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Abstract: Due to quantum gravitational effects, Barrow proposed that the black hole horizon is "fractalized" into a
sphereflake. Based on this idea, in this work we investigate the phase structure and stability of Einstein-Power-Yang-
Mills  (EPYM) AdS black  holes  in  the  restricted  phase  space,  assuming the  black  hole  event  horizon has  a  fractal
structure. From the first law of thermodynamics for EPYM AdS black holes in the restricted phase space, we find
that the mass parameter should be interpreted as the internal energy. Moreover, the Smarr relation for this system in
the restricted phase space is not a homogeneous function due to the fractal structure, which differs significantly from
the corresponding relation in the extended phase space. The presence of a fractal structure can be regarded as a probe
for  phase  transitions.  Interestingly,  for  a  fixed  central  charge  in  the  EPYM AdS  black  hole  system with  a  fractal
structure, a supercritical phase transition also exists, similar to the case in the standard EPYM AdS black hole sys-
tem. Furthermore, we investigate the effects of the fractal parameter ∆ and non-linear Yang-Mills parameter γ on the
thermodynamical stability of this system are also investigated.
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I.  INTRODUCTION

As is well known, black holes are both thermodynam-
ic and quantum systems [1−3]. Black hole thermodynam-
ics  is  a  very  important  research  field  because  it  can
provide  some  clues  for  exploring  the  nature  of  quantum
gravity.  Since  Bekenstein  and  Hawking  proposed  the
Bekenstein-Hawking  entropy  [3,  4]  for  black  holes,  the
corresponding thermodynamic laws of black holes [3, 5]
were presented by analogy with ordinary thermodynamic
systems. Subsequently, the study of black hole thermody-
namic  properties  has  garnered  substantial  interest,  with
particular focus  on  the  thermodynamics  of   asymptotic-
ally  anti-de  Sitter  (AdS)  black  holes.  Through  the
AdS/CFT correspondence [6], the thermodynamical prop-
erties of an AdS black hole with a finite temperature can
be  described  by  the  dual  conformal  field  theory  (CFT).
When  an  AdS black  hole  is  in  thermal  equilibrium with
its  surrounded radiation field,  the famous Hawking-Page
(HP)  phase  transition  [5,  7]  survives.  For  the  RN-AdS
black hole, in 1999 Chamblin found the first-order phase

transition  of  this  system  [8].  It  should  be  noted  that  by
identifying the negative cosmological constant to the pos-
itive thermodynamical pressure [9], traditional black hole
thermodynamics  were  extended  to  the  extended  phase
space where  black hole  mass  is  regarded as  enthalpy.  In
the  extended  phase  space  AdS  black  holes  have  richer
phase structure and thermodynamical properties: the Van
de  Waals-like  phase  transition  [10−12],  the  reentrant
phase  transitions  [13,  14],  superfluid  [15],  the  polymer-
like  phase  transition  [16],  the  triple  points  [17,  18],  the
novel  dual  relation  of  HP  phase  transition  [19],  and  the
topological structure [20, 21]. Furthermore, the proposed
extended phase space for AdS black holes reduces to the
appearance of other novel dual thermodynamical quantit-
ies related to model parameters [22] and to the investiga-
tion of some black hole heat engines [23, 24]. These de-
velopments are  in  the  subdiscipline  of  black  hole   chem-
istry [25].

From the holographic viewpoint [26, 27], the explana-
tion  of  black  hole  chemistry  via  AdS/CFT  [28,  29]  is
somewhat elusive: i) For an AdS black hole, changing the
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cosmological  constant    corresponds  to  changing  both
the central  charge and CFT volume. This  leads to an  in-
consistency  between  the  first  law  of  thermodynamics  in
the extended phase space and that in the dual field theory
[30, 31]. ii)   (or  ) implies a change in the model of
gravity. The corresponding ensemble does not describe a
collection  of  black  holes  from  the  same  gravity  model,
where the microstates are identical. Instead, it describes a
collection  of  gravity  models  with  the  same  or  similar
black  hole  solutions.  iii)  The  Smarr  relation  for  an  AdS
black hole in the extended phase space is not a homogen-
eous function  of  order  one  with  respect  to  all   independ-
ent dual thermodynamic quantities.  This discrepancy has
prompted  efforts  to  seek  a  more  expanded  first  law  of
thermodynamics. Recently, the central charge and chem-
ical potential, which are considered as a new pair of dual
thermodynamical  quantities,  were  introduced  in  the  first
law  of  thermodynamics  [32,  33],  that  is,  the  extended
phase  space  is  extended  to  the  restricted  phase  space.
Both  the  corresponding  Newton's  gravitational  constant
and the cosmological constant can change, leading to pro-
found  consequences  for  the  chemical  potential  and  its
holographic interpretation. In the restricted phase space, a
new  thermodynamic  phenomenon  arises  for  AdS  black
holes, which is fundamentally different from the first-or-
der  phase  transition  observed  in  AdS  black  holes  in  the
extended  phase  space  and  in  ordinary  thermodynamic
systems: the supercritical phase transition [34−36]. In this
work,  for  the  Einstein-Power-Yang-Mills  (EPYM)  AdS
black hole [37−40], we demonstrate the process of estab-
lishing  the  thermodynamical  first  law  in  the  restricted
phase space.

In  contrast,  black  hole  thermodynamics  is  the  most
important tool in investigating quantum gravity in space-
time  with  a  horizon  [41].  Hawking  radiation  provides
valuable  insight,  revealing  that  the  Hawking  entropy  is
proportional  to  the  black  hole  horizon  area,  while  the
Hawking temperature is proportional to the surface grav-
ity of the black hole horizon [42]. This indicates a strong
relationship between thermodynamic systems and gravit-
ational  systems.  In  2020,  Barrow  proposed  that  due  to
quantum gravitational effects, the surface of a black hole
can be  altered,  leading  to  the  emergence  of  Barrow   en-
tropy [43]. The black hole horizon area can be represen-
ted as a discontinuous and potentially fractal structure in
the geometry of the horizon. Based on the concept of the
"Koch snowflake,"  Barrow  suggested  that  the   Schwarz-
schild black hole horizon is surrounded by NNN smaller
spheres, with their radii having a specific ratio relative to
the original sphere. After an infinite number of iterations,
the total area and volume are the sums of all the intricate
structures,  which  are  finite  and  infinite,  respectively.
Consequently,  the  corresponding  entropy  becomes  very
large. Subsequently, the idea of Barrow entropy has been
further  used  to  investigate  dark  energy  [44,  45],  cosmo-

logy  [46−48],  and  black  hole  thermodynamics  [49−52].
This study investigates the thermodynamics and stability
of AdS black holes with the a black hole horizon with a
fractal structure.

S ∼ q2, P ∼ q−2, T ∼ q−1

Additionally,  linear  charged  black  holes  in  AdS
spacetime,  exhibiting  a  second-order  phase  transition,
show  a  scaling  symmetry:  at  the  critical  point,  the  state
parameters  scale  with  respect  to  the  charge  q,  that  is,

  [53].  It  is  natural  to  inquire
whether  scaling  symmetry  exists  in  non-linear  charged
AdS black holes. As a generalization of the charged AdS
Einstein-Maxwell  black  holes,  it  is  intriguing  to  explore
new non-linear charged systems. Due to the infinite self-
energy of point like charges in Maxwell's theory [54−58],
Born  and  Infeld  proposed  a  generalization  when  for
strong  fields  by  introducing  non-linearities  [59,  60].  An
interesting  non-linear  generalization  of  charged  black
holes  involves  a  Yang-Mills  field  exponentially  coupled
to  Einstein  gravity,  known  as  the  Einstein-Power-Yang-
Mills  (EPYM)  theory.  This  theory  possesses  conformal
invariance and allows for the construction of analogues to
the  four-dimensional  Reissner-Nordström  black  hole
solutions in higher dimensions. Unlike the Maxwell-Ein-
stein  coupling,  which has  an infinite  range,  the  coupling
between Einstein gravity and the Yang-Mills  (YM) field
is crucial in systems such as nuclei and highly dense mat-
ter,  justifying  its  inclusion  in  black  hole  applications.
Several features of EPYM gravity in extended thermody-
namics  have  recently  been  studied  [26,  61,  62].  On  the
holographically  dual  side,  the  effects  of  non-linear
sources on the strongly coupled dual gauge theory, with-
in  the  context  of  AdS/CFT  correspondence,  have  also
been reported [63].

This  work  is  organized  as  follows:  In  Sec.  II,  we
provide a brief description of the EPYM AdS black hole
in  the  restricted  phase  space.  In  Sec.  III,  we  present  the
phase  structure  of  the  EPYM  AdS  black  hole  with  a
fractal structure  on  the  black hole  horizon in  the   restric-
ted  phase  space.  In  Sec.  IV,  we  analyze  the  stability  of
the  EPYM AdS  black  hole  with  the  fractal  structure  on
the black hole horizon in the restricted phase space. Fur-
thermore, the effects of the fractal parameter and the non-
linear  YM  charge  parameter  on  the  phase  structure  and
stability are also examined. A brief summary is provided
in Sec. V. 

II.  A BRIEF DESCRIPTION OF BARROW EPYM
ADS BLACK HOLE IN THE RESTRICTED

PHASE SPACE

For  the  four-dimensional  AdS  Einstein-power-Yang-
Mills (EPYM) black hole, the spherically symmetric stat-
ic spacetime's parameterization approach is as follows 

ds2 = − f (r)dt2+ f −1dr2+ r2dΩ2
2, (1)
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the metric function can be described as [64] 

f (r) = 1− 2GM
r
+

r2

l2
+

G
(
2q2
)γ

2(4γ−3)r4γ−2
. (2)

dΩ2
2 2 4π

l2 = − 3
Λ

γ > 0 r+

f (r+) = 0

Here,   is the metric on unit  -sphere with volume 
and q  is  the  YM charge,  l  is  related  to  the  cosmological
constant and  , G is the gravitational constant, and
γ  is  the  non-linear  YM  charge  parameter  and  satisfies

  [38].  Additionally,  the  event  horizon    corres-
ponds  to  the  largest  root  by  solving  the  expression

. Thus, the mass parameter of the black hole can
be expressed in terms of the horizon radius as 

M =
r+
2G

Å
1+

r2
+

l2
+

2γ−1Gq2γ

(4γ−3)r4γ−2
+

ã
. (3)

S = πr2
+/G

From  the  classical  Boltzmann-Gibbs statistics,  the   fam-
ous  Bekenstein-Hawking  entropy  is  proportional  to  the
surface  area  of  the  black  hole  horizon:  .  It  is
important  to  emphasize  that  although  entropy S  is  com-
monly used in relativistic theory, it  remains essentially a
classical concept.  According  to  the  principle  of  maxim-
um entropy, S is maximized when a thermodynamic equi-
librium  system  is  described  by  the  Maxwell-Boltzmann
distribution,  which  belongs  to  the  classical  Boltzmann-
Gibbs  statistical  framework.  However,  arguments  from
various  perspectives  suggest  that  Boltzmann-Gibbs  stat-
istics may not be the most suitable framework for invest-
igating black hole thermodynamics.

