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Abstract: In this paper, we base our analysis on the assumption that the existence of a photon sphere is an intrinsic
feature of any ultra-compact gravitational structure with spherical symmetry. Utilizing the concept of a topological
photon sphere, we categorize the behaviors of various gravitational models based on the structure of their photon
spheres. This innovative approach enables us to define boundaries for black hole parameters, subsequently allowing
us to classify the model as either a black hole or a naked singularity. Indeed, we will demonstrate that the presence of
this interplay between the gravitational structure and the existence of a photon sphere is a unique advantage that can
be utilized from both perspectives. Our observations indicate that a gravitational model typically exhibits the behavi-
or of a horizonless structure (or a naked singularity) when a minimum effective potential (a stable photon sphere) ap-
pears within the studied spacetime region. Additionally, in this study, we tried to investigate the effect of this struc-
ture on the behavior of the photon sphere by choosing models that are affected by the Perfect Fluid Dark Matter (PF-
DM). Finally, by analyzing a model with multiple event horizons, we show that the proposed method remains applic-

able even in such scenarios.
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I. INTRODUCTION

In the study of ultra-compact gravitational objects, the
simplest and most fundamental ‘step ‘to distinguish
between different configurations is to examine the metric
function and subsequently identify the event horizon. The
metric function is essentially the result of integrating
equations based on diverse and complex initial condi-
tions (such as energy conditions, geometric compatibility
with general relativity equations, etc.). Any remaining
weaknesses that might challenge the physics of the de-
rived model are addressed by conjectures such as the
Weak Cosmic Censorship Conjecture (WCCC), which
posits the creation of an event horizon. This conjecture
assumes that singularities emerging from solving Ein-
stein's equations must be hidden behind an event horizon.
This is because if singularities were observable from the
rest of spacetime, causality would be compromised, and
physics would lose its predictive power. It is important to
note that the failure to meet the WCCC condition does
not imply “non-existence” or “absence,” but rather the ”
existence” of a spacetime that, although it has its own
gravitational effects, our current knowledge is insuffi-
cient to decode it. Extensive studies are currently being
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conducted on the possibility and conditions for the emer-
gence and observation of these regions. For instance,
spacetime singularities formed during gravitational col-
lapse can be observed by an external observer, and the
observability of a spacetime singularity depends on the
initial conditions of the collapsing matter [1—14]. There-
fore, it is crucial to know under what conditions our mod-
el behaves like a black hole and from what range it trans-
itions to an ultra-compact object without an event hori-
zon (naked singularity). However, naked singularity re-
gions may also be involved under certain conditions in
the results. Hence, their extent of influence must also be
determined.

After constructing the initial metric function, the most
significant factor influencing the location of the event ho-
rizon is the values assigned to the parameters of each the-
ory used in constructing the metric function. In a simpli-
fied view, the permissible range of these parameters can
be studied based on the roots of the metric function. Be-
cause all necessary conditions, including the geometric
equations of general relativity and energy conditions,
have been integrated within the system of equations and
the result has manifested as a model characterized by a
defined metric function. However, it is clear that this

©2025 Chinese Physical Society and the Institute of High Energy Physics of the Chinese Academy of Sciences and the Institute of Modern Physics of the Chinese
Academy of Sciences and IOP Publishing Ltd. All rights, including for text and data mining, Al training, and similar technologies, are reserved.



Mohammad Ali S. Afshar, Jafar Sadeghi

Chin. Phys. C 49, (2025)

method will not be applicable in determining the domin-
ance range of a naked singularity. Therefore, to gain a
better understanding of the overall space surrounding an
ultra-compact object, one must seek a potential function
that provides a more comprehensive response to how the
gravity of this structure affects the entire surrounding
space. In pursuit of such a function, we know that the
nature of gravitational structures, whether in their classic-
al or quantum forms, necessitates the existence of stable
and unstable circular orbits. Moreover, in gravity, the ex-
istence of such orbits around a black hole or an ultra-
compact object has been well calculated both experiment-
ally and observationally, as well as theoretically for vari-
ous black hole models.For example, in a observational
study, investigators documented the presence of a dis-
tinct dark shadow, which emerged due to the gravitation-
al deflection of light by the colossal black hole located at
the nucleus of the massive elliptical galaxy M87. This
phenomenon conclusively substantiates the existence of
photon rings encircling the central dense object [15-20].
Also, theoretically, Cunha et al. showed during their stud-
ies that, in spherical symmetry, standard black holes, as
well as other ultra-compact objects (that can be with or
without event horizon) in general relativity, can have
planar circular photon orbits. In such a way that the stable
type causes instability, and its unstable type could de-
termine the shadows of the black hole [21]. Also, in a
new paper it was shown in a geometrical proof that 'any
spherically symmetric space-time that is asymptotically
flat and has a horizon must contain a photon sphere, a
spherical photon shell' [22]. Therefore, considering the
above characteristics, it seems that the idea of the photon
sphere can be used for a more precise classification of the
space surrounding the ultra-compact structures.

As, we have stated, the foundation of our work in this
article is predicated on the necessity of the photon sphere
for ultra-compact object structures. However, to ap-
proach the topological photon sphere historically, we
commence our study of the photon sphere from the point
where Cardoso and his colleagues have articulated: ”The
mere observation of an unstable light ring is strong evid-
ence for the existence of black holes”, or, ”The existence
of a stable light ring is thus an unavoidable feature of any
ultra-compact star” [23]. Then Cunha et al. showed dur-
ing their studies that, in spherical symmetry, standard
black holes, as well as other ultra-compact objects (that
can be with or without event horizon) in general relativ-
ity, can have planar circular photon orbits. In such a way
that the stable type causes instability, and its unstable
type could determine the shadows of the black hole [22].
Finally, after Cunha et al. which extended their work to
spherically symmetric 4D black holes [29],” Shao-Wen
Wei” used this idea and” Duan” mapping, and extended
the discussion of the photon ring to photon sphere with a
topological approach. He stated that there exists at least

one standard photon sphere outside the black hole not
only in asymptotically flat space-time, but also in asymp-
totically AdS and dS space-time [24].

