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Abstract: In this work, a comprehensive analysis of the mass spectra and decay properties of bottomonium states

using a relativistic screened potential model is carried out. The mass spectrum, decay constants, E1 transitions, M1
transitions, and annihilation decay widths are evaluated. The interpretation of Y(10355), Y(10580),Y(10860), and
T(11020) as S —D mixed bottomonium states are analysed. The ((10355) state is considered to be 3S —2D,
Y(10580) and Y(10753) are considered to be 45 —3D mixed states, and the T(10860) and Y(11020) are deemed to

be 58 —4D mixed states.

Keywords: Bottomonium, Relativistic Potential Model, Screened Potential, Radiative Decays, S-D Mix-

ing

DOI: CSTR:

I. INTRODUCTION

The study of heavy quarkonium, specifically bot-
tomonium, has emerged as a captivating and influential
field in contemporary particle physics. The allure of this
research lies not only in the experimental endeavors
aimed at unraveling the intricate properties of these heavy
quark systems [1, 2], but also its rich theoretical frame-
work which allows to understand intricate interplay of
perturbative and non-perturbative quantum chromody-
namics (QCD) phenomena across a broad energy spec-
trum [3]. The history of bottomonium traces back to
T(18), first discovered by the E288 Collaboration at Fer-
milab along with Y(2S) and Y(38) [4, 5]. In 1982, the
x»/(2P) states were observed from CUSB detector at
CESR in T(3S) - yx,,(2P) for (J=0,1,2) [6, 7]. The
xps(1P)  states were discovered in 1983 in
m5(28) = yxp,(1P) and x,,(1P) — yn,(1S) [8], and were
later confirmed in the same year by CESR in
T2S) = yxps(1P) = yyY(1S) [9]. In 2005, most precise
measurement of branching fractions and photon energies
of x,;(1P) and y,,,;(2P) were conducted by the CLEO Col-
laboration [10]. For the first time in 1980, CESR ob-
served a peak above the BB threshold and suggested it as
T(4S) [11]. Later in 1985, CLEO at CESR, in addition to
T4S), reported the observation of Y(10860) and
T(11020) resonances [12]. Most recently, Belle Collabor-
ation in 2019 measured e*e™ — T(1,2,3S)n* 7~ cross sec-
tions, determining masses and widths of Y(10860) and
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T(11020) with improved precision [13]. In 2004, CLEO
Collaboration observed the Y(1D) state at 10161.1+
0.6+1.6 MeV via a photon cascade of T(3S) decays,
identifying it as T,(1D) state [14]. BABAR Collabora-
tion later confirmed the 7T,(I1D) triplet in
T(3S) — yyY(D) — yyn*n~T(1S), with significance of
5.80 for Y,(1D), while the significance for T(1D) and
T3(1D) states were very low [15]. In 2008, BABAR dis-
covered 1,(1S5) with 100 significance via Y(3S) — yn,(15)
[16]. It was later confirmed by CLEO Collaboration [17,
18], which also identified 7,(2S) with 5o significance in
T2S)— yn,(2S) [18]. Belle Collaboration observed
n,(2S) for the first time in A,(2P) — yn,(2S), measuring
its mass as 9999.0 +3.5*2% MeV and hyperfine splitting as
m[T(28)] - m[n,(2S)1 =24.372 MeV [19]. In 2011,
BABAR Collaboration observed #,(1P) with 3.10 signi-
ficance in Y(3S) — n°h,(1P) — n%yn,(18) [20]. Belle Col-
laboration later confirmed A,(1P) in Y (5S) — x*n h,(1P)
and discovered h,(2P) with 11.20 significance, having
mass of 10259.8+0.6%}3 MeV [21]. In 2012, ATLAS
Collaboration observed y,(3P) in y,(nP)— yY(1S,2S)
[22], later it was also confirmed by DO Collaboration
with 5.60 significance at mass barycentre of
10551 +14+17 MeV [23]. In 2018, CMS Collaboration
observed y,;(3P) and x,,(3P) in yY(3S) decay mode,
measuring their masses as 10513.42+0.41+0.18 MeV
and 10524.02+0.57£0.17 MeV, respectively, and a mass
difference of 10.60+0.64 +0.17 MeV [24]. In 2012, from

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution of this work must main-

tain attribution to the author(s) and the title of the work, journal citation and DOI. Article funded by SCOAP? and published under licence by Chinese Physical Society
and the Institute of High Energy Physics of the Chinese Academy of Sciences and the Institute of Modern Physics of the Chinese Academy of Sciences and IOP Pub-

lishing Ltd


http://orcid.org/0009-0007-5463-6812
http://orcid.org/0000-0003-3994-9945

Chaitanya Anil Bokade, Bhaghyesh

Chin. Phys. C 49, (2025)

the data on Y(5S5) decays to Y(nS)n*n (n=1,2,3) and
hy(mP)rm*n~(m =1,2), Belle Collaboration observed two
charged structures, Z,(10610) and Z,(10650) [25]. Due to
their charged property, they cannot be described in con-
ventional quarkonium picture and require a four-quark
configuration description such as hadronic molecules [26,
27], tetraquarks [28, 29], etc. In 2019, BELLE Collabora-
tion discovered Y(10753) with 5.20- significance in
ee” - Y(nS)m*n~ with mass of 10752.7+5.9*)] MeV
and width of 35.57]7$3% MeV [30]. It was also identified
through cross-section calculations by BABAR and
BELLE experiments [31]. Even with significant progress
in experimental domain there is still lack of key details,
such as the total width and mass values of higher reson-
ance, branching ratios for significant decay modes, etc.
Unlike the rich charmonium-like XYZ sector, there are
only few unconventional bottomonium-like states (e.g.
Z,(10610), Z,(10650)) that has been discovered. No ex-
perimental evidence exists for X, the bottomonium coun-
terpart of X(3872) [32]. The pursuit of similar exotic
states in the bottomonium system, such as the X, whose
existence is predicted in multiple models [33, 34], holds
promise for understanding the nature of the internal struc-
ture of X(3872). Exotic hadron studies have predomin-
antly relied on e*e™ annihilation experiments, exempli-
fied by BESIII, Belle, BaBar, and CLEO [3]. Belle II at
SuperKEKB aims to achieve for a peak luminosity of
8x10%cm?s™! by 2025, with operations extending to
2027 to collect over 50ab™' of data [3]. Following the
LHCb Upgrade I, Run-3 data will be crucial, while the
PANDA experiment on antiproton-nucleon interactions
and upcoming super 7 - charm factories offer promising
avenues for exploring novel states [2, 35]. In view of the
potential for discovering new states in the bottomonium
sector, we have developed a relativistic screened poten-
tial model that has proven effective for charmonium [36].
The proposed model provides a robust theoretical frame-
work by considering relativistic effects and the screening
of the potential. Our model can facilitate the identifica-
tion and characterization of new and exotic states within
the bottomonium spectrum.

In this paper we have conducted a comprehensive
study of bottomonium in a relativistic screened potential
model. In section II, we discuss the theoretical model
used to describe the bottomonium bound system and the
numerical approach used to solve the relativistic Sch-
rodinger equation. Decay constants and various decays
are discussed in section III. In section IV, S — D mixing
of bottomonium states is discussed. In section V a thor-
ough investigation of our evaluation and interpretation of
bottomonium states are conducted, along with comparis-
on between the experimental results and other theoretical
models. In section VI we present our conclusion.

