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Neutron-proton isovector pairing correlations treatment in heated nuclei
within the path integral formalism
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Abstract: A method for the treatment of the neutron-proton (np) isovector pairing correlations at finite temperat-
ure is developed within the path integral formalism. It generalizes the recently proposed model using a similar ap-
proach in the pairing between like-particles case. The pairing terms in the total Hamiltonian are written in a square
form in order to facilitate the use of the Hubbard-Stratonovitch transformation. The expression for the partition func-
tion of the system is then established. The gap equations, as well as the expressions for the energy, the entropy and
the heat capacity of the system are deduced. As a first step, the formalism is numerically applied to the schematic
Richardson model. As a second step, the method is applied to nuclei such as N = Z using the single-particle energies
of a deformed Woods-Saxon mean-field. The variations in the gap parameters, the excitation energy and the heat ca-
pacity are studied as functions of the temperature. It is shown that the overall behavior of these quantities is similar
to their homologues in the standard FTBCS model. We note in particular the existence of critical temperatures bey-
ond which the pairing vanish. Moreover, it appears that in the framework of the present approach, the pairing effects
persist beyond the critical temperatures predicted by the FTBCS model in the pairing between like-particles case or

its generalization in the np pairing case.
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I. INTRODUCTION

Pairing correlations are of special importance in nuc-
lear structure theory. They have- an influence on many
nuclear properties such as deformation, moments of iner-
tia, etc... The pairing between like-particles (i.e. protons
or neutrons) has been widely studied since the end of the
1950s when the Bardeen, Cooper and Schrieffer (BCS)
theory of superconductivity [1] has been adapted to nuc-
lear physics [2].

In N =~ Z nuclei, there is a large overlap between neut-
ron and proton wave functions. It follows that besides the
pairing between like-particles, there exists a neutron-pro-
ton (np) pairing. The latter may be of two different types
namely the isovector pairing (T=1) and the isoscalar one
(T=0). The first theoretical studies of np pairing by Gos-
wami et al. [3]—[6] date from the 1960s. However, they
were then somewhat abandoned for many years because
the nuclei in which this type of pairing exists could not be
observed experimentally. When the experimental study of
these nuclei was made possible with the advent of radio-
active ion beams, np pairing was the subject of a marked
revival of interest over the last 25 years in both theoretic-
al and experimental [7] sides. Many methods have been
developed to describe both types of np pairing. A gener-
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alized BCS approach is often used (see e.g. [8]—[14], for
areview see Refs [15]-[16]), because of its ease of use. It
was applied in order to study various nuclear quantities
such as the moment of inertia [17] or the one-proton and
two-proton separation energies [18].

As the BCS method breaks the particle-number con-
servation symmetry, several studies have been devoted to
the particle-number fluctuations in the np pairing case, as
the Lipkin-Nogami method [19]-[23] which conserves
approximately the particle-number. The restoration of the
broken symmetry may also be performed using various
approaches as particle-number projection methods either
before (see e.g. [24]—[26]) or after the variation (see e.g.
[27]-[31]). These methods have been applied to the study
of various nuclear observables as the electric quadrupole
moments [32], the beta transition probabilities [33] -[34],
the charge, proton and neutron systems and matter radii
[35], the moment of inertia [36] or the spectroscopic
factors of various reactions [37]—[38].

Recently, a model based on the generator coordinate
method has been developed in order to include the np
pairing correlations. It was applied to the study of mag-
netic properties of N = Z odd-odd nuclei [39].

Another possible approach consists of describing
N =Z systems where there exists a np pairing using o-
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like quartets (see Ref. [40] and references therein).

On the other hand, np pairing effect may be analyzed
by a shell model mean-field where the isovector pairing
Hamiltonian can be built by using generators of the quas-
ispin O(5) group [41]-[42]. A shell-model-like approach
based on the relativistic density functional theory may
also be used [43].

A completely different way to proceed consists of de-
scribing the np pairing correlations on quantum com-
puters using a variational quantum eigensolver approach
[44].

Nevertheless, all the previously cited methods de-
scribe systems at zero temperature. The oldest method for
taking into account the pairing correlations in heated nuc-
lei is the finite temperature BCS (FTBCS) approach
which is also among the most used [45]-[49]. Some
methods are based on this approach as the BCS-average
[55] - [57] or the particle-number projection methods,
either of PBCS or FBCS types [50]—[54]. Another ap-
proach is the Hartree-Fock-Bogoliubov (HFB) one
[58]—[65], which may be also in its relativistic form [66].
In addition to the previously mentioned models, there are
other methods like the random-phase-approximation
[67]-[71], the covariant density functional theory
[72]-[76], or the Matsubara formalism [77], as well as
the self-consistent Green's function approach [78] or the
generalized Lipkin-Nogami model [79]. For a review, see
Ref. [80].

Another way to study the thermal pairing effect is the
path integral technique in the framework of the shell-
model Monte-Carlo method (SMMC) [81] -[83] or in a
more convenient form in the static-path approximation
[84]-[90]. Let us also cite the work of Fletcher [91] who
has shown that the path integral formalism enables one to
retrieve the FTBCS results using some approximations.

