  in  the  fourth  column of  the  same  table.  The
experimental  data  reported  by  Tischhauser  et  al.  (2009)
[25]  (the  accurate  data  up  to  the p-15N  breakup  energy,

 MeV)  and  Bruno  et  al.  (1975)  [30]  (the  data
covering the high-energy region for the resonant  state
of 16O up to  MeV) are also displayed in the fig-
ure. One  can  see  that  both  lines  reproduce  the  experi-
mental data well.

In Fig.  4,  the same lines with the bands and the data

 

l = 2

2+1 |Cb |2 = 10×104

r2 2+1
r2 P2 Q2 χ2/N

ER(24) ΓR(24) a(24)

b(24)

Table 1.    Fitted values of the parameters of the S matrix of the elastic α-12C scattering for  to the two sets of the phase shift data
[25, 30].  In the second column, those from column (I)  in Table 2 in the previous work [22],  in the third column, those of this work
without applying the conditions, and in the fourth and fifth columns, those of this work applying the conditions to the effective range
parameters in Eqs. (25), (26), (27) are displayed. In the fifth column, the value of the ANC of the  state of 16O,  fm−1/2,
is employed to fix the value of  (marked by *). In the second row from the bottom, values of the ANC of the  state of 16O, which
are calculated with the values of , , , and in the last row, values of  (N) (N is the number of data), are displayed. In the pre-
vious work,  and  were included as fixed values (marked by *) by using the experimental data [5], and the parameters 
and  were not included.

Prev. work w/o cond. This work w/o cond. This work w cond.(1) This work w cond.(2)

r2  (fm−3) 0.149(4) 0.150(6) 0.1586(3) 0.1575*

P2  (fm−1) −1.19(5) −1.18(8) −1.047(2) −1.049(2)

Q2  (fm) 0.081(16) 0.084(3) 0.138(2) 0.141(2)

ER(22)  (MeV) 2.68308(5) 2.68308(1) 2.68308(1) 2.68308(1)

ΓR(22)  (keV) 0.75(2) 0.76(1) 0.76(1) 0.76(1)

ER(23)  (MeV) 4.3545(2) 4.3533(3) 4.3537(1) 4.3536(1)

ΓR(23)  (keV) 74.61(3) 74.5(1) 74.5(1) 74.5(1)

a(23)  (MeV−1) 0.46(12) 0.6(2) 1.1(1) 1.2(1)

b(23)  (MeV−2) 0.47(9) 0.5(2) 0.6(1) 0.6(1)

ER(24)  (MeV) 5.858* 5.92(2) 5.90(2) 5.89(2)

ΓR(24)  (keV) 150* +60
−40300 235(20) 237(19)

a(24)  (MeV−1) – 0.3(4) 0.6(1) 0.67(9)

b(24)  (MeV−2) – +0.79
−0.500.96 0.3(1) 0.2(1)

|Cb |2 −1/2 (fm ) ×1043.1(6) ×1043.24 ×10422.8 10×104∗

χ2/N  (N) 0.66 (245) 3.02 (271) 3.04 (271) 3.05 (271)

 

2+4Table 2.    Resonant energy and width of the  state of 16O. The values in the second, third, and fourth columns are from the literature;
Bruno et  al.  (1975) [30],  the compilation edited by Tilley,  Weller,  and Cheves (TWC) (1993) [5],  and deBoer et  al.  (2012) [36], re-
spectively. Those in the fifth and sixth columns are the fitted values of this work without and with the conditions applied to the effect-
ive range parameters.