II. METHODOLOGY

A relativistic potential model is developed to investig-
ate various bottomonium properties. We utilize the spin-
less Salpeter equation, which is a relativistic extension of
the Schrodinger equation [37]

H= \[-VZanm2+ \[-Vi+ml+V(r), (1)

where 7=1x;-%,,/%; and ¥, are the coordinates of the
quarks and operators V; and V; are the partial derivat-
ives of those coordinates respectively. m, and m; are the
masses of quark and an anti-quark respectively. The inter-
action potential V(r) between the quark and antiquark is
composed of two components: Vy(r), representing the
one-gluon-exchange coulomb potential term that is dom-
inant at short distance, and Vg(r), which represents the
linear confining term adjusted to account for colour
screening effects at longer distances [38]:

4 ay(r)

VV(V)Z—gT, (2)
1—ehr

Vs(r)le( : )+v0, 3)

V()= Vy(r)+Vs(r). €]

Here A is the linear potential slope and y is the screen-
ing factor which regulates the behaviour of the long-
range component of V(r), causing it to flatten out as r be-
comes much larger than 1/u and exhibit a linear increase
as 7 becomes much smaller than 1/u. The V(r) converges
to Cornell potential as u— 0 [38]. a,(r) is the running
coupling constant in coordinate space obtained by Fouri-
er transformation of coupling constant in momentum
space a, (Q?) [37] and is given by

a,(r) = Za;% /OW e_xzdx, (5)

where a)s are the free parameters to imitate the short-dis-
tance behaviour of o, (Q?) as predicted by QCD. The
parameters values are taken as a;=0.15, @, =0.15,
a3 =0.20, and y, = 1/2, y» = V10/2, y; = V1000/2 [39].
The Hamiltonian H is solved as an eigenvalue equation
using the method developed in [39, 40]. The Hamiltonian
Eq. (1) as a eigen equation is given by

EW(P) = [\/—V§+mq+ \/—V§+mq+V(r)} @), (6)

The wave function can be expanded using spectral in-
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tegration, which allows us to express the wave function
as an integral over the eigenstates of the Hamiltonian H:

&Pk s
_ 3. ik(F—7) —
‘P(f’)—/d r /(277)36 (7). @)

Eq. (1) can be rewritten as

+ /K2 +mq) K () + VIO (P) . (8)

The exponential term can be expanded in terms of
spherical harmonics as

4712

) Yu (P jikr)i', )

where j; is the spherical Bessel function, Y,f,(l}) and Y,;(?)
are the spherical harmonics with normalization condition
[dQY,, 1, (K) Yy, () = 8,011, k and 7 are unit vectors
along the ¥ and 7 direction, respectively. The wave func-
tion can be factorized into radial R,(r) and angular Y,,(r)
parts, and substituting Eq. (9) in (8) and simplifying, we
get [39, 40]

Eu(r) =%/dkk2/dr'rr’(\/k2+m3+ \/k2+m§)

X jikr) ji(kr Yu,(r') + V(@) (r), (10)

where u,(r) is the reduced radial wave function
(Ri(r) = u,(r)/r). When the separation distance grows for a
quark-antiquark bound state, the wavefunction gradually
decreases and eventually approaches zero at sufficiently
large distance. In order to represent this behaviour, a
characteristic distance scale L is introduced, confining the
bound state's wavefunction within the spatial interval of
0 <r<L.Next, one can expand the reduced wavefunc-
tion u(r) in terms of spherical Bessel function for angu-
lar momentum / as

ul(r)zzcn%ﬁ(azr) s (11)

n=1

where ¢,'s are the expansion coefficients, a, are the n-th
root of the spherical Bessel function, ji(a,) = 0. For large
value of N Eq. (11) can be truncated. The momentum is
discretized as a result of confinement of space, which al-
lows us to replace a,/L < k and the integration in Eq.
(10) can be replaced by [dk— > ,Aa,/L, where,
Aa, = a,—a, . For finite space interval, 0 <r,r <L, in-
corporating all the changes in the Eq. (10), we get the fi-

nal equation in terms of the coefficients c,'s as [39, 40]

N
Al [ Qnl
Ecm=ZN2 / drV(r)r ][( 2 ) ( L )Cn
n=1 "M m
2
2 \/(@) +m2+ \/(%> Aama N2ec,,
L q L m*Ym

+ —_—
nl?
(12)

where N,, is module of spherical Bessel function

s\ 2
N2 £ /dr’ 2 (“%) . (13)

When L. and N attain sufficiently large values, the
solution tends to become nearly stationary [39, 40]. The
spin dependent interaction potential is given by [41, 42]

Vsp(r) = Vss(r)Sy- S+ Vis(NL-S + Ve (NS 1. (14)

Vssis the spin singlet-triplet hyperfine splitting term giv-
en by

32ma,(r) «

Vss(r) = ———— om? 05(7). (15)
mg

3
Here 0,(r) = <i> ¢ is the smeared delta func-
T

tion [43, 44]. To regularize the non-zero hyperfine split-
ting, smearing of delta function as Gaussian of width 1/o
is necessary [43, 44]. The spin orbit term V,¢ and the
tensor term V7 which describe the fine structure splitting
of the states are given by

Vis(r) = BV -Vs(»)

2
‘I

1 [V "
wm=%(ﬁ@—wm) (16)
q

The tensor operator Si» =3 (§q'f> (§q'f> _§q'§é,
has non-vanishing diagonal matrix elements only
between L > 0 spin-triplet states. The spin-dependent in-
teractions are diagonal in a |J,L,S) basis with matrix ele-
ments given by [43—45]

I, 3

SoSp=38"-7

(L- §>—% JJ+D)-LIL+1D=SES + 1),
__ L J=L+1
]6(2L+3) B

(S12) = 5 J=L an
Li"'l J=L-1
62L-1) "
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Eq. (12) represents an eigenvalue equation in matrix
form, which is solved numerically. The eigenvalues cor-
respond to the masses of spin-averaged states and the ei-
genvectors represent their wave functions. Using the ob-
tained normalized wave functions for the spin-averaged
states, the spin-dependent corrections are evaluated per-
turbatively. The model parameters are determined using
the y? fit method through minimizing the x?, defined as

; ; 2
i —M:
2 Exp Th
X = E i >
- ( M, )

where My, and Mj, are the experimental mass and pre-
dicted mass respectively, and My, is the error in My, .
The errors of observed masses M:, are taken as 0.1% of
the masses of the respective states, M, ,. These errors are
different from their corresponding experimental uncer-
tainties, which are too small for some states and are un-
evenly distributed. This approach ensures balanced
weighting in the fitting process and prevents states which
have lower experimental errors from disproportionately
influencing the fit [46]. For fitting we have considered
the well established four S-wave states 7,(15,2S),
T(1S,2S), four P-wave states h.(1P,2P),x; (1P,2P) and
one D-wave state, 13D,. Using this approach, we obtain a
x? value of 14.1. The fitted parameters are listed in Table
1. The masses of S,P,D,F and G states are presented in
Tables 2-5, respectively.

(18)

Table 1. Parameters used in our model

1 (GeV)
0.240

my (GeV)
4744

1 (GeV)
0.039

A (GeV)
0.17

o (GeV?)
4.967

Table 2. S wave mass spectra of bb states (in MeV)

States  Ours  Exp[67]