However, all these studies deal with the pairing
between like-particles. Only few studies were devoted to
the np pairing correlations at finite temperature. The most
used methods are the shell model [92]-[95] and the
SMMC [96]-[97]. More recently, the finite temperature
np quasiparticle-random-phase-approximation was used
in the study of Gamow-Teller excitations [98]. In Ref.
[99], the phase diagrams for np superfluidity was invest-
igated in asymmetric nuclear matter with inclusion of the
angular dependence of the pairing gap.

In Refs [100]-[102], the np temperature dependent
isovector pairing correlations are studied in the frame-
work of the path integral technique using a generaliza-
tion of the Fletcher method, whereas the isovector plus
isoscalar ones are studied in Ref. [103].

Recently, we proposed a method for the treatment of
pairing correlations between like-particles at finite tem-
perature within the path integral formalism, based on the
square-root extraction of the pairing term in the Hamilto-
nian of the system [104]. The aim of the present work is

to generalize this method to the np pairing case. For sim-
plicity, we consider only isovector pairing correlations.

The paper is organized as follows: Secs. II and III re-
spectively deal with the Hamiltonian of the system and
the derivation of the partition function. The gap equa-
tions and the expressions for the statistical quantities are
established in Sec. IV. Numerical results are presented
and discussed in Sec. V. Main conclusions are summar-
ized in last section.

II. HAMILTONIAN

Let us consider a system of N neutrons and Z protons.
In the isovector pairing case, it can be described, in the
second quantization and isospin formalism, by the total
Hamiltonian [3], [11], [15], [16]

H = g &u (a},a, +ajaz)

v>0,t

- GuP;Pi=G,,P},Py. (1)
t

In this expression, &,, are the single-particle energies and
t = n, p is the isospin component.

a;, (a,) is the creation (annihilation) operator of a
nucleon in the |vt) state. The state |v¢) is the time-re-
versed state of |v). G, (t,f =n,p) are the pairing-
strength which are assumed to be constant. We also as-
sume that G,, = G,,.

The operators P} and P;, are defined by

+_§ : + +
P,— a,,dy

v>0

§ : + o+ + +
(avpaf/n + avna\”/p) .

v>0

2)

+
P,=

)

Indeed, given the presence of the isospin quantum num-
ber ¢ in the expression of H, nucleons can interact with
each other and create proton-proton, neutron-neutron and
neutron-proton pairs while respecting the Pauli principle.

In order to conserve, on average, the particle num-
bers, we define the auxiliary Hamiltonian as

H="H- Z/l,N, (4)

where 4, is the Fermi level and N, is the particle-number
operator of a like-particles system (neutron or proton)
defined by

N, = Z (ay,ay +atas)

v>0

)
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H may then be written

H:H()+H1 (6)

where we use the notations

Ho=Y & (v +1150) ™
v>0,t
Hy=> H,+H, ®)
:
H,=-G,P/P,, H,,=~G,,P} P, 9)
&y=8&,—A,, (10)
My = Ay,Qy - (11)

It was shown in Ref. [104] that H,, may take the form

H, = _GttR[Z[ (12)

with

Ry=> B, (13)

v>0

where

B, = H‘Sf’ ,Si=i(a;+al) (a;,+a_;*,[) . (14)
j>0
v

As for the operator H,,, it may be written
an = _anRip (15)
where

Rnp = Z [r]vnnf/vanﬁ + nvpnf/nvaﬁ:I (16)
v>0

with

an[) = (af/n +a;’n) (avp +a:,'p) HSjn Sjp
j>0 (17)

J#Ev

- = (q- + + . .
B,y (avp +avp) (am +aw,) gSﬂ, S (18)

J#EV
The calculation details are given in Appendix A.

III. GRAND PARTITION FUNCTION

The grand partition function is given by

Z = Tre ™", (19)

where f is the inverse of the temperature T of the system
and Tr is the trace over all the states of the system. Z is
also given by

Z =TreMS(B) (20)
where the operator S(B) is defined by
S(B) = e, 2D

It may be written formally [104]
B
S(B) = T.exp < / H, () dT) (22)
0

T, being the chronological operator.
Using the definition (8) of H;, S(B8) becomes

B
S(B) =T exp ( / H,, (1) dT)
0
B B
X exp (/ Hp,,(‘r)d‘r) exp (/ H,, (T)dT) (23)
0 0

where we assumed that H,, and H,, commute with H,,.
Indeed, the commutators [H,,H,,|, are proportional to
the products G,G,,, which are small compared to the
single-particle energies.