Bruno (1975) TWC (1993) deBoer (2012) This work w/o cond. This work w cond.(1)

ER(24)  (MeV) 5.83(3) 5.858(10) 5.805(2) 5.92(2) 5.90(2)

ΓR(24)  (keV) 520(200) 150(10) 349(3) 300+60
−40 235(20)
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2+4

shown in Fig. 3 are displayed in the energy region for the
resonant  state  of 16O.  A  dashed-dotted  line  using  the
parameters  obtained  in  the  previous  work  (those  in  the
second  column  in Table  1)  is  also  plotted  in  the  figure.
The  bands  represent  the  uncertainty  of  the  phase  shifts,
which are calculated as the band of 16% to 84% distribu-
tion  of  a  phase  shift  calculated  from  the  samples  of  the
parameters  in  the  MCMC analysis.  One  can  see  that  the
bands  fitted  to  the  data  in  this  work  become  better  than

2+4

that in the previous work. The two bands in this work are
distinguishable, but the data have a significant size of the
error bars; it  may not be easy to determine which line is
better than the other. As discussed above, this difference
can also be seen in the different values of the parameters
of  the  state  of 16O in the third and fourth columns of
Table 1.

2+4 ER(24) ΓR(24)

ER(24)

ΓR(24)

ΓR(24) = 150(10)

2+4
2+1

In Table 2, we summarize the values of resonant en-
ergy and width of the  state of 16O,  and , in
the  literature  and  our  results  presented  in Table  1.  We
have larger  values of  the resonant  energy, ,  by two
sigma  deviation  from  the  value  of  Bruno  et  al.  (1975)
[30]. One can see that the values of  in the literature
are still scattered and the uncertainties of those values are
significant; those values are in good agreement within the
error  bars,  except  for  that  of  the  compilation  edited  by
Tilley,  Weller,  and  Cheves  (1993)  [5], 
keV,  which  is  significantly  smaller  than  the  others.  To
improve  the  situation,  it  may  be  helpful  to  have  a  more
precise data set of the phase shift in the energy region for
the  resonant  state  of 16O.  We  note  that  because  two
channels, α-12C*( ) and p-15N states, open in this energy
region, the  inelastic  channels  of  the  scattering  start  con-
tributing. Thus, it is necessary to improve the treatment in
the theory as well. 

S E2

EG

C.    Dressed 16O propagator and and the estimate of 
factor at 

D2(p)
S E2

D2(E) = D2(p)

r2 P2 Q2

ReD2(E)

We are now in the position to study the effect of the
conditions  applied  to  the  effective  range  parameters  on
the  inverse  of  the  propagator, ,  and  the  calculation
of  the  factor  of  the E2  transition  of 12C(α,γ)16O.  In
Fig. 5, we plot the real part of  [ ] as a func-
tion of the energy E of the α-12C system in the center-of-
mass frame at the low-energy region. A solid line is cal-
culated  by  using  the  values  of , ,  in  the  third
column of Table 1 and a dotted line by using those in the
fourth  column  of  the  same  table.  The  experimental  data
of  the  phase  shift  reported  by  Tischhauser  et  al.  (2009)
[25] are converted to  using a relation, 

ReD2(p) = pW2(p)C2
η cotδ2 , (30)

0 < E < 1.95

2+1 E = −B2

D2(−B2) = 0

and  plotted  in  the  figure  as  well.  One  can  see  that  the
paths  of  the  two  lines  are  quite  different  because  of  the
conditions applied (or not applied) to the effective range
parameters. The  solid  line  has  a  plateau  in  the  low  en-
ergy  region,  MeV,  and  the  dotted  line  is
smoothly decreasing,  while  both  lines  reproduce  the  ex-
perimental data equally well. In addition, at the top of the
figure, both lines start at the same point, i.e., at the bind-
ing  energy  of  the  state  of 16O, ,  where

.  One  may  notice  that  the  gradients  of  the
lines at this point are also quite different; they are related

 

l = 2 Eα

Fig. 3.    (color online) Phase shifts of the elastic α-12C scatter-
ing  for  plotted  as  functions  of  the α energy  in  the
laboratory frame. A solid line is plotted by using the values of
the parameters in the third column in Table 1 and a dotted line
by using those in the fourth column in the same table. The ex-
perimental data reported by Tischhauser et al. (2009) [25] and
Bruno et al. (1975) [30] are displayed in the figure as well.