9398.7

[46]
9398
9989
10336
10597
10810
10991
9463
10017
10356
10612
10822
11001

[54]
9402
9976
10336
10635
10869
11097
9465
10003
10354
10635
10878
11102

[59]
9423
9983
10342
10638
10901
11140
9463
10001
10354
10650
10912
11151

[57]
9412.22

[74]
9390
9990
10326
10584
10800
10988
9460
10015
10343
10597
10811

15y 9406.4
25
318
4ls,
5180
6'So
138,
238,
335
48,
5%

9998.9  9999.0 9995.48

10374.9 10339.00

10671.8 10572.49

10924.5 10746.76

11147.9 11064.47

9451.1  9460.3 9460.75

10023.8 10023.3 10026.22

10394.2 10355.1 10364.65

10688.1 10579.4 10594.47

10938.9 10885.2 10766.14

635, 111609 11000.0 11081.70 10997

Table 3. P wave mass spectra of bb states (in MeV)
States Ours  Exp[67] [46] [54]  [59] [57] [74]
1'Py 98729 98993 9894 9882 9899  9874.56 9909
2tp, 102717 10259.8 10259 10250 10268 10270.00 10254
3lp;  10582.7 10530 10541 10570 10526.50 10519
4'p,  10845.6 10751 10790 10714.80
stp, 11077.1 10938 11016 10863.00
13P, 98387 9859.4 9858 9847 9874 9849.61 9864
23p, 102449 102325 10235 10226 10248 10252.54 10220
33p, 10559.4 10513 10522 10551 10512.88 10490
43p, 108245 10736 10775 10703.56
53p, 110574 10926 11004 10853.38
13p; 98657 9892.8 9889 9876 9894 9871.47 9903
23p,  10266.2 10255.5 10255 10246 10265 10267.86 10249
33p; 10578.1. 10513.4 10527 10538 10567 10524.84 10515
43p, 108415 10749 10788 10713.44
53py 110733 10936 11014 10861.83
1°P, 98856 99122 9910 9897 9907 9881.40 9921
23p, 102823 10268.6 10269 10261 10274 10274.77 10264
33p, 105923 10524.0 10539 10550 10576 10530.21 10528
43p, 10854.6 10758 10798 10717.86
53p, 11085.6 10944 11022 10865.62
Table 4. D wave mass spectra of bb states (in MeV)
States  Ours  Exp[67] [46] [54] [59] [57] [74]
1'D, 10149.1 10163 10148 10149 10153.80 10153
2D, 10476.3 10450 10450 10465 10456.60 10432
3lp, 10749.9 10681 10706 10740 10664.70
4'p, 10989.2 10876 10935 10988 10823.00
51D, 11204.1 11046 10952.60
1°D, 101394 10153 10138 10145 10144.99 10146
23D, 10467.3 10442 10441 10462 10450.23 10425
33p, 107413 107527 10675 10698 10736 10659.68
43D, 10981.0 10871 10928 10985 10818.83
53p, 11196.1 11041 10949.01
1°D, 101479 10163.7 10162 10147 10149 10152.77 10153
23p, 10475.0 10450 10449 10465 10455.86 10432
33D, 10748.7 10681 10705 10740 10664.12
43p, 10987.9 10876 10934 10988 10822.52
53D, 11202.8 11045 10951.59
13D; 101542 10170 10155 10150 10158.31 10157
23D;  10481.1 10456 10455 10466 10459.85 10436
33D; 10754.6 10686 10711 10741 10667.25
43p;  10993.7 10880 10939 10990 10825.12
53D; 112085 11049 10954.42
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Table 5. F and G wave mass spectra of bb states (in MeV)

States Ours [46] [54] States Ours [46] [54]
1'F;  10366.8 10366 10355 || 1'G, 105529 10534 10530
2lpy; 106522 10609 10619 || 2'G, 10809.8 10747 10770
3lp; 10900.0 10812 10853 || 3!G, 11038.2 10929

4'F; 111215 10988 4'G, 112453

5lFp; 11323.0 51G, 114356

1°F, 10363.6 10362 10350 || 13G; 10552.8 10533 10529
23F, 10648.8 10605 10615 || 23G; 10809.2 10745 10769
33F, 10896.5 10809 10850 || 33G; 11037.3 10928

43F, 11117.8 10985 43G; 112441

53F, 113192 53G; 114343

13F; 10366.8 10366 10355 || 13G, 10553.4 10535 10531
23F; 106522 10609 10619 || 23G, 10810.1 10747 10770
33F;  10899.9 10812 10853 || 33G, 11038.4 10929

43F; 111213 10988 482G, 112455

53F; 113227 53G, 114358

13F, 103685 10369 10358 || 13Gs 10552.6 10536 10532
23F, 10654.1 10612 10622 || 23Gs 10809.8 10748 10772
33F, 10902.1 10815 10856 || 33Gs 11038.5 10931

43F, 11123.7 10990 43Gs 112459

53F, 113253 53Gs 114364

III. DECAY PROPERTIES

Bottomonium decays are important for understanding
internal structures, revealing underlying dynamics, and
distinguishing states. Comparison of mass spectra and de-
cay properties with experimental data helps to validate
theoretical models. Using the obtained wave functions,
we calculate various decay properites of bottomonium.

Decay constants are fundamental parameters that
characterize the strength of the weak interaction respons-
ible for the decay processes, and it measures the probabil-
ity amplitude to decay into lighter hadrons. The decay
constant of pseudoscalar (fp) and vector (fy) states can
be calculated using the Van Royen Weisskopf formula
[47]

3IRpv(0)*

(19)
ﬂMP/v

Jev = C(ay),

where Rpy(0) is the radial wavefunction at the origin for
pseudoscalar (vector) meson state, Mp,y is the mass of
the pseudoscalar (vector) meson state and C(a,) is the
QCD correction given by [48]

Coa)=1- ‘(") (5”V D=4 1 ) . (20)
my + mg mg
where 67 =2 and 6¥ = 8/3. The decay constant of P-wave

states can be evaluated using [49, 50]

B 3 (IR, (0
fu=12 8nm, ( M,, ) ’
9 (IR, (0
Su=8 87tm, ( M, ) @D

Here M,, and M,, are the masses of y, and y; states,
respectively. The decay constants for pseudoscalar fp» and
vector fy are presented in Table 6 and decay constants for
fv, and f,, are presented in Table 7. Bottomonium anni-
hilation decays leave distinct signals in experimental
data, allowing bottomonium states to be identified and
characterized in high-energy collider experiments and
precision spectroscopic investigations.

The leptonic decay formula for S-wave (n’S,) and D-
wave (n°D) states are calculated using Van Royen-Weis-
skopf formula along with the QCD correction factor [47,
51-53]

. ‘e 160r,()
r(n’s, > 1) = MGES )2|R,1S(0)|2 {1— I } ,
25 2,2
DD > P =5 M((X g8 SR O, (22)

where R/, (0) is the value of radial wavefunction at origin
for nL state and (") represents the order of derivative and
M(n*+'L,) is the mass of n**'L; state.

The annihilation decays for S-wave (n'S,) and P-
wave (n*P, and n*P,) into two photons (yy) and S-wave
(n*S)) states into three photons (yyy) with first order
QCD correction factors are given by [51, 52]

22,24

L1150 ) = 3o iR O)F |1 - 2220
L (P = yy) = M? Zfe; Ry |14+ 22200
L (w'S1 = yyy) = W| s [1- 200

(23)

The annihilation decays for S-wave (n'S,), P-wave
(n*Pyand n*P,), D-wave n'D,), F-wave n’F,,n’F;
and n*F,) and G-wave (n'G,) states into two gluons (gg)
with first order QCD correction factors are given by [51,
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52, 54]
I (n'S0 - g8) = 3M( U o 1450
P (1'Po - g3) = o T o 14100
T (n'Py - gg) = 5 W ;(.f‘;l (O [1—%} ;
I (n'D; - gg) = 3]‘4(21%))6|R;:D(0)|2 {1 - @} :
I (n*F, — gg) = MIRZ;(O)F,
L (wF, - gg) = mM(onz,
F(PF, > 88) = et RO,
I (n'Gy — gg) = wm;g(onz.

(24)

The annihilation decays for S-wave (n’S,), P-wave
(n'P,) and D-wave (n*D,,n’D, and n’D;) states into three
gluons (ggg) with first order QCD correction factors are
given by [51, 52, 55]

2210(z2 - 9)a 494,

I (7S, — ggg) = WVQS O {1 - “T(”)} :
1—~ 3(}‘) ’ 2

(11Py = g88) = g e RO (m,01)

2676003

I (n’Dy — ggg) = WCZD%WZD(O)P]H (4my(ry)
I (n*Dy — ggg) = Woig‘))d O In (4my(r)
F 3(/") // 2

(’Ds — ggg) = Wl (O In (4my(r)) .

(25)

The annihilation decays for S-wave (n3S;) states via
strong and electromagnetic interaction, into a photon and
two gluons (ygg) [44, 51, 56] and the P - wave (n*P,) in-

to a light flavour meson and a gluon (¢gg) are given by
[51, 52]

228(n* - 9)6;&’@’?(/.1)
IrM(n3S )?
y {1 B 7.4a/x(,u)} ,
Vs

IR,is (0)?

T(n’S) —ysg) =

248 fag(ﬂ)

WIR;;)(O)IZIH (mq<r>) . (26)

r (n P - qqg)

where n, is the number of flavors. For all decays the
strong coupling constant «,(u) is calculated using the ex-

Table 6. Psecudoscalar and vector decay constants (in MeV)

States  fpy  Exp[67]  [59] [57] [80] [81]
118¢ 655.9 529 578.21 646.025 744
218, 489.2 317 499.48 518.803 577
318, 431.8 280 450.35 474954 511
41s, 398.6 264 413.93 449.654 471
518, 375.5 255 385.68 432.072 443
65, 357.6 249 360.93 418.645 422
138 640.2 71545 530 551.53 647.250 706
238, 478.0 498+8 317 477.05 519.436 547
338, 422.0 430+4 280 430.42 475.440 484
435, 389.7 336+18 265 395.80 450.066 446
538, 349.7 255 368.91 432.437 419
63, 335.3 249 345.40 418.977 399

Table 7. Decay constants of P-wave states (in MeV)

States fro States fa

13Py 227.8 13P; 262.4

2P, 248.7 23p, 286.6

3P 257.3 33p, 296.6

43P, 262.0 43p, 302.1

53p, 264.8 s3p, 305.4

pression
2
. Biln (ln %)
() = ~|1- 7 . 27
Boln &5 8 ln I
where By =11-(2/3)ny, B =102-(18/3)ns, A is the

QCD constant taken from [52], and y is the reduced mass.
All annihilation decay widths for bb bound system are
presented in Tables 8-14, respectively.