It is shown in Appendix B that Z takes the form

/dA,,ndA,,pdAn,, exp

} Trexp

x (—ﬁzhw> (24)

Z=—
7T3/2 GnnGppan

fraet !
Gnn Gpp an

with
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hvnp = ‘z-:wt (nvn + r]\"/n) + ‘§vp (rlvp + 7717[1) + ZAnnnvnr]\?nan

+ 2ApananpBVp + ZAnp (nvnr]"/van[) + nVnrlvavpﬁ)
(25)

In the following, we will admit that the 4,,, and h,,,
operators commute when v # p. (see Appendix C for the
justification)

We then have

Trexp (—ﬁZhvnp> = HTrexp (—,Bhv,,,,) . (26)

All the operators in the expression for 4,,, commute with
each other and act on different spaces. The eigenvalues of
operators n,, are 0 and 1, those of n;, are the same. Deal-
ing with operators B,;, B,,; and B,;,, each of them has
the eigenvalues —1 and 1. Then, after some algebra, the
partition function takes the form

/dAn,,dAp,,dAn,, exp

)

71'3/2 GnnGppan

2 2
fie

G[’I’
x4

18,
G

27)

where A, is defined by

A, =2(1+2e5 + e cosh2BA,, )
X (1+2¢757 + ¢ % cosh2BA,, )
+4 (cosh2BA,, — 1) [¢ o) 1 o)
x cosh2BA,, + e PEn+20) cosh ZﬁApp]

+ (cosh4pA,, — 1) ¢ #(En+80) cosh 2BA,,, cosh 2BA,,
(28)

IV. GAP EQUATIONS- STATISTICAL QUANTIT-
IES

The grand partition function enables one to find the
free energy which is obtained using the relation

/dA,mdAppdA,,pe‘ﬂF (29)

1
132 /GG pGop

Using the previous expression for the partition function,
we have

Al
Gnn

A" IAnpl

Gpp

F =

(30)

121 8A,.

v>0

The quantities A, are interpreted as the gap parameters.
Hereafter, they are assumed to be real.

In the saddle-point approximation, the dominant con-
tribution to the partition function is found by determining
the minimum value of the exponent in Eq. (29), i.e., [108]

oF
A,y

=0. 31)

Using this approximation, we obtain

G = S, e (2
+e ¥ cosh2BA,, )
+4 (cosh2BA,,— 1) o P(2Em+Ey)
+ (cosh 4BA,, - 1) o 2BEntE0) cosh 2 5 Aﬁp}
(32)
= S A e (12
+e ¥ cosh2BA,, )
+4 (cosh2BA,, —1) e #(o+em)
+ (cosh4BA,, — 1) e %) cosh 3B, }
(33)
# = Z { ~B(Ewm+Evp)
4G,,sinh2B4,, £

+ e PC8nt%0) cosh 2BA,, + e PCEw+em)

x cosh2BA,, + G

x cosh2BA,,, cosh2BA,, cosh2BA, p} .
(34

The grand potential Q is given by

Q=-pF. (35)
The latter enables one to find the particle-numbers
that are are defined by

_m
" da,

@, =pA, . (36)

PB=const.
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After some algebra, they are given by

Nt:QZNV,

(37)

where we set

N,, = Aiv {Ze‘ﬁém (1+e7 cosh2BA,,)

X (1+2¢ 77 + e ¥ cosh2BA,, )
+2 (cosh 2BA,, — 1) o P(Em+an)
X (142e%m cosh2BA,, + €7 cosh2BA,,,)
+ (cosh4BA,, —1) e ¥(En+er)
x cosh2pA,, cosh2BA, p}
(38)

Aiv {26‘&% (1+e%rcosh2BA,,)

X (1+2¢ 75 + e ¥ cosh2BA,, )
+2 (cosh 2BA,, — 1) o P(Em+en)
X (1+e% cosh2BA,, +2e757 cash2BA,,)
+ (cosh4ﬁAnp - ]) o 2B(En+é)
x cosh25A,,, cosh28A,,, ..
(39)

The system formed by the definitions of the gap para-
meters (Egs. (32)-(34)) and the particle-number conserva-
tion conditions (Egs. (38)-(39)) constitutes the gap equa-
tions.

At the limit where A,, = 0, these equations become

A .
G—” = sinh (28A,)

1

o~ 25w
y _ _ 40

Z/: 1+ 2e B8 4+ =282 cosh (2BA,) (40

e Pen 7% cosh (2BA,) 41)

N=2)"

1 +2¢ P + e=%%r_cosh(2BAy)

They correspond to the gap equations in the pairing
between like-particles case of Ref. [104].

Moreover, the gap equations of the present study are
different from those of Refs. [100—102] in the isovector
pairing case which are recalled in Appendix D. Indeed,
even if both methods are based on the path integral ap-
proach, the approximations introduced in order to use the

Hubbard-Stratonovitch transformation are different.
The energy of the system may also be derived using
the grand potential Q. It is defined by

oQ
E=-22 =BA.. 42
(9,8 a;=const o IB ' ( )
After some algebra, it is given by
A2 AZ AZ
E=-I__FP2__7P ) Ny 43
Gnn Gpp an " %:8 w ( )
The entropy is defined by
S =Q-BY AN, +BE, (44)
t
and the heat capacity by
oS oS
=T —=-3— 4
C=Tor=-F o (45)

V. NUMERICAL RESULTS AND DISCUSSION

The previously described formalism has been first
tested using the schematic Richardson model and then ap-
plied to realistic cases.