In this article, we will use the ”Wei” method to classi-
fy space based on the topological photon sphere behavior
for different black holes. It means that, the topological
current is non-zero only at the zero point of the vector
field, which determines the location of the photon sphere.
Therefore, one topological charge can be considered for
each photon sphere. In the full exterior region, based on a
specific range of parameters where the Total Topological
Charge(TTC) is always equal to -1, the structure will be
considered a black hole, and conversely. Moreover, on
the same basis, for a naked singularity that has a vanish-
ing topological charge, the TTC will be 0 [24] or +1 [25].
Ultimately, if neither of the above states occurs, these
areas will likely represent forbidden zones. Forbidden in
the sense that both the metric function has no roots and
the potential function shows no gravitational effect on
photons. An essential point to emphasize before the end
of this section is that in this article, we utilize the effect-
ive potential which the notable characteristic of this po-
tential is that it solely depends on the geometry and struc-
ture of spacetime, without reliance on the properties of
the incoming particle. We will examine the existence of
photon spheres in two scenarios: structures with an event
horizon (black holes) and those without an event horizon
(naked singularities). In addition to identifying the loca-
tions of these spheres and demonstrating the behavioral
alignment of topological charge with the geometric beha-
vior of the potential function, we will show how the per-
missible range for each parameter must be defined for the
structure to mathematically manifest as either a black
hole or a naked singularity. /¢ is crucial to note that our
discussion is fundamentally based on the gravitational in-
fluence of the model on the motion of photons and mass-
less particles, as well as the structure of null geodesics.
Although the existence of these orbits is a necessary con-
dition for the structure of an ultra-gravitational object,
this does not imply that the obtained range necessarily
holds completely physical meaning. This range will be
most meaningful when interpreted alongside other phys-
ical conditions and constraints. Overall, this method can
provide a comprehensive view of the behavior of ultra-
gravitational structures and serve as an auxiliary equa-
tion, offering better insight into the impact of the effect-
ive components in the black hole dynamics of the model.

All above information give us motivation to arrange
the paper as follows. In section 2, we briefly review the
mathematical and physical foundations of the work. The
Duan’s topological mapping and the effective potential
are introduced, and then we state the circular null geodes-
ic conditions. And finally, we combine the obtained rela-
tions and deduce the used calculation. In Section 3, we
first address the advantages and disadvantages of utiliz-
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ing this method and proceed to study the effective poten-
tial with greater precision in terms of physical concepts
and the alignment of its graphical results with the TTC
outcomes. We will endeavor to articulate the physical sig-
nificance of the effective potential graph. In section 4,we
will study and analyze different introduced models using
this method and Finally, we have conclusions which are
summarized in section 5.

II. THE TOPOLOGICAL PATH TO THE PHOTON
SPHERE

Solving the metric function (1) based on the specific
parameters only leads to an interval in which the radius of
event horizon will remain real according to the desired
parameters,

2
ds* = —dr* f(r) + % + (d6” + dg*sin(0)*) h(r). (1)

The event horizon, a null one-sided hypersurface that acts
as a causal boundary, ensuring that the WCCC holds. But
there are other areas where system behavior is still \im-
portant to us (for example, naked singularities, the hypo-
thetical gravitational singularity without an event hori-
zon). The meaning of the above statements will be that,
there are regions where the behavior of the system is sin-
gular, and the metric function cannot help us to identify
that region. For this reason, we must turn to concepts that,
with greater precision and over a broader area, display the
gravitational behavior of the model under study. Con-
sequently, we explore the photon ring-and photon sphere.
The photon sphere is a null ring that is the lower bound
for any stable orbit, showing the extreme bending of light
rays in a very strong gravity. It has two types: unstable,
where small perturbations make the photons either es-
cape or fall into the black hole, and stable, where the op-
posite happens. The unstable type is useful for determin-
ing the black hole shadows, while the stable type causes
spacetime instability [30].

Several methods can be used to study the photon
sphere that among the different possible methods, in this
work we considered the "Wei” topological method [24].
If we want to analyze the foundations of the work of this
will be combination of basic concepts such as Poincaré
section [31], Duan’s topological current mapping theory
and the necessary conditions for the existence of null
geodesics.

In 1984, Yishi Duane conducted a pivotal analysis of
the intrinsic structure of conserved topological currents
within the SU(2) gauge theory. During this examination,
Duane introduced the concept of topological flow associ-
ated with point-like systems akin to particles. This found-
ational work laid the groundwork for subsequent discus-

sions on various forms of topological currents. [32]. In
the first step, we consider a general vector field as ¢
which can be decomposed into two components, ¢" and

¢’

¢=(¢".¢"), 2)

also here, we can rewrite the vector as ¢ = ||¢]|e’®, where
llgll = Vod?, or ¢ =¢" +i¢’. Based on this, the normal-

ized vector is defined as,

n' = i
llgll”

)

where a =1,2 and (¢' = ¢"), (¢ = ¢?). Now we introduce
our antisymmetric superpotential as follows [24, 32],

1
T = —e® eahn“c')pnb s

Vp=0,1,2
2 fyp

and the topological current will be as,

b v l 'V} a
J =00 = e

Based on this, Noether's current and charges at the given
Q will be,

8,7 =0

and

0= /Q Pdx, 4

where j° is the charge density. By replacing ¢ instead of
n and using the Jacobi tensor, we will arrive at,

L "X In(l|gl]) Age
= 2—¢ , (5)

T
where X = £. By using two-dimensional Laplacian Green
function in ¢ — mapping space, we have,

In([|gl) Age = 26($) 7, (6)
and the topological current will be,
J=TX) 8. (7

From the properties of d, it is clear that j* is non-zero



Mohammad Ali S. Afshar, Jafar Sadeghi

Chin. Phys. C 49, (2025)

only at the zero points of ¢“, and this is exactly what we
need to continue the discussion. Finally, by using the
above relations and inserting them in relation (3), the to-
pological charge become,

Q=/ﬂaWan ®)
Q

once again and this time around the topological charge Q,
according to the characteristic of the J function, it can be
said that the charge is non-zero only at the zero point of
¢. This results lead us how to use and calculate the
photon sphere in the near future.