The bottomonium states have substantially heavier
masses and their intrinsic compactness is more pro-
nounced [57]. As a result, radiative transitions in bot-
tomonium are expected to be dominant because of the fa-
vourable conditions for photon emission or absorption
[57]. Radiative transitions serves as an effective means to
detect, especially for states with higher quantum num-
bers that are hard to observe with traditional techniques.
The E1 radiative partial widths between the states

(nl?S”L’ N y+nf5”Lf > are given by [46, 58]

Ipi—-y+f)= qu fcfi|6fi|25sfsi- (28)
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Table 8. Di-leptonic decay widths (in keV for S states and

in eV for D states)
States T T  Exp[67]  [61] [46] [54] [57] [59]
135, 1268 0.883 1.34+0.018 1.370 1.65 1.44 0.7700 0.582
235, 0.666 0.464 0.612+0.011 0.626 0.821 0.73 0.5442 0.197
335, 0501 0.349 0.443+0.008 0.468 0.569 0.53 0.4288 0.149
435, 0415 0.289 0.272+0.029 0.393 0.431 0.39 0.3549 0.129
535, 0360 0251 0.31+0.07 0.346 0.348 0.33 0.3035 0.117
6°s, 0320 0223 0.13£0.03 0.313 0.286 0.27 0.2586 0.109
1°D, 1.149 20 188 138 50 1.65
23p, 2.166 30 281 199 58 242
33D, 3.059 50 3.00 238 59 3.19
43D, 4.573 6.0 3.00 218 5.8 3.97
53D, 5.219 8.0 3.02 5.7

Table 9. Di-photonic decay widths (in keV)

States T T [46]  [54] [57] [80]  [59]
1§y 0426 0344 1.05 094 03035 0387 0.2361
21§y 0.223  0.180  0.489 0.41 02122 0.263  0.0896
315, 0.168 0.135 0.323 029 0.1668 0.229 0.0726
415, 0.139 0.112 0.237 020 0.1378 0212  0.0666
518 0.120 0.097 0.192 0.17  0.1176 0.201  0.0636
6!Sy 0.107 0.086 0.152 0.14  0.1000  0.193..-0.0619
1¥py, 0.042 0.042 0.199 0.15 0.1150 0.0196 0.0168
23p, 0.046 0.047 0.205 0.15 0.1014  0.0195 0.0172
33p, 0.046 0.047 0.180 0.13 0.0875 0.0194 0.0192
43p, 0.045 0.046 0.157 0.13 0.0768 0.0192

53p, 0.044 0.046 0.146 0.0686 0.0191

1’p, 0.011 0.007 0.0106 0.0093 0.0147 0.0052 0.0024
23p, 0.012 0.008 0.0133 0.012 0.0131 0.0052 0.0025
33p, 0012 0.009 0.0141 0.013 0.0114 0.0051 0.0027
43p, 0.012 0.008 0.0142 0.015 0.0100 0.0051

53p, 0.011 0.008 0.0143 0.0090 0.0050

Table 10. Tri-photonic decay widths (in 1073 eV)
States r Cer [46] [54] [83] [59]
138, 42.16 11.92 19.4 17.0 3.44 30.67
238, 22.17 6.27 10.9 9.8 2.00 11.58
338, 16.66 4.71 8.04 7.6 1.55 9.376
435, 13.81 3.91 6.36 6.0 1.29 8.590
538, 11.98 3.39 5.43 1.10 8.206
635, 10.65 3.01 4.57 0.96 7.982
Table 11. Di-gluonic decay widths of S, P (in MeV) and D
(in keV) states
Statess T L~ [46]  [54]  [83]  [59] [57]
1'sg  4.608 5763 17.9 16.6  20.18 11.326 6.8520
215y 2412 3.016 833 7.2 10.64 4301 5.2374
3180 1.811. 2264 551 4.9 7.94 3485 43182
415, 1.500 1.876  4.03 34 3.193 3.6829
518 1.301 1.627 3.26 3.051 3.2196
6'Sg 1.156 1.446  2.59 2968  2.8519
1°pPy 0454 0713 337 2.6 2.00 1.34 1.4297
23py 0499 0.783 3.52 2.6 2.37 1.39 1.2358
33p, 0503 0789  3.10 2.2 2.46 1.54 1.0539
43p, 049 0.779 273 2.1 0.9175
53py, 0486 0763  2.54 0.8127
1’p, 0119 0.118 0.165 0.147 0.837 0.209 0.2370
23p, 0131 0130 0220 0.207 0.104 0215 0.2064
33p, 0132 0.132  0.243 0227 0.111 0.240  0.1767
43p, 0.131 0.130 0251 0.248 0.1543
53p, 0128 0.127 0.258 0.1370
1'D, 0321 0281 0.657 1.8 0.37 0.489
2'p, 0.534  0.468 1.22 33 0.67 0.764
3lp, 0.679 0.595 1.59 4.7 1.06
4'p, 0785 0.686 1.86 1.38
5'p, 0.861 0.754 2.3

Here o = 1/137 is the fine structure constant, e, is the
quark charge, E; is the energy of the final state, M; is the
mass of the initial state, Ey = (M} — M7) /2M; is the emit-
ted photon energy. M, is the mass of the final state.
E;/M,; is the relativistic phase factor and Cy; is the statist-
ical factor given by

|
Cpo=max (L.Ly) (27, +1) LJ S if ,
f i

(29)

where {:::} are the 6j symbol. In Eq. (28), ¢/ is the over-

lapping integral determined using the initial R, (r) and fi-

nal state R, (r) wavefunctions:

3 [ Er (E,r (E,r
o= [, kom0 S (5) =i (5)]
(30)

The M1 radiative partial widths between the states
(n357' Ly, — y+n7"" L) are given by [43, 58, 59]

dap; 20+ 1
3 2L+1

sEp

o

Lim—y+f)= Imil*6r,1,65 5,41, B1)
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Table 12. Di-gluonic decay widths of F' (in keV) and G (in Table 14. Photo-gluon decay widths of S states and quark-
eV) states gluon decay widths of P states (in keV)
Statess T [46]  [54] || States T [46]  [54] States I T  Exp[67] [46] [83] [59]  [57]
13F, 028 0834 070 || 13f, 0031 005 0.048 13s; 137 079 119033 132 079 0903 0.7220
2F, 0618 204 177 || 23F, 0067 0.126 0.3 2§, 072 042 0.60+0.10 0739 046 0341 0.4982
BF, 0946 3.17 BF, 0102 0210 33§, 054 031 020+£0.04 0547 036 0276 03874
PF, 1248 $F, 0135 435, 045 026 0433 030 0253 03176
53F, 1517 53F,  0.164 535, 039 022 0370 025 0242 0.2698
13F; 0031 00672 0060 | 1'G, 0289 0.661 2.3 6s, 034 019 0311 022 0235 02272
2F; 0067 0167 016 | 2'G, 0.778 1’p; 3225 81.7 7153 4555 57.9585
33F; 0103 0270 3G, 1383 23p, 4328 1170 106.14 56.16 55.3966
$BFy 0135 4G, 2.044 33p, 4846 126.0 12453 6897 52.9585
53F;  0.165 51Gy 2723 4p, 5127 128.0 52.4466
s3p,  52.82 132.0 49.5181
Table 13. Tri-gluonic decay widths (in keV) where m; is given by
States T Ty Exp[67] [46] [54] [57]1 [83]
135, 4185 3018 44.13£1.09 508 476 28.5 41.63 ® . (E,r
myi= [ drRy;;(NRy1,(r) | jo\ —— ) | » (32)
fi ili rly
23§, 2200 1586 18.8+159 284 263 193 24.25 0 2
33§, 1654 1192  7.25+085 210 198 148 18.76
£s, 1371 9.89 167 151 121 1558 and y, is the magnetic dipole moment given by [56]
535, 11.89 838 142 7131 102 13.33
Mmgeq — Mg
63s; 1057 7.62 120 1K0 85 1157 My = ———. (33)
2m,my
1'p; 2010 447 3707 357 3526
2P, 26.99 64.6 540 346 5270 . .
! The E1 transitions widths for S,P,D,F and G wave
1 . .
3Py 30.23 7L 590 331 62.16 states are presented in Tables 15-19, respectively and the
4'p; 3199 732 640 327 M1 transitions widths for S and P wave states are presen-
sip, 3297 76.2 30.9 ted in Table 20.
1’p; 3.1 104 811 106 997
2p, 5.6l 201 148 119  9.69 IV. S-D MIXING
3¥p,  71.54 260 212 11.8 In bottomonium, the proximity of energy levels of
#£D, 905 30.4 113 higher excited states with same J”¢ can result in mixing
$p Lo 347 108 of states. The mixing is caused by the tensor potential
b ' ' term, but it is not strong enough to induce substantial
3 ..
1°Dy 037 0.821 0.6 0.62 mixing [60, 61]. However, for the states above open fla-
2D, 0.6 165 1.4 0.61 vor threshold the mixing can be caused by coupled-chan-
3¥p, 0.89 227 2.0 nel dynamics, threshold effects, meson exchange, and
$p, 0l 275 multi-gluon exchange interactions [62—65]. These effects
can modifiy the wavefunctions, causing mass shift and
53D,  0.12 3.23 .. )
mixing between states, as well as affecting decay proper-
1Dy 1.46 219 207 60 022 ties such as open channel strong decay, leptonic decays
2Dy 2.64 456 43 56 125 etc. Consequently, the conventional representation of bot-
$p, 354 665 66 55 tomonium states as pure S and D wavefunctions breaks
D 426 238 53 down, and the states are instead identified as admixtures
o ' ' of both components. The mixed states can be represented
53Dy 4.82 10.1 5.1