In  Ref.  [43], Barrow proposed  that  quantum gravita-
tional effects may give rise to a complex structure on the
black hole  horizon  surface,  extending  down  to   micro-
scopic  scales.  These effects  manifest  as  modifications  to
the black  hole  horizon  area,  which  can  be  described  us-
ing  a  fractal  structure.  By  incorporating  the  influence  of
quantum gravity  and  fractal  geometry,  Barrow   chal-
lenges  the  conventional  view  of  the  event  horizon  as
smooth  and  uniform.  This  fractal  nature  implies  that  the
event horizon  undergoes  intricate  structural   transforma-
tions.  While  thermodynamics  suggests  that  black  holes
are  infinitely  complex  systems,  the  modification  of  the
horizon area having a finite volume but an infinite (or fi-
nite) surface area leads to a new entropy relation, known
as Barrow entropy , which is given by 

S B = (πr2
+/G)1+∆/2, (4)

(∆ ∈ [0,1]) ∆ = 0

∆ = 1

where Δ represents the quantum effect and is in the range
of  .  For  ,  the  well-known  Bekenstein-
Hawking entropy is restored, signifying the absence of a
fractal  structure.  Conversely,  when  ,  the black hole
horizon  surface  is  its  most  deformed  and  has  the  most

complex fractal  structure.  Additionally,  the  Barrow   en-
tropy is associated with Tasllis entropy execution [65, 66]
and  is  different  from  the  logarithmically  corrected
quantum  entropy  [44,  67,  68]. Furthermore,  other   en-
tropy functions such as Renyi entropy [69], Sharma-Mit-
tal  entropy [70],  and Kaniadakis  entropy [71]  have been
proposed. In the following, we investigate the Barrow en-
tropy  of  the  EPYM  AdS  black  hole  and  its  associated
thermodynamics within the restricted phase space. Addi-
tionally, the Barrow temperature of the EPYM AdS black
hole can be obtained from Eqs. (3) and (4), as follows 

1
TB
=
∂S B

∂M
=

2π(2+∆)(π/G)∆/2r1+∆
+

1+3r2
+/l2−

G
(
2q2
)γ

2r4γ−2
+

.
(5)

G = 1In  the  extended phase  space  (setting  ), the   thermo-
dynamical first law for the EPYM AdS black hole reads 

dM = TdS +VdP+Φ̄dq2γ. (6)

P =
3

8πl2Considering Eq. (3) and  , the corresponding ther-
modynamical volume and potential are 

V =
∂M
∂P
=

4πr3
+

3
, Φ̄ =

∂M
∂q2γ

=
2γ−2

(4γ−3)r4γ−3
+

. (7)

The  corresponding  thermodynamical  properties  of  the
EPYM AdS black hole in the extended phase space were
exhibited in Refs. [62, 72] and optical properties such as
the  photon  sphere  and  shadow  were  also  presented  in
Refs. [73, 74].

VδP

Note  that  from  the  Holographic  interpretation  of  the
thermodynamical  first  law (6)  in  the  extend  phase  space
there  exist  some  issues  [23,  75,  76]. In  boundary   con-
formal field theory (CFT),  can become two terms in
the first law of thermodynamics: one is the central charge
of the boundary CFT, and the other is the thermodynam-
ical pressure of the boundary CFT caused by a change in
the AdS radius. The way of addressing this problem is to
invoke the form of the central charge from the AdS/CFT
dictionary, which is related to the AdS radius l as in Ref.
[30] 

C =
l2

G
. (8)

The partition function of AdS spacetime is related to the
Euclidean action [77, 78] by 

IE = − lnZAdS, (9)
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IE =
1
2

∫
d4x
√

g(R−
2Λ−F γ) F

F(a)
µν

where for the EPYM AdS black hole, 
.  The  Yang-Mills  (YM)  invariant    and  YM

field  are 

F = Tr(F(a)
µν F(a)µν), Tr(F(a)

µν F(a)µν) =
3∑

a=1

F(a)
µν F(a)µν, (10)

 

F(a)
µν = ∂µA

(a)
ν −∂νA(a)

µ +
1
2ξ

C(a)
(b)(c)A

(b)
µ A(c)

ν . (11)

C(a)
(b)(c)

A(a)
µ SO(3)

a,b,c, ...

gµν

Here, R and γ are the scalar curvature and a positive real
parameter,  respectively;    represents  the  structure
constants  of  a  three-parameter  Lie  group G;  and ξ  is  the
coupling constant.   are the   gauge group Yang-
Mills  (YM)  potentials  defining  by  the  Wu-Yang  (WY)
ansatz [79]. Note that the internal indices  are the
same  in  covariant  or  contra-variant  form.  Implementing
the  variation  of  the  action  with  respect  to  the  spacetime
metric  produces the gravitational field equations: 

Gµν+Λδµν = T µν, (12)

 

T µν = −
1
2
(
δµνF γ −4γTr

(
F(a)
νλ F(a)µλ

)
F γ−1

)
. (13)

A(a)
µ 2

Through the variation with respect  to the YM gauge po-
tentials,  , and the traceless condition, the  -forms YM
equations yields 

d
(
⋆F(a)F γ−1

)
+

1
ξ

C(a)
(b)(c)F γ−1 A(b)∧⋆ F(c) = 0, (14)

F(a) =
1
2

F(a)
µν dxµ∧dxν, A(b) = A(b)

µ ∧dxµ ⋆

γ = 1
where  ,  and    rep-
resents  duality.  It  is  clear  that  for  , the  EPYM the-
ory  reduces  to  the  standard  Einstein-Yang-Mills  (EYM)
theory  [80].  Note  that  the  non-Abelian  property  of  the
YM gauge field is expressed with its YM potentials 

A(b) =
q
r2

C(a)
(i)( j)x

idx j, r2 =

3∑
j=1

x2
j , (15)

a, i, j
1 ≤ a, i, j ≤ 3 xi

x1 = r cosϕsinθ, x2 = r sinϕsinθ, x3 = r cosθ.

where q  is the YM charge and the indices ( ) are in
the  range  .  The  coordinates    take the   fol-
lowing forms: 
Since we have utilized the WY ansatz  for  the  YM field,
the invariant for this field takes the form [81, 82] 

Tr(F(a)
µν F(a)µν) =

q2

r4
. (16)

Under  the  Wu–Yang (WY)  ansatz,  the  structure   con-
stants  −  responsible  for  the  non-Abelian  nature  of  the

3/4 3/2

Yang–Mills  (YM)  gauge  field—disappear.  As  a  result,
the focus shifts from the non-Abelian character to the role
of the non-linear YM charge parameter γ. To ensure that
the system satisfies  the Weak Energy Condition (WEC),
Strong Energy Condition (SEC),  Dominant Energy Con-
dition  (DEC),  and  the  Causality  Condition  (CC),  the
physically  meaningful  range  for  the  non-linear  YM
charge  parameter  γ  must  lie  between    and   (see
Ref. [39]).

ZAdS = ZCFT

From the  formulation  of  the  AdS/CFT   correspond-
ence, the partition function of AdS spacetime is equal to
the  CFT  dual  one,  . The  CFT  partition   func-
tion is related to the free energy by
 

Ḡ = −T lnZCFT, (17)

where T  represents  temperature.  As  shown  in  Ref.  [33],
the  free  energy  is  in  terms  of  the  central  charge  and
chemical potential as follows:
 

Ḡ = µC. (18)

One can  infer  that  the  free  energy  is  correlated  with  the
parameters characterizing EPYM AdS black holes:
 

µC = T IE = M−TS −ΦQ. (19)

Q = qγ
√

C

Here, S  corresponds  to  the  Bekenstein-Hawking  entropy
and Φ is the electric potential on the black hole event ho-
rizon  due  to  the  electric  charge  . The   corres-
ponding Smarr  relation within  the  restricted  phase  space
can be written as
 

M = TS +ΦQ+µC. (20)

The first law of thermodynamic for the EPYM AdS black
hole in the restricted phase space reads as follows (more
details see Ref. [83])
 

dM = TdS +ΦdQ+µdC. (21)

S B = S 1+∆/2 T =
∂M/∂S

TB, S B T, S

Since    and  the  Hawking  temperature 
,  one  can  establish  the  relationship  between  the

modified quantities ( ) and ordinary ones ( ) as
 

TS = (1+∆/2)TBS B. (22)

Substituting the above equation into Eq. (20), we can ob-
tain the Smarr relation in terms of the modified quantities
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M = (1+∆/2)TBS B+ΦQ+µC. (23)

∆ = 0

TB =
∂M
∂S B

TB =
∂M
∂S
∂S
∂S B
= T
∂S
∂S B

TdS = TBdS B

This result contradicts the conventional Smarr relation in
the restricted phase space under normal conditions, where
the mass parameter is a homogeneous function of degree
one with respect to all relevant thermodynamic quantities.
The  influence  of  quantum  gravity,  encapsulated  by  the
fractal paramete Δ destroy the homogeneous of Smarr re-
lation in the restricted phase space. As  , Eq. (23) can
recover the Smarr relation of the ordinary restricted phase
space.  With  the  definition  of  Barrow  temperature

,  one can obtain  ,  that  is,
.  Thus  the  corresponding  thermodynamics

first law for the Barrow EPYM AdS black hole in the re-
stricted phase space becomes as 

dM = TBdS B+ΦdQ+µdC. (24)

 

III.  PHASE STRUCTURE OF BARROW EPYM
ADS BLACK HOLE IN THE RESTRICTED

PHASE SPACE

In  this  section,  we  examine  the  thermodynamical
properties  of  the  Barrow  Einstein–power  Yang-Mills
(EPYM) AdS black hole within the framework of the re-
stricted  phase  space.  We  begin  by  defining  the  relevant
thermodynamic  quantities  and  formulating  the  equations
of  state.  Utilizing  Eqs.  (3),  (4),  and  (8),  the  black  hole
mass parameter  can  be  expressed  in  terms  of  the  modi-
fied  thermodynamic  variables  and  the  fractal  parameter
becomes 

M(S B,C,Q,∆) =
√

CS
1

2+∆
B

2l
√
π

(
1+

S
2

2+∆
B

πC
+

(2π2C2)γl4−4γQ2

2(4γ−3)πC2S
4γ−2
2+∆

B

)
.

(25)

TB =

Å
∂M
∂S B

ã
C,Q,∆

µ =

Å
∂M
∂C

ã
S B,Q,∆

Since    and  , the   equa-

tions of state describing the EPYM AdS black hole in the
presence of quantum gravity effects are as follows 

TB =
πCS

4γ−2
2+∆

B +3S
4γ

2+∆
B −2γ−1π(πC)2γ−2l4−4γQ2

2(2+∆)
√

Cπ3/2lS
4γ−1+∆

2+∆
B

, (26)

 

µ =
S

1
2+∆
B

4l
√
πC

(
1− S

2
2+∆
B

πC
+

(4γ−1)(2π2C2)γl4−4γQ̄2

2(4γ−3)πCS
4γ−2
2+∆

B

)
.

(27)

According to  Ehrenfest's  classification  of  phase   trans-

itions in thermodynamical  systems,  the critical  point  can
be determined by satisfying the following equations: 

∂TB

∂S B
=
∂2TB

∂S 2
B
= 0. (28)

Considering Eq.  (26),  we  can  obtain  the  critical   thermo-
dynamical quantities as follows 

Cc =
γ(4γ−1+∆)2γQ2l4−4γ

1+∆

Å
6γ(1−∆)

(2γ−1)(1+∆)

ã2γ−1

,

(29)

 

S
2

2+∆
Bc =

πCc(1+∆)(2γ−1)
6γ(1−∆)

,

TBc =
πCcS

4γ−2
2+∆

Bc +3S
4γ

2+∆
Bc −2γ−1π(πCc)2γ−1l4−4γQ2

2(2+∆)
√

Ccπ3/2lS
4γ−1+∆

2+∆
Bc

.

(30)

l, γ, Q

TBc

The  results  indicate  that  the  critical  point  is  determined
by  the  non-linear  YM parameter γ,  the  fractal  parameter
Δ, the AdS spacetime radius l, and the electric charge Q.
The corresponding behaviour of the critical center charge
with  respect  to  the  critical  Barrow's  temperature  under
different  parameters  have been depicted in Fig.  1.  When
the  parameters  ( )  are  fixed,  the  critical  center
charge  increases  with  the  critical  Barrow's  temperature
for the small value of the fractal parameter Δ, and for the
large values of Δ it decreases with  , see Fig. 1(a). For
small values of the non-linear YM charge parameter γ the
critical  center  charge  monotonically  and  rapidly  decays
with the critical Barrow's temperature until to zero, while
it tends to zero and does not changes with the critical Bar-
row's temperature, see Fig. 1(b).