Now, we are going to investigate the photon sphere
and some null geodesics with static and spherical sym-
metry background (1),the Lagrangian takes the form [23]:

2

=)= s = h,

L=x"x"gu
where the dot denotes a derivative with respect to an af-
fine parameter. Now we could derive the four-mo-
mentum from this Lagrangian, we have:

0 N
pﬂ = @L =X gyv»
or more precisley
pl:t.f(r)EE5
py=—¢h(r)= -L,
b=y

Where E and L respectively interpreted as the energy and
angular momentum. As is evident from the Lagrange
equation above, this function is independent of t and ¢, so
p: and p, will be the two integrals of motion, namely:

L . E

e T

Now for the general form of Hamiltonian we have:
M=x*p,—L=A,

where A = 1,0 for time-like and null geodesics. Here, we
consider four-momentum and Hamiltonian condition for
null geodesics,

_ PPy
2

1 =0, )

and the radial component of the null geodesic equations

will be as [24],

i?+ V=0, (10)
and
L? E?
Veffzg(")(%—%), (1

where E and L represent the photon’s energy and the total
angular momentum, respectively. A circular null geodes-
ic occurs at an extremum of the effective potential
V.rr(r), which is'given by,

Vef =O, OrVeff=0. (12)
These local extrema of the effective potential are equival-
ent to. unstable and stable circular null geodesics, will
correspond to a photon sphere and an anti-photon sphere.
By Considering the equations(12) at the same time, we

have following expression,

().,

where prime is the derivative with respect to r. By rewrit-
ing(13), we will have,

(13)

J(Oh(r) = f(r)'h(r) = 0. (14)
The first term at the horizon will be disappear, but this
case the second term usually remains non-zero, it means
that r,, and r, do not coincide. According to the results
and concepts of the above discussion, we are now in a
place where we can start investigating the topological
characteristics of the photon sphere.

So,here we Start this work by introducing a regular
potential [6],

H(r,0) =

e

Qoo sin6 \ A(r)

(15)

the discussion of potential will allow us to search for the
radius of our photon sphere at,

8,H=0

s0, we can use a vector field ¢ = (¢",¢°),

o0.H 0oH 0oH
r= " = 6',H’ H: i = 0 . 16



Effective Potential and Topological Photon Spheres: A Novel Approach to Black Hole...

Chin. Phys. C 49, (2025)

With the above definition ¢, and recalling the relation-
ships of the Duan’s section, we now define the current
and charge (3) for this new potential.

Furthermore, in light of relation (7) and the distinct-
ive properties of the Dirac delta function, it can be in-
ferred that the charges will manifest as non-zero exclus-
ively at the loci where ¢ vanishes. Precisely at these junc-
tures, the photon sphere is situated, thereby enabling the
assignment of a topological charge Q to each photon
sphere. Pursuant to equation (7), upon considering Q as a
manifold encompassing a singular zero point, subsequent
analysis reveals that the charge Q is precisely commen-
surate with the winding number. Let C; denote a closed,
smooth, and positively oriented curve that encapsulates
solely the i, zero point of ¢, while all other zero points
lie external to it." So the winding number can be calcu-
lated by the following formula,

Wi = % CidA, (17)
where A is
A= z?, (18)
then the total charge will be,
0= Z w;. (19)

In conclusion, when the closed curve encompasses a zero
point, the topological charge Q is precisely equivalent to
the winding number. In instances where the curve en-
closes multiple zero points, Q will be the aggregate of the
winding numbers corresponding to each zero point. Con-
versely, should the curve circumscribe no zero points, the
resultant charge must invariably be zero.

III. EXPLANATION OF TOPOLOGICAL
CHARGES BASED ON PROPERTIES OF
EFFECTIVE POTENTIAL

Before delving into further details, perhaps the most
important question to address is: What insights can the
study of different photon sphere structures provide re-
garding the nature of black holes? It is important to state
that the stability/instability of photon orbits around black
holes plays a crucial role in shaping the observed black
hole shadow, and can also provide insights into the pres-
ence of naked singularities. The shadow of a black hole is
essentially the silhouette created by the event horizon
against the backdrop of light from the accretion disk or

other sources. The shape and size of this shadow are in-
fluenced by the photon orbits, which are paths that light
can take around the black hole. The EHT’s observations
of M87* and Sgr A* provide invaluable data on black
hole shadows. These observations confirm the predic-
tions of stable orbits affecting the shape and size of the
shadow. The amount of light that visibly circles the black
hole and contributes to its shadow can show insights into
the structure surrounding it, potentially revealing the
presence of an accretion disk, which influences photon
paths [33]. For a non-rotating black hole, the shadow is
nearly circular. However, for a rotating black hole, the
shadow becomes-distorted due to frame-dragging effects,
where space-time itself is twisted by the black hole's rota-
tion [34]. The size of the shadow is determined by the ra-
dius of the photon sphere. A larger photon sphere results
in a larger shadow. If photon orbits were stable, the shad-
ow would be more sharply defined, as photons would or-
bit the black hole for longer periods before either escap-
ing or being captured [35]. In reality, the unstable orbits,
leading to a more diffuse shadow boundary. This instabil-
ity causes the photons to either spiral into the black hole
or escape, contributing to the characteristic "fuzzy" edge
of the shadow [36]. But the story about the naked singu-
larity is completely different. Naked singularities, if they
exist, would present a very different observational signa-
ture compared to black holes The lack of an event hori-
zon means that photons could potentially orbit much
closer to the singularity, leading to more extreme bend-
ing of light and potentially observable differences in the
light patterns. This would lead to unique gravitational
lensing effects, where light from background stars or oth-
er objects would be bent in unusual ways. In these cases,
instead of well-defined shadows, one might expect
unique visual signatures - such as anomalously bright
phenomena formed by gravitational lensing effects or dif-
ferent patterns of light emissions due to their unstable
nature [37].

In his paper, "Wei’ demonstrated through the examin-
ation of winding numbers and the calculation of total
charges for a model that whenever the TTC is -1, the
structure will exhibit black hole behavior, and conversely,
if the TTC is 0, the structure will be in the form of a na-
ked singularity [24]. We have extended this work to show
that in addition to the value of 0, the TTC value of +1 can
also appear as a naked singularity [25]. In addition to util-
izing the aforementioned analysis and topological charge
analysis to classify the behavior of the studied structure
and determine its parameter ranges, in this paper we also
examine the geometric behavior of the effective potential
(15), which shows precise alignment with the topological
charges. A significant and distinct aspect of this potential,
compared to traditional potentials used for studying
photon spheres and null geodesics, is that it is independ-
ent of the energy and angular momentum of the incom-
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ing particle. This implies that this potential is an inherent
property of the spacetime structure. Our observations in
multiple cases [26—28] indicate that when the studied sys-
tem exhibits a topological charge of -1, it always pos-
sesses the event horizon and displays black hole behavior.
In such a scenario, the potential function reveals a domin-
ant maximum outside the event horizon, indicating in-
stability at the photon sphere location. Conversely, when
the ultra-compact object under study exhibits a topologic-
al charge of 0 or +1, the system generally lacks an event
horizon and takes the form of a naked singularity. In this
case, the potential function reveals a dominant minimum
alongside the maximum, indicating the presence of a
stable photon sphere. It is worth noting an important and
intriguing point here. From a classical perspective, the
existence of a minimum energy state (stable condition)
alongside a maximum energy state (unstable condition)
implies that the system will naturally and spontaneously
move towards the stable minimum. Consequently, it ap-
pears that the emergence of a stable photon sphere in
proximity to an unstable photon sphere will cause any
photon capable of leaving the unstable maximum to be
absorbed by the nearest stable minimum. This suggests
that the space-time in question should be considered ”off”
from the perspective of observation and information re-
ception.