 

2+4
Eα

Fig.  4.    (color online) The same phase shifts  with the bands
displayed  in Fig.  3 in  the  energy  region  of  the  resonant 
state  plotted  as  functions  of  the α energy .  The bands,  the
16% to 84% distribution of a phase shift, are calculated from
the  samples  of  the  parameters  in  the  MCMC  analysis.  A
dashed-dotted line  is  also  plotted  using  the  parameters  ob-
tained in the previous work (those in the second column in Ta-
ble 1). See the caption in Fig. 3 as well.
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2+1 |Cb|2

|Cb|2

E = −B2

E =
3
4

Eα = 1.95

D2(p)

D2(E) = D2(p)
S E2 EG = 0.3

to the values of the ANC of the  state of 16O, ,  in
Eq.  (14).  Because  the  square  of  the  root  of  the  gradient
appears in the denominator of the formula of , a large
negative  angle  associated  with  the  horizontal  line  at  this
point leads to a small value of the ANC, and a small neg-
ative  angle  leads  to  a  large value of  the  ANC. Thus,  we
obtained quite  different  values,  the  small  and  large  val-
ues of the ANC in Table 1. The two lines go through the
different  paths  between  the  point  at  and  the
datum  of  phase  shift  whose  lowest  energy  is

 MeV. Because the inverse of the propag-
ator  appears  in  the  denominator  of  the E2 trans-
ition amplitudes of 12C(α,γ)16O, the energy dependence of

 [ ] in the low energy region is crucial when
extrapolating the  factor to  MeV.

By employing the two sets of fitted values of the ef-
fective range parameters in the third and fifth columns in
Table 1, we fit additional parameters in the E2 transition

S E2

h(2)
R

y(0) S E2

2+2
E = 2.5

amplitudes of 12C(α,γ)16O to the experimental data of the
 factor of 12C(α,γ)16O. The expression of the E2 trans-

ition  amplitudes  and  its  brief  derivation  are  presented  in
Appendix B; we have two additional parameters,  and

,  in the amplitudes.  The experimental  data of  the 
factor  below  the  resonant  energy  of  of 16O,  up  to

 MeV,  reported  by  Ouellet  et  al.  (1996)  [37],
Roters  et  al.  (1999)  [38],  Kunz  et  al.  (2001)  [39],  Fey
(2004)  [40],  Makii  et  al.  (2009)  [41],  and  Plag  et  al.
(2012) [42], are employed for fit.

h(2)
R

y(0) χ2/N

r2 P2 Q2

S E2 EG = 0.3

h(2)
R y(0)

h(2)
R y(0) χ2/N

χ2/N = 1.55
S E2 EG

S E2 = 4.1±0.2 40+14
−12

S E2

In Table  3,  fitted  values  of  the  parameters,  and
, are presented with the  values. When fitting the

parameters,  the values of  the effective range parameters,
, , , displayed in the third and fifth columns in Ta-

ble 1 are used. Values of the  factor at  MeV
are calculated  by  using  the  fitted  values  of  the  paramet-
ers,  and ,  and displayed in the table  as  well.  One
can  see  in  the  table,  the  fitted  values  of  the  parameters,

 and , are still scattered for the two cases. The 
values in the last two columns are  and 1.18,
and the deduced values of  at  show a difference of
a  factor  of  ten.  We have  and  keVb,
respectively.  Those  two  values  are  still  within  the  range
of  previously  reported  values  of  the  factor summar-
ized in Table IV in Ref. [9].