γ = 1
∂TB

∂S B
= 0

s = S B/S Bc, c =C/Cc

To investigate the first-order phase transition and ob-
tain  the  analyzed  results,  we  consider  the  case  of 

and  solve  the  equation  .  With  the  definitions
, there  are  two  solutions  of  the  nor-

malized Barrow entropy: 

s
2

2+∆
1,2 = c

Ç
1±
 

1− 24Q2(1−∆)(3+∆)
(1+∆)2

å
, (31)

s1
′+′ s2

′−′

∆ = 1 s1 =
√

2c s2 = 0

where   stands for the solution of   and   is the solu-
tion of  . Note that these two solutions are related to the
first-order phase  transition  and  their  behaviours  with   re-
spect to the fractal parameter are depicted in Fig. 2. With
an  increasing  fractal  parameter  Δ,  both  dimensionless
solutions decrease.  When the  fractal  structure  is  maxim-
ized,  ,  ,  and  .  Here,  we should  point
out  that  for  the  maximum  fractal  structure,  there  is  one
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sc = s1,2 = 0

∆ = 0 s1 = s2 = c = 1
Q2 = 1/36

γ = 1

Q2 = q2/Cc = 1/36 γ = 1 q2 =Cc/36

the  critical  point,  ,  which  is  meaningless  and
can  be  ruled  out.  Additionally,  when  this  system  is
without  the  fractal  structure  ,    as

. This case is consistent with that of the EPYM
AdS  black  in  the  restricted  phase  space  with    (see
Ref.  [83]).  Note  that  at  the  critical  point,  we  have

 for  , that is,  . This rela-
tion between the YM charge and the critical center charge
is  captured  in  Eq.  (29).  From  the  above  analysis,  it  is
evident  that  the  fractal  structure  induced  by  quantum
gravity plays a significant role in the critical phenomena
and  first-order phase  transitions.  When  the  fractal   struc-
ture reaches its maximum extent, no phase transition can
occur. Therefore, the fractal structure, as a manifestation
of quantum gravity effects on the black hole horizon sur-
face,  effectively  serves  as  a  probe  for  detecting  phase
transitions.

TB−S B

∫ S B2

S B1
TBdS B =TB0(S B2−S B1)

We  can  investigate  the  first-order  phase  transition
from the  perspective  of  the  Maxwell's  equal  area  law in
the    phase  diagram: 

TB0

S B1,B2

t = TB/TBc

with the first-order phase temperature   and the bound-
ary entropies    in the two-phases coexistence. Since
there  is  no  analytic  expression  for  different  values  of  Δ
and  γ, here,  we  will  only  numerically  give  the   corres-
ponding phase  diagram.  For  convenience,  with  the   nor-
malized parameter  , one can obtain 

t =
1+3(sS Bc)

2
2+∆ −2γ−1Q2l4−4γπ2γ−1(cCc)2γ−2(sS Bc)−

4γ−2
2+∆

s
1+∆
2+∆

(
1+3S

2
2+∆
Bc −2γ−1Q2l4−4γπ2γ−1C2γ−2

c S −
4γ−2
2+∆

Bc

) .

(32)

c < 1
s− t

c = 1
c > 1

From  the  above  equation,  we  plot  the  normalized
Barrow's  temperature  as  a  function  of  the  normalized
Barrow entropy  with  different  parameters  in Fig.  3.  The
results  show that  for  the  Barrow EPYM AdS black hole
in  the  restricted  phase  space,  there  exists  a  supercritical
phenomenon  of  the  phase  transition:  when  ,  it  is  a
monotonic  curve  of  , where  no  phase  transition   oc-
curs; for  , the critical point appears. This system un-
dergoes  a  first-order  phase  transition  for  . In   con-
trast, from the Gibbs free energy 

g = Ḡ/Ḡc =
√

cs
1

2×∆

1− 1
πcCc

(sS Bc)
2

2+∆ +
(4γ−1)2γ−1Q2l4−4γπ2γ−1(cCc)2γ−1

(4γ−3)(sS Bc)
4γ−2
2+∆

1− 1
πCc

S
2

2+∆
Bc +

(4γ−1)2γ−1Q2l4−4γπ2γ−1C2γ−1
c

(4γ−3)S
4γ−2
2+∆

Bc

,

(33)

the corresponding phase structure is also exhibited in Fig.
4.  At  the  first-order phase transition point,  the   temperat-
ure of the Barrow EPYM AdS black hole in the restricted
phase space decreases  with increasing normalized center
charge  c.  Conversely,  for  smaller  values  of  the  fractal
parameter  Δ,  the  phase  transition  temperature  increases

 

TBcFig.  1.      (color online) The behaviors  of  the center  charge respects  to the Barrow's  temperature   with different  non-linear  charge
parameter γ and the fractal parameter Δ.

 

TBc

Fig.  2.      (color  online)  The  behaviors  of  the  center  charge
with  respect  to  the  Barrow's  temperature    with  different
non-linear charge parameters γ and fractal parameters Δ.
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with Δ. This behavior suggests that,  within the restricted
phase space framework − where quantum gravity effects
modify  the  event  horizon  area −  the  thermodynamics  of
the  EPYM  AdS  black  hole  resemble  those  of  Van  der
Waals  systems.  Specifically,  in  the  temperature–entropy
phase  diagram,  monotonic  curves  signify  the  absence  of
phase  transitions,  while  non-monotonic  or  multi-valued
curves  indicate  the  presence  of  first-order phase   trans-
itions. From the perspective of Gibbs free energy, the ap-
pearance of  swallowtail  structures  confirms  the   occur-
rence of first-order phase transitions, with the vertices of
these structures corresponding to critical points. 

IV.  STABILITY OF BARROW EPYM ADS BLACK
HOLE IN RESTRICTED PHASE SPACE

In black hole thermodynamics, a central aspect is the
investigation of black hole stability, which can be effect-
ively analyzed through the behavior of the heat capacity.

l, Q

A  positive  heat  capacity  signifies  a  thermodynamically
stable black  hole,  whereas  a  negative  heat  capacity   im-
plies  instability.  To  explore  the  stability  of  the  Barrow
EPYM AdS black hole within the restricted phase space,
and to assess the influence of the fractal parameter Δ and
the  non-linear  YM  charge  parameter  γ  on  the  stability,
one can derive the heat capacity under conditions of con-
stant parameters ( ), as the follows: 

η = TB
∂S B

∂TB
= − s(∆+1)S Bc

∆+2

×
1− π2

γ−1Q2l4−4γ(πcCc)2γ−2

(sS Bc)
4γ−2
∆+2

+
3(sS Bc)

2
∆+2

πcCc

1− (3(1−∆))(sS Bc)
2
∆+2

πcCc(∆+1)
− π2

γ−1Q2(πCc)2γ−2(∆+4γ−1)l4−4γ

(sS Bc)
4γ−2
∆+2

,

(34)

whose  behaviors  with  different  parameters  Δ  and  γ  are

 

t− sFig. 3.    (color online) The phase diagram of   with different normalized center charge c and fractal parameter Δ.

 

t−g

c = 1.2 c = 1.4 c = 1.6
Fig.  4.      (color online) The  first-order  phase  transition  in  the  phase  diagram of   with  different  normalized  center  charges c  and
fractal  parameters  Δ.  In  the  left  pane,  the  parameter  is  set  to    (the  blue  thick  line),    (the  red  thin  line),  and    (the
dashed black line); in the right file, the fractal parameter is set to 0 (the blue thick line), 0.06 (the red thin line), and 0.11 (the dashed
black line).
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c > 1

c = 1

c < 1

c ≤ 1

shown  in  Fig.  5.  We  can  conclude  that  when  ,  the
EPYM AdS black hole in the restricted phase space with
a black hole horizon with a fractal structure undergoes a
first-order phase transition among the large/intermediate/
small black hole phases. The corresponding heat capacit-
ies  of  the  large/small  black  hole  phases  are  positive  and
are stable, while the heat capacity of the intermediate one
is negative and is unstable. For  , that is, a second-or-
der  phase  transition  between  the  large/small  black  hole
phases, the  heat  capacities  are  positive  and  the   corres-
ponding  black  hole  systems  are  stable.  When  ,  this
black  hole  system  has  positive  heat  capacity  and  one
single stable phase. Furthermore, with an increasing non-
linear  YM  charge  parameter  γ  and  fractal  parameter  Δ,
the region  of  the  unstable  intermediate  phase  also   ex-
pands. The value of heat capacity also increases for  . 

V.  DISCUSSIONS AND CONCLUSIONS

In this  manuscript,  we  have  studied  the   thermody-
namics  of  the  EPYM  AdS  black  hole  in  the  restricted
phase space, considering the fractal structure of the black

hole  horizon.  We  have  uncovered  the  influence  of
quantum gravity and its  impact  on black hole  thermody-
namics. The  results  reveal  several  remarkable   character-
istics,  similar  to  those  of  the  RN-AdS  black  hole  in  the
restricted phase transition [34]. Compared to the RN-AdS
black  hole  in  the  expanded  phase  space,  the  results  are
summarized as follows:
 

● The  mass  parameter  is  to  be  understood  as  the   in-
ternal  energy.  Due  to  the  fractal  structure  of  the  black
hole horizon, the Smarr relation for this black hole in the
restricted phase space is not restored, unlike in an ordin-
ary thermodynamic system;
 

● The EPYM AdS black hole with a fractal structure
in the restricted phase space exhibits a unique thermody-
namic  phenomenon:  a  supercritical  phase  transition.
When the system has a higher center charge, a first-order
phase  transition  appears;  however,  it  vanishes  when  the
normalized center charge is less than one. This supercrit-
ical phase  transition  is  governed  by  the  degrees  of   free-
dom in the conformal field theory;

 

0.5 1.0 1.5 2.0 2.5 3.0
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2

1
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2

l 10, 1, 0.05, Q 0.05

0.5 1.0 1.5 2.0 2.5 3.0
s
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l 10, 0.85, 0.05, Q 0.05
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s
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1
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1

2

l 10, 1, c 1.1, Q 0.05

c = 1.1 c = 1 c = 0.5
∆ = 0.05 ∆ = 0.1 ∆ = 0.15

Fig. 5.    (color online) The heat capacity of Barrow EPYM AdS black hole in the restricted phase space. In the top figures, the normal-
ized center charge is set to   (the dashed black lines),   (the red thin lines), and   (the blue thick lines). In the bottom fig-
ure, the fractal parameter is set to   (the dashed black line),   (the red thin line), and   (the blue thick line).
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∆ = 1

0 ≤ ∆ < 1

● When the fractal structure is maximum ( ), re-
gardless  of  the  normalized  central  charge  parameter
value, there is no physical phase transition in the EPYM
AdS black hole. For the other values of the fractal struc-
ture  parameter  ,  there  are  non-zero  thermody-
namical  quantities  at  the  critical  and  first-order  phase
points.  Hence,  the  fractal  structure  can  be  regarded  as  a
phase transition probe;
 

∆ = 0●  When ,  the  phase  transition  properties  of  the
EPYM AdS  black  hole  in  the  restricted  phase  space  are
the  same  as  those  in  the  extended  phase  space.  This
means that  when a black hole lacks the fractal  structure,
its  thermodynamic  properties  are  independent  of  the
choice of the corresponding phase space;
 

●  From  the  perspective  of  heat  capacity,  the  EPYM
AdS black hole in the restricted phase space with a black

c > 1

hole horizon with a fractal structure is always stable when
the normalized center charge is equal to or less than one.
In contrast, for  , this system is of one unstable inter-
mediate black hole phase and two stable large/small black
hole phases. These results are consistent with those in the
extended phase space,  where there is  no fractal  structure
on the black hole horizon. Specifically, when the EPYM
AdS  black  hole  system  undergoes  a  first-order  phase
transition, the heat capacities of the two stable large/small
black hole phases are always positive, while the heat ca-
pacity  of  the  unstable  intermediate  black  hole  phase  is
negative. However, when the black hole system is not un-
dergoing a phase transition, the corresponding heat capa-
city is always positive (more details see Ref. [84]). 

ACKNOWLEDGEMENTS

We would like to thank Prof. Ren Zhao and Meng-Sen
Ma for their indispensable discussions and comments.

