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Abstract: In this work, we extend our previous work on the D*D* molecular states with the J°€ = 0**, 1%~ and
2** to investigate their two-body strong decays via the QCD sum rules based on rigorous quark-hadron duality. We
obtain the partial decay widths therefore total widths of the ground states with the JFC€ = 0**, 1*~ and 2**, which
indicate that it is reasonable to assign the X,(4014) as the D*D* tetraquark molecular states with the J PC — g+,
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I. INTRODUCTION

In 2003, the Belle collaboration made a ground-
breaking observation of the X(3872) in the n*n~J/y in-
variant mass spectrum [1]. Since then, extensive experi-
mental and theoretical investigations have been carried
out to understand the nature of this exotic state. In
2013/2015, the LHCb collaboration determined the
quantum numbers of the X(3872) to be JF¢ =1** in the
process B — X(3872)K* [2, 3]. The X(3872) is located
very close to the D°D** threshold and has a large decay
rate to the D°D*0 pair, which suggests that it might be a
loosely bound molecular state, therefore its properties are
studied extensively [4—24].

In 2021, the Belle collaboration observed weak evid-
ences for two structures in the y(2S) invariant mass dis-
tribution of the two-photon process yy — y¥(2S) from
the threshold to 4.2 GeV for the first time, one structure
was seen at 39224+6.5+2.0MeV with a width of
22+ 17+4MeV, which is consistent with the X(3915) or
x2(3930), and the other was seen at 4014.3+4.0+
1.5MeV with a width of 4+11+6 MeV, which is a new
charmonium-like state with a global significance of 2.8
[25].

According to the heavy quark spin symmetry, there
maybe exist an isoscalar D*D* molecular state X(4014)
with JP¢ =2** as the partner of the X(3872) [14, 17,
26—30], which has a narrow width similar to that of the
X(3872) [27, 28, 31], and the recent studies on the radiat-
ive decays indicated that the branching ratio of
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X(4014) - v (2S) to X(4014) - yJ/y is smaller than
one, just like that of the X(3872) [28, 32]. For example,
the molecule candidate X(4014) has been studied by sev-
eral phenomenological models [26, 27, 33, 34]. It is inter-
esting to view this subject from the QCD directly, and re-
sort to the QCD sum rules to explore the branching frac-
tions of all the D*D* molecular states in a comprehensive
way, thus shed light on the nature of the molecular states.

The QCD sum rules have been successfully applied to
study the mass spectrum of the exotic X, Y and Z states to
determine their natures, whether they are hidden-charm
(or hidden-bottom) tetraquark states or hadronic molecu-
lar states [9, 14, 24, 35—61]. In our unique scheme focus-
ing on the energy scale dependence of the tetraquark (mo-
lecular) states, we have performed comprehensive stud-
ies of the hidden-charm molecular states with the
JFC =0, 1t, 2+ [9, 14, 17, 49], doubly-charm molecu-
lar (tetraquark) states with the J* = 0%, 1*, 2* [49, 50, 54,
55], also hidden-charm tetraquark states with the
JPC =0, 07, 0, 17, 17+, 1*7, 2** [36, 37, 45, 48,
56], hidden-bottom tetraquark states with the J©¢ =0,
1*=, 2** [59], and made reasonable/suitable identifica-
tions of the existing exotic states. And we observe that
the scenario of tetraquark states could accommodate more
exotic particles than that of the molecular states.

In our unique scheme of the QCD sum rules, we
prefer the pole contributions about (40-60)% and the con-
tributions of the vacuum condensates < 1% or < 1% in
the Borel windows. The diquark-antidiquark type tetra-
quark states [uc]s[dc], with the JP€=0**, 1*~ and 2**
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have the masses 3.95+0.09GeV, 4.02+0.09GeV and
4.08 £0.09GeV, respectively, where the subscript 4 de-
notes the axial-vector diquarks [37]. The central values of
the masses have a hierarchy My« > M+~ > Mg+, the spin-
breaking effects are remarkable. While the D*D* type
molecular states with the J7¢ = 0**, 1%~ and 2** have the
masses 4.02+0.09GeV, 4.02+0.09GeV and
4.02+0.09GeV, respectively [14]. The central values of
the masses are almost degenerated, the spin-breaking ef-
fects are tiny. We can assign the Z.(4020) as either a tet-
raquark state or a molecular state with the J7¢ =1+, if
only the mass is concerned. We should bear in mind, in
the QCD sum rules, we choose the local four-quark cur-
rents, which couple potentially to the color 33-type or 11-
type tetraquark states, they are all compact objects, al-
though we refer to the 11-type tetraquark states as the
molecular states, they are not the usually called molecu-
lar states [24].