in terms of pure [nS) and |n’ D) states as [61]
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Table 15. E1 transition widths (in keV) and photon ener- Table 16. E1 transition widths (in keV) and photon ener-
gies (in MeV) of S wave states gies (in MeV) of 1P and 2P wave states
Initial Final Ours Ours Exp[67] [46]  [54] [83] [74] Initial Final Ours Ours Exp[67] [46] [54] [83] [74]
State State E, I State State Ey g1
2l 1'Py 1253 4769 2.467 248 285 341 1Py 1ls, 4554 38.692 3577 344 357 43.66 358
238, 13Py 183.4 1.632 1.22+0.11 0.907 091 1.09 1.09 3Py 138, 3799 23.099 228 238 28.07 275
13p, 1569 3.092 2.21+0.22 1.60 1.63 184 2.17 1°P, 135, 405.8 27901 32.544 283 295 3566 319
13p, 137.7 3.472 2.29+0.22 1.86 1.88 2.08 2.62 1°P, 13§, 4249 31.805 34.38 314 328 39.15 318
3ls, 2P, 102.7 6.596 2.88 296 2.60 4.25 2lp, 1'D, 121.8 73.604 1.81 1.7 536 224
1P, 489.9 0.226 1.12 1.3 0.0084 0.67 21§y 269.1 21.962 . .40.32 15.0 141 17.60 16.2
335, 23p, 148.2 2.157 1.20+0.12 1.06 1.03  1.21 1.21 1's, 828.8 11.071 10.8  13.0 1490 16.1
23p; 127.2 4.132 2.56+0.26 1.96 191 213 261 23py 13D, 1049 2316 1.05 1.0 074 177
23p, 111.3 4.651 2.66+0.27 2.37 230 256 3.16 238, 218712165 12x10~4 11.1 109 12.80 144
13Py 540.6 0.057 0.055+0.01 0.0099 0.01 0.15 0.097 13§, 763.0 8.198 231 25 544 554
13p, 515.1 0.115 0.018+0.01 0.0363  0.05 0.16 0.0005 23p, 13D, 126.0 0.995 0.511 0.5 041 056
13p, 496.1 0.139 0.2+0.03 0.359 0.45 0.0827 0.14 1°D, 117.6 2.436 1.25 1.2 126 050
415, 3'p, 88.6 7.329 1.50 1.24 238, 239.6 15790 19.4%5 13.7 133 1589 153
2lp; 392.5 0.718 0.732 13§, 7827 8991 89+22 509 55 9.13 10.8
1'p, 7689 0.022 0.688 23p, 13D, 1419 0.056 0.0267 0.03 0.0209 0.026
435, 33py 1279 2.384 0.587 0.48 0.61 1°D, 133.5 0.708 0.339 03 035 042
33p; 109.5 4.544 1.14 0.84° 1.17 1°D; 1273 3442 1.61 1.5 206 251
33p, 954 5.057 1.16 0.82 1.45 23§, 2552 18908 15.1+56 146 143 1750 153
23p, 434.0 0.160 0.0137 0.17 135, 7976 9.626 9.8+23 786 84 1138 125
23p, 413.6 0.344 0.0138 0.18
2
23p, 398.1 0.440 0.226 0.11 r, - [% IR, (0)]cos + Sae, R, (0)|sin6} ’
13p, 815.7 0.007 510%10~4 0.0588 M, V2m2M,y
13P, 790.8 0.012 0.0507 0.0474 Sqe dae K
13p, 772.4 0013 0219 0012 Ty = {W}'RZ’D(ONCOSH_ Mn: |R”S(0)|Sm9} '
(36)
|#) = cosOInS ) +sinb|n’ D), . . .
(34) The leptonic decay of the mixed states is fitted to the

|¢"y = —sinBnS ) + cosbln’ D),

where |¢) and |¢’) are the mixed states, and € is the mix-
ing angle. The masses of the mixed states can be calcu-
lated using [61]

M, +M, M,s — M,
mo= [ (=52) + (o))
2 2co0s260 (35)
M¢/ — |:<MnS+Mn’D) + (Mn’D_MnS>:| )
2 2co0s260

Here M, and M, are the masses of the mixed states,
and M,s and M, p are the masses of the corresponding
pure S and D states.

The leptonic decay widths of the mixed states are giv-
en by [61, 66]

experimental data to obtain the mixing angle, which is
then used to calculate the masses of the mixed states. Our
results of S — D mixing are presented in Table 21.

V. RESULTS AND DISCUSSION

In this study, a screened potential model within a re-
lativistic framework is employed to compute the mass
spectrum and decay widths of bb bound system. The
masses of S-wave states are presented in Table 2 and are
compared with the experimental data and other theoretic-
al models. The well-established 1S and 2S states serve as
benchmarks, with our model predicting 7,(1S5) = 9406.4
MeV, T(1S)=9451.1 MeV, 1,(25)=9998.9 MeV and
T(25)=10023.8 MeV. The hyperfine mass splitting giv-
en by Am(nS) = m[Y(nS)] —m[n,(nS)], are evaluated to be
Am(1S) =44.7 MeV and Am(2S) =24.9 MeV. These val-
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Table 17. E1 transition widths (in keV) and photon ener- Table 18. E1 transition widths (in keV) and photon ener-
gies (in MeV) of 3P states gies (in MeV) of D states
Initial Final Ours Ours [46] [54] [83] [74] Initial  Final Ours  Ours  [46]  [54]  [83]  [74]
State State E, g1 State State E, el
3lp, 2!p, 1059 5.482 1.44 1.6 4.72 4.21 1'D, 1'p 2725 28.719 243 249 17.23 303
1'D, 4247 0.208 0.0585 0.081 0.35 0.17 1°D, 3Py 2963 20292 16.3 16.5 2098 19.8
3lg, 205.8 18.156 9.94 8.9 12.27 14.1 1°P 270.0 11.661 9.51 9.7 1229 133
2lsy 5677 1175 4.60 8.2 6.86 7.63 1¥p, 2506 0.626 0.550 0.56 0.65 1.02
15, 11109 5.592 3.91 3.6 7.96 10.7 13D, 1°P 2783 22.890 18.8 19.2 2195 218
33p, 23D; 918 3.593 0.966 1.0 3.50 2.20 1°p, 2589 6.194 5.49 5.6 6.23 7.23
1°D, 4117 0.163 0.189 0.20 3.59x10°2 0.15 13Ds 1°p, 2651 26518 23.9 243 2474 321
335, 1639 9.527 7.15 6.9 8.50 7.95 21D, 1'F3 108.9 2.640 1.35 1.8 2.20
23§, 5220 5.156 1.26 1.7 2.99 2.55 2Lp, 202.6  21.128 16.8 16.5 11.66  15.6
135, 1050.1 4.462 0.427 0.3 1.99 1.87 1'p 586.0 6.313 3.36 3.0 4.15 5.66
33p, 23p;, 1102 1.541 0.425 0.47 1.26 1.07 23D, 13F> 103.1 2.246 1.18 1.6 2.05
23p, 1025 3.738 0.950 1.1 3.34 0.94 23py  220.0 14.846 11.0 10.6 8.35 9.58
1°D, 429.6 0.056 0.00418 7.0x1073 4.80x10~2 0.010 23p, 199.1 8.380 6.71 6.5 4.84 6.74
1°D, 4214 0.147 0.0615 0.080 0.11 0.015 23p, 183.3 0.441 0.40 0.4 0.24 0.47
33g, 1823 12.897 8.36 8.4 9.62 10.3 13Py  609.7 4.118 2.99 2.9 3.52 5.56
235, 539.8 5.876 2.49 3.1 4.58 5.63 1P, 584.3 2.599 1.03 0.9 1.58 2.17
135, 1066.9 4.754 1.62 1.3 4.17 6.41 1¥p, 5655 0.152 0.030 0.02 0.061  0.44
33p, 23p; 1243 0.088 0.0248 0.027 0.18 0.049 23D, 13F, 110.8 0.308 0.164 0.21 0.24
23p, 116.6 1.090 0.295 0.32 0.79 0.78 13F; 107.6 2.265 1.21 1.5 1.93
23p; 1106 5.229 1.37 1.5 4.16 4.60 23p, 206.7  16.793 13.1 12.7 9.10 11.4
1°D, 4432 0.003 1.15x104 3.38x1073 0.047 23p, 190.9 4.462 3.96 3.8 2.55 3.75
1°D, 4351 0.037 3.11x107* 4.41x1072 0.068 1P, 591.6 4.921 2.81 2.6 3.43 4.00
1°D; 429.0 0.188 0.0288 0.046 0.21 0.12 1¥p, 5729 1.441 0.489 0.4 0.80 1.11
335, 1962 15.889 9.30 9.3 10.38 10.8 23Ds 13F, 116.8 0.007 0.004  0.005 0.005
235, 5532 6478 3.66 4.5 5.62 6.72 13F; 113.6 0.237 0.125 0.16 0.19
135, 1079.7 4.986 3.17 2.8 5.65 8.17 13F,4 112.0 2.632 1.37 1.7
23p, 196.9  19.488 16.8 16.4 10.70  17.0
ues are consistent with the experimental results of Pp, 5786 5997 299 26 380 522