Before dealing with the main models and for a better
understanding of each of the topological states stated
above, we will see an example separately below.

Casel: TTC =-1

Typically, in such a scenario, one or several zero
points emerge outside the event horizon in a manner that

24 / /\
L4

0 \

| N

T T T T T T
2.97 2.98 2.99 3 3.01 3.02 3.03

(a)

Fig. 1.

maintains the total charges at -1 and the structure with the
unstable photon sphere remained in the form of a black
hole.

As observed in Fig (1a), this black hole possesses a
single zero point outside its event horizon, resulting in a
TTC of -1, in accordance with reference [24]. In Fig (1b),
we have plotted the potential H(r). It is evident that this
potential has a global maximum, which upon closer in-
spection of Fig (1c¢), is precisely located at the zero point
or in other words, at the same location as the photon
sphere. Given that this point represents a global maxim-
um, any photon trapped within this potential will aban-
don this peak atthe slightest disturbance, in pursuit of a
state with lower energy. This signifies that we possess an
unstable photon sphere, precisely the phenomenon of ob-
servational interest.

CaseIl: TTC = 0Oor +1

From an energy perspective, these two states occur
when one or more local or global minima appear in the
studied spacetime. For the topological charge 0 case, as
observed in Figure (2b), a minimum —a stable photon
sphere—at (r = 1.389900878) can be clearly seen adja-
cent to a maximum—an unstable photon sphere. It is im-
portant to note a few points here. Firstly, this state typic-
ally occurs when, from the metric function's viewpoint,
we are in a rootless region, without a horizon, or in a
space termed as a naked singularity. In other words, al-
though these minima have always existed, even in the
black hole state, but their influence on the final outcome
only becomes apparent when the event horizon has disap-
peared, which for an ultra-compact object equates to a na-
ked singularity. The second point to consider is whether
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(color online) Fig (1a):The normal vector field  in the (r—6) plane. The photon sphere is located at (r,6) = (3.002309062,1.57)

with respect to (g = -0.21834,m = 1,/ = 1), (1b): the topological potential H(r) for regular Hayward AdS black hole model
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(color online) Fig (2a):The normal vector field »n in the (r-=6) ‘plane. The photon spheres are located at

(r,0) = (1.389900878,1.57) and (r,0) = (2.620170428,1.57) with respect to (g = 1.08,m = 1,/ = 1), (2b): the topological potential H(r) for regu-

lar Hayward AdS black hole model

the structural influence in the form of a naked singularity
is unlimited. The answer depends on the model under
study; sometimes, parametric conditions arise where
neither the metric function nor the potential function has
a solution for the studied interval. In other words, bey-
ond that parametric range, neither the metric function nor
the potential function practically provides a solution for
the space, which we refer to as the forbidden region.

In Fig(3), we encounter a scenario with a total topolo-
gical charge (TTC) of +1.In this case, more than one min-
imum appears in the studied space-time.

IV. EFFECTIVE POTENTIAL AND TOPOLOGIC-
AL PHOTON SPHERE AS A TOOL FOR
CLASSIFICATION

Before delving into the selected models, it is benefi-
cial to briefly compare the advantages and disadvantages
of this method relative to the traditional approach. In the
traditional approach to studying photon spheres, it is es-
sential to extract the Lagrangian from the action and sub-
sequently construct the Hamiltonian. Once the Hamiltoni-
an is determined, the effective potential can be construc-
ted, which allows for the study of the photon sphere. This
potential is a function of the energy and angular mo-
mentum of the particle.

One notable advantage of this method is the direct use
of the metric function to construct the potential, by-
passing all the aforementioned steps. Additionally, the
resulting potential is independent of the parameters of the
incoming particle and is solely a function of the surround-
ing spacetime geometry. Using the equatorial plane for
the vector field (¢), similar to the Poincaré plane, and the
resulting dimensional reduction, is another significant ad-

vantage. Ultimately, the ability to study a broader range
of the space surrounding an ultra-compact object is a fun-
damental aspect that, for the first time, leads to the classi-
fication of different spacetime regions based on this
method. Finally, this method allows for the introduction
of a practical concept, which we term the possible radius
limit for the photon sphere.

Rprps: Considering the permissible parameter range
to maintain the black hole structure, we define the minim-
um or maximum possible radius for the appearance of an
unstable photon sphere as Rp;ps .

However, there are fundamental drawbacks that must
be considered. Since the vector field (¢) must be separ-
able with respect to spatial coordinates, only diagonal
metrics with spherical symmetry can be used. Given that
most models of interest have spherical structures and the
rest can often be expressed diagonally using the C-metric,
this limitation can be somewhat overlooked. Another is-
sue is that since the Poincaré plane is used for dimension-
al reduction, this method may not be applicable to mod-
els with fewer than four dimensions. Finally, as this is a
nascent approach, there may be weaknesses that become
apparent over time. Interestingly, the simplifications,
computational power, and novelty of this method and
mathematical model for studying symmetric potential
functions have garnered such attention that the mathemat-
ical structure of the model has been extended to thermo-
dynamics. Consequently, extensive studies based on the
mathematical model of this method have been conducted
on the phase transitions of black hole models [38—55].