As the mass alone cannot identify a hadron unam-
biguously, it can only lead to a crude assessment, we
have to deal with the partial decay widths in details. In
Ref.[62], we study the two-body strong decays of the
Z.(3900) as a tetraquark state with the J7¢ = 17~ by intro-
ducing rigorous quark-hadron duality in the three-point
QCD sum rules for the first time. Thereafter, the rigorous
duality has been successfully applied to study the strong
decays of the exotic states X(3872), Z.(4020),
Z.,(3985/4000), Z.,(4123), Y(4500), X(6552), etc'in the
scenario of tetraquark states [51, 63—67]. In this work, we
extend our previous works to explore the two-body strong
decays of the D*D* molecular states with the J7¢ =0+,
1*~ and 2** via the QCD sum rules based on the rigorous
quark-hadron duality. In calculations, we take account of
both the connected and disconnected Feynman diagrams
to ensure accuracy.

The article is organized as follows: in Section 2, we
obtain the QCD sum rules for the hadronic coupling con-
stants of the molecular states; in Section 3, we present the
numerical results and discussions; finally, we summarize
our findings.

II. QCD SUM RULES FOR THE HADRONIC
COUPLING CONSTANTS

Firstly, let us write down the three-point correlation
functions,

'(p.q) =7 / d*xd*ye'™ e OIT { J"(x)J"(y)J""(0) } |0),
G (p.g) =7 / d'xd'ye™ e (OIT {1 (x)J"(y)J" (0) }0),

I ,(p.q) = i /d4xd4yei”"‘eiq'>'<0|T {J2M(x0)I5()I°T(0) }10),
(1)

I, (p.q) =1 / d*xd'ye?* e OIT {1,/ ()T ()4, (0) }0).
I, (p.q) = / d*xd*ye? e O|T { I (x)J5 ()], (0) } 10),
M, (p.q) =i / d*xd*ye” e OIT { Jop(x)J"(3)J,1(0) } 10).
)
I, (p,q) = i / d*xd'ye? e O { J7(x)J"(y)J;1(0) } [0},
I, (p.q) = / dxd'ye” e O|T { 15 (x)J" ()12 (0) } [0},

g0 (P.g) =1 / d*xdye™ e OIT { ;" ()J5 ()5 (0)}10)

3)
where the currents

J*(x) = c(x)iysc(x),

J™(x) = u(x)iysd(x),
T (x) = e(x)yqc(x),

Jh(x) = u(x)y.d(x),
JEN(x) = e(X)Yaysc(x),

Th(x) = E(x)0gpe(), (4)

interpolate the mesons n., 7, J/¥, p, x.1 and h., respect-
ively, the currents

JO(x) = @)y, c(x) ey d(x),

V2
1

2

(0 = —= [8(0,c(0) 2@y d(x) - 7)Y, e(x) E(x)y,d ()] |

2,(0) = —= [8007,6(0) 2y, d(x) + B(x)y,c () E(x)y,d(x)]

)

interpolate the hidden-charm molecular states with the
spins J =0, 1 and 2, respectively. We take those correla-
tion functions to study the hadronic coupling constants
Gxppers Gxoxars Gxoswes Gxioprs Gxinp> Gxinens Gxonens
Gxoyurn> and Gy, jyy,, respectively. In this work, we take
the isospin limit for simplicity.

We insert a complete set of intermediate hadronic
states with the same quantum numbers as the currents in-
to Eqgs.(1)-(3) to analyze the correlation functions at the
hadron side, then we explicitly isolate the contributions of
the ground states [68, 69],
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where

pos ) = é(gw_%) @m_ﬂ) TS

p

the decay constants or pole residues are defined by,

Jomy,
2m,
2
OOy =

u T My

O (O)ne(p)) =

O OW/P) = foramgéi s
O ONep)) = fomo s
O O)NhAP)) = fo €uvap P°E

O Oxe(p)) = fromy & s (19)

O (OIXo(p)) = Ax, »
(O, O)IX, () = Ax, €uvaps” P’ s

(01, OIX>(p)) = Ax, & » (20)

Ax,my, = Ay, , the hadronic coupling constants are defined
by,

(P Xo(p)) = iGxyper »
TP @IXo(p)) = i€ - & Gxoupyp s

<Xl(P)7T(CI)|X0(P)> = {* : qGX()X(n ) (21)
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M(Pp(@IXi(p)) =i - eCxpep
Uy (p)r(@IXi(p)) = i&" - £Gx, yyyn»