Am(1S)=623+32 MeV and Am(2S)=24.3+3.5"28
MeV [67]. The T(10355) is well established as the Y(3S)
in the literature. In our model its mass is evaluated to be
10394.2 MeV. Our model predicts the mass difference
m[T(3S)]—-m[T(2S)] =370.4 MeV compared to the ex-
perimental value of 331.50+0.02+0.13 MeV [67]. The
T(10580) is traditionally identified as the Y'(4S) state [46,
57, 59]. Our model calculates the mass of Y(4S) as
10688.1 MeV which is overestimated by 108.7 MeV
compared to experimental value. This overestimation is a
consistent trend observed across all potential models [46,
59]. A 3P, model analysis suggests that T(10580) exhib-
its a significant meson-meson component due its proxim-
ity with the B*B* channel [68]. Ref. [69] suggests that the
state discovered by the CLEO Collaboration at

10684+ 10+ 8 MeV, identified as a bbg hybrid [70], is a
more suitable assignment for the Y(4S) state, which is
also corroborated by our model. The intermediate B*B*
channel may induce observable S —D mixing within the
T(10580) state [68], and Ref. [61] predicts it to be
T(@4S)—-"(3D) mixture state with a substantial mixing
angle. The Y(10860) and T(11020) states are associated
with the T(55) and YT(6S) states, respectively [46]. Our
model predicts their masses as 10938.9 MeV and 11160.9
MeV, which are overestimated by 53.7 MeV and
160.9MeV, respectively. Theoretical models commonly
show discrepancies in Y(5S) and T(6S) mass predictions,
either overestimating or underestimating their values.
Various interpretations have been explored in the literat-
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Table 19. E1 transition widths (in keV) and photon ener- Table 20. M1 transition widths (in keV) and photon ener-
gies (in MeV) of F and G states. gies (in MeV) of S and P states
Initial Final Ours Ours [46] [54] Initial Final Ours Ours Exp[67] [46] [54] [83]
State State E, T'er State  State E, i
1'F3 1'pD, 2153 27.505 22.0 18.8 135, 1S, 445 4228 9.52 100 934
13F, 13D, 221.8 25.149 19.4 16.4 21§y 13§, 532.8 4.848 70.6 68.0  45.0
13D, 2134 4.171 3.26 2.7 235, 2ls, 248 0.732 0.582 0.590 0.580
13Ds 207.3 0.109 0.0852 0.070 1Sy, 5983 3569 12.5+4.9 68.8 81.0 56.50
13F; 13D, 216.6 24.873 19.7 16.7 3lsg 235, 345.1° 2.015 11.1 9.10  9.20
13Ds 210.4 28.592 2.26 1.9 13§, 882.6 5342 73.2 74.0 5.10
13Fy4 13Ds 212.0 26.299 21.2 18.0 338, 318y 193 0.343 0.337 0.250 0.658
21F; 1'Gy 98.8 2.069 1.06 1.5 218 387.7 1488 <13 11.8 19.0 11.0
2'D, 174.5 22.171 17.4 19.9 1S9 940.8 2.836 10+2 60.4 60.0 57.0
1'D, 491.2 4.759 1.99 1.6 2'py 3Py 4239 0439 5.56 0.320 36.40
23F, 13Gs 95.6 1.877 0.946 1.4 1°p, 3980 0.857 1.30 1.10  1.280
23D, 180.0 20.371 15.1 17.5 1°p, 3789 1.018 0.992 2.20 0.007
23D, 172.4 3.332 2.55 3.0 23py. 1'P; 3652 0475 5.21 9.70  2.390
23Ds 166.4 0.086 0.0681 0.080 23p;  1'p; 3858 0.692 3.90x10°® 220 0.167
13D, 497.2 4214 1.95 1.6 2p, 1'p; 4012 0.905 3.86 0.240 1.780
13D, 489.1 0.727 0.224 0.16 3lp, 23p, 3325 0.366 2.16 1.710
13Ds 483.1 0.019 0.00367 0.002 23p, 311.8 0.709 0.559 0.597
23F; 13G3 98.9 0.129 0.0664 0.10 23p, 2692 0.831 0.407 0.007
13Gy 98.2 1.910 0.957 1.4 13py 7179 0279 5.10 0.980 3.770
23D, 175.6 20.091 15.4 17.9 1°p; 692.8 0.639 1.01 0.930 1.230
23Ds 169.7 2.275 1.80 2.1 1°p, 6742 0.867 1.48 0.140 0.051
13D, 492.3 4273 1.83 1.4 3¥py, 2'p; 2834 0372 2.05
13Ds 486.3 0.506 0.145 0.1 1'p, 6642 0.465 6.23
23F, 13G3 100.8 0.002 8.80x10~4 0.001 3¥p;,  2'p; 3019 0.569 9.80x10~%
13Gy 100.2 0.104 0.0535 0.080 1'p, 681.7 0.566 0.032
13G5 100.9 2.098 1.05 15 Bp, 2lp, 3157 0772 1.74
23Ds 171.6 21.148 16.9 19.6 1'p; 6949 0.654 3.53
13Ds 488.2 4.635 0.126 1.4
1'Gy 11Fs 1845 27.129 21.1 23.1 mainly bb states with small S —D mixing component.
136, 13F, 187.5 26.098 20.1 223 This was analyzed in Ref. [73], proposing Y(10860) as a
13F, 1843 2174 167 18 T(55)—-"(4D) mixture, and in Ref. [61] it is suggested
1F, 1827 0.034 0.0256 0.028 that both ‘I’(10860.) and Y(1 IOZQ) are ‘I.‘(SS) —T(4D) mix-
ture. More experimental data is required to understand
13Gy PPy 1849 25586 201 220 their nature. We discuss the possibility of § — D mixing in
1BFy 183.3 0.034 0.0256 0.028 T(10580), Y(10860) and Y(11020) later in this section.
13Gs 13F, 182.6 26.304 21.1 23.1 The P-wave masess are presented in Table 3 and our

ure, where 7(10860) is considered as mixture of
T(58)—P wave hybrid [71], while lattice QCD studies
remain inconclusive on whether 1(11020) corresponds to
T(S) or T(D) state [72]. The Py, model of Ref [68] con-
cluded that Y(10860) and 7Y(11020) are structures are

evaluated masses for 1P and 2P states arc in accordance
with the experimental values. The experimentally determ-
ined mass difference are m[y,(1P)]—mly, (1P)] =
19.10£0.25 MeV, mlyy (1P)] —mlys(1P)] = 32.49 +0.93
MeV, mlyn(2P)]-mlx, (2P)] =13.10£0.24 MeV and
mlxp (2P)] - mlxy(2P)] = 23.8 £ 1.7 MeV [67]. Our mod-
el calculates these values as 19.9 MeV, 27 MeV, 16.1
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Table 21. S -D mixed states with the masses of mixed
states My and My (in MeV) and their di-leptonic decay
widths I'y and Ty (in keV)