A. Photon Sphere and perfect fluid dark matter black
hole(PFDM)
Cosmological calculations show that the surrounding
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(color online) Fig (3a):The PSs are located at (r—6) = (2.499938457, 1.57),(r—6) = (1.879279979, 1.57), (r-6) =

(1.008096108, 1.57) with respect to (g =0.9,z=1.1,M = 1.6,6 = 0), (3b): the topological potential H(r) for Hyperscaling violating model,

(3¢),(3d): Enlarged details of diagram (3b)

universe contains %73 dark energy, %23 dark matter, and
the rest consists of baryonic matter [S6—58]. This issue
has been confirmed, to some extent, by baryonic sound
oscillations, cosmic microwave background, weak lens-
ing and other possible methods. Also, astrophysical ob-
servations show that massive black holes, surrounded by
huge halos of dark matter, are located in the centers of gi-
ant spiral and elliptical galaxies. These evidences can be
acceptable reasons for the fact that we should pay more
attention to black hole solutions in the presence of dark
matter and dark energy [59—63]. For this purpose, we
chose the model four-dimensional PFDM [64],the metric
for such black hole is

(20)

where M is mass and 4 is the parameter of intensity of
PFDM. Also, we have,

f(r) =g, (21)
hr)=r, (22)

From Eq(15) for potential and with respect to above
equations we have:

r
r r

H= 23
sin(@) r 23)

With respect to(21),(22) and from equation (16), we will
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have:
g o (3 ln(%) A+6Z3— 2r—/l> CSC(G), o
1- % - /11n<r;> cos(9)
¢’ =— r . (25)

sin(0)? 12

Casel: TTC =-1

In the first case, considering the chosen value of the
parameter 2 =0.62 and the presence of the event horizon

04-*

0.2+

—0.2-
f(r) _o4
—0.64
—0.8
— 1.0

—1.2+

[—— A=0.62,r,, = 2.971630990 = + = A=1.9,r,, = 2.584834249 = = = A=2.01]

Fig. 4. (color online) Metric function with different A for PF-
DM black hole model

(a)

Fig. 5.

(r» =2.97163) Fig (4), we observe the appearance of a
photon sphere outside the event horizon. This photon
sphere possesses a topological charge of -1 Fig (5a) and,
as evident in Fig (5b), represents an energy maximum.
Consequently, in this case, we are confronted with a
black hole that contains an unstable photon sphere.
However, in the second case, our choice of 1 =2.15 res-
ults in a metric function without roots, which is clearly
visible in Fig (4). The gravitational structure displays two
photon sphere with charges of -1 and +1, indicating a
space-time with a TTC of zero, Fig (6a). Energy-wise,
this situation is equivalent to the emergence of both a
minimum and a maximum, as shown in Fig (6b). Given
these conditions, in this scenario, the structure manifests
itself in the form of a naked singularity.

Now we have to answer the question that for what
values-of the parameter 4 the space will be in the form of
a black hole ornaked singularity? We have shown the an-
swers to these questions in Table 1. Here, it is necessary
to note that we have focused on the domain of A and as-
signed an arbitrary value to M. Obviously, changing these
values can change our parameter range.

CaselIl: TTC = 0

B. Photon Sphere and charged AdS black hole with
perfect fluid dark matter(CPFDM)

In order to observe the effects of adding the electric
field and the AdS radius to the action of the PDFM mod-
el on the sphere-topological photon structure, this time
we go to the CPFDM model in the AdS form [65].The
metric for such black hole is

0.114

0.10+

H()

0.09

0.08+

0.07= T T T T T T
3 4 5 6 7 8 9 10
r

(b)

(color online) Fig (5a):The normal vector field n in the (r—#) plane. The photon sphere is located at (r,6) = (4.542006310,1.57)

with respect to (1 =0.62, M = 1), (5b): the topological potential H(r) for PFDM black hole model
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ZTS 219 é 311 312 3?3 3.‘4 3T5 316 r
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(a) (b)
Fig. 6. (color online) Fig (6a):The normal vector field » in the (r=6) plane. The photon spheres are located at
(r,0) = (3.008285838,1.57) and (r,0) = (3.451880260,1.57) with respect to (1=2.15,M = 1), (6b): the topological potential H(r) for PFDM
black hole model
Table 1. *Unauthorized region: is the region where the roots of ¢ equations become negative or imaginary in this region
PFDM black holes Fix parametes Conditions *TTC (RpLps)
*Unauthorized area M=1 A<0,4>2.1554784 nothing -
unstable photon sphere M=1 0<a<2 -1 2.019966202
naked singularity M=1 2<A<2.1554784 0 -
TTC: *Total Topological Charge
r .
m F P ln<i> A (16), we will have:
f)=1-—+—=+—=+—5—, (26)
rorr P r
()2
where m is mass, q is charge, 4 is the parameter of intens- - 2m N q: N rj N n (})
ity of PFDM, and / is the AdS radius length. " ror P r @7
With respect to(21),(22) and from equations (15) and sin(6) r ’
|
-
r , , F In (/l) A
(—31n(7)/lr—2r +(6m+/l)r—4q) . B
, A 2R ’
= , (28)
-
In <7) Arl + (—2mr+ q*+ r2) P+r
2 4 r4sin(6)

72 ZZ

P
2, 2 2 In (*) A
1——m+q—2+;—2+ 4 cos(6)
0 r r
=— 29
¢ sin(6)? 12 29)

Here, we have focused on 4 and assigned arbitrary values
to m, /, and q. It is clear that changing these values can

[
cause a change in our parameter range.

As it is evident from Table 2, the forbidden regions
are located next to the allowed regions and for this black
hole there is practically no region that is equivalent to the
naked singularity in terms of total topological charges. As
seen in Fig (7a), the structure shows the behavior of a
normal black hole with a total charge of -1 and an un-
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Table 2. *Unauthorized region: is the region where the roots of ¢ equations become negative or imaginary in this region.
CPFDM black holes Fix parametes Conditions *TTC
*Unauthorized area q=01m=1,l=1 1<0 nothing

unstable photon sphere q=01m=1,l=1 0<A -1
TTC: *Total Topological Charge

31 1.0324 .
|
|
1.031+ I
2 \ |
Vo) i
° A kS
( |
19 ./ |
1.029+ -
|
|

0 T T T T T 1.028 T I T T T u

2.30 2.32 234 2.36 238 2.40 22 2.4 2.6 28 3

r

— G(e=0)

(a)

a(e=—1 |

Fig. 7.

r

(b)

(color online) The normal vector field # in the (r—6) plane. The photon spheres are located at (r,6) = (2.352075997,1.57) for Fig

(7a) with respect to (g =0.1,m=1,1=0.2,1= 1), (7b): the topological potential H(r) for CPFDM black hole model

stable photon sphere, which is confirmed with a maxim-
um energy Fig (7b). In comparison with the results from
the previous state, it appears that the addition of an elec-
tric field and the AdS radius to the action has diminished
the impact of the PDFM term. This is because changes in
the 1 parameter, which previously led to the emergence of
energy minima beyond the event horizon and drove the
model towards a naked singularity, now have no effect.