 

 

References 

 T. Jacobson, Phys. Rev. Lett. 75, 1260 (1995)[1]
 T. Padmanabhan, Rept. Prog. Phys. 73, 046901 (2010)[2]
 J. D. Bekenstein, Phys. Rev. D 7, 2333 (1973)[3]
 S. W. Hawking, Commun. Math. Phys. 43, 199 (1975)[4]
 S.  W.  Hawking  and  Don  N.  Page,  Commun.  Math.  Phys.
87, 577 (1983)

[5]

 J. M. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998)[6]
 E.  Witten, Adv.  Theor.  Math.  Phys. 2,  505  (1998),  arXiv:
hep-th/9803131

[7]

 A. Chamblin, R. Emparan, C. V. Johnson et al., Phys. Rev.
D 60, 064018 (1999), arXiv: hep-th/9902170

[8]

 D.  Kastor,  S.  Ray,  and  J.  Traschen, Class.  Quantum Grav.
26, 195011 (2009)

[9]

 D.  Kubiznak  and  R.  B.  Mann,  J.  High  Energ.  Phys.
2012(07), 033 (2012), arXiv: 1205.0559

[10]

 S.  W  Wei  and  Y.  X  Liu,  Phys.  Rev.  Lett.  115,  111302
(2015)

[11]

 S.  W  Wei  and  Y.  X  Liu,  Sci.  China  Phys.  Mech.  Astron.
67(5), 250412 (2024)

[12]

 N. Altamirano, D. Kubiznak and R. B. Mann, Phys. Rev. D
88, 101502 (2013), arXiv: 1306.5756

[13]

 A.  M.  Frassino,  D.  Kubiznak,  R.  B.  Mann  et  al.,  J.  High
Energ. Phys. 2014(09), 080 (2014), arXiv: 1406.7015

[14]

 R.  A.  Hennigar  and  R.  B.  Mann,  Phys.  Rev.  Lett.  118,
021301 (2017), arXiv: 1609.02564

[15]

 B.  P.  Dolan,  A.  Kostouki,  D.  Kubiznak  et  al.,  Class.
Quantum Grav. 31, 242001 (2014)

[16]

 S. W Wei and Y. X Liu, Phys. Rev. D 90, 044057 (2014)[17]
 M.  D  Li,  H.  M  Wang,  and  S.  W  Wei,  Phys.  Rev.  D 105,
104013 (2022)

[18]

 S.  W  Wei,  Y.  X  Liu,  and  R.  B.  Man,  Phys.  Rev.  D  102,
104011 (2020)

[19]

 S.  W  Wei,  Y.  X  Liu,  and  R.  B.  Man,  Phys.  Rev.  D  110,
L081501 (2024)

[20]

 S. W Wei, Y. X Liu, and R. B. Man, Phys. Rev. Lett. 129,
191101 (2022)

[21]

 R.  G  Cai,  L.  M  Cao,  L.  Li  et  al.,  J.  High  Energ.  Phys.
2013(09), 005 (2013), arXiv: 1306.6233

[22]

 C. V. Johnson, Class. Quantum Grav. 31, 205002 (2014)[23]
 H.  Xu,  Y.  Sun,  and  L.  Zhao,  Int.  J.  Mod.  Phys.  D 26,  13
(2017)

[24]

 D.  Kubiznak,  R.  B.  Mann,  and  M.  Teo,  Class.  Quantum
Grav. 34, 063001 (2017)

[25]

 J. L Zhang, R. G Cai, and H. Yu, Phys. Rev. D 91, 044028
(2015)

[26]

 B. P. Dolan, Entropy 18, 169 (2016)[27]
 B. P. Dolan, J. High Energ. Phys. 2014(10), 179 (2014)[28]
 D.  Kastor,  S.  Ray,  and  J.  Traschen,  J.  High  Energ.  Phys.
2014(11), 120 (2014)

[29]

 A. Karch and B. Robinson, J. High Energ. Phys. 2015(12),
073 (2015)

[30]

 M.  Sinamuli  and  R.  B  Mann,  Phys.  Rev.  D  96,  086008
(2017)

[31]

 W.  Cong,  D.  Kubiznak,  and  R.  B  Mann,  Phys.  Rev.  Lett.
127, 091301 (2021)

[32]

 M. R. Visser, Phys. Rev. D 105, 106014 (2022)[33]
 Z. Gao and L. Zhao, Class. Quantum Grav. 39, 7 (2022)[34]
 L. Zhao, Chin. Phys. C 46, 055105 (2022)[35]
 J.  Sadeghi,  M.  Shokri,  S.  N.  Gashti  et  al.,  Gen.  Relativ.
Gravit. 54, 129 (2022), arXiv: 2205.03648

[36]

 M.  Zhang,  Z.  Y.  Yang,  D.  C.  Zou  et  al.,  Gen.  Relativ.
Gravit. 47, 14 (2015), arXiv: 1412.1197

[37]

 C.  Corda  and  H.  J.  Mosquera  Cuesta, Astropart.  Phys. 34,
587 (2011), arXiv: 1011.4801[physics.gen-ph]

[38]

 S. H. Mazharimousavi and M. Halilsoy, Phys. Lett.  B 681,
190 (2009), arXiv: 0908.0308

[39]

 V. A. De Lorenci, R. Klippert, M. Novello et al., Phys. Rev.
D 65, 063501 (2002)

[40]

 N.  D.  Birrell  and  P.  C.  W.  Davies,  Quantum  Fields  in
Curved  Spacetime,  (Cambridge:  Cambridge  University
Press, 1982)

[41]

 E. M. C. Abreu and J.  A. Neto, Phys.  Lett.  B 810, 135805
(2020)

[42]

 J. D. Barrow, Phys. Lett. B 808, 135643 (2020)[43]

Thermodynamics of Barrow Einstein-power-Yang-Mills AdS black hole in the restricted... Chin. Phys. C 49, 075102 (2025)

