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Critical collapse in asymptotically anti-de Sitter spacetime”
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Abstract: We investigate the critical collapse of spherically symmetric scalar fields in asymptotically anti-de Sitter

spacetime, focusing on two scenarios: real and complex scalar fields with potentials. By fine-tuning the amplitude of

the initial scalar field under different cosmological constants, we find a linear relationship between the critical amp-

litude of the first collapse and the cosmological constant in both scenarios. Furthermore, we observe that the slope of

this linear relationship varies linearly with the coupling strength.
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I. INTRODUCTION

Gravitational collapse is a basic process in astrophys-
ics, which describes the continuous shrinkage of a star
under its own gravity. This phenomenon is crucial for un-
derstanding the structure formation of our universe. Since
the pioneering work of Oppenheimer and Snyder on uni-
form-density dust collapse [1], research in this field has
advanced significantly, revealing complex dynamics in
various astrophysical scenarios.

The outcome of gravitational collapse depends critic-
ally on the initial density of matter. Matter with suffi-
cient density will form a black hole, while matter below a
certain density threshold will disperse to infinity. Chop-
tuik's numerical simulation of the collapse of a spheric-
ally symmetric massless scalar field reveals a phenomen-
on known as critical collapse, which occurs near the
threshold of black hole formation [2]. Above this
threshold, a small black hole forms. The black hole mass
follows a power-law relation: Mpy o< (p—p*)?, where
Mpy is the black hole mass on formation, p is the para-
meter from a family of initial data, p* is the critical value,
and y ~ 0.37 is a universal constant independent of initial
conditions. Choptuik further observed that near critical
evolutions, the scalar field asymptotically approached a
discretely self-similar form, characterized by an echoing
period A ~ 3.44.

In Ref. [3], Brady et al. investigated critical behavior
in the collapse of a massive scalar field and identified two
distinct types of phase transitions: type I collapse occurs
when the characteristic scale is larger than 1/m, and type
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IT collapse occurs when the characteristic scale is smaller
than 1/m, where m is the mass parameter. In Ref. [4],
Hirschmann and Eardley explored the critical collapse of
a massless complex scalar field and determined that the
critical exponent is y ~ 0.38, which is consistent with the
findings in Ref. [2]. Jiménez-Vazquez and Alcubierre in-
vestigated the critical collapse of a massive complex scal-
ar field and identified two types of critical collapse [5].
Type I collapse features an unstable boson star in the
ground state as the critical solution, while, type Il col-
lapse has results similar to those in Choptuik's study [2].
Our work focuses exclusively on type II critical phenom-
ena.

Further research has explored the collapse of various
types of matter, including scalar field [6—10], fluid
[11-18], and Yang-Mills field [19—24]. There were also
numerous investigations on gravitational collapse in mod-
ified gravity models [25—30]. Recently, a lot of research
has been done on axisymmetric cases [31-34]. For re-
views on gravitational collapse, see Refs. [35, 36].

Numerical simulations by Bizon and Rostworowski
demonstrated that in anti-de Sitter (AdS) spacetime, even
arbitrarily small initial data can result in black hole form-
ation [37]. Large initial data directly lead to black hole
formation, while small initial data can form a black hole
after multiple reflections at the outer boundary. Further
discussions on the AdS instability conjecture can be
found in Refs. [38—48].

Vera investigated the critical collapse of a massless
scalar field in asymptotically flat and asymptotically AdS
spacetimes [49]. He focused solely on the initial collapse
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without accounting for the influence of the outer bound-
ary. Through fine-tuning of the initial scalar field's amp-
litude, he presented a relationship between the critical
amplitude A* and the AdS radius L:

A= AL (1=e/ B0,

where A is the critical amplitude in asymptotically flat
spacetime. The undetermined function f depends on L and
possibly on the center of the initial scalar field v, and the
width of the initial scalar field o. In our previous study
Ref. [50], we found that the critical amplitude A* for the
first collapse of a massless scalar field in asymptotically
AdS spacetime exhibits a linear relationship with the cos-
mological constant A. This relationship is also influ-
enced by the initial scalar field's width and position. In
this paper, we further investigate whether this linear rela-
tionship between the critical amplitude A* and the cosmo-
logical constant A holds for a real scalar field with a po-
tential and a massive complex scalar field. Additionally,
we explore the effect of the scalar field's coupling con-
stants on the critical amplitude.