C. Photon Sphere and Euler-Heisenberg black hole

The Euler-Heisenberg black hole is a type of black
hole that has a nonlinear electromagnetic field due to
quantum effects. In fact, Euler and Heisenberg de-
veloped an effective Lagrangian for quantum electro-
dynamics (QED) that described the interaction of photons
with each other in the presence of a strong electromagnet-
ic field [67] Casimir and Polder applied Euler-Heisen-
berg Lagrangian to the problem of a charged black hole
in general relativity. They found that QED corrections af-
fect the electromagnetic field, thermodynamics and sta-
bility of black hole. They named this black hole Euler-
Heisenberg black hole and showed that it has interesting
properties.

* The QED parameter, which measures the strength of
the nonlinear effects, can be positive or negative. A posit-
ive QED parameter reduces the electric field near the ho-
rizon and increases the mass of the black hole, while a
negative QED parameter enhances the electric field and

decreases the mass [68].
* The QED parameter also influences the existence
and location of the inner and outer horizons of the black
hole. For a positive QED parameter, there is always a
single horizon, while for a negative QED parameter, there
can be two horizons, one horizon, or no horizon at all, de-
pending on the values of the mass and charge [68].

* The QED parameter also modifies the stability of
the black hole against perturbations. For a positive QED
parameter, the black hole is stable for any mass and
charge, while for a negative QED parameter, there is a
range of mass and charge where the black hole is un-
stable and can decay into radiation or smaller black
holes[69].

Euler Heisenberg's spherical four-dimensional black
hole has a metric function in the following form[70]:
¢ 7 ag

2

2 2 20r8° (30)

f=1-2"4
;

where parameter m is the ADM mass, q is the electric
charge and “a” represents the strength of the QED correc-
tion. With respect to(21),(22) and from equations (15)
and (16), we will have,

r2 2 70
10sin(@) r ’

2 2 4
%Hm_mmm+1mm 1007 5¢'a
H = r

€3]



Mohammad Ali S. Afshar, Jafar Sadeghi

Chin. Phys. C 49, (2025)

004> . 100r*  5g'a

2 ]
(30.0° — 12.8/* +0.8192a - 10.07°) \/ 100~ 2297
r

. 2 2 /6
¢ = (32)
. (100.0}"6 —200.07° + 64.0r* — 2.048a) P +100.07%
1078 sin(0) 3
rof?
(—200r5m +100r*g* + 1007° — 5q4a) P +100r8
6 cos(6)
0 _ _ 33
¢ 10sin(6)* 2 (33)
CaseI: TTC = -1 We haye focused on parameter a, for this purpose we
have considered an arbitrary value for mass and charge
(m=1,9=0.8). As'we can see in Figs 8,9,10, our chosen
CaseIl: TTC = 0 range for a can lead to different behaviors for the photon
) sphere. For example, Fig (9a), with a topological charge
of -1,-indicates a normal black hole behavior, it means
that we have an unstable photon sphere. Conversely, in
. Fig (10b), the appearance of a minimum in the space
061 without an event horizon and the zero TTC Fig (10a) all
0.4 imply the existence of a naked singularity. Based on this,
. the following intervals can be used to have different
' modes (Table 3).
0
w _ ] D. Photon Sphere and Euler-Heisenberg black hole
—oul surrounded by PFDM
el In order to observe the effects of adding the PFDM to
' the action of the Euler-Heisenberg model on the sphere-
—0.81 topological photon structure, this time we go to the Euler-
. . Heisenberg black hole surrounded by PFDM model [71].
- /0 _ The metric for such black hole is:
a=—0.51473, r;, = 0.6469323520 = = = a=-0.7
— « = a=+ 1.1, = 0.7781431183
r
. e o 7 ag (2
Fig. 8.  (color online) Metric function with different a for f=1- o949 A (34)
Euler-Heisenberg black hole model ror: 200 ro
34 1.0239121
i
i
1.0239120+ I
d =B :
N |
0 < > / H(r) |
1.02391194 0
. i
|
1.0239118+ -
:
L ,
o 2.480 2.482 2.484 2.486 2.488 2.490
2 22 24 2%6 28 3 “
r
(a) (b)
Fig. 9. (color online) The normal vector field » in the (»—6) plane. The photon spheres are located at (r,6) = (2.484328812,1.57) for Fig

(9a) with respect to (¢ =0.8,m = 1,a = —0.51473,1 = 1), Fig (9b) the topological potential H(r) for Euler-Heisenberg black hole model
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Fig. 10.

(color online) The normal vector field » in the (r—6) plane. The photon spheres are located at (r,6) =(0.7031751797,1.57),

(r,0) = (2.483792443,1.57) for Fig (10a) with respect to (¢=0.8,m=1,a=-1,/=1), Figs (10b),(10c) the topological potential H(r) for

Euler-Heisenberg black hole model

Table 3. *Unauthorized region: is the region where the roots of ¢ equations become negative or imaginary in this region
Euler-Heisenberg-AdS black holes Fix parametes Conditions *TTC (RpLps)
*Unauthorized area g=08m=1,1=1 a<—144.87 nothing —
naked singularity qg=08m=1,/l=1 —144.87 <a < -0.51473 0 -
unstable photon sphere qg=08m=1,l=1 a>-0.51473 -1 2.484323651
TTC: *Total Topological Charge
where parameter m is the ADM mass, q is the electric 5 . 100AIn ( r )
charge, 4 is the parameter of intensity of PFDM and “a” 100 - 200m + 1004 _ Saq + 4
represents the strength of the QED correction. With re- H= " r’ re "

spect to(21),(22) and from equations (15) and (16), we
will have,

(15/1111 (%) P~ 5055 —30mrS +20¢%r* + 1075 - 2a q4) csc(6)
1078 ’

¢ =-

10rsin(6)

[l

(35)

(36)
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Fig. 11.  (color online) Metric function with different a for

Euler-Heisenberg black hole surrounded by PFDM
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Casel: TTC =-1

Regardless of the impact of the AdS radius, which we
have admittedly examined to a lesser extent in this article,
it is evident from the comparison of the results in Tables
4 and 5 with Table 3 that the addition of PFDM to the
model has caused a significant increase in the range af-
fected by black hole behavior. Given the negative value
of the parameter (a), which signifies a greater influence

7 RN
L

Fig. 12.

of the electric field, it appears that when dark matter is
absent from the model (as shown in Table 3), even very
small values of (a) rapidly expand the domain of gravita-
tional dominance. Consequently, a gravitational minim-
um emerges swiftly beyond the event horizon, leading to
the model's becoming a naked singularity. As observed(in
Table 3), the domain of dominance of this naked singu-
larity is significantly extensive due to the increase in the
parameter within a considerably large negative range.
However, in the presence of dark matter (as indicated in
Tables 4 and 5), this structure seems to act as a reverse
agent, preventing the rapid growth and expansion of the
model's gravitational domain. Thus, as evident, we main-
tain the conditions for the existence of a black hole with
an unstable photon sphere over a substantial range of neg-
ative (a) values, In other words, it appears that the inclu-
sion of 'dark matter has somewhat prevented the forma-
tion of gravitational minima over a larger range, which is
an-intriguing effect.