075102-9

https://doi.org/10.1103/PhysRevLett.75.1260
https://doi.org/10.1103/PhysRevLett.75.1260
https://doi.org/10.1103/PhysRevLett.75.1260
https://doi.org/10.1103/PhysRevLett.75.1260
https://doi.org/10.1103/PhysRevLett.75.1260
https://doi.org/10.1103/PhysRevLett.75.1260
https://doi.org/10.1103/PhysRevLett.75.1260
https://doi.org/10.1103/PhysRevLett.75.1260
https://doi.org/10.1103/PhysRevLett.75.1260
https://doi.org/10.1103/PhysRevLett.75.1260
https://doi.org/10.1088/0034-4885/73/4/046901
https://doi.org/10.1088/0034-4885/73/4/046901
https://doi.org/10.1088/0034-4885/73/4/046901
https://doi.org/10.1088/0034-4885/73/4/046901
https://doi.org/10.1088/0034-4885/73/4/046901
https://doi.org/10.1088/0034-4885/73/4/046901
https://doi.org/10.1088/0034-4885/73/4/046901
https://doi.org/10.1088/0034-4885/73/4/046901
https://doi.org/10.1088/0034-4885/73/4/046901
https://doi.org/10.1088/0034-4885/73/4/046901
https://doi.org/10.1103/PhysRevD.7.2333
https://doi.org/10.1103/PhysRevD.7.2333
https://doi.org/10.1103/PhysRevD.7.2333
https://doi.org/10.1103/PhysRevD.7.2333
https://doi.org/10.1103/PhysRevD.7.2333
https://doi.org/10.1103/PhysRevD.7.2333
https://doi.org/10.1103/PhysRevD.7.2333
https://doi.org/10.1103/PhysRevD.7.2333
https://doi.org/10.1103/PhysRevD.7.2333
https://doi.org/10.1103/PhysRevD.7.2333
https://doi.org/10.1007/BF02345020
https://doi.org/10.1007/BF02345020
https://doi.org/10.1007/BF02345020
https://doi.org/10.1007/BF02345020
https://doi.org/10.1007/BF02345020
https://doi.org/10.1007/BF02345020
https://doi.org/10.1007/BF02345020
https://doi.org/10.1007/BF02345020
https://doi.org/10.1007/BF02345020
https://doi.org/10.1007/BF02345020
https://doi.org/10.1007/BF01208266
https://doi.org/10.1007/BF01208266
https://doi.org/10.1007/BF01208266
https://doi.org/10.1007/BF01208266
https://doi.org/10.1007/BF01208266
https://doi.org/10.1007/BF01208266
https://doi.org/10.1007/BF01208266
https://doi.org/10.1007/BF01208266
https://doi.org/10.1007/BF01208266
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.4310/ATMP.1998.v2.n3.a3
https://doi.org/10.4310/ATMP.1998.v2.n3.a3
https://doi.org/10.4310/ATMP.1998.v2.n3.a3
https://doi.org/10.4310/ATMP.1998.v2.n3.a3
https://doi.org/10.4310/ATMP.1998.v2.n3.a3
https://doi.org/10.4310/ATMP.1998.v2.n3.a3
https://doi.org/10.4310/ATMP.1998.v2.n3.a3
https://doi.org/10.4310/ATMP.1998.v2.n3.a3
https://doi.org/10.4310/ATMP.1998.v2.n3.a3
https://doi.org/10.4310/ATMP.1998.v2.n3.a3
https://arxiv.org/abs/9803131
https://arxiv.org/abs/9803131
https://arxiv.org/abs/9803131
https://doi.org/10.1103/PhysRevD.60.064018
https://doi.org/10.1103/PhysRevD.60.064018
https://doi.org/10.1103/PhysRevD.60.064018
https://doi.org/10.1103/PhysRevD.60.064018
https://doi.org/10.1103/PhysRevD.60.064018
https://doi.org/10.1103/PhysRevD.60.064018
https://doi.org/10.1103/PhysRevD.60.064018
https://doi.org/10.1103/PhysRevD.60.064018
https://doi.org/10.1103/PhysRevD.60.064018
https://doi.org/10.1103/PhysRevD.60.064018
https://doi.org/10.1103/PhysRevD.60.064018
https://arxiv.org/abs/9902170
https://arxiv.org/abs/9902170
https://arxiv.org/abs/9902170
https://doi.org/10.1088/0264-9381/26/19/195011
https://doi.org/10.1088/0264-9381/26/19/195011
https://doi.org/10.1088/0264-9381/26/19/195011
https://doi.org/10.1088/0264-9381/26/19/195011
https://doi.org/10.1088/0264-9381/26/19/195011
https://doi.org/10.1088/0264-9381/26/19/195011
https://doi.org/10.1088/0264-9381/26/19/195011
https://doi.org/10.1088/0264-9381/26/19/195011
https://doi.org/10.1088/0264-9381/26/19/195011
https://doi.org/10.1007/JHEP07(2012)033
https://doi.org/10.1007/JHEP07(2012)033
https://doi.org/10.1007/JHEP07(2012)033
https://doi.org/10.1007/JHEP07(2012)033
https://doi.org/10.1007/JHEP07(2012)033
https://doi.org/10.1007/JHEP07(2012)033
https://doi.org/10.1007/JHEP07(2012)033
https://doi.org/10.1007/JHEP07(2012)033
https://doi.org/10.1007/JHEP07(2012)033
https://doi.org/10.1007/JHEP07(2012)033
https://doi.org/10.1007/JHEP07(2012)033
https://arxiv.org/abs/1205.0559
https://doi.org/10.1103/PhysRevLett.115.111302
https://doi.org/10.1103/PhysRevLett.115.111302
https://doi.org/10.1103/PhysRevLett.115.111302
https://doi.org/10.1103/PhysRevLett.115.111302
https://doi.org/10.1103/PhysRevLett.115.111302
https://doi.org/10.1103/PhysRevLett.115.111302
https://doi.org/10.1103/PhysRevLett.115.111302
https://doi.org/10.1103/PhysRevLett.115.111302
https://doi.org/10.1103/PhysRevLett.115.111302
https://doi.org/10.1007/s11433-023-2335-2
https://doi.org/10.1007/s11433-023-2335-2
https://doi.org/10.1007/s11433-023-2335-2
https://doi.org/10.1007/s11433-023-2335-2
https://doi.org/10.1007/s11433-023-2335-2
https://doi.org/10.1007/s11433-023-2335-2
https://doi.org/10.1007/s11433-023-2335-2
https://doi.org/10.1007/s11433-023-2335-2
https://doi.org/10.1007/s11433-023-2335-2
https://doi.org/10.1103/PhysRevD.88.101502
https://doi.org/10.1103/PhysRevD.88.101502
https://doi.org/10.1103/PhysRevD.88.101502
https://doi.org/10.1103/PhysRevD.88.101502
https://doi.org/10.1103/PhysRevD.88.101502
https://doi.org/10.1103/PhysRevD.88.101502
https://doi.org/10.1103/PhysRevD.88.101502
https://doi.org/10.1103/PhysRevD.88.101502
https://doi.org/10.1103/PhysRevD.88.101502
https://arxiv.org/abs/1306.5756
https://doi.org/10.1007/JHEP09(2014)080
https://doi.org/10.1007/JHEP09(2014)080
https://doi.org/10.1007/JHEP09(2014)080
https://doi.org/10.1007/JHEP09(2014)080
https://doi.org/10.1007/JHEP09(2014)080
https://doi.org/10.1007/JHEP09(2014)080
https://doi.org/10.1007/JHEP09(2014)080
https://doi.org/10.1007/JHEP09(2014)080
https://doi.org/10.1007/JHEP09(2014)080
https://doi.org/10.1007/JHEP09(2014)080
https://doi.org/10.1007/JHEP09(2014)080
https://doi.org/10.1007/JHEP09(2014)080
https://doi.org/10.1007/JHEP09(2014)080
https://arxiv.org/abs/1406.7015
https://doi.org/10.1103/PhysRevLett.118.021301
https://doi.org/10.1103/PhysRevLett.118.021301
https://doi.org/10.1103/PhysRevLett.118.021301
https://doi.org/10.1103/PhysRevLett.118.021301
https://doi.org/10.1103/PhysRevLett.118.021301
https://doi.org/10.1103/PhysRevLett.118.021301
https://doi.org/10.1103/PhysRevLett.118.021301
https://doi.org/10.1103/PhysRevLett.118.021301
https://doi.org/10.1103/PhysRevLett.118.021301
https://arxiv.org/abs/1609.02564
https://doi.org/10.1088/0264-9381/31/24/242001
https://doi.org/10.1088/0264-9381/31/24/242001
https://doi.org/10.1088/0264-9381/31/24/242001
https://doi.org/10.1088/0264-9381/31/24/242001
https://doi.org/10.1088/0264-9381/31/24/242001
https://doi.org/10.1088/0264-9381/31/24/242001
https://doi.org/10.1088/0264-9381/31/24/242001
https://doi.org/10.1088/0264-9381/31/24/242001
https://doi.org/10.1088/0264-9381/31/24/242001
https://doi.org/10.1088/0264-9381/31/24/242001
https://doi.org/10.1088/0264-9381/31/24/242001
https://doi.org/10.1103/PhysRevD.90.044057
https://doi.org/10.1103/PhysRevD.90.044057
https://doi.org/10.1103/PhysRevD.90.044057
https://doi.org/10.1103/PhysRevD.90.044057
https://doi.org/10.1103/PhysRevD.90.044057
https://doi.org/10.1103/PhysRevD.90.044057
https://doi.org/10.1103/PhysRevD.90.044057
https://doi.org/10.1103/PhysRevD.90.044057
https://doi.org/10.1103/PhysRevD.90.044057
https://doi.org/10.1103/PhysRevD.90.044057
https://doi.org/10.1103/PhysRevD.105.104013
https://doi.org/10.1103/PhysRevD.105.104013
https://doi.org/10.1103/PhysRevD.105.104013
https://doi.org/10.1103/PhysRevD.105.104013
https://doi.org/10.1103/PhysRevD.105.104013
https://doi.org/10.1103/PhysRevD.105.104013
https://doi.org/10.1103/PhysRevD.105.104013
https://doi.org/10.1103/PhysRevD.105.104013
https://doi.org/10.1103/PhysRevD.105.104013
https://doi.org/10.1103/PhysRevD.102.104011
https://doi.org/10.1103/PhysRevD.102.104011
https://doi.org/10.1103/PhysRevD.102.104011
https://doi.org/10.1103/PhysRevD.102.104011
https://doi.org/10.1103/PhysRevD.102.104011
https://doi.org/10.1103/PhysRevD.102.104011
https://doi.org/10.1103/PhysRevD.102.104011
https://doi.org/10.1103/PhysRevD.102.104011
https://doi.org/10.1103/PhysRevD.102.104011
https://doi.org/10.1103/PhysRevD.110.L081501
https://doi.org/10.1103/PhysRevD.110.L081501
https://doi.org/10.1103/PhysRevD.110.L081501
https://doi.org/10.1103/PhysRevD.110.L081501
https://doi.org/10.1103/PhysRevD.110.L081501
https://doi.org/10.1103/PhysRevD.110.L081501
https://doi.org/10.1103/PhysRevD.110.L081501
https://doi.org/10.1103/PhysRevD.110.L081501
https://doi.org/10.1103/PhysRevD.110.L081501
https://doi.org/10.1103/PhysRevLett.129.191101
https://doi.org/10.1103/PhysRevLett.129.191101
https://doi.org/10.1103/PhysRevLett.129.191101
https://doi.org/10.1103/PhysRevLett.129.191101
https://doi.org/10.1103/PhysRevLett.129.191101
https://doi.org/10.1103/PhysRevLett.129.191101
https://doi.org/10.1103/PhysRevLett.129.191101
https://doi.org/10.1103/PhysRevLett.129.191101
https://doi.org/10.1103/PhysRevLett.129.191101
https://doi.org/10.1007/JHEP09(2013)005
https://doi.org/10.1007/JHEP09(2013)005
https://doi.org/10.1007/JHEP09(2013)005
https://doi.org/10.1007/JHEP09(2013)005
https://doi.org/10.1007/JHEP09(2013)005
https://doi.org/10.1007/JHEP09(2013)005
https://doi.org/10.1007/JHEP09(2013)005