S E2

S E2

S E2

S E2

|Cb|2 = 10×104

S E2

D2(E)

χ2/N

In Fig.  6,  two bands  of  the  factor  of 12C(α,γ)16O
are plotted as functions of the energy E of the initial α-12C
state  in  the  center-of-mass  frame.  The experimental  data
of  the  factor  are  included  in  the  figure  as  well.  A
band of  cyan of  the  factor, which exhibits  a  minim-
um point and a maximum point, is calculated by using the
fitted values of the parameters to which the conditions to
the effective range parameters are not applied, and a band
of magenta of the  factor, which is simply decreasing,
is by using those to which the conditions are applied and
one of the three effective range parameters is constrained
by the value of the ANC,  fm−1/2, with Eq.
(29). One can see that the energy dependence of the 
factor stems mainly from that of ,  which appear in
the  denominator  of  the E2  transition  amplitudes  of
12C(α,γ)16O,  displayed  in Fig.  5.  The  values  of  the
bands are 1.55 and 1.18, respectively, and it indicates that

 

ReD2(E) = ReD2(p)

r2 P2 Q2

EG = 0.3

Fig. 5.    (color online) Real part of the inverse of the propag-
ator,  [ ],  plotted as a function of the energy
E of the α-12C system in the center-of-mass frame. A solid line
is  plotted  using  the  values  of  the  effective  range  parameters,

, , , in the third column in Table 1 and a dotted line by
those in the fourth column in the same table.  The phase shift
data reported by Tischhauser et  al.  (2009) [25] are converted
and  displayed  in  the  figure  as  well.  A  vertical  blue  line  is
drawn at  MeV.

 

h(2)
R y(0) S E2

r2 P2 Q2 r2 P2 Q2

r2 P2 Q2 χ2/N

S E2 EG = 0.3

Table 3.    Values of  and  fitted to the experimental data of the  factor by using the two sets of values of the effective range
parameters, , , . For the values in the second column, the values of , ,  presented in the third column of Table 1 are used,
and for those in the third column, the values of , ,  presented in the fifth column of Table 1 are used.  values for the fit are
displayed in the table as well.  at  MeV is calculated by using the fitted parameters.

|Cb |2  (fm−1/2) 3.2×104This work (w/o cond.) 10×104This work (w cond.(2)) 

h(2)
R ×10−11  (MeV4) 50.6±0.4 45.53+0.04

−0.03

y(0)  (MeV−1/2) 1.99±0.01×10−3 5.9±0.1×10−2

χ2/N N = 51 ( ) 1.55 1.18

S E2 EG (keVb) at 4.1±0.2 40+14
−12
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the  band of  magenta  is  better  to  fit  the  data  than  that  of
cyan. 

IV.  RESULTS AND DISCUSSION

l = 2
r2 P2 Q2

Eα = 6.62

Eα = 10 2+4

l = 2

2+1
|Cb|2 = 10×104

r2

2+4 ΓR(24) = 235(20)
300+60

−40

ΓR(24) = 150(10)
2+1 |Cb|2 = 23.3×104

3.24×104

In this work, we first studied the elastic α-12C scatter-
ing for  introducing the conditions applied to the ef-
fective range parameters, , , , when fixing them to
the phase shift data. We employed the two data sets of the
elastic scattering; one is precise phase shift data up to the
p-15N breakup energy,  MeV, reported by Tisch-
hauser et al.  (2009) [25], and the other is the data set up
to  MeV  where  the  resonant  state  of 16O  is
covered by the data, reported by Bruno et al. (1975) [30].
We fit the parameters of the S matrix of the elastic α-12C
scattering  for  to  the  phase  shift  data  for  the  three
cases; one is without applying the conditions, and the oth-
er  two  are  with  the  conditions  applied  to  the  effective
range parameters  in  the  low-energy region where  no ex-
perimental  data  are  reported.  In  one  of  the  two  with  the
conditions applied,  the value of  the ANC of the  state
of 16O,  fm−1/2, is used to fix one of the ef-
fective range parameters, .  We found the larger  values
of  the  width  of  the  state  of 16O,  and

 keV,  than  that  listed  in  the  compilation,
 keV [5], and the large and small values of

ANC  of  the  state  of 16O,  and
 fm−1/2, for  the  two  of  the  three  cases,  respect-

ively,  while  all  of  the  three  sets  of  the  fitted  parameters
equally  reproduce  the  phase  shift  data  well.  The  fitted