CaselIl: TTC = 0

E. Photon Sphere and Black Holes With Nonlinear
Electrodynamics(NLE)

The idea that nonlinear electrodynamics might be able
to solve the problem of black hole singularities led to
many studies to find regular solutions, which led to black
holes such as ”Bardeen” [72] or ”Ayon-Beat-Garcia” [73,
74]. As the last model we chose for our work, we went to
a black hole that was selected by ”Gao” [75] to investig-
ate the effects of nonlinear electrodynamics and the pos-
sibility that a black hole can have more than two event
horizons.

0.25

0.20 1 |

.

|

H() 0.15 i
0.10+ I

0.05 4

N o — —

(b)

(color online) The normal vector field # in the (r-6) plane. The photon spheres are located at (r,6) = (2.055057,1.57) for Fig

(12a) with respect to (¢ =0.8,m = 1,a=—-0.51473,/= 1,4 =0.07), Fig (12b) the topological potential H(r) for Euler-Heisenberg black hole

surrounded by PFDM model
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(color online) The normal vector field » in the (r—6) plane. The photon spheres are located at (r,6) =(1.5241,1.57),

(r,6) = (1.897218,1.57) for Fig (13a) with respect to (¢ =0.8,m=1,a=-1,/=1,4=0.07), Fig (13b) the topological potential H(r) for Euler-

Heisenberg black hole surrounded by PFDM model

Table 4. *Unauthorized region: is the region where the roots of ¢ equations become negative or imaginary in this region
Euler-Heisenberg PFDM black holes Fix parametes Conditions *TTC (Rprps)
*Unauthorized area g=08m=1,4=0.07 a < —40 nothing -
naked singularity q=08m=1,21=0.07 -39<a<-9.872 0 -
unstable photon sphere q=08,m=1,4=0.07 a>-9.871 -1 2.026241903

TTC: *Total Topological Charge

Table S. *Unauthorized region: is the region where the roots of ¢ equations become negative or imaginary in this region
Euler-Heisenberg PFDM black holes Fix parametes Conditions *TTC (RpLps)
*Unauthorized area g=08m=1,1=0.6 a<-149 nothing -
naked singularity qg=08m=1,1=0.6 -149<a<-4.21 0 -
unstable photon sphere q=08,m=1,1=0.6 a>-42 -1 1.583699320
TTC: *Total Topological Charge
We study this black hole in three and four-horizon f=1- 27’” + 65 26511(:2 , (38)

states, and we will show that additional studies confirm

the results of the mentioned article in three-horizon states.

Three — Horizons mode

So, according to [75] for the metric function in the

case of three-horizons, we will have

here «, are dimensional constants,m is mass and q is
charge, With respect to(21),(22) and from equations (15)
and (16), we will have

2 4
\/25_ 50M 254"  10q'a
_ r r? ro

H
5sin(@) r

; (39

5¢> 10g"
C]+ q

50M 2
(15M r° = 10¢%r* - 5r° - 84" ) \/25— +
r r

Tl (40)
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s \/ —50M > +25¢%r* +25r° + 10g* a,
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Fig. 14.  (color online) Metric function with different a for
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The results of ”Gao's” work on the black hole showed
that to have three horizons, we need a, < 0. It should be
stated that our results confirm the above-mentioned limit
for black hole behavior. Our results show that for
@, <4.8148, the model shows the behavior of a regular

black hole and has an unstable photon sphere, Figs (6a).
For the range between 4.8148 < @, < 18.1064 the behavi-
or of the model is the naked singularity, Figs (6b) and for
a limit greater than that, the system lacks any spherical
photon structure, either stable or unstable, and practically,
it will most likely lack a black hole structure, table(6).
Since the structure of the energy diagrams was similar to
the past behaviors, we refrained from displaying them
here.

Four — Horizons mode

Unlike all previous shapes, in this case another para-
meter has been added to our equations. This means that,
since we have only one condition to establish, so our re-
strictions’ are increased, and we have to give a value to
one of the parameters and add it to our constants table.

According to [75] for the metric function in the case
of four-horizons, we will have

q° (1603 —4a;)
9r10 ’

26]402
5r6

2
f(r):l—z—TJr‘L2 (42)
I

here «; are dimensional constants,m is mass and q is
charge,with respect to(21),(22) and from equations (15)
and (16), we will have:

450m N 225¢* A 90q*a, ) 25¢° (16a3 —4a3)

225 -
2 2 6 10
H= , 43
15sin(0) r (43)
—15r104 (—30(,]2 + 60m) r —24q*a,r* — 1604° (a/g - %)
¢ = 4/ (44)
15r1%sin(0)
450m 225> 90q*a; 25¢° (1603 —4as3)
, 225 - p + 2 + r: + 10 cos(0) i
#=- 15sin(6)* 2 (45)

V. CONCLUSIONS

Given the necessity of photon rings and photon
spheres for gravitational structures in numerous studies
[15-20, 76—88] this article presents a new approach for
determining parameter ranges in ultra-compact gravita-
tional objects using topological charges and behavioral
patterns associated with photon spheres. To achieve this,
we examined models often influenced by PDFM and, in
one case, a model with multiple horizons. We meticu-

[
lously plotted field diagrams, zero points, total topologic-
al charges, and effective potential diagrams. Based on
these results, we provided a detailed classification of the
behavior and characteristics of each model in terms of
gravitational influence on photon motion, as shown in
Tables 1-7. To better understand the obtained results, it is
useful to compare the results presented in the tables be-
fore summarizing the overall findings. As can be seen
from the comparison of Tables 1 and 2, in the PDFM
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(color online) The normal vector field » in the (r—6) plane. The photon spheres are located at (r,6) = (2.438537647,1.57) for