A. Richardson model

In the Richardson model [109], the single-particle
levels are doubly degenerated and equidistant. They are
such that

e,=v,v=12,.,Nor,t=n,p, (46)
where Nor is the total degeneracy of the levels.

We consider the system N =Z =10, Nor =10, since
the np pairing exists essentially in nuclei such N ~Z. The
pairing-strength constants G,, have been chosen such as
to reproduce the values of the gap parameters A, at zero
temperature. We chose arbitrarily the following values

A (0) = 1.4MeV
App(0) = 1.2MeV
A, (0) = 0.3MeV.

The values of A,,(0) and A,,(0) are intentionally
chosen different so that the curves A, (T) and A,,(T) are
not superposed. The A,,(0) value is significantly lower
than A, (0) and A, (0) in order to reproduce the realistic
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cases (see below).

1.  Gap parameters

The variations in the various gap parameters as func-
tions of the temperature are shown in Fig. 1. They are
compared to the results obtained using the method de-
scribed in Refs [100—102] in the isovector np pairing
case. In what follows, the present method will be desig-
nated by the abbreviation NP-1 and that of Refs
[100—102] by the abbreviation NP-2. The variations of
A4(T) in the pairing between like-particles case obtained
using the method described in Ref. [104] (designated by
the abbreviation LP-1) and the standard FTBCS method
(designated by the abbreviation LP-2) are also reported in
the same figure.

Surprisingly, the A, (T) curves of the present work
overlap with those of method LP-1. We see from the fig-
ure that the behavior of A, (T) of the present work is sim-
ilar to that of A,,(T) and A,,(T) in the standard FTBCS
method (LP-2). We note in particular the existence of
critical temperatures (which will be noted 7., t,¢' = n, p,
in what follows) beyond which the gap parameters van-
ish. However, their values are significantly higher than
the values obtained in both LP-2 and NP-2 methods. The
present model therefore predicts the existence of an isov-
ector pairing at temperatures beyond what the NP-2'mod-
el predicts. Unfortunately, there are no exact values in the

>
0]
<
<
0.0 0.5 1.0 1.5 20 2.5
T(MeV)
Fig. 1. (color online) Variation in the pairing gap parameter

Ann (in black),A,, (in red), A, (in blue) as functions of the
temperature 7 within the framework of the Richardson model.
Solid lines refer to the NP-1 model (present work), dotted
lines refer to the NP-2 model (Refs [100—102]) in the isov-
ector pairing case. Dash-dotted lines refer to the LP-1 model
(Ref. [104]) and dashed lines refer to the LP-2 (standard FT-
BCS) model in the pairing between like-particles case. The
Ann and Ay, curves in NP-1 and LP-1 models are exactly su-
perposed.

isovector pairing case, as in the like-particle case [110].
We cannot therefore decide between the two methods.
However, NP-1 method is a generalization of LP-1, while
NP-2 is a generalization of LP-2 (FTBCS). LP-1 repro-
duces exact values better than LP-2 in a wider temperat-
ure range (see Ref. [104]). This may suggest that the NP-
1 results would be better than those of NP-2.

Besides, in the present method, the curves of A, (T)
and A,,(T) show a plateau in the neighborhood of T,
whereas in method NP-2, they increase in the vicinity of
T.., before decreasing from this value of 7T (see the en-
larged part of Fig. 1). The fact that the NP-1 and NP-2
results are very different although the models are both de-
veloped within the path integral formalism is due to the
nature of the approximations used. The latter are differ-
ent in the two models.

2. Excitation energy

In order to allow a comparison between the results of
the various models, we consider the excitation energy
E,,. defined as

Eex(T) = E(T) - E(0), (47)
rather than the energy of the system. The variations in
E...(T) are shown in Fig. 2 for the previously cited four
models. The angular points which appear in each of these
models correspond to the critical temperatures (see Fig.

45:

«-

35-
4 >

§ ™ -

154 ’

104

S

Ol T T T T 1
0.0 05 1.0 15 20 25

T(MeV)
Fig. 2. Variation in the excitation energy E.. (T) as func-

tions of the temperature 7 within the framework of the
Richardson model. Solid lines refer to the NP-1 model
(present work), dotted lines refer to the NP-2 model (Refs
[100—102]) in the isovector pairing case. Dash-dotted lines
refer to the LP-1 model (Ref. [104]) and dashed lines refer to
the LP-2 (standard FTBCS) model in the pairing between like-
particles case.
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1). There are obviously three in the isovector pairing case
and two in the like-particles pairing case.

In the isovector pairing case, it may be seen from the
figure that, when 7 < (T.,),, the increasing of E.,. is
faster in model NP-1 than in model NP-2 (see the en-
larged part of Fig. 2). Moreover, we can evaluate the
isovector pairing effect using the discrepancies

OFcxe1 = Eoxe (NP-1) = E,. (LP-1) (48)

and

6Eexc'2 = Eexc (NP'Z) - Eexc (LP'2) s (49)

since NP-1 (respectively NP-2) model is a generalization
of LP-1 (respectively LP-2) model.