https://doi.org/10.1007/JHEP09(2013)005
https://doi.org/10.1007/JHEP09(2013)005
https://doi.org/10.1007/JHEP09(2013)005
https://doi.org/10.1007/JHEP09(2013)005
https://arxiv.org/abs/1306.6233
https://doi.org/10.1088/0264-9381/31/20/205002
https://doi.org/10.1088/0264-9381/31/20/205002
https://doi.org/10.1088/0264-9381/31/20/205002
https://doi.org/10.1088/0264-9381/31/20/205002
https://doi.org/10.1088/0264-9381/31/20/205002
https://doi.org/10.1088/0264-9381/31/20/205002
https://doi.org/10.1088/0264-9381/31/20/205002
https://doi.org/10.1088/0264-9381/31/20/205002
https://doi.org/10.1088/0264-9381/31/20/205002
https://doi.org/10.1088/0264-9381/31/20/205002
https://doi.org/10.1142/S0218271817501513
https://doi.org/10.1142/S0218271817501513
https://doi.org/10.1142/S0218271817501513
https://doi.org/10.1142/S0218271817501513
https://doi.org/10.1142/S0218271817501513
https://doi.org/10.1142/S0218271817501513
https://doi.org/10.1142/S0218271817501513
https://doi.org/10.1142/S0218271817501513
https://doi.org/10.1142/S0218271817501513
https://doi.org/10.1088/1361-6382/aa5c69
https://doi.org/10.1088/1361-6382/aa5c69
https://doi.org/10.1088/1361-6382/aa5c69
https://doi.org/10.1088/1361-6382/aa5c69
https://doi.org/10.1088/1361-6382/aa5c69
https://doi.org/10.1088/1361-6382/aa5c69
https://doi.org/10.1088/1361-6382/aa5c69
https://doi.org/10.1088/1361-6382/aa5c69
https://doi.org/10.1088/1361-6382/aa5c69
https://doi.org/10.1088/1361-6382/aa5c69
https://doi.org/10.1088/1361-6382/aa5c69
https://doi.org/10.1103/PhysRevD.91.044028
https://doi.org/10.1103/PhysRevD.91.044028
https://doi.org/10.1103/PhysRevD.91.044028
https://doi.org/10.1103/PhysRevD.91.044028
https://doi.org/10.1103/PhysRevD.91.044028
https://doi.org/10.1103/PhysRevD.91.044028
https://doi.org/10.1103/PhysRevD.91.044028
https://doi.org/10.1103/PhysRevD.91.044028
https://doi.org/10.1103/PhysRevD.91.044028
https://doi.org/10.3390/e18050169
https://doi.org/10.3390/e18050169
https://doi.org/10.3390/e18050169
https://doi.org/10.3390/e18050169
https://doi.org/10.3390/e18050169
https://doi.org/10.3390/e18050169
https://doi.org/10.3390/e18050169
https://doi.org/10.3390/e18050169
https://doi.org/10.3390/e18050169
https://doi.org/10.3390/e18050169
https://doi.org/10.1007/JHEP10(2014)179
https://doi.org/10.1007/JHEP10(2014)179
https://doi.org/10.1007/JHEP10(2014)179
https://doi.org/10.1007/JHEP10(2014)179
https://doi.org/10.1007/JHEP10(2014)179
https://doi.org/10.1007/JHEP10(2014)179
https://doi.org/10.1007/JHEP10(2014)179
https://doi.org/10.1007/JHEP10(2014)179
https://doi.org/10.1007/JHEP10(2014)179
https://doi.org/10.1007/JHEP10(2014)179
https://doi.org/10.1007/JHEP10(2014)179
https://doi.org/10.1007/JHEP10(2014)179
https://doi.org/10.1007/JHEP11(2014)120
https://doi.org/10.1007/JHEP11(2014)120
https://doi.org/10.1007/JHEP11(2014)120
https://doi.org/10.1007/JHEP11(2014)120
https://doi.org/10.1007/JHEP11(2014)120
https://doi.org/10.1007/JHEP11(2014)120
https://doi.org/10.1007/JHEP11(2014)120
https://doi.org/10.1007/JHEP11(2014)120
https://doi.org/10.1007/JHEP11(2014)120
https://doi.org/10.1007/JHEP11(2014)120
https://doi.org/10.1007/JHEP11(2014)120
https://doi.org/10.1007/JHEP12(2015)073
https://doi.org/10.1007/JHEP12(2015)073
https://doi.org/10.1007/JHEP12(2015)073
https://doi.org/10.1007/JHEP12(2015)073
https://doi.org/10.1007/JHEP12(2015)073
https://doi.org/10.1007/JHEP12(2015)073
https://doi.org/10.1007/JHEP12(2015)073
https://doi.org/10.1007/JHEP12(2015)073
https://doi.org/10.1007/JHEP12(2015)073
https://doi.org/10.1007/JHEP12(2015)073
https://doi.org/10.1007/JHEP12(2015)073
https://doi.org/10.1103/PhysRevD.96.086008
https://doi.org/10.1103/PhysRevD.96.086008
https://doi.org/10.1103/PhysRevD.96.086008
https://doi.org/10.1103/PhysRevD.96.086008
https://doi.org/10.1103/PhysRevD.96.086008
https://doi.org/10.1103/PhysRevD.96.086008
https://doi.org/10.1103/PhysRevD.96.086008
https://doi.org/10.1103/PhysRevD.96.086008
https://doi.org/10.1103/PhysRevD.96.086008
https://doi.org/10.1103/PhysRevLett.127.091301
https://doi.org/10.1103/PhysRevLett.127.091301
https://doi.org/10.1103/PhysRevLett.127.091301
https://doi.org/10.1103/PhysRevLett.127.091301
https://doi.org/10.1103/PhysRevLett.127.091301
https://doi.org/10.1103/PhysRevLett.127.091301
https://doi.org/10.1103/PhysRevLett.127.091301
https://doi.org/10.1103/PhysRevLett.127.091301
https://doi.org/10.1103/PhysRevLett.127.091301
https://doi.org/10.1103/PhysRevD.105.106014
https://doi.org/10.1103/PhysRevD.105.106014
https://doi.org/10.1103/PhysRevD.105.106014
https://doi.org/10.1103/PhysRevD.105.106014
https://doi.org/10.1103/PhysRevD.105.106014
https://doi.org/10.1103/PhysRevD.105.106014
https://doi.org/10.1103/PhysRevD.105.106014
https://doi.org/10.1103/PhysRevD.105.106014
https://doi.org/10.1103/PhysRevD.105.106014
https://doi.org/10.1103/PhysRevD.105.106014
https://doi.org/10.1088/1361-6382/ac4e9a
https://doi.org/10.1088/1361-6382/ac4e9a
https://doi.org/10.1088/1361-6382/ac4e9a
https://doi.org/10.1088/1361-6382/ac4e9a
https://doi.org/10.1088/1361-6382/ac4e9a
https://doi.org/10.1088/1361-6382/ac4e9a
https://doi.org/10.1088/1361-6382/ac4e9a
https://doi.org/10.1088/1361-6382/ac4e9a
https://doi.org/10.1088/1361-6382/ac4e9a
https://doi.org/10.1088/1361-6382/ac4e9a
https://doi.org/10.1088/1674-1137/ac4f4c
https://doi.org/10.1088/1674-1137/ac4f4c
https://doi.org/10.1088/1674-1137/ac4f4c
https://doi.org/10.1088/1674-1137/ac4f4c
https://doi.org/10.1088/1674-1137/ac4f4c
https://doi.org/10.1088/1674-1137/ac4f4c
https://doi.org/10.1088/1674-1137/ac4f4c
https://doi.org/10.1088/1674-1137/ac4f4c
https://doi.org/10.1088/1674-1137/ac4f4c
https://doi.org/10.1088/1674-1137/ac4f4c
https://doi.org/10.1007/s10714-022-03024-0
https://doi.org/10.1007/s10714-022-03024-0
https://doi.org/10.1007/s10714-022-03024-0
https://doi.org/10.1007/s10714-022-03024-0
https://doi.org/10.1007/s10714-022-03024-0
https://doi.org/10.1007/s10714-022-03024-0
https://doi.org/10.1007/s10714-022-03024-0
https://doi.org/10.1007/s10714-022-03024-0
https://doi.org/10.1007/s10714-022-03024-0
https://doi.org/10.1007/s10714-022-03024-0
https://doi.org/10.1007/s10714-022-03024-0
https://arxiv.org/abs/2205.03648
https://doi.org/10.1007/s10714-015-1851-2
https://doi.org/10.1007/s10714-015-1851-2
https://doi.org/10.1007/s10714-015-1851-2
https://doi.org/10.1007/s10714-015-1851-2
https://doi.org/10.1007/s10714-015-1851-2
https://doi.org/10.1007/s10714-015-1851-2
https://doi.org/10.1007/s10714-015-1851-2
https://doi.org/10.1007/s10714-015-1851-2
https://doi.org/10.1007/s10714-015-1851-2
https://doi.org/10.1007/s10714-015-1851-2
https://doi.org/10.1007/s10714-015-1851-2
https://arxiv.org/abs/1412.1197
https://doi.org/10.1016/j.astropartphys.2010.12.002
https://doi.org/10.1016/j.astropartphys.2010.12.002
https://doi.org/10.1016/j.astropartphys.2010.12.002
https://doi.org/10.1016/j.astropartphys.2010.12.002
https://doi.org/10.1016/j.astropartphys.2010.12.002
https://doi.org/10.1016/j.astropartphys.2010.12.002
https://doi.org/10.1016/j.astropartphys.2010.12.002
https://doi.org/10.1016/j.astropartphys.2010.12.002
https://doi.org/10.1016/j.astropartphys.2010.12.002
https://arxiv.org/abs/1011.4801[physics.gen-ph]
https://arxiv.org/abs/1011.4801[physics.gen-ph]
https://arxiv.org/abs/1011.4801[physics.gen-ph]
https://doi.org/10.1016/j.physletb.2009.10.006
https://doi.org/10.1016/j.physletb.2009.10.006
https://doi.org/10.1016/j.physletb.2009.10.006
https://doi.org/10.1016/j.physletb.2009.10.006
https://doi.org/10.1016/j.physletb.2009.10.006
https://doi.org/10.1016/j.physletb.2009.10.006
https://doi.org/10.1016/j.physletb.2009.10.006
https://doi.org/10.1016/j.physletb.2009.10.006
https://doi.org/10.1016/j.physletb.2009.10.006
https://arxiv.org/abs/0908.0308
https://doi.org/10.1103/PhysRevD.65.063501
https://doi.org/10.1103/PhysRevD.65.063501
https://doi.org/10.1103/PhysRevD.65.063501
https://doi.org/10.1103/PhysRevD.65.063501
https://doi.org/10.1103/PhysRevD.65.063501
https://doi.org/10.1103/PhysRevD.65.063501
https://doi.org/10.1103/PhysRevD.65.063501
https://doi.org/10.1103/PhysRevD.65.063501
https://doi.org/10.1103/PhysRevD.65.063501
https://doi.org/10.1103/PhysRevD.65.063501
https://doi.org/10.1103/PhysRevD.65.063501
https://doi.org/10.1016/j.physletb.2020.135805
https://doi.org/10.1016/j.physletb.2020.135805
https://doi.org/10.1016/j.physletb.2020.135805
https://doi.org/10.1016/j.physletb.2020.135805
https://doi.org/10.1016/j.physletb.2020.135805
https://doi.org/10.1016/j.physletb.2020.135805
https://doi.org/10.1016/j.physletb.2020.135805
https://doi.org/10.1016/j.physletb.2020.135805
https://doi.org/10.1016/j.physletb.2020.135805
https://doi.org/10.1016/j.physletb.2020.135643
https://doi.org/10.1016/j.physletb.2020.135643
https://doi.org/10.1016/j.physletb.2020.135643
https://doi.org/10.1016/j.physletb.2020.135643
https://doi.org/10.1016/j.physletb.2020.135643
https://doi.org/10.1016/j.physletb.2020.135643
https://doi.org/10.1016/j.physletb.2020.135643
https://doi.org/10.1016/j.physletb.2020.135643
https://doi.org/10.1016/j.physletb.2020.135643
https://doi.org/10.1016/j.physletb.2020.135643