Fig (15a)with respect to (g =0.8,m =1,a = -4.81,) and(r,0) = (2.082498057,1.57),(r,6) = (2.101619064,1.57) for Fig (15b) with respect to

(g=0.8,m=1,a2 =—-18.1,)

Table 6. *Unauthorized region: is the region where the roots of ¢ equations become negative or imaginary in this region.
NLE black holes(Three-horizons mode) Fix parametes Conditions *TTC (Rprps)
unstable photon sphere q=08m=1 ar <4.8148 -1 2438486243
naked singularity q=08m=1 4.8148 < ap < 18.1064 0 -
*Unauthorized area qg=0.1,m=8 18.1064 < ap nothing -

TTC: *Total Topological Charge
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(color online) The normal vector field » in the (r—6) plane. The photon spheres are located at (r,6) = (1.594492202,1.57) for

Fig (16a) with respect to (g =0.9,m = 1,az = —1,a3 = 4)and(r,0) = (1.416014166,1.57),(r,60) = (1.418051264,1.57) for Fig (16b) with respect to

(g=09,m=1,a2 = —1,a3 = =3.2541)

Table 7.

*Unauthorized region: is the region where the roots of ¢ equations become negative or imaginary in this region.

NLE black holes(4-horizons mode)

Fix parametes

*Unauthorized area
naked singularity

unstable photon sphere

qg=09,m=1,ap =-1
g=09,m=1,0p=-1
g=09,m=1,0p =-1

Conditions *TTC (Rprps)
a3 <—3.2543 nothing -
—3.2543 <3 <3.99 0 -
4<a3 -1 1594492202

TTC: *Total Topological Charge
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black hole, the parameter A only causes the model to take
the form of a black hole within the range of 0 to 2.
However, the addition of charge and the AdS radius com-
pletely alters this range, such that the model no longer ex-
hibits the form of a naked singularity within the studied
values. This behavioral difference, which arises solely
from the addition of electric fields to the model, can be
quite intriguing. On the other hand, in the Euler-Heisen-
berg model, the results appear to be clearer. As shown in
Table 3, within a wide range of negative ”a” values, the
structure takes the form of a naked singularity, and only
within a small range of negative ”a” values does the
structure maintain the form of a black hole. Adding PD-
FM to the model in this case significantly reduces the
range of naked singularity and allows more negative val-
ues to keep the model in the form of a black hole. We
previously mentioned that negative ”a” values could in-
dicate the presence of repulsive interactions that counter-
act the usual attractive gravitational effects. This means
that if the model reaches an extremal or super-extremal
state under certain conditions, it would provide suitable
conditions for the formation of the Weak Gravity Conjec-
ture (WGC). It is important to emphasize that although
the obtained ranges may not all have physical signific-
ance, and to have a fully physical range, they must be in-
terpreted alongside conditions such as energy conditions.
However, the mutual influence of parameters and the re-
gions where photon spheres appear can clearly serve as a
significant criterion for studying the model's behavior.
This reciprocal relationship between the photon sphere
and the gravitational structure is an ideal advantage, and
studying it from both perspectives can lead to several in-
teresting outcomes:

* As an initial result, calculating the location of
photon spheres, interpreting their topological charge, and
determining the effective gravitational range on photon
motion (black hole and naked singularity) can serve as a
new approach, motivating further study of various mod-
els based on this method. For instance, in this study, we
observed that an unstable photon sphere, equivalent to the
presence of an unstable maximum in the potential func-
tion, only appears in the spacetime influenced by the
model when an event horizon exists. Therefore, based on
these results and similar experiences [26, 89, 90], it can
be stated that one characteristic of black holes is having
an unstable photon sphere. Additionally, the broader spa-
tial coverage of the topological photon sphere study
method around the gravitational structure is a key point
that distinguishes it from the metric function, meaning
that it can be used to determine the gravitational influ-
ence range (in the form of black holes + naked singularit-
ies) on photon motion.

* One of the main objectives of this article is to classi-
fy the parameter space of the studied models based on the
existence and topological position of photon and anti-

photon spheres. This means that we can precisely determ-
ine which parameter range of the model corresponds to a
black hole structure or a naked singularity. For instance,
we observed that when the structure is in the form of a
naked singularity, one (or more) stable photon spheres al-
ways appear alongside an unstable photon sphere in the
studied spacetime. In the effective potential representa-
tion, this manifests as the appearance of a minimum
alongside a maximum. Therefore, based on the results of
this study and similar studies [26, 89, 90], it can be con-
cluded that if a stable photon sphere is observed within
the studied parameter range, this may indicate the possib-
ility of the model-existing in the form of a singularity. It
is important to emphasize that the meaning of all the con-
cepts discussed so far is not that the obtained ranges ne-
cessarily -and entirely hold physical meaning. These
ranges will be most meaningful when interpreted along-
side ‘other pre-existing physical conditions and con-
straints. Overall, this method can provide a comprehens-
ive view of the behavior of ultra-gravitational structures
andcan serve as an auxiliary equation, offering better in-
sight into the impact of the effective components in the
black hole dynamics of the model.

» Another achievement of this method is that we can
adjust the system parameters to force the studied model to
exhibit the desired behavior or, conversely, estimate the
approximate parameter ranges of the model based on the
presence of the photon sphere in a specific region of
space. For example, in some gravitational studies, we
need a gravitational structure that adheres to specific
principles and behaviors. In such cases, where we need
the model parameters to fall within a specific range while
simultaneously maintaining the structure as a defined
black hole, this method can play a significant role. To
further clarify, in the Swampland conjecture model study,
hypotheses such as the Weak Gravity Conjecture (WGC)
require that the studied structure, while being overly
charged, still maintains its black hole structure. In this
work, we propose that for such scenarios, the topological
behavior of the photon sphere can be used, and after ad-
justing the parameters as desired, the topological photon
sphere can be examined to determine whether optimal
conditions can be achieved.[89—92]

* Finally, it is crucial to emphasize that during the for-
mulation of a theory, parameters deemed necessary by the
theoretical framework are added. These parameters may
conceptually have a defined range from the outset or lack
any limitations. In this paper, we have attempted to ad-
dress the question of what impact these theories, when in-
corporated into the black hole model action, will have on
the behavior of the photon sphere for their permissible
values. Additionally, from the perspective of the photon
sphere, whether these parameters, with all previous per-
missible values, will lead to the natural behavior of the
studied model or if new constraints need to be applied to
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these parameters.
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