0E... is clearly more important than §E,,., which is
very small. Indeed, the LP-2 and NP-2 graphs are very
close to each other and appears superposed in the figure.
This is due to the fact that the A,,(T) and A, (T) graphs
are very close in these two approaches (see Fig. 1). On
the other hand, ¢E,,, may reach up to 3 MeV. Accord-
ing to the present model, the isovector pairing effect on
the excitation energy is therefore more important than
what the NP-2 model predicts.

Beyond T, of the present model, all curves are par-
allel since there is no more pairing in this region.
However, in this temperature range, the graphs of E, . (T)
are not superposed because the E(0) values of are differ-
ent in the various approaches.

3. Heat capacity

We have then studied the variation in the total heat
capacity of the system C as functions of the temperature.
The corresponding results are reported in Fig. 3 and com-
pared to those obtained within NP-1, LP-1 and LP-2
methods.

From the figure, we see that the overall behavior is
similar for the four approaches: the peaks correspond to
the various critical temperatures. Indeed, the behavior of
the pairing parameters is reflected in the heat capacity. In
then appears that the present method does not enable one
to reproduce the S-shaped curve of the experimental heat
capacities [111—113]. This is due to the approximations
used, namely on the one hand, the fact of assuming that
the different terms of the total Hamiltonian commute, and
on the other hand, to static-path and saddle-point approx-
imations.

As was the case for the excitation energy, the curves
of heat capacity obtained by methods NP-2 and LP-2 are
practically superposed, even if there is a slight shift.
Moreover, the peak corresponding to (T.,,), is barely
visible (see the enlarged part of Fig. 3).

2

25

w
S
| -

1 = AR — NP1
45 0 1 A R/ [R— NP-2
o R 4 R LP-1

5

I
o
1

o 4
00 02 04 06 08 10

N N N N w w
o 3 oS o S o
) PP [ RSy T [y P 1

o

o

T(MeV)
Fig. 3.
temperature 7' within the framework of the Richardson model.
Solid lines refer to the NP-1 model (present work), dotted
lines refer to the NP-2 model (Refs [100—102]) in the isov-
ector pairing case. Dash-dotted lines refer to the LP-1 model
(Ref. [104]) and dashed lines refer to the LP-2 (standard FT-
BCS) model in the pairing between like-particles case.

Variation in the heat capacity C as functions of the

We notice that the C values of the present study are
significantly higher than those predicted by the other
methods. The values at T =T, are almost twice as large
as in method NP-2.

Here again, the curves join beyond 7., of the present
method, since there is no more pairing in this region.

B. Realistic cases

In realistic cases, we used the single-particle energies
of a Woods-Saxon deformed mean-field with the para-
meters described in Ref. [114], with a maximum number
of shells N, = 12.

We consider in what follows three nuclei chosen as il-
lustrative examples: 3°Ar, ¥Cr and **Ge. These nuclei are
such as N =Z, since the np pairing is supposed to be
maximal in this kind of systems. Moreover, for these nuc-
lei, the pairing gap parameters A, (0), #,t' =n,p, may be
deduced from the even-odd mass differences. They are
given by [12]:

A,y = —%[M(Z+2,N)—4M(Z+1,N)
+6M(Z,N)-4M(Z—-1,N)—4M(Z—-2,N)]
(50)
Ann = - é[M(Z,N+2)—4M(Z,N+ 1)

+6M(Z,N)—4M(Z,N — 1) - 4M(Z,N - 2)]
(51
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1
A= 2IMZN+ 1D+ MZN-1)

+M(Z-1,N)+M(Z+1,N)]-4M(Z,N)
—IMZ+1,N+1)+MZ-1,N+1)

+MZ+1,N-1)+MZ+1,N-D]} (52)

where M(Z,N) is the experimental mass value.

Besides, results concerning these nuclei obtained
within the framework of the NP-2 method are available in
Ref. [101]. Unfortunately, the nuclei for which semiex-
perimental heat capacity data is available like the 2Dy
and the '72Yb which were considered in Ref. [104] have a
large (N —Z) value. In these nuclei, np pairing is negli-
gible.

1. Gap parameters

The variations in A, (T) as functions of the temperat-
ure for these nuclei are shown in Figs 4 to 6 for the ap-
proaches NP-1, NP-2, LP-1 and LP-2. Let us note that the
values of NP-2 method are extracted from Ref. [101]
where the temperature values only go up to 2 MeV. Let
us also note that for the nuclei **Ar and *Ge, the "experi-
mental" values of A, (0) are less well reproduced in the
case of model NP-2 than in that of model NP-1.

For the three considered nuclei, the A, (T) of the NP-
1 and LP-1 methods overlap as it was the case in the
schematic case. We have not found an explanation for
this fact.