S E2

l = 2
S E2 EG

h(2)
R y(0)

S E2 χ2/N
χ2/N = 1.18 S E2

EG

2+1
|Cb|2 = 10×104

S E2 = 40+14
−12 4.1±0.2 EG = 0.3

S E2 EG

values  of  the  effective  range  parameters  for  two  sets  of
the three cases were applied to the study of the  factor
of 12C(α,γ)16O. First,  we study the energy dependence of
the inverse of 16O propagator for  in the low energy
region where the  factor is  extrapolated to .  Then,
we fit  the additional  two parameters,  and ,  of  the
E2 transition amplitude of 12C(α,γ)16O to the experiment-
al  data  of  the  factor  with  the  values,

 and  1.55,  and  extrapolate  the  factor  to
, where, as mentioned, we have fixed one of the effect-

ive range parameters for the case of the large ANC by ad-
opting the ANC of the  state of 16O deduced from the
α-transfer  reactions,  fm−1/2.  We  obtain

 and  keVb at  MeV, respect-
ively;  we  find  that  both  values  are  within  the  range  of
previously reported values of  at  in the literature.

l = 2

S E2 EG

S E2

There  is  no  restriction  on  whether  one  should  apply
the  conditions  to  the  effective  range  parameters  or  not
when  fitting  to  the  phase  shift  data  because  the  phase
shift  data  are  equally  well-fitted  for  all  cases.  In  other
words,  the  phase  shift  data  for  cannot  determine
which line drawn in Fig. 5 is better than the other, while
it is crucial to extrapolate the  factor to . One may
argue the need to introduce the conditions employing an
argument of  the  simplicity  of  natural  laws,  as  once  dis-
cussed  by  Poincaré;  he  wrote “natural  laws  must  be
simple” [43].  For  the  present  case,  one  may  regard  that
the dotted line (simply decreasing) is simpler than the sol-
id  line  (having  a  plateau)  in Fig.  5;  the  appearance  of
such a bump of the  factor in Fig. 6 might indicate in-
terference with an unknown bound or resonant state at the
low energies. While such an assumption should be tested
by experiment or other possible methods.

2+4

ΓR(24) = 349(3)

ΓR(24) = 300+60
−40

A quantity that could test a verification of the condi-
tions  may  be  the  width  of  the  resonant  state  of 16O.
The  reported  values  displayed  in Table  2 are  still
scattered,  but  the  value,  keV, recently  re-
ported by deBoer et al. (2012) could support the result of

 keV, which was obtained without applying
the  conditions.  Meanwhile,  as  discussed  above,  we need
to improve the treatment in theory because the new chan-
nels start opening in this energy region.

S E2

E = 0.9 1.95 Eα =
4
3 E = 1.2 2.6

S E2

E = 0.9
h(2)

R y(0)

χ2/N
χ2/N = 1.18

S E2

S E2

The experimental data of the  factor of 12C(α,γ)16O
may  provide  another  quantity  to  test  the  verification  of
the conditions because the data cover the lower energy re-
gion,  –  MeV  (  –  MeV)
than those of  the elastic α-12C scattering though the data
of  the  factor  have  large  error  bars,  especially  in  the
lower energy region,  – 1.2 MeV. After fitting the
two  parameters,  and ,  of  the E2 transition  amp-
litudes  of 12C(α,γ)16O,  we  have  the  values  for  the
two of the three cases as  and 1.55; this may
support applying the conditions in the low-energy region
while the data of the  factor still have the large uncer-
tainties. More accurate measurements of the  factor in

 

S E2

S E2

h(R)
2 y(0)

EG = 0.3

Fig.  6.    (color online)  factor  of 12C(α,γ)16O  plotted  as
functions of the energy E of the initial α-12C state in the cen-
ter-of-mass frame. The two bands are plotted by using the fit-
ted  parameters  presented  in Table  3.  The  bands,  the  16%  to
84%  distribution  of  the  factor,  are  calculated  from  the
samples of the parameters,  and , in the MCMC analys-
is. The experimental data (see the text) are included in the fig-
ure as well. The vertical blue line is drawn at  MeV.
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E = 0.9the energy range,  – 1.5 MeV, would be helpful to
obtain a clear conclusion.