S-D Mg 0 o[6l] My Meyy Ty Lexp
States  Mp My [67] Ly [67]
35 103942 19.28 -9.0 103749 10355.1 0.440 0.443+0.008
2D 104673 10486.5 0.036
4S  10688.1 -28.82 -12.5 10656.4 10579.4 0.272 0.272+0.029
3D 107413 10772.9 10752.7 0.129
55 10938.9 44.55 -38.0 10909.8 10885.2 0.291 0.31+0.07
4D 10981.0 11010.1 11000.0 0.142 0.13+0.03

MeV and 21.3 MeV, respectively, exhibiting good agree-
ment with the experimental data. Among 3P bottomoni-
um states, only y;(3P) and yx»»(3P) have been identified.
In our model their masses are obtained as 10578.1 MeV
and 10592.3 MeV, which are higher by 64.7 MeV and
68.9 MeV, respectively. This discrepancy can be due to
proximity to open-flavor BB* threshold, potentially caus-
ing mixing effects [75, 76]. The experimentally meas-
ured mass difference m[y,(3P)]—my, (3P)] = 10.60+
0.64+0.17 MeV [67] is calculated as 14.2 MeV in our
model. Masses of D-wave states are presented in Table 4.

The mass of Y,(1D) state in our model is evaluated to be
10147.9 MeV, deviating by 15.8 MeV from the experi-
mental value [67]. The T,(1D) and Y5(1D) states are es-
timated to have mass values of 10.13 GeV and 10.18
GeV, respectively [15], while our model calculates them
as 10139.4 MeV and 10154.2 MeV, respectively. The re-
cently observed Y(10753) is generally associated with
T1(3D) [46, 76], although alternative interpretations sug-
gest a tetraquark [77, 78], hybrid meson [3],etc. The mass
of Y,(3D) state in our model is evaluated to be 10741.3
MeV, aligning with the experimental value [67]. A reana-
lysis of BABAR data estimated the mass of Y;(2D) to be
10495 +5 MeV with 10.70 significance [79], while our
model calculates it as 10467.3 MeV, showing consist-
ency with experimental result. Masses of /" and G - wave
states are presented in Table 5. Our model shows consist-
ency with other models for lower states, but deviations
arise for higher excitations. The masses for different J
states in Table 5 are very close to each other which could
make it harder to differentiate these states experimentally.

Decay constants of pseudoscalar (fp), vector (fy) and
tensor (fy,.f,,) states are presented in Tables 6 and 7, re-
spectively. Our calculated values for the vector decay
constants (fy) are in accord with experimental values and
shows more consistency over other theoretical models.
The di-leptonic decay widths I'(I*1") of T(nS) and Y(nD)

Table 22. Our assignments for bb states with masses (in MeV) and di-leptonic decay widths (in keV)

States Assignment Mexp [67] Mcar e [67] re,
np(18) np(18) 9398.7+2 9406.4
T(S) T(S) 9460.4+0.09+0.04 9451.1 1.34+0.018 1.268
Xxb0(1P) Xvo(LP) 9859.44+0.42+0.31 9838.7
xp1(1P) xp1(1P) 9892.78+0.26+0.31 9865.7
hy(1P) hy(1P) 9899.3+0.8 9872.9
Xxp2(1P) xp2(1P) 9912.21+0.26+0.31 9885.6
np(28) n,(28) 9999.0+3.5+28 9998.9
T(2S) T2S) 10023.4+0.5 10023.3 0.612+0.011 0.666
T2(1D) r2(1D) 10163.7+1.4 10147.9
Xxb0(2P) Xb0(2P) 10232.5+0.4+0.5 10244.9
Xb1(2P) X1 (2P) 10255.46+0.22+0.5 10266.2
hy(2P) hy(2P) 10259.8+0.5+1.1 10271.7
X2(2P) X2(2P) 10268.65+0.22+0.5 10282.3
T(10355) T(3S)-T(2D) 10355.1+0.5 10374.9 0.443+0.008 0.440
Xx»1(3P) X1 (3P) 10513.42+0.41+0.53 10578.1
X2(3P) Xv2(3P) 10524.02+0.57+0.53 10592.3
r(10580) 1(4S)-T3BD) 10579.4+1.2 10656.4 0.272+0.029 0.272
T(10753) T(4S)-Y(3D) 10752.7+5.9*07 10772.9 0.129
1(10860) T(58)—-Y(4D) 10885.2’:%:2 10909.8 0.31+0.07 0.291
1(11020) Y(55)-T(4D) 11000+4 11010.1 0.13+0.03 0.142
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states, without (I') and with (T';) the correction factor are
presented in Table 8. The di-leptonic decay widths of
T(nS) states evaluated without the correction term are
more in agreement with the experimental value, while the
correction factor significantly suppresses them. The di-
leptonic decay widths of T(nD) are smaller than Y(nS) by
factor of 1000, serving as a key distinguishing feature in
most models [46, 57]. The di-leptonic decay width differ-
ence between Y(nS) and Y(nD) states is used as a justi-
fication for assigning '(10580), Y(10860), and Y(11020)
states to the T(4S), Y(55), and T(6S), respectively, in
potential models. Since Y(10580), YT(10860) and
T(11020) exhibit S state characteristics rather than being
purely D state, their widths are often overestimated, sug-
gesting a potential for S —D mixing [61]. For n >3 the
probability of S —D mixing increases and even a small
mixing angle can increase the di-leptonic decay widths of
T(nD) by order of 2 [82]. To study S — D mixing in our
model, the di-leptonic decay widths without the correc-
tion factor are utilized to obtain the mixing angle. The di-
photonic decay widths I'(yy) of bottomonium states
without (I') and with (I';;) the correction factor are listed
in Table 9. Our results are comparable to Ref. [57, 80]in
magnitude, but are lower than those in Ref. [46, 54]. The
di-photonic decay width of 7,(1S) isnot seen experi-
mentally and we predict it to be 0.344 keV. The tri-
photonic decay widths I'(yyy) without (I') and with (T'./)
the correction factor are listed in Table 10. The values of
tri-photonic decay widths vary significantly among mod-
els, highlighting the need for experimental validation.
The di-gluonic decay widths I'(gg) without (I') and with
(Ts) the correction factor are calculated in Table 11 and
Table 12. Our di-gluonic decay widths of S, P and D
states are comparable to [57] but are 2-4 times smaller
than those in [46, 54, 59, 83]. For lower-lying 7,(nS)
states, the di-gluonic decay widths constitute approxim-
ately ~ 100% of their total width due to suppression of
OZl-allowed two-body strong decays [46]. Our evalu-
ated di-gluonic width for 7,(1S) is 5.763, close to the
lower limit of total width estimate of 10.075 MeV [67].
The tri-gluonic decay widths I'(ggg) without (I') and with
(Ty) the correction factor are presented in Table 13. The
tri-gluonic decay width for Y(1S) is lower by 13.95 MeV,
while those for Y(2S) and Y(3S) agree well with experi-
mental results. For P and D states, our predicted widths
are lower than other models. The photo-gluonic decay
widths I'(ygg) and quark-gluonic decay width T'(ggg)
without (I') and with (T'.;) the correction factor are evalu-
ated in Table 14. The photo-gluonic decay widths of
T(LS), Y(2S) and Y(3S) are in accordance with the ex-
perimental data. The multi-gluon or hybrid ggg decays
are dominant channel for y;(1P) state [46]. Our predic-
tions for quark-gluonic decay width for y;,,(1P) are ob-
served to be lower compared to other models.