Moreover, the overall behavior of the three gap para-
meters of the present method is similar to that of the
standard FTBCS method (LP-2). The abrupt increase in
the A,, and A,, curves, and the abrupt decrease in the A,
one at T = T,,, that appear in NP-2 method no longer ex-
ist in NP-1 method.

Besides, the critical temperatures of the present mod-
el are clearly more important than the ones predicted by
NP-2 and LP-2 methods. Their values are more than
twice those predicted by NP-2 and LP-2 models.

2. Excitation energy

The variations in E,,.(T) as functions of the temperat-
ure are reported in the same figure as A, for each of the
considered nuclei. We can than see a change in the slope
of E,,. at the various critical temperatures. However, the
change in the isovector pairing case is less sudden within
the framework of NP-1 model than within the NP-2 one.
This is a direct consequence of the behavior of A, (7).

For all the considered nuclei, the excitation energy of
NP-2 model increases faster than that of NP-1, until
T =T.,,, of NP-2 model. Beyond this value, the situation
is inverted.

We have then have evaluated the isovector pairing ef-
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1004
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15 20 25 30 35 4.0

T(MeV)
Fig. 4. (color online) Variation in the pairing gap paramet-
ers Ay (T), t,¢' =n,p (upper part), the excitation energy E,..
(middle), and heat capacity C as functions of the temperature
T for the nucleus *°Ar. Solid lines refer to the NP-1 model
(present work), dotted lines refer to the NP-2 model (Refs
[100—102]) in the isovector pairing case. Dash-dotted lines
refer to the LP-1 model (Ref. [104]) and dashed lines refer to
the LP-2 (standard FTBCS) model in the pairing between like-
particles case. The A,, and A, curves in NP-1 and LP-1 mod-
els are exactly superposed.

fect on the excitation energy using the quantities SE,,.|
and 6E,, defined by Eqgs (48) and (49). Their respective

values at T = (T,,,), and T = (T.,,), are given in Table

1 2
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Fig. 5. (color online) Same as Fig. 4 for the nucleus “4Cr

1. It then appears that the np pairing contribution to the
excitation energy is much more important in the frame-
work of the NP-1 model than in the NP-2 one.

When T > T,,, of NP-1 model, all curves are parallel
since there is no more pairing in this region. Neverthe-
less, as in the schematic case, the excitation energy
graphs are not superposed because the energy values at
zero temperature are different in the various approaches.

3. Heat capacity

The variations in C(T) as functions of the temperat-
ure are shown in Figs 4 to 6. As in the schematic case, the
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Fig. 6. (color online) Same as Fig. 4 for the nucleus *Ge
Table 1. Isovector pairing effect on the excitation energy

evaluated at the neutron-proton critical value of the temperat-
ure. (see the text for notations)

Nucleus  Eexet ((Tenp),) (MeV)  8Eexea ((Tenp),) (MeV)

364, 24.86 2.51
B0y 32.76 8.46
64Ge 37.76 5.06

overall behavior is similar for the four approaches: none
of them can reproduce the S-shaped curve of the experi-
mental heat capacities.
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For nuclei *Ar and ¥Cr, the "experimental" values of
A,,(0) and A,,(0) are very close to each other. The
A, (T), t=,np, curves are then practically superposed in
all the models. It follows that the peaks in C(T) curves at
T, and T, are very close and in some cases they are
difficult to distinguish.

There exists a shift between the peaks positions at
T =T, and T =T,,, between the NP-2 and LP-2 mod-
els. It is obviously due to the shift observed in the A, (T)
graphs between these two models. This shift no more ex-
ist between the NP-1 and LP-1 approaches: the C(T)
curves are exactly superposed when T > (Tmp)l.

In the isovector pairing case, the height of the peak in
NP-2 approach at T = (T,,), is small compared to the
peaks corresponding to the proton and neutron critical
temperature values. However the peak in NP-1 approach
at T = (TC,”,)1 is comparable to that of its homologues at
T =Tey and T =T,,,. Moreover, the peak at T = (T.,,)
is negligible compared to the one at T = (T.,,),

In the temperature range between (7.,,), and T,,, of
NP-2 approach, the NP-1 and NP-2 curves are very close
to each other for the nuclei **Ar and “Cr. The discrep-
ancy observed in the %*Ge case is probably due to the fact
that the A, (0), t,# = n, p, values are different in the two
models.

All the curves for the four considered models join
when T >T,,, of model NP-1, since there is no more
pairing in this region.

In summary, the main conclusions drawn in the
schematic case remain valid in the realistic case.

However, the predicted critical temperatures seem to
be too high. In the pairing between like-particles case, it
was found in Ref. [104] that the LP-1 approach repro-
duces well the exact results of the gap parameter, the en-
ergy and the heat capacity at low temperature. But this is
no longer the case at higher temperatures. This leads to an
overestimation of the energy values for higher temperat-
ures.

As the NP-1 approach is a generalization of LP-1, it
can be assumed that the A, ,y=n,, E..c and C are cor-
rectly described by the NP-1 approach at low temperat-
ure. However, Tthe latter seems to overestimate the crit-
ical temperatures, which leads to excessive values of E,,..
To remedy this problem, the thermal and quantal fluctu-
ations should be taken into account and a particle-num-
ber projection should be performed.