This paper is organized as follows. Sec. Il outlines
our methodology for simulating the collapse of real and
complex scalar fields with potentials in asymptotically
AdS spacetime. Secs. III and IV present our findings on
the behavior of the critical amplitude in real and complex
scalar fields, respectively. The results are summarized in
Sec. V. Throughout this paper, weset c=1 and G = 1.

II. METHODOLOGY

A. Real scalar field

Firstly, we consider the collapse of a real scalar field
¢ with a potential in asymptotically AdS spacetime. The
action for this system is

R-2A 1

s:/d“x\/——g[———wvm—vw) .

167 2

where R represents the Ricci scalar, A denotes the cos-
mological constant, and V(¢) is the potential term for the
scalar field. We obtain the equations of motion by vary-
ing the action with respect to the metric and the scalar
field,

1
Ry — Eg’”R +Agy = 81Ty, 2)
ViV, = V'(¢), (3)

where the prime denotes the derivative with respect to ¢,

and T, is the energy-momentum tensor for the scalar
field

1
THV = Vu¢vv¢ — 8w |:V(¢) + E(V¢)2:| . (4)

We perform simulations in double-null coordinates,

ds* = —a* (u,v)dudv + r* (u,v)dQ*. (5)

For convenience, we introduce A = -3/L?, where L rep-
resents the AdS radius. Then the Einstein equations can
be expressed as follows:

2rya,

o + 47rr¢i - =0, (6)
2 Vi v
Ty +d7rd’ — Ty _ 0, @)
’ a
2 2.2
a ) 2 3ria®
PV +Fyly+ i 2nr-a”V(¢) + T 0, (8)
Yy a,a, +4 ¢ ¢ + auy ) V(¢) 2 + 3a2 0
- T 5 O uPy — LT a — =V,
r a? o a 412
)

where (,) and (,) denote the partial derivatives with re-
spect to u and v, respectively. The equation of motion for
the scalar field is

rvV(¢)
-

TGy +Tuhy + 700, + 0. (10)

Following Hamade's method [51], we introduce the
following

s = \/4_7T¢, P=Su

q=Sy

f=ruw (11)

g="ry.

Using these variables, we rewrite Eqs.(6)-(10) as follows:

fu—2fc+rp*=0, (12)

gv—2dg+rq* =0, (13)
a 3rd 5 2

rfv+fg+z+ A2 —2rra”V(¢) =0, (14)
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rgu+f G ﬂf—ZrZHT)—O (15)
g,u g 4 4L2 r-a ¢ — Y
2 2 a’
restrpg-fg— 4 =0, (16)
2 2 a
rd.trpg-fe—— =0, (17
Zvl
rp,+fq+gp+ \/éﬁra 4(¢) =0, (18)
2V/
rq.+ fq+gp+ ‘/4_7Tra 4(¢) =0. (19)
The initial values for d and ¢ are
tan(v/2L)
d0,v) = ———=, 20
O ="27 20)
2Av? —vp)?
q(0,v) = [2Av— ; (v—vo)} exp {— Y ‘2/0) } R
o o
(21)

where 4, o, and v, represent the initial amplitude, width,
and position of the scalar field, respectively. Boundary
conditions are set at the u = v axis. On this axis, we apply
r=0, f=-g,a=2g, p=¢q, a,=0,and s5,=0. For the
asymptotically flat case, we simply set the initial condi-
tion of d and all L-related terms to zero.

Additionally, the definition of Hawking mass is

4r,r, _ A 2) . 22)

,
my(u,v)==\1+

wen =" (144

We also introduce the proper time 7 on the u = v axis as

T(u) = /” a(w,w)dw. (23)
0

In numerical simulations, we use a fourth-order
Runge-Kutta method to integrate Egs. (11), (13), (14),
and (18), while employing a predictor-corrector al-
gorithm to evolve Egs. (17) and (19). Details on the simu-
lation can be found in Refs. [49, 51, 52].