(he(P)m(@)X1(P)) = €7 pa&i P& Gxyhon (22)
M(PIR(QIXa(P)) = —iguP"q" Gxoper»
KPR @IX2(P)) = —igapt™ @ Gxpyor

T PI@IXo(p)) = —ie™E,E5 Gxyapp (23)

the ¢, and g, represent the polarization vectors of the

O,(p% p*q) = /ds'/ ds/ du—
4m? 4m? 0 (S

where

lim lim lim

tetraquark molecular states with the spins J =1 and 2, re-
spectively. The &, and ¢, represent the polarization vec-
tors of the traditional mesons with the spin J = 1. Since
the currents Jj5(x) and J,,(x) couple potentially to char-
monia/tetraquarks with both the J?¢ = 1%~ and 17—, we in-
troduce the projector P2 (p) to extract the states with the
JPC =1* [37, 48, 59]. In this work, we investigate the
hadronic coupling constants using the components
:(p?,p*¢*) with i=1, ---, 9, and try to avoid any con-
tamination.

It is the time to obtain the hadronic spectral densities
pu(s’,s,u) through triple dispersion relation,

pu(s’,s,u) =

-0 &0 €0

we add the subscript H to stand for the components
IL(p%, p*.¢*) with i=1-9 at the hadron side. Although
the variables p’, p and g have the relation p’ = p+gq, it is
feasible to take the p?, p? and ¢* as free variables to de-
termine the spectral densities, and we can obtain a
nonzero imaginary part indeed for all the variables p”, p*
and ¢*.

At the QCD side, we contract all the quark fields with
the Wick's theorem and take account of the perturbative
terms, quark condensate, gluon condensate and quark-
gluon mixed condensate contributions, and obtain the
QCD spectral densities of the components IT,(p”2, p?,¢°)
through double dispersion relation,

Hocn(p”?,p%,q%) = / dS/ du £ 51).

- @O

ou(s’,s,u)
, 24
PP - @9
Imy Im,Im, HH(S’:ie3,s+iez,u+iel) ’ 25)
T
as
liquOIms’ HQCD(S/ +i€37p27 512) = 0. (27)

At the hadron side, there is a triple dispersion relation,
see Eq.(24), while at the QCD side, there is only a double
dispersion relation, see Eq.(26). These relations do not
match with each other channel by channel without some
tricks. To achieve this goal, we firstly integrate over ds’
at the hadron side, and then match the hadron side with
the QCD side of the components IL;(p?, p?,¢*) below the
continuum thresholds sy and u, respectively to establish
quark-hadron duality rigorously [62, 70],

0 ‘0 = pu(s’,s,u) / / _ pocp(s,u)
d d d d
/ s/o ”V S(s’—p/Z)(s—pZ)(u—q%} o Me-u-g

(28)

For clearness, we write down the hadron representation explicitly,

2 2
/lx()f'k ml]r f’rmﬂGX()'h”

G

H /2’ 2’ 2 —
) = S e + o)y — P — )~

qz)

, 29
(m2 = p*)(m2—q?) @)
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where we introduce the parameters C; with i=1-9 to
stand for all the contributions involving the higher reson-
ances and continuum states in the s’ channel.

We set p’? = p* in the components ITy(p?, p?,¢%), and
perform double Borel transformation in regard to the
variables P? = —p? and Q* = —¢?, respectively. The spec-
tral densities py(s’,s,u) and pocp(s,u) are physical, while
the variables p2, p? and ¢* in Eq.(28) are free paramet-
ers, as we perform the operator product expansion at the
large space-like regions —p? — co and —¢*> — co. Gener-
ally speaking, we can set p? = ap® or ag® with « to be a
finite quantity. Considering the mass poles at s’ = m§(m_2,
s=my yyn and uw=m;  have the relations s’ =s ap-
proximately, we can set @ = 1.

Then we set T =T7 =T* to obtain nine QCD sum

rules,

2(mg, — p?) 3y, —pHmZ—g*) - (m3y, — pHm2—q»)’

ST 60)

- pfj(f%ﬁ -q»)’ (3D
) - PS;(m% -7 (32)
T —pzc)sz,—qzy (33)
" (m;, — pgzmi -’ (34)

o (35)

T, —p%g(m,%—qzy (36)

5 (37)

(38)

where we introduce the notations,
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Ay S 1y, Sy

zmc (mu + md) |

(39)

/lXO R

and the other eight QCD sum rules are given explicitly in
the Appendix. There exists an unknown parameter C; in
each QCD sum rule, we take the C; as free parameters
and adjust the suitable values to obtain flat Borel plat-
forms for the hadronic coupling constants [62—65, 70]. In
calculations, we observe that there exist endpoint diver-
gences at the thresholds s = 4m? due to powers of s —4m?
in the denominators, we make the replacements
s—4m? — s—4m* + A? with A =m? to regulate the diver-
gences [71, 72]. As the gluon condensates and quark-
gluon mixed condensates make tiny contributions, such
regulations work well.