2

VI. CONCLUSION

We present a model for the treatment of the temperat-
ure dependent np pairing correlations based on the path
integral formalism (model NP-1). It generalizes the re-
cently proposed model using a similar approach in the
pairing between like-particles case (model LP-1).

The pairing terms in the total Hamiltonian are written
in a square form in order to facilitate the use of the Hub-
bard-Stratonovitch transformation. The expression for the
partition function of the system is then established using
the static path approximation.

The gap equations, as well as the expressions for the
energy, the entropy and the heat capacity of the system
are deduced. They do generalize those of LP-1 model. In-
deed, one simply has to set A,, =0 in the expressions of
NP-1 model to find the equations of the LP-1 model.
Moreover, they are different from the ones obtained with-
in the NP-2 model (which a generalization of the stand-
ard FTBCS model LP-2) because the approximations
used are of a different nature.

As a first step, the formalism is numerically applied
within the framework of the schematic Richardson mod-
el. The method is in a second step applied to realistic
cases using the single-particle energies of a deformed
Woods-Saxon mean-field. Three nuclei such as N =Z are
considered since the np pairing is supposed to be maxim-
al in'this kind of systems: *Ar, ¥Cr and *Ge.

The variations in the three gap parameters, the excita-
tion energy and the heat capacity are studied as functions
of the temperature in both schematic and realistic cases.
They are compared to the results of the LP-1, NP-2 and
LP-2 approaches. The conclusions in the schematic and
realistic cases are similar.

It is shown that the behavior of the three gap paramet-
ers of NP-1 model is similar to that of A, (T) in the stand-
ard FTBCS model. One notes the existence of critical val-
ues of the temperature beyond which A, 7, =n,p, van-
ish. These critical temperatures are significantly larger in
models NP-1 and LP-1 than in models NP-2 and LP-2.
Moreover, the A, (T), of the NP-1 and LP-1 models are
exactly superposed, while those of the NP-2 and LP-2
models are different. Furthermore, the sudden variation in
the graphs of A,(T) in the vicinity of 7., in the NP-2
model no longer exists in the NP-1 model.

Dealing with the excitation energy, it appears that the
isovector np pairing contribution to this quantity pre-
dicted by NP-1 model is more important than the one pre-
dicted by NP-2 model.

Finally, the heat capacity exhibits an overall behavior
which is similar in the four approaches: none of them can
reproduce the S-shaped curve of the experimental heat
capacities. In each model, there is a peak at each value of
the critical temperature. These peaks are significantly
higher in the framework of the models NP-1 and LP-1
than in the framework of the models NP-2 and LP-2.

Let us however note that there is no experimental data
available for the considered nuclei, it is therefore diffi-
cult to decide between the different approaches. Never-
theless, the model NP-1 seems to overestimate the critic-
al temperatures. To remedy this problem, the thermal and
quantal fluctuations should be taken into account and a
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particle-number projection should be performed.
It would also be interesting to generalize the present
study to the isovector plus isoscalar pairing case.

APPENDIX A. CALCULATION DETAILS OF R},

Let us consider the unitary operator

U,p (A1)

U,U,

with

U,:HSj,,Sj,zi(aj,+a}'t) (aj“-,+a-]~;),[:n’p. (AZ)

>0
We can easily verify that
U;p = U, (A3)

Operators P, U,, and U, P,, are identical and are given
by

P, U, =U, Py,=R,, (A4)
where
Rnp = Z [nvnnf/vanﬁ + nvpnﬁnvaﬁ:I (AS)
v>0
with
anﬁ = (Cl;,,, + a;n) (av,, + Cl:,rp) gsj" Sjp (A6)
J#EV
va;l = ((l;,p + a;’p) ((ZW, + (l:—n) j[!Sjn Sjp~ (A7)
JEV
Finally, we have
P; P, =P, U,Uyr P, =R, (A8)

APPENDIX B. CALCULATION DETAILS OF Z
Let us set in Eq. (8)

B
Sw (B)=T: exp (/ Hy (1) dT)
0

N
= AIILH;JTTI:I[CXP (%Hn’ (Ti)) Ay (B1)

=n,p.