For all simulations presented in this paper, we em-
ploy 10* grid points and a 1073 interval in the spatial dir-
ection. Since we are only studying the critical amplitude
behavior during the first collapse, it is necessary to place
the timelike boundary of AdS spacetime outside our com-
putational domain [49]. Therefore, we chose AdS space-
time radius of L=4,5,6,8,10,20,40,100,200,00. In our
simulations, black hole formation is considered when
g <107, at which point the program terminates. We fix

other parameters and use the bisection method to determ-
ine the critical amplitude A* to 12 significant figures.

B. Complex scalar field

The action describing the collapse of a massive com-
plex scalar field @ is

R-2A
167

1
—E(V”CDVH(D*+m§CD(D*) , (29

S=/d4x\/—_g{

where ® = ¢ +i¢p; is a complex scalar field, ®* is its
complex conjugate. The equations of motion are ob-
tained by varying the action with respect to the metric
and the scalar field,

1
R, - Eg“VR +Agy = 81Ty, (25)
VAV, ® = my®, (26)

where the energy-momentum tensor 7, for the complex
scalar field is

1
T, ==

w=3 {V”CDVV(D* +V,0V,0

=8 (VVOV, " + m;0D") } . 27

In double-null coordinates, the equations of motion
are

2 u u
P+ AT+ ) — 20 =, (28)
2 ) 2r,a,
Foy +47r (], + dx,) — =0, (29)
a? 3r?d?
TV +Fyry + i rtami (¢ + ¢ + - 0,
(30)
Ty a,ua,v
— — = +4n(brudry + PrudrRY)
r a
Ay 3a®
+’7—ﬂazm§(¢%+¢§)+m =0, (31)
2,2
r¢1,uv + r,u¢l,v + r,v¢l,u + mzrj ¢I = 0, (32)
2,2
r¢R,uv + r,u¢R,v + r,v¢R,u + erZ ¢R = 0 (33)
We introduce the auxiliary variables s1, p1, g1, 52, P2,
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¢, ¢, d, f, g as follows:

s = Vanggr, p1=5Siu G = Si,

so = Vand;, pr=S1u G2 = S2y,
a, a,

c=—, d=—, f=r,, g=r,.
a a

Then Egs. (28)-(33) can be expressed as follows:

fu=2fc+r(pt+p3) =0,

gy —2dg+r(qi+q3) =0,

(34)

(35)

(36)

(37)

(38)

39)

(40)

(41)

(42)

(43)

a* 3r*a® mirtd*(st+s3)
v+ fg+—+ - =0,
EERRL R AT 4
a* 3r’a®> mirtd®(s3+s3)
Wt feg+—+ - =0,
reut et Tt 4
2 2 a
rec,+ri(pigi+ paga) — fg— il 0,
2 2 a
rd,+r(pi1g+ p2g2) — fg— i 0,
ra’m?s
rpiy+ fqi+gpi+ Tzl =0,
ra’m2s
rquut fq+gpi+ 42 L=o,
ra’m?s
rpavt fqat+gpa+ 42 2 =0,
0 x107 ‘ ‘ ‘
Av = 0.001
—Av = 0.002
6 Av = 0.004/]
-
8
24
&
2
0
0 2 4 6
u
(a)

Fig. 1.

ra*mas,

7 =0 (44)

rqru+ fqr+gp2+

We set the initial conditions for d, ¢, and ¢, as

tan(v/2L)

d(O,V) = oL (45)
_ 24V (v—vyp)?
¢1(0,v) = {2A1V— a'%(v_vw)} exp {_0'%} s
(46)
0,v) = {ZA v—i"’vz(v_v )} ex {_M}
6]2 s - 2 0_% 20 p O_% X
(47)

On theaxisof u=v, weset r=0, f=-g, a=2g, p1 =qi,
pr=qsya, =0, s;,=0 and s,, =0. In the asymptotically
flat spacetime, terms related to L and the initial condition
of d are set to zero, while the setup of other parts remains
unchanged. Our numerical algorithm follows the same
approach as used in the real scalar field case.