 E. N. Saridakis, Phys. Rev. D 102, 123525 (2020)[44]
 H.  Moradpour,  A.  H.  Ziaie,  and  M.  Kord  Zangeneh,  Eur.
Phys. J. C 80, 732 (2020)

[45]

 A. Salehi, Eur. Phys. J. C 83, 11 (2023)[46]
 N. Komatsu, Phys. Rev. D 109, 023505 (2024)[47]
 O. Okcu, Nucl. Phys. B 1004, 116551 (2024)[48]
 E. M. C. Abreu, J. A. Neto, and E. M. Barboza, Europhys.
Lett. 130, 40005 (2020)

[49]

 L. H Wang and M. S Ma, Phys. Lett. B 831, 137181 (2022)[50]
 Y. Ladghami, B. Asfour, A. Bouali et al., Phys. Dark Univ.
44, 101470 (2024)

[51]

 S.  Rani,  A.  Jawad,  and  M.  Hussain, Eur.  Phys.  J.  C 83,  8
(2023)

[52]

 C.  V.  Johnson,  Mod.  Phys.  Lett.  A  33,  1850175  (2018),
arXiv: 1705.06154

[53]

 M. Born, Proc. R. Soc. Lond. A 143, 849 (1934)[54]
 Y.  Kats,  L.  Motl,  and  M.  Padi,  J.  High  Energ.  Phys.
2007(12), 068 (2007)

[55]

 D.  Anninos  and  G.  Pastras,  J.  High  Energ.  Phys.  07,  030
(2009), arXiv: 0807.3478

[56]

 R.  G.  Cai,  Z.  Y.  Nie,  and  Y.  W.  Sun,  Phys.  Rev.  D  78,
126007 (2008), arXiv: 0811.1665

[57]

 N.  Seiberg  and  E.  Witten,  J.  High  Energ.  Phys. 1999(09),
032 (1999), arXiv: hep-th/9908142

[58]

 Paul A. M. Dirac, Lectures on Quantum Mechanics,  Dover
Books  on  Physics,  Garden  City,  (New  York:  Dover
Publications, 2013)

[59]

 Z. Bialynicka-Birula and I. Bialynicki-Birula, Phys. Rev. D
2, 2341 (1970)

[60]

 H. El Moumni, Phys. Lett. B 776, 124 (2018)[61]
 Y. Z Du,  H.  F  Li,  F.  Liu et  al., Chin.  Phys.  C 45, 115103
(2021)

[62]

 D. Roychowdhury, Phys. Lett. B 718, 1089 (2013)[63]
 P. K. Yerra and C. Bhamidipati, Mod. Phys. Lett. A 34, 27
(2019), arXiv: 1806.08226

[64]

 C. Tsallis, J. Statist. Phys. 52, 479 (1988)[65]

 C. Tsallis and L. J. L. Cirto, Eur. Phys. J. C 73, 2487 (2013)[66]
 K. Nozari and A. S. Sefiedgar, Gen. Relativ. Gravit. 39, 501
(2007), arXiv: gr-qc/0606046

[67]

 K.  Nozari  and  A.S.  Sefiedgar,  Phys.  Lett.  B  635,  156
(2006), arXiv: gr-qc/0601116

[68]

 J.  Neyman, Proceedings  of  the  fourth  Berkeley  symposium
on  mathematical  statistics  and  probability,  (Berkeley:
University of California Press, 1961)

[69]

 A. Sayahian Jahromi, S. A. Moosavi, H. Moradpour, et al.,
Phys. Lett. B 780, 21 (2018)

[70]

 G. Kaniadakis, Phys. Rev. E 72, 036108 (2005)[71]
 Y. Z Du, X. Y Liu, Y. Zhang et al., Eur. Phys. J.  C 83(5),
426 (2023)

[72]

 Y.  Z  Du,  H.  F  Li,  F.  Liu  et  al.,  J.  High  Energ.  Phys.
2023(01), 137 (2023), arXiv: 2204.05621

[73]

 Y.  Z  Du,  H.  F  Li,  X.  N  Zhou  et  al.,  Chin.  Phys.  C  46,
122002 (2022), arXiv: 2206.14382

[74]

 J.  L  Zhang,  R.  G  Cai,  and  H.  Yu,  J.  High  Energ.  Phys.
2015(02), 143 (2015)

[75]

 F. McCarthy, D. Kubiznak, and R. B. Mann, J. High Energ.
Phys. 2017(11), 165 (2017)

[76]

 A. Chamblin, R. Emparan, C. V. Johnson et al., Phys. Rev.
D 60, 104026 (1999)

[77]

 G.  Gibbons  and  S.  Hawking,  Phys.  Rev.  D  15(5),  2752
(1977)

[78]

 A. B. Balakin, J. P. S. Lemos, and A. E. Zayats, Phys. Rev.
D 93, 024008 (2016)

[79]

 S.  H  Mazharimousavi  and  M.  Halilsoy,  Phys.  Rev.  D  76,
087501 (2007)

[80]

 M. M. Stetsko, Phys. Rev. D 101, 124017 (2020)[81]
 L. Chakhchi, H. El Moumni, and K. Masmar, Phys. Rev. D
105, 064031 (2022)

[82]

 Y.  Z  Du,  H.  F  Li,  Y.  Zhang  et  al.,  Entropy  25(4),  687
(2023)

[83]

 Y. Z Du and Q. Gu, Eur. Phys. J. C 84, 1025 (2024)[84]

Yun-Zhi Du, Hui-Hua Zhao, Yang Zhang et al. Chin. Phys. C 49, 075102 (2025)