III. NUMERICAL RESULTS AND DISCUSSIONS

Atthe QCD side, we take the standard gluon con-
densate (©99) = 0.012+0.004GeV* [68, 69, 73] and take
the MS mass m.(m.) = (1.275+0.025)GeV from the
Particle Data Group [74]. And we take the conventional
vacuum condensates (Gq) = —(0.24+0.01 GeV)?,
(Gg,0Gq) = m3{qq), m}=(08+0.1)GeV? at the energy
scale u = 1GeV [68, 69, 73]. We set m, = my;=0 and take
account of the energy-scale dependence from re-normal-
ization group equation,

as(lGeV)} ks

(Ga)(w) = {Gq)(1GeV) {a(p)

,(1GeV)| 777

A
12
332n,
m(u) = me(m,) { @) } ",
a,(m,)
1 by logt b}(log*t—logt—1)+byb,
s = 1 -+ s
@)= b { B 1 by
(40)
) 33-2 153-19
where t=logh; by = nf, 1=72nf,
5033 325 127 24n
2857— 9 i’lf+ ?ni
b, = T . A=213MeV, 296MeV and

339MeV for the flavors n; =5, 4 and 3, respectively [74,
75]. As we study the hidden-charm tetraquarks, so we
choose the flavor numbers n; = 4.

At the hadron side, we take m, =2.9834GeV,
myo =0.13498 GeV, myy, = 3.0969GeV, m, = 0.77526GeV,
my, =3.525GeV, m,, =3.51067GeV from the Particle
Data Group [74]. The QCD sum rules allow us to repro-
duce the experimental masses of the ground state conven-
tional mesons, for simplicity, we adopt the precise masses
from the Particle Data Group. We take the values

0= (085GeVY?,  $0=(12GeV), ) =(3.9GeV)?,
0 =(39GeV?, s, =(3.6GeVy, 0 =(3.5GeVy,
£,=0.130GeV [73, 741, f.=0235GeV, fi, =

0.418GeV, f, =0.387GeV [76], f,=0215GeV [77],
fro =0.338GeV [78], My, =4.02GeV, Ay, =4.30x10""
GeV®, My, =4.02GeV, Ay, =233x107'GeV>, My, =
4.02GeV, Ay, =3.29x 107 GeV’ from the QCD sum rules
[14], and fom2/(m,+my) = -2(Gq)/f, from the Gell-
Mann-Oakes-Renner relation.

We fit the free parameters to be C,=-0.000272

GeVS,  C,=-0.0002T2GeV>, C;=0.0006T2GeV®,
C,=-0.00027T2GeV>, - Cs=0.00009T2GeV>, Cg=0,
C; =0.00014 T2 GeV*, Cs = —0.0002 T2 GeV? and

Co = —0.000372GeV? in calculations. And obtain the
Borel platforms  7%,,,=@43-53)GeV?, 13 =
(2.7-37)GeV TRy = B1-4.DGeVTE | = (23-3.3)
GeV?, T%,,=(22-32)GeV?, T;, =(45-55)GeV?,
T}n=(24=34)GeV’ T} . =(25-3.5)GeV’ and
T}, = (2.1-3.1)GeV’ | where we add the subscripts
Xonerr, Xoxarn, XoJ/Yp, XiJ/yn, Xinp, Xihn, Xon.n,
Xoxar and X,J/yp to denote the corresponding channels.

We obtain uniform flat platforms T2, -T2, = 1GeV?
for all the channels, where the max and min denote the
maximum and minimum, respectively, just like what have
been done in our previous works. For example, in Fig. 1,
we plot the hadronic coupling constant Gy, ,,,, with vari-
ation of the Borel parameter, there appear rather flat plat-
form indeed, it is reliable to extract the hadronic coup-
ling constant.

We estimate the uncertainties in the same way as our
usually done. For example, the uncertainty of an input
parameter & £=E&+6£, results in the uncertainties
o J110JoGxoa1up = Ao 110G xo010p 6 Axo 110 JoGoxospup - and
Cy,=Cr+6C,, where

6 Ax, 110 S Gxonrue = Axo firu Jo G xonrum

0 1) oA oG
x( S O | O _Xof/l//P>’
Jiw — fo A% Gxep
41

5.0
1.0 |
0.5
0.0 . . . . . . .
0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5

T2(GeV?)