2+1

|Cb|2 = 3.24×104 23.3×104

|Cb|2
|Cb|2

|Cb|2 = 10.7(3)×104

|Cb|2 = 10×104

S E2 = 40+14
−12 χ2/N = 1.18 χ2

S E2

S E2

S E2

The values of the ANC of the  state of 16O we ob-
tained  in  this  work  are  still  quite  different  for  the  two
cases,  and  fm−1/2. As  men-
tioned, the values of  are deduced from the α transfer
reactions, such as 12C(6Li,d)16O [44]; the value of  is
recently updated by Hebborn et al. as 
fm−1/2 [45] by using the ANC of the ground state of 6Li as
d-α system deduced from their ab initio calculation [46].
As  discussed  above,  we  have  employed  a  value  of  the
ANC,  fm−1/2,  adopted  from the α-transfer
reactions  to  constrain  the  values  of  the  effective  range
parameters  by  Eq.  (29)  when  fitting  them  to  the  phase
shift  data  applying  the  conditions,  and  we  have

 keV b with . The  value is small
but the error of the  factor is significantly large, about
35%  error.  This  may  also  stem  from  the  large  errors  of
the data of the  factor. Thus, it would be important to
reduce the error bar of the  factor estimated in the the-
ory  by  using  the  other  available  experimental  data.  The
study in this direction is now under investigation. 
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APPENDIX A

H2(p)
p→ 0 ψ(z)

In  this  appendix,  we  discuss  the  relations  related  to
the  function  in  Eq.  (7)  in  the  low  energy  limit,

. Using two formulas of the digamma function ;
one is Eq. 6.3.18 in Ref. [47], 

ψ(z) ∼ lnz− 1
2z
−
∞∑

n=1

B2n

2nz2n

= lnz− 1
2z
− 1

12z2
− 1

120z4
− 1

252z6
− · · · , (A1)

|z| → ∞ |argz| < π B2nfor  and ,  where  are  the  Bernoulli
numbers, 

B2 =
1
6
, B4 = −

1
30
, B6 =

1
42
, B8 = −

1
30
, B10 =

5
66
, · · · ,
(A2)

and the other is Eq. 5.4.16 in Ref. [48], 

Imψ(iy) =
1
2y
+
π

2
coth(πy) , (A3)

H(η)
one  can  rewrite  the  imaginary  part  and  real  part  of  the
function  in Eq. (7) as 

ImH(η) = Imψ(iη)− 1
2η
−π = 1

2η
2πη

e2πη−1
=

1
2η

C2
η ,

(A4)

 

ReH(η) = Reψ(iη)− lnη = −
∞∑

n=1

B2n

2n(iη)2n
=

1
12η2

+
1

120η4
+

1
252η6

+
1

240η8
+

1
132η10

+ · · · .

(A5)

2κReH2(p)Now one may obtain the expression of  in Eq.
(8).

ReD2(p)
H(η)

ReD2(p)

The expressions  of  in  Eq.  (19)  is  calculated
as the following. First one may expand  function us-
ing  the  equation  above,  and  one  has  an  expression  of

 as 

ReD2(p) = a(γ2
2 + p2)+b(γ4

2 − p4)+ c(γ6
2 + p6)+d(γ8

2 − p8)

+ e(γ10
2 + p10)+ · · · ,

(A6)

where a, b, c, d, e are coefficients. Explicitly, we have 

ReD2(p) =
Å

1
2

r2−
1

24
κ3
ã

(γ2
2 + p2)+

Å
1
4

P2+
17
80
κ

ã
(γ4

2 − p4)

+

Å
Q2−

757
4032κ

ã
(γ6

2 + p6)+
289

10080κ3
(γ8

2 − p8)

− 491
22176κ5

(γ10
2 + p10)+ · · · .