075102-10

https://doi.org/10.1103/PhysRevD.102.123525
https://doi.org/10.1103/PhysRevD.102.123525
https://doi.org/10.1103/PhysRevD.102.123525
https://doi.org/10.1103/PhysRevD.102.123525
https://doi.org/10.1103/PhysRevD.102.123525
https://doi.org/10.1103/PhysRevD.102.123525
https://doi.org/10.1103/PhysRevD.102.123525
https://doi.org/10.1103/PhysRevD.102.123525
https://doi.org/10.1103/PhysRevD.102.123525
https://doi.org/10.1103/PhysRevD.102.123525
https://doi.org/10.1140/epjc/s10052-020-8307-x
https://doi.org/10.1140/epjc/s10052-020-8307-x
https://doi.org/10.1140/epjc/s10052-020-8307-x
https://doi.org/10.1140/epjc/s10052-020-8307-x
https://doi.org/10.1140/epjc/s10052-020-8307-x
https://doi.org/10.1140/epjc/s10052-020-8307-x
https://doi.org/10.1140/epjc/s10052-020-8307-x
https://doi.org/10.1140/epjc/s10052-020-8307-x
https://doi.org/10.1140/epjc/s10052-020-8307-x
https://doi.org/10.1140/epjc/s10052-020-8307-x
https://doi.org/10.1140/epjc/s10052-020-8307-x
https://doi.org/10.1140/epjc/s10052-022-11152-9
https://doi.org/10.1140/epjc/s10052-022-11152-9
https://doi.org/10.1140/epjc/s10052-022-11152-9
https://doi.org/10.1140/epjc/s10052-022-11152-9
https://doi.org/10.1140/epjc/s10052-022-11152-9
https://doi.org/10.1140/epjc/s10052-022-11152-9
https://doi.org/10.1140/epjc/s10052-022-11152-9
https://doi.org/10.1140/epjc/s10052-022-11152-9
https://doi.org/10.1140/epjc/s10052-022-11152-9
https://doi.org/10.1140/epjc/s10052-022-11152-9
https://doi.org/10.1103/PhysRevD.109.023505
https://doi.org/10.1103/PhysRevD.109.023505
https://doi.org/10.1103/PhysRevD.109.023505
https://doi.org/10.1103/PhysRevD.109.023505
https://doi.org/10.1103/PhysRevD.109.023505
https://doi.org/10.1103/PhysRevD.109.023505
https://doi.org/10.1103/PhysRevD.109.023505
https://doi.org/10.1103/PhysRevD.109.023505
https://doi.org/10.1103/PhysRevD.109.023505
https://doi.org/10.1103/PhysRevD.109.023505
https://doi.org/10.1016/j.nuclphysb.2024.116551
https://doi.org/10.1016/j.nuclphysb.2024.116551
https://doi.org/10.1016/j.nuclphysb.2024.116551
https://doi.org/10.1016/j.nuclphysb.2024.116551
https://doi.org/10.1016/j.nuclphysb.2024.116551
https://doi.org/10.1016/j.nuclphysb.2024.116551
https://doi.org/10.1016/j.nuclphysb.2024.116551
https://doi.org/10.1016/j.nuclphysb.2024.116551
https://doi.org/10.1016/j.nuclphysb.2024.116551
https://doi.org/10.1016/j.nuclphysb.2024.116551
https://doi.org/10.1209/0295-5075/130/40005
https://doi.org/10.1209/0295-5075/130/40005
https://doi.org/10.1209/0295-5075/130/40005
https://doi.org/10.1209/0295-5075/130/40005
https://doi.org/10.1209/0295-5075/130/40005
https://doi.org/10.1209/0295-5075/130/40005
https://doi.org/10.1209/0295-5075/130/40005
https://doi.org/10.1209/0295-5075/130/40005
https://doi.org/10.1209/0295-5075/130/40005
https://doi.org/10.1209/0295-5075/130/40005
https://doi.org/10.1209/0295-5075/130/40005
https://doi.org/10.1016/j.physletb.2022.137181
https://doi.org/10.1016/j.physletb.2022.137181
https://doi.org/10.1016/j.physletb.2022.137181
https://doi.org/10.1016/j.physletb.2022.137181
https://doi.org/10.1016/j.physletb.2022.137181
https://doi.org/10.1016/j.physletb.2022.137181
https://doi.org/10.1016/j.physletb.2022.137181
https://doi.org/10.1016/j.physletb.2022.137181
https://doi.org/10.1016/j.physletb.2022.137181
https://doi.org/10.1016/j.physletb.2022.137181
https://doi.org/10.1016/j.dark.2024.101470
https://doi.org/10.1016/j.dark.2024.101470
https://doi.org/10.1016/j.dark.2024.101470
https://doi.org/10.1016/j.dark.2024.101470
https://doi.org/10.1016/j.dark.2024.101470
https://doi.org/10.1016/j.dark.2024.101470
https://doi.org/10.1016/j.dark.2024.101470
https://doi.org/10.1016/j.dark.2024.101470
https://doi.org/10.1016/j.dark.2024.101470
https://doi.org/10.1140/epjc/s10052-022-11146-7
https://doi.org/10.1140/epjc/s10052-022-11146-7
https://doi.org/10.1140/epjc/s10052-022-11146-7
https://doi.org/10.1140/epjc/s10052-022-11146-7
https://doi.org/10.1140/epjc/s10052-022-11146-7
https://doi.org/10.1140/epjc/s10052-022-11146-7
https://doi.org/10.1140/epjc/s10052-022-11146-7
https://doi.org/10.1140/epjc/s10052-022-11146-7
https://doi.org/10.1140/epjc/s10052-022-11146-7
https://doi.org/10.1142/S0217732318501756
https://doi.org/10.1142/S0217732318501756
https://doi.org/10.1142/S0217732318501756
https://doi.org/10.1142/S0217732318501756
https://doi.org/10.1142/S0217732318501756
https://doi.org/10.1142/S0217732318501756
https://doi.org/10.1142/S0217732318501756
https://doi.org/10.1142/S0217732318501756
https://doi.org/10.1142/S0217732318501756
https://doi.org/10.1142/S0217732318501756
https://arxiv.org/abs/1705.06154
https://doi.org/10.1098/rspa.1934.0010
https://doi.org/10.1098/rspa.1934.0010
https://doi.org/10.1098/rspa.1934.0010
https://doi.org/10.1098/rspa.1934.0010
https://doi.org/10.1098/rspa.1934.0010
https://doi.org/10.1098/rspa.1934.0010
https://doi.org/10.1098/rspa.1934.0010
https://doi.org/10.1098/rspa.1934.0010
https://doi.org/10.1098/rspa.1934.0010
https://doi.org/10.1098/rspa.1934.0010
https://doi.org/10.1088/1126-6708/2007/12/068
https://doi.org/10.1088/1126-6708/2007/12/068
https://doi.org/10.1088/1126-6708/2007/12/068
https://doi.org/10.1088/1126-6708/2007/12/068
https://doi.org/10.1088/1126-6708/2007/12/068
https://doi.org/10.1088/1126-6708/2007/12/068
https://doi.org/10.1088/1126-6708/2007/12/068
https://doi.org/10.1088/1126-6708/2007/12/068
https://doi.org/10.1088/1126-6708/2007/12/068
https://doi.org/10.1088/1126-6708/2007/12/068
https://doi.org/10.1088/1126-6708/2007/12/068
https://doi.org/10.1007/JHEP07(2022)030
https://doi.org/10.1007/JHEP07(2022)030
https://doi.org/10.1007/JHEP07(2022)030
https://doi.org/10.1007/JHEP07(2022)030
https://doi.org/10.1007/JHEP07(2022)030
https://doi.org/10.1007/JHEP07(2022)030
https://doi.org/10.1007/JHEP07(2022)030
https://doi.org/10.1007/JHEP07(2022)030
https://doi.org/10.1007/JHEP07(2022)030
https://arxiv.org/abs/0807.3478
https://doi.org/10.1103/PhysRevD.78.126007
https://doi.org/10.1103/PhysRevD.78.126007
https://doi.org/10.1103/PhysRevD.78.126007
https://doi.org/10.1103/PhysRevD.78.126007
https://doi.org/10.1103/PhysRevD.78.126007
https://doi.org/10.1103/PhysRevD.78.126007
https://doi.org/10.1103/PhysRevD.78.126007
https://doi.org/10.1103/PhysRevD.78.126007
https://doi.org/10.1103/PhysRevD.78.126007
https://arxiv.org/abs/0811.1665
https://doi.org/10.1088/1126-6708/1999/09/032
https://doi.org/10.1088/1126-6708/1999/09/032
https://doi.org/10.1088/1126-6708/1999/09/032
https://doi.org/10.1088/1126-6708/1999/09/032
https://doi.org/10.1088/1126-6708/1999/09/032
https://doi.org/10.1088/1126-6708/1999/09/032
https://doi.org/10.1088/1126-6708/1999/09/032
https://doi.org/10.1088/1126-6708/1999/09/032
https://doi.org/10.1088/1126-6708/1999/09/032
https://doi.org/10.1088/1126-6708/1999/09/032
https://doi.org/10.1088/1126-6708/1999/09/032
https://arxiv.org/abs/9908142
https://arxiv.org/abs/9908142
https://arxiv.org/abs/9908142
https://doi.org/10.1103/PhysRevD.2.2341
https://doi.org/10.1103/PhysRevD.2.2341
https://doi.org/10.1103/PhysRevD.2.2341
https://doi.org/10.1103/PhysRevD.2.2341
https://doi.org/10.1103/PhysRevD.2.2341
https://doi.org/10.1103/PhysRevD.2.2341
https://doi.org/10.1103/PhysRevD.2.2341
https://doi.org/10.1103/PhysRevD.2.2341
https://doi.org/10.1103/PhysRevD.2.2341
https://doi.org/10.1016/j.physletb.2017.11.037
https://doi.org/10.1016/j.physletb.2017.11.037
https://doi.org/10.1016/j.physletb.2017.11.037
https://doi.org/10.1016/j.physletb.2017.11.037
https://doi.org/10.1016/j.physletb.2017.11.037
https://doi.org/10.1016/j.physletb.2017.11.037
https://doi.org/10.1016/j.physletb.2017.11.037
https://doi.org/10.1016/j.physletb.2017.11.037
https://doi.org/10.1016/j.physletb.2017.11.037
https://doi.org/10.1016/j.physletb.2017.11.037
https://doi.org/10.1088/1674-1137/ac1a4a
https://doi.org/10.1088/1674-1137/ac1a4a
https://doi.org/10.1088/1674-1137/ac1a4a
https://doi.org/10.1088/1674-1137/ac1a4a
https://doi.org/10.1088/1674-1137/ac1a4a
https://doi.org/10.1088/1674-1137/ac1a4a
https://doi.org/10.1088/1674-1137/ac1a4a
https://doi.org/10.1088/1674-1137/ac1a4a
https://doi.org/10.1088/1674-1137/ac1a4a
https://doi.org/10.1016/j.physletb.2012.11.019
https://doi.org/10.1016/j.physletb.2012.11.019
https://doi.org/10.1016/j.physletb.2012.11.019
https://doi.org/10.1016/j.physletb.2012.11.019
https://doi.org/10.1016/j.physletb.2012.11.019
https://doi.org/10.1016/j.physletb.2012.11.019
https://doi.org/10.1016/j.physletb.2012.11.019
https://doi.org/10.1016/j.physletb.2012.11.019
https://doi.org/10.1016/j.physletb.2012.11.019
https://doi.org/10.1016/j.physletb.2012.11.019
https://doi.org/10.1142/S021773231950216X
https://doi.org/10.1142/S021773231950216X
https://doi.org/10.1142/S021773231950216X
https://doi.org/10.1142/S021773231950216X
https://doi.org/10.1142/S021773231950216X
https://doi.org/10.1142/S021773231950216X
https://doi.org/10.1142/S021773231950216X
https://doi.org/10.1142/S021773231950216X
https://doi.org/10.1142/S021773231950216X
https://arxiv.org/abs/1806.08226
https://doi.org/10.1007/BF01016429
https://doi.org/10.1007/BF01016429
https://doi.org/10.1007/BF01016429
https://doi.org/10.1007/BF01016429
https://doi.org/10.1007/BF01016429
https://doi.org/10.1007/BF01016429
https://doi.org/10.1007/BF01016429
https://doi.org/10.1007/BF01016429
https://doi.org/10.1007/BF01016429
https://doi.org/10.1007/BF01016429
https://doi.org/10.1140/epjc/s10052-013-2487-6
https://doi.org/10.1140/epjc/s10052-013-2487-6
https://doi.org/10.1140/epjc/s10052-013-2487-6
https://doi.org/10.1140/epjc/s10052-013-2487-6
https://doi.org/10.1140/epjc/s10052-013-2487-6
https://doi.org/10.1140/epjc/s10052-013-2487-6
https://doi.org/10.1140/epjc/s10052-013-2487-6
https://doi.org/10.1140/epjc/s10052-013-2487-6
https://doi.org/10.1140/epjc/s10052-013-2487-6
https://doi.org/10.1140/epjc/s10052-013-2487-6
https://doi.org/10.1007/s10714-007-0397-3
https://doi.org/10.1007/s10714-007-0397-3
https://doi.org/10.1007/s10714-007-0397-3
https://doi.org/10.1007/s10714-007-0397-3
https://doi.org/10.1007/s10714-007-0397-3
https://doi.org/10.1007/s10714-007-0397-3
https://doi.org/10.1007/s10714-007-0397-3
https://doi.org/10.1007/s10714-007-0397-3
https://doi.org/10.1007/s10714-007-0397-3
https://arxiv.org/abs/0606046
https://arxiv.org/abs/0606046
https://arxiv.org/abs/0606046
https://doi.org/10.1016/j.physletb.2006.02.043
https://doi.org/10.1016/j.physletb.2006.02.043
https://doi.org/10.1016/j.physletb.2006.02.043
https://doi.org/10.1016/j.physletb.2006.02.043
https://doi.org/10.1016/j.physletb.2006.02.043
https://doi.org/10.1016/j.physletb.2006.02.043
https://doi.org/10.1016/j.physletb.2006.02.043
https://doi.org/10.1016/j.physletb.2006.02.043
https://doi.org/10.1016/j.physletb.2006.02.043
https://arxiv.org/abs/0601116
https://arxiv.org/abs/0601116
https://arxiv.org/abs/0601116
https://doi.org/10.1016/j.physletb.2018.02.052
https://doi.org/10.1016/j.physletb.2018.02.052
https://doi.org/10.1016/j.physletb.2018.02.052
https://doi.org/10.1016/j.physletb.2018.02.052
https://doi.org/10.1016/j.physletb.2018.02.052
https://doi.org/10.1016/j.physletb.2018.02.052
https://doi.org/10.1016/j.physletb.2018.02.052
https://doi.org/10.1016/j.physletb.2018.02.052
https://doi.org/10.1016/j.physletb.2018.02.052
https://doi.org/10.1016/j.physletb.2018.02.052
https://doi.org/10.1103/PhysRevE.72.036108
https://doi.org/10.1103/PhysRevE.72.036108
https://doi.org/10.1103/PhysRevE.72.036108
https://doi.org/10.1103/PhysRevE.72.036108
https://doi.org/10.1103/PhysRevE.72.036108
https://doi.org/10.1103/PhysRevE.72.036108
https://doi.org/10.1103/PhysRevE.72.036108
https://doi.org/10.1103/PhysRevE.72.036108
https://doi.org/10.1103/PhysRevE.72.036108
https://doi.org/10.1103/PhysRevE.72.036108
https://doi.org/10.1140/epjc/s10052-023-11575-y
https://doi.org/10.1140/epjc/s10052-023-11575-y
https://doi.org/10.1140/epjc/s10052-023-11575-y
https://doi.org/10.1140/epjc/s10052-023-11575-y
https://doi.org/10.1140/epjc/s10052-023-11575-y
https://doi.org/10.1140/epjc/s10052-023-11575-y
https://doi.org/10.1140/epjc/s10052-023-11575-y
https://doi.org/10.1140/epjc/s10052-023-11575-y
https://doi.org/10.1140/epjc/s10052-023-11575-y
https://doi.org/10.1140/epjc/s10052-023-11575-y
https://doi.org/10.1140/epjc/s10052-023-11575-y
https://doi.org/10.1007/JHEP01(2023)137
https://doi.org/10.1007/JHEP01(2023)137
https://doi.org/10.1007/JHEP01(2023)137
https://doi.org/10.1007/JHEP01(2023)137
https://doi.org/10.1007/JHEP01(2023)137
https://doi.org/10.1007/JHEP01(2023)137
https://doi.org/10.1007/JHEP01(2023)137
https://doi.org/10.1007/JHEP01(2023)137
https://doi.org/10.1007/JHEP01(2023)137
https://doi.org/10.1007/JHEP01(2023)137
https://doi.org/10.1007/JHEP01(2023)137
https://arxiv.org/abs/2204.05621
https://doi.org/10.1088/1674-1137/ac87f1
https://doi.org/10.1088/1674-1137/ac87f1
https://doi.org/10.1088/1674-1137/ac87f1
https://doi.org/10.1088/1674-1137/ac87f1
https://doi.org/10.1088/1674-1137/ac87f1
https://doi.org/10.1088/1674-1137/ac87f1
https://doi.org/10.1088/1674-1137/ac87f1
https://doi.org/10.1088/1674-1137/ac87f1
https://doi.org/10.1088/1674-1137/ac87f1
https://arxiv.org/abs/2206.14382
https://doi.org/10.1007/JHEP02(2015)143
https://doi.org/10.1007/JHEP02(2015)143
https://doi.org/10.1007/JHEP02(2015)143
https://doi.org/10.1007/JHEP02(2015)143
https://doi.org/10.1007/JHEP02(2015)143
https://doi.org/10.1007/JHEP02(2015)143
https://doi.org/10.1007/JHEP02(2015)143
https://doi.org/10.1007/JHEP02(2015)143
https://doi.org/10.1007/JHEP02(2015)143
https://doi.org/10.1007/JHEP02(2015)143
https://doi.org/10.1007/JHEP02(2015)143
https://doi.org/10.1007/JHEP11(2017)165
https://doi.org/10.1007/JHEP11(2017)165
https://doi.org/10.1007/JHEP11(2017)165
https://doi.org/10.1007/JHEP11(2017)165
https://doi.org/10.1007/JHEP11(2017)165
https://doi.org/10.1007/JHEP11(2017)165
https://doi.org/10.1007/JHEP11(2017)165
https://doi.org/10.1007/JHEP11(2017)165
https://doi.org/10.1007/JHEP11(2017)165
https://doi.org/10.1007/JHEP11(2017)165
https://doi.org/10.1007/JHEP11(2017)165
https://doi.org/10.1007/JHEP11(2017)165
https://doi.org/10.1007/JHEP11(2017)165
https://doi.org/10.1103/PhysRevD.60.104026
https://doi.org/10.1103/PhysRevD.60.104026
https://doi.org/10.1103/PhysRevD.60.104026
https://doi.org/10.1103/PhysRevD.60.104026
https://doi.org/10.1103/PhysRevD.60.104026
https://doi.org/10.1103/PhysRevD.60.104026
https://doi.org/10.1103/PhysRevD.60.104026
https://doi.org/10.1103/PhysRevD.60.104026
https://doi.org/10.1103/PhysRevD.60.104026
https://doi.org/10.1103/PhysRevD.60.104026
https://doi.org/10.1103/PhysRevD.60.104026
https://doi.org/10.1103/PhysRevD.15.2752
https://doi.org/10.1103/PhysRevD.15.2752
https://doi.org/10.1103/PhysRevD.15.2752
https://doi.org/10.1103/PhysRevD.15.2752
https://doi.org/10.1103/PhysRevD.15.2752
https://doi.org/10.1103/PhysRevD.15.2752
https://doi.org/10.1103/PhysRevD.15.2752
https://doi.org/10.1103/PhysRevD.15.2752
https://doi.org/10.1103/PhysRevD.15.2752
https://doi.org/10.1103/PhysRevD.15.2752
https://doi.org/10.1103/PhysRevD.15.2752
https://doi.org/10.1103/PhysRevD.93.024008
https://doi.org/10.1103/PhysRevD.93.024008
https://doi.org/10.1103/PhysRevD.93.024008
https://doi.org/10.1103/PhysRevD.93.024008
https://doi.org/10.1103/PhysRevD.93.024008
https://doi.org/10.1103/PhysRevD.93.024008
https://doi.org/10.1103/PhysRevD.93.024008
https://doi.org/10.1103/PhysRevD.93.024008
https://doi.org/10.1103/PhysRevD.93.024008
https://doi.org/10.1103/PhysRevD.93.024008
https://doi.org/10.1103/PhysRevD.93.024008
https://doi.org/10.1103/PhysRevD.76.087501
https://doi.org/10.1103/PhysRevD.76.087501
https://doi.org/10.1103/PhysRevD.76.087501
https://doi.org/10.1103/PhysRevD.76.087501
https://doi.org/10.1103/PhysRevD.76.087501
https://doi.org/10.1103/PhysRevD.76.087501
https://doi.org/10.1103/PhysRevD.76.087501
https://doi.org/10.1103/PhysRevD.76.087501
https://doi.org/10.1103/PhysRevD.76.087501
https://doi.org/10.1103/PhysRevD.101.124017
https://doi.org/10.1103/PhysRevD.101.124017
https://doi.org/10.1103/PhysRevD.101.124017
https://doi.org/10.1103/PhysRevD.101.124017
https://doi.org/10.1103/PhysRevD.101.124017
https://doi.org/10.1103/PhysRevD.101.124017
https://doi.org/10.1103/PhysRevD.101.124017
https://doi.org/10.1103/PhysRevD.101.124017
https://doi.org/10.1103/PhysRevD.101.124017
https://doi.org/10.1103/PhysRevD.101.124017
https://doi.org/10.1103/PhysRevD.105.064031
https://doi.org/10.1103/PhysRevD.105.064031
https://doi.org/10.1103/PhysRevD.105.064031
https://doi.org/10.1103/PhysRevD.105.064031
https://doi.org/10.1103/PhysRevD.105.064031
https://doi.org/10.1103/PhysRevD.105.064031
https://doi.org/10.1103/PhysRevD.105.064031
https://doi.org/10.1103/PhysRevD.105.064031
https://doi.org/10.1103/PhysRevD.105.064031
https://doi.org/10.3390/e25040687
https://doi.org/10.3390/e25040687
https://doi.org/10.3390/e25040687
https://doi.org/10.3390/e25040687
https://doi.org/10.3390/e25040687
https://doi.org/10.3390/e25040687
https://doi.org/10.3390/e25040687
https://doi.org/10.3390/e25040687
https://doi.org/10.3390/e25040687
https://doi.org/10.3390/e25040687
https://doi.org/10.3390/e25040687
https://doi.org/10.1140/epjc/s10052-024-13367-4
https://doi.org/10.1140/epjc/s10052-024-13367-4
https://doi.org/10.1140/epjc/s10052-024-13367-4
https://doi.org/10.1140/epjc/s10052-024-13367-4
https://doi.org/10.1140/epjc/s10052-024-13367-4
https://doi.org/10.1140/epjc/s10052-024-13367-4
https://doi.org/10.1140/epjc/s10052-024-13367-4
https://doi.org/10.1140/epjc/s10052-024-13367-4
https://doi.org/10.1140/epjc/s10052-024-13367-4
https://doi.org/10.1140/epjc/s10052-024-13367-4

	I INTRODUCTION
	II A BRIEF DESCRIPTION OF BARROW EPYM ADS BLACK HOLE IN THE RESTRICTED PHASE SPACE
	III PHASE STRUCTURE OF BARROW EPYM ADS BLACK HOLE IN THE RESTRICTED PHASE SPACE
	IV STABILITY OF BARROW EPYM ADS BLACK HOLE IN RESTRICTED PHASE SPACE
	V DISCUSSIONS AND CONCLUSIONS
	ACKNOWLEDGEMENTS
	REFERENCES