Fig. 1. (color online) The hadronic coupling constant
Gx,1j4p With variation of the Borel parameter 7.
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Ofiy  0dx,

. . v Ax, G ‘
imately. Finally, we obtain the values of the hadronic

coupling constants,

_ 0Gxp

we can set 6C, =0 and approx-

Gxynr = 0.637097 GeV,
Gxopur = 12070901
Gxyipp = 1791075 GeV,
G, sjux = 6.8070 3 GeV,

Gxynp = 1.552509 GeV,

Gxhr = 0.10GeV™!,

Gxypr = 1.497502GeV !,
Gxypr = 1.20J_r8:8§ ,

Gy, 1pp = 1.847011GeV, (42)

where we have taken the absolute values.

For the molecule masses, we take the values
my, =4.02GeV, my, =4.02GeV and my, = 4.02GeV._from
the QCD sum rules [14]. Then we obtain the partial de-
cay widths directly,

I'(Xy — ner) = 0.87'02 MeV,
I(Xo = xam) = 045709 MeV,

(X — J/yp) = 12.33532 MeV, (43)
[(X, — J/ym) = 94.10* |53 MeV,
[(X; = nep) = 422" 0% MeV,
(X, — h.) = 0.0236 MeV, (44)
(X, — n.7) = 0.42735 MeV,
[(X; = xa7n) = 0.120¢ MeV,
(X, — J/yp) = 410712 MeV . (45)

Then we obtain the total decay widths approximately,

Ty, = 13.65733; MeV,
Ty, = 983471292 MeV,

[y, = 4.6470% MeV. (46)

The predicted width Ty, =4.64*08MeV is in very
good agreement with the experimental data of the width
(4+11+6) MeV of the X(4014) from the Belle collabora-

tion [31]. Both the predicted mass and width support as-
signing the X,(4014) as the D*D* molecular state with the
JPC = 2%+, As for the predictions I'y, = 13.65333 MeV and
Iy, =98.347129% MeV, we can confront them to the experi-
mental data in the future.

If only the mass is concerned, the Z.(4020) can be as-
signed as the diquark-antidiquark type tetraquark state or
the D*D* type molecular state with the J7¢ = 1= [14, 37].
In the scenario of tetraquark state, we obtain the predic-
tion T =29.57+2.30 (or £9.20) MeV [64], which is
compatible with the upper bound of the experimental data
'=(248+£56+7.7)MeV .~ [79], (23.0£6.0+1.0)MeV
[80], (7.9+2.7+2.6)MeV [81] from the BESIII collabora-
tion. While in.the molecule scenario, the predicted width
Ty, =98.347 0922 MeV for the D*D* molecular state with
the JP€ =1 is too large compared to the experimental
data for the Z.(4020). The two scenarios lead to quite dif-
ferent predictions for the total widths, and the QCD sum
rules favor assigning the Z.(4020) as the diquark-anti-
diquark type tetraquark state. Unfortunately, in our
unique scheme, the decay widths of the tetraquark states
with the J7¢ = 0** and 2** have not been studied yet.

We can easily determine the relative branching ratios
of the tetraquark molecular states from their partial decay
widths,

T (Xy — 5o yarrt : J/p) = 0.0710 : 0.0365 : 1.00,
T(X; - nep < hor: J/ym) = 0.0448 : 0.0003 : 1.00,

T(Xo > 5o yarn : J/gp) = 0.1024:0.0293 : 1.00.  (47)

Due to the particular quark structures, the dominant
decay modes are Xy, — J/yp and X; — J/ym, which are
consistent with the observation of the X,(4014) in the
y¥(2S) mass spectrum with the vector meson dominance
X, - y*J/y — pJ/¥, we can search for those molecular
states in those typical decay channels.

IV. CONCLUSION

In this work, we study the hadronic coupling con-
stants in the two-body strong decays of the tetraquark
molecular states with the J¢ =0, 1*~ and 2** via the
three-point correlation functions. We carry out the operat-
or product expansion considering the quark condensate,
gluon condensate and quark-gluon mixed condensate to
obtain the QCD spectral representations, then match the
QCD side with the hadron side according to rigorous
quark-hadron duality. We obtain the hadronic coupling
constants and partial decay widths therefore total widths
of the tetraquark molecular states with the J*¢ =0, 1*-
and 2**, respectively. Our predictions indicate assigning
the X,(4014) as the D*D* tetraquark molecular states with
the JP€ =2%* is reasonable, while other predictions play
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