(A7)

Then, one may use the relations, 

γ4
2 − p4 = −(γ2

2 + p2)2+2γ2
2(γ2

2 + p2) , (A8)

 

γ6
2 + p6 = (γ2

2 + p2)3−3γ2
2(γ2

2 + p2)2+3γ4
2(γ2

2 + p2) ,

(A9)

 

γ8
2 − p8 = − (γ2

2 + p2)4+4γ2
2(γ2

2 + p2)3

−6γ4
2(γ2

2 + p2)2+4γ6
2(γ2

2 + p2) , (A10)

 

γ10
2 + p10 = (γ2

2 + p2)5−5γ2
2(γ2

2 + p2)4+10γ4
2(γ2

2 + p2)3

−10γ6
2(γ2

2 + p2)2+5γ8
2(γ2

2 + p2) ,

(A11)

and has the expression 
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ReD2(p) ≃
5∑

n=1

Cn(γ2
2 + p2)n , (A12)

with 

C1 = a+2γ2
2b+3γ4

2c+4γ6
2d+5γ8

2e , (A13)

 

C2 = −b−3γ2
2c−6γ4

2d−10γ6
2e , (A14)

 

C3 = c+4γ2
2d+10γ4

2e , (A15)

 

C4 = −d−5γ2
2e , (A16)

 

C5 = e . (A17)

Ci i = 1,2,3,4,5
Then, one may obtain the expressions of the coefficients,

 with  in Eqs. (20,21,22,23,24). 

APPENDIX B

In this appendix, we present the expression of the E2
transition amplitudes of 12C(α,γ)16O and briefly discuss its
derivation.  In Fig.  B1,  the  diagrams  of  the  reaction  are
displayed. The  vertex  functions  and  propagators  are  de-
rived from the effective Lagrangian and we have the E2
transition amplitude of 12C(α,γ)16O as
 

A(l=2) = ϵ⃗∗(γ) · p̂k̂′ · p̂X(l=2) , (B1)

ϵ⃗∗(γ)

k̂′

p̂
X(l=2)

where  is  the  polarization  vector  of  the  outgoing
photon,  is  the unit  vector of photon three-momentum,
and  is the unit vector of relative momentum of the ini-
tial α-12C system. The amplitude  is decomposed as
 

X(l=2) = X(l=2)
(a+b)+X(l=2)

(c) +X(l=2)
(d+e)+X(l=2)

( f ) , (B2)

where each amplitude corresponds to the diagrams depic-
ted in Fig. B1. Thus, we have

 

X(l=2)
(a+b) = −6y(0)eiσ2Γ(1+ κ/γ0)×

∫ ∞

0
drrW−κ/γ0 ,

1
2
(2γ0r)

ï
Zαµ
mα

j1

Å
µ

mα

k′r
ã
+

ZCµ

mC
j1

Å
µ

mC
k′r
ãò
×
Å
∂

∂r
+

3
r

ã
F2(η, pr)

pr
,

(B3)

 

X(l=2)
(c) = +y(0)

ß
−h(2)

R +
3κµ3m2

O

2πZO

Å
Zα
m2
α

+
ZC

m2
C

ãï
4

225
ln
(µDR

2
rC

)
− ln

(µDR

κ

)ò™
× 5πZO

µm2
O

eiσ2 k′p2
√

(1+η2)(4+η2)Cη

K2(p)−2κH2(p)
,

(B4)

 

X(l=2)
(d+e) = +

1
5

y(0) eiσ2 p4
√

(1+η2)(4+η2)Cη

K2(p)−2κH2(p)
Γ(1+ κ/γ0)Γ(3+ iη)×

∫ ∞

rC

drrW−κ/γ0 ,
1
2
(2γ0r)