We then have

SB) =Su B)Sy, B)S,, (B). (B2)

Using the Hubbard-Stratonovitch transformation [91],
[105, 106]

exp (02) = /+°° dxexp {—ﬂx2 -2 ﬁxO} , (B3)

o

where O is a bounded Hermitian operator and x is an ex-
ternal field, the quantities S, (8), become

N +00 ’3 ﬁ
Sw ()= T, lim ]_1[ / N \fﬁdxn/,-exp {—nﬁxiri

_2% NG Xy iRiw (Ti)} (B4)
where we set, for simplicity
Xiri = X (Ti) (BS)
and X,; is such that
Xeri = \/ %Xtt’h (B6)
At the limit where N goes to infinity, we set
+00 N ﬂ
/ X, = lim / I SG
=

It is worth noticing that X,,; means here X, (7;) and that
when the limit is taken, X, ; — X,» (7).
S, (B) finally reads

B
Sy B =T / DX, exp {—n / Xz,
0

(r)dr

B
=2 NVnG,y / R, (7)) Xy (1) d‘r} . (BS)
0
Let us set
Ay (1) = NrGy X,y (7)), (B9)

the partition function Z is then given by
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Z=T.Tr / DALDA,, DA,

A2 (1) A% (r)} }
_ nn d
X exp { /0 { G. + + Gy T

B
X exp { -BH, - 2/ [Rnn (M)A, (1) + Rpp (7) APP ()
0

Ay (D
Gpp

+ R,y () Ay (1) dr} :
(B10)
where
+00 N ﬁ 1
DA, = 1i \/— dA,y ;. B11
/ 1t lego - H m i j ( )

Using the static-path approximation [107], where it is as-
sumed that A, (1) is independent of z, i.e.:

A (T) = Ay, (B12)

Z reduces to ordinary integrals over the variables A, It
then reads as

=— [ dA,dA,dA,
2 Gm,G,,,,Gn,,/ e

X exp {—ﬁ PAG’M'Z +

2
|Anp|
G

8L,
GPP

b

(B13)

with

hvnp = évn (nvn + r]\"/n) + g‘vp (va + Tlf/p) + ZAnnnvnr]\“/nan

+ 2Appnvpn\7vap + 2Anp (nvnrl"/vanﬁ + nVnnvavpﬁ)
(B14)

APPENDIX C. COMMUTATOR [h,,,, ]

Let us set

+h

vnp

(ChH

hvnp = Z hy
t

with

hy, =&, (Uw + 7717:) + 2A117]vt77\7[th (C2)

and

’
hvn P

- ZAnp (r]vnnf/vanﬁ + U?}znvavpﬁ) . (C3)

The commutation relation between 4,,, and h,,, is given
by

[hvnp’h/mp] = Z [h"f’hﬂf’} + Z [h"f’h;mp]

t t

+ Z vnp’ vnp’ h:mp] (C4)
We then have
[hvt» hyr’] =2Av &y [(th +090) s e M Byt']
+ 2048 [thanvt, (77;11' + 77/71’)]
+4A, Ay [nvznthn Ny M B,ut'] . (C5)

The first two terms in [h,,,h,.| for v # u, are proportion-
al to A,, (and thus to vG,,) or to A, (and thus to vG,).
As for the last one, it is proportional to the product A,A,
(and thus to VG,G,,).

In the same way, [hw.h,,] and [A,,.ha] for v#pu,
are the sum of a term proportional to A,, (and thus to
/G.p) and another one proportional to A,A,, (and thus

0 /GG,,). For example,

[hois I,

;mp} =2A,,
x [EW (e +1050) » (nu"nﬁPBunﬁ + nﬂnnﬂpBﬂpﬁ>]
+ 400 Ay [ @0t15eBue) s (untlip Bunp
+ Djntlup Bupi) ] -
(Co)

Finally, [#),,:1,,,] for v#u, is proportional to AL,
(and thus to G,,). As the values of G, (t,¥' =n,p) are
small compared to single-particle energies, the approxim-
ation

[hvnpa ,unp] 0 V;t,u9

is justified.

APPENDIX D. ISOVECTOR PAIRING GAP
EQUATIONS (NP-2 MODEL
REF. [100])

The temperature dependent gap equations in the isov-
ector pairing case of Ref. [100] are briefly recalled in the
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following.
The gap parameters A, (¢,¢' = n, p) are defined by

4A,, 1 1 { (-DH™!
e tanh =BE,.{ A,
G = 2, hop R,
2 2 2
X (B2 ) B+ 283, (B + Ayy)] |
(D1)

4A 1 —1!

L tanh —BE,; {A,,,,+ =D
Gpp vr=12 "7 2 RV

“EL) A2, (u )] b 0D)

(_1)r+l
R

4

1
tanh EﬂE” X {1 +

2
G"p - V,Zl:l

and

E, = & +A2.

The particle-number conservation conditions are given by

(D6)

vy iy o @
=1,2
with
6Evr _ L - . i
(9/1,,(,,) - 2EVT { Eyn(p) +( 1) Rv
X (&) (Evpin = Evny) + 280, (Bvpin = Emip) | }
(D8)

At the limit when A,, =0, Egs. (D1) and (D2) become
(52.)

and the particle-number conservation conditions (87) be-

come
n(5e)]

The latter equations are the standard FTBCS expressions
[45], [47], [101], [103].

2 1
— = — tanh
GII

. (D9)

N, = Z{l—ﬂt

(D10)

[E2,+ B2, +2 (A — By } (D3)
with the notations
= f{E2 +E,,+2A,,+(-D™'R,} [7=1.2
(D4)
R = (B2, —E2) +4A2 [(Bn—80)" * (D +4y)°]
(D5)
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