The S wave E1 transitions widths are calculated in

Table 15. The transition widths T'(2S — yy,(1P)) in our
model align well with experimental data. The transition
widths for T(T(3S) — yx,(P)) presents a complex scen-
ario, due to discrepancies in T'(T(3S)— yy,(2P)) and
['(Y(3S) — yx,(1P)) predictions across models [46, 83].
Our model estimates I'(Y(3S) — yx,(2P)) slightly higher
than experimental values, while T(T(3S) — yy,(1P)) are
highly suppressed, a typical feature of E1 transitions
among states separated by two radial nodes, making them
susceptible to relativistic corrections [84, 85]. This sup-
pression is evident in our evaluation, where
T(T(3S) = yx0(1P) = 0057 keV and T(T@3S)—
vxr2(1P)) = 0.139-align with experimental results, while
T'(Y3S) = yxpu(1P))=0.115 keV exceeds the experi-
mental value. This atypical hierarchy of T[(Y(3S)—
Yx2(1P)) >L(T(BS) — yxp(1P)) > T(Y(3S) — yxp(1P))

mentioned in Ref. [86] is also observed in our model.
This is attributed to y,;(1P) mixing with y,(2P) and
x»(3P), further suppressing T'(T(3S) — yx,1 (1P)). In Ref.
[61], the S — D mixing in Y(3S) is considered to explain
the E1 transitions widths of T'(T(3S) — yx,(2P)), which
allowed them to reproduce the experimental widths. This
explanation may also be extended for analysis of
I'(r(3S) - yyx,(1P)) transition widths. We also evaluate
the I'4S — yP). The P wave E1 transitions widths are
presented in Table 16 and 17. The transition width
(1P — ¥S) in our model agrees with the experimental
and theoretical results. Using the measured branching ra-
tios  Blyso(1P) = yY(1S)] = 1.94+£0.27%, Blyy(1P) —
YY(15)] =352+2.0%, and  Blyn(lP) — yY(1S)] =
18.0+1.0% [67], we calculate the total decay width as
1.19 MeV for y,0(1P), 79.0 keV for y,(1P), and 177.0
keV for y,,(1P). Our total width for y,,(1P) is consistent
with 1.3+0.9 MeV and T, <2.4 MeV condition pre-
dicted by Belle Collaboration [87]. The #h,(1P) has
primary transition /A,(1P) — yn,(1S) with measured
branching ratio of 52*¢%. Using this, we estimate the
total decay width of 7,(1P) as 74.0 keV, consistent with
the Ref. [74]. The evaluated transition width
hy(2P) — yn,(2S) is lower than the experimental value, a
trend seen in most of the potential models. Using meas-
ured branching ratios B[h,(2P) — yn,(25)] =48 +£13%
and B[h,(2P) — yn,(15)] =22 +5% [67], we estimate the
total decay width of 4,(2P) as 46.0 keV and 50.0 keV, re-
spectively, with an average of 48.0 keV, which is smaller
than the estimate in Ref. [74]. The transition width
T'(y(1P) — ¥Y(2S)) is overestimated in most models.
From the measured branching ratios B[y,(2P)—
yT(28)] =138+0.30% and  Blyy(2P) - yY(1S)] =
(3.8« 1.7)x 1073 [67], we determine the total decay width
of x»(2P) as 0.88 MeV and 2.20 MeV, respectively.
While these values vary significantly, the latter aligns
with the (~ 2.5 MeV) prediction of Ref. [54]. Our model
predicts T(yp (2P) = yY(S)) and T(x»n(2P) - yY(S)) in
excellent agreement with experimental results. Using
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measured branching ratios B[y, (2P) — yT(2S)] =
18.1£1.9% and B[y, (2P) - yT(15)]1=9.9+1.0% [67],
we determine the total decay width of y,;(2P) as 87.0
keV and 91.0 keV, respectively,with an average of 89.0
keV, which aligns with the CLEO Collaboration value
96+16 keV [88]. Using the branching ratio
Blx»(2P) = yY(18)] =6.6+0.8% [67], we calculate the
decay width of 146.0+18.0 keV for y,»(2P), which
agrees with 138+ 19 keV obtained by CLEO Collabora-
tion [88]. No experimental data exists for ['(3P — yS)
and I'(BP — yD) transitions, although detections of
IO BP) = yT(1S)), T (3P) = yY(2S)), I'(xpn(3P) —
vY(3S)), and T'(y;2(3P) = yY(3S)) have been reported.
We estimate these transition widths as 4.754 keV, 5.876
keV, 12.895 keV, and 15.899 keV, respectively. E1 trans-
itions widths for D-wave states are presented in Table 18.
The transition I'(M,(1D) — yx,(1P)) has been observed
[67] and our model estimates T'(Y,(1D) — yyn(1P)) =
6.194 keV and T(T»(1D) — yy, (1P)) =22.890 keV are
consistent with other theoretical models. Ref. [46, 54, 83]
suggest the total decay widths of 7r,(1D) and Y5;(1D) are
equivalent to their transition widths T'(,(1D) — yh,(1P))
and T[(Y;(1D) — yh,(1P)), respectively. We estimate
these transition widths to be 28.719 keV and 26.518 keV,
respectively, in accordance with other models. The
T (1D) state is predicted to be /detected in
L(C1(1D) = yxp(1P)) and T'(C1(1D) = yxp(1P)) due to
their large branching ratios [46, 54, 83]. Our model es-
timates these transition widths as 20.292 keV and 11.661
keV, respectively. The large” branching ratio of
I'(n,(2D) — yh,(2P)) suggests that the unobserved 7,(2D)
state could be detected [46, 54]. Our model estimates
I'(n,(2D) — yh,(2P)) to be 21.128 keV. The transition
widths of 2D states in our model align with other theoret-
ical predictions. E1 transitions widths for F and G wave
states are listed in Table 19, which are slightly higher
than those in other potential models. The M1 transition
widths are presented in Table 20. Our M1 transition
widths show noticeable differences from Refs. [46, 54,
57]. While our T'(Y(nS) — yn,(nS)) estimates are lower
than other models, they aligns more closely with experi-
mental results. Since decay widths are highly dependent
on the wavefunction, estimates vary significantly across
models.

Table 21 presents the masses and leptonic decay
widths of § — D mixed states, which are assigned to ex-
perimentally observed states. The '(10355) state is con-
sidered as 3§ — 2D mixed state with a small mixing com-
ponent, having mass of 10374.9 MeV and leptonic width

of 0.440 keV. The 7Y(10580) and 7Y(10753) are con-
sidered to be 45 —3D mixed state with substantial mix-
ing component, with mass of 10656.4 MeV and leptonic
width of 0.272 keV for Y(10580) and mass of 10772.9
MeV and leptonic width of 0.129 keV for Y(10753). The
T(10860) and Y'(11020) are assigned to be 55 —4D mixed
states, which is also supported by Ref. [61]. The mass and
leptonic decay width values of the TY(10860) and
T(11020) are consistent with the experimental results.
After taking into account the S — D mixing, our final as-
signments are presented in Table 22.

VI. CONCLUSION

In this study, we explored the bottomonium system
using a screened potential model within a relativistic
framework to compute the mass spectrum of S,P,D,F
and G-wave, decay widths, and E1 and M1 transition
widths, along with mass and leptonic decay widths of
S — D mixed states. This study emphasizes the relevance
of relativistic dynamics, screening, and state mixing, of-
fering a framework that bridges gaps between theory and
experiment. The computed mass values exhibit strong
agreement with experimental data, particularly for lower
states, while our predictions for higher excited states
demonstrate notable improvements compared to previous
potential models. A recurring challenge in bottomonium
spectroscopy has been reconciling theoretical predictions
with experimental measurements, particularly for the
masses and leptonic decay widths of higher states such as
T(10355), Y(10580),7(10860) and Y(11020). Our study
addresses this by incorporating S —D mixing, yielding
results that align closely with experimental values and
providing a more refined interpretation of these states and
emphasizing the need for beyond-static-potential effects
in quarkonium spectroscopy. Our calculations of decay
constants, particularly for vector states, show improve-
ments over prior models along with annihilation decay
widths. Beyond mass spectra, our evaluation of E1 and
M1 transition widths offers valuable insights into radiat-
ive decays, supporting experimental searches for unob-
served bottomonium states. We also utilized E1 trans-
ition widths to estimate the total decay widths of higher
bottomonium states, achieving reasonable agreement with
experimental values and reinforcing the validity of our
model. Additionally, the calculated transition widths for
higher excited states serve as references. This research
paves the way for future investigations, particularly in the
exploration of higher excited states and the effects of
S — D mixing.
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