ï
Zαµ
mα

j1

Å
µ

mα

k′r
ã

+
ZCµ

mC
j1

Å
µ

mC
k′r
ãò
×
Å
∂

∂r
+

3
r

ãW−iη, 5
2
(−2ipr)

r
,

(B5)

 

X(l=2)
( f ) = −

15
4

y(0)µ2
Å

Zα
m2
α

+
ZC

m2
C

ã[
−2κH(η0b)

] eiσ2 k′p2
√

(1+η2)(4+η2)Cη

K2(p)−2κH2(p)
, (B6)

mα mC mO Zα ZC ZO

k′

where , ,  ( , , ) are the mass of (the num-
ber of protons in) α, 12C, 16O, respectively. μ and κ are the
reduced mass and the inverse of the Boer radius of α-12C
system.  and p are the magnitudes of three momentum
of outgoing photon and that of relative momentum of the
α-12C system in  the  center-of-mass  frame. η is the  Som-

η = κ/p γ0

γ0 =
√

2µB0 B0

η0b = κ/(iγ0) Γ(z) jl(x) Fl(η,ρ) Wκ,µ(z)

merfeld  parameter .  is  the  binding momentum
of  the  ground  state  of 16O;  where  is  the
binding energy of α-12C system in the ground state of 16O,
and . , , ,  are  the
gamma function, the spherical Bessel function, the regu-
lar Coulomb  function,  and  the  Whittaker  function,  re-
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σ2 l = 2spectively.  is the Coulomb phase shift for .
OγO∗

r→ 0
rC

h(2)

Jdiv
0

h(2)
R

The  three  loop  diagrams  of  the  vertex  in  the
figures  (d),  (e),  (f)  in Fig.  B1 diverge. The  log  diver-
gence appears in the r-space integral in  limit in Eq.
(52) for the diagrams (d) and (e); we introduce a cutoff 
in  the r-space integral  and  the  infinite  part  is  renormal-
ized  by  the  counter  term, , in  Eq.  (51).  The  diver-
gence  appearing  in  the  diagram  (f)  was  regulated  in  the
momentum space integral as  by means of the dimen-
sional  regularization [49, 50]. Those  infinities  are  renor-
malized by the renormalized coefficient, , as 

−h(2)+
3µ2m2

O

2ZO

Å
Zα
m2
α

+
ZC

m2
C

ãï
−Jdiv

0 +
4κµ

225π

(µDR

2

)2ϵ
∫ rC

0

dr
r1−2ϵ

ò
= −h(2)

R +
3κµ3m2

O

2πZO

Å
Zα
m2
α

+
ZC

m2
C

ãï
− ln

(µDR

κ

)
+

4
225

ln
(µDR

2
rC

)
+O(ϵ)

ò
, (B7)

with 

Jdiv
0 =

µκ

2π

ï
1
ϵ
−3CE +2+ ln

Å
πµ2

DR

4κ2

ãò
, (B8)

d = 4−2ϵ

µRD

CE CE = 0.5771 · · ·
µDR = ΛH = 160

rC rC = 0.01

h(2)
R y(0)

r2 P2 Q2 K2(p)

where we performed the integration in  dimen-
sions, and  is the scale of the dimensional regulariza-
tion  and  is  the  Euler's  constant, ;  we
choose  MeV.  We  found  that  a  minor
cutoff  dependence  and  choose  fm.  The E2
transition amplitudes up to this order have two additional
parameters,  and ,  along  with  the  effective  range
parameters, , ,  in the function of .

The total cross-section is
 

σE2 =
4
3

αEµE′γ
p(1+E′γ/mO)

1
5
|X(l=2)|2 , (B9)

E′γ(= k′)where  is the energy of outgoing photon,
 

E′γ ≃ B0+E− 1
2mO

(B0+E)2 , (B10)

S E2and the  factor is defined as
 

S E2(E) = σE2(E)Ee2πη . (B11)
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