III. RESULT I: CRITICAL COLLAPSE OF REAL
SCALAR FIELD

A. V(p) = 3mid?

We describe the collapse of a massive real scalar field
by numerically evolving Egs. (12)-(19) with
V(g) = (1/2)ym*¢*. We first use Eq. (15) to verify the er-
ror at v="7.5 as it evolves over time. Fig. 1 (a) shows the
time evolution of the error for three different spatial
grids. It is evident that as the grid spacing decreases, the
error also decreases. We estimate the convergence order

Moy —m
of the mass using — " =27+ O(1/N), where m de-

nyn — NN

4
g3
o
S
Z J—
o

1 L L L

0 1 2 3 4

r

(color online) Validation of code effectiveness for the initial profile parameters in Eqs (15) and (21): V(¢) = (1/2)¢>, A =0.001,

a?=1/2, vp=2, L=8. (a) The constraint Eq (15) as a function of u for v=7.5 under different spatial grid spacings. (b) The conver-

gence order of my after 100 steps of u-evolution.
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notes the mass, N represents the number of spatial grid
points, and #» is the convergence order. Using N = 2500,
we obtain the convergence order of 2, as shown in Fig. 1
(b). Fixing 0 = 1/2 and v, =2 in Eq. (21), we determine
the critical amplitude A* using the bisection method for
different m;, and A.

Fig. 2 (a) shows the relationship between the scalar
field s along the u=v axis with respect to In(T*-T),
where T* denotes the time when the naked singularity
forms. Combining Table 1, we can see that the echoing
periods are almost the same, with A~ 3.4, and exhibit
slight relative displacements across different m,. Fig. 2
(b) illustrates the power-law behavior of the black hole
mass, with a slope of y ~ 0.37. We are also verifying dif-
ferent L and m,, finding A ~ 3.4 and y ~ 0.37. The value
of A cannot be smaller because we need to position the
scalar field within the outer boundary of the AdS. In-
creasing the coupling parameter further would cause the
program to break down.

Vera presented the following relationship of A* as a
function of L [49] (as shown in Fig. 3)

A" = AL (1=l D), (48)

where A% is the critical amplitude in asymptotically flat
spacetime, and f(L,vy,o) is an undetermined function of
L, potentially depending on v, and o. However, we find
that A* has a simple relation with A (A = =3/L?) for fixed

4
2 L
w OFf
2t
‘—ml =0=-=--m; =1 -----m% = 2‘
-4 ; T
5 10 15 20
—In(T*-T)
(a)

Fig. 2.

m; (Fig. 4 (a)) as
A= kmassA +A:o? (49)

where ks 1S the slope. Moreover, we find that k.., var-
ies linearly with respect to m?

Kinass = 0001217’”% +0.006494, (50)

as shown in Fig. 4 (b). Combining Egs. (49) and (50), we
obtain

A* =(0.001217m +0.006494)A + A" 1)

B. V(¢)= 310"

We extend our research to the critical collapse of a
real scalar field with potential V(¢) = (1/4)1¢*. We first
examine the errors at different spatial grid spacings, as
shown in Fig. 5 (a), similar to the approach used in the
massive scalar case. Using the same formula and a value
of N =2500, we determine that the convergence order of
the mass, as shown in Fig. 5 (b), is also second order. We
fix o2 = 1/2 and v, = 2, while varying A and L to determ-
ine the critical amplitude A*. We consistently observe an
echoing period A ~ 3.4 and a critical exponent y ~ 0.37 in

0 -
—m; = 0,7 =0.3796
-==my =1,7=0.3802
I o P mf =2,7v=10.3674

IH(A/[BH)
~

The scalar field behavior with potential V(¢)=(1/2)m3¢* in asymptotically flat spacetime. (a) Evolution of scalar field s

(s = Vang) along u=v (r=0) axis. (b) Power-law behavior of the black hole mass in super-critical collapse. Initial profile parameters in

Eq (21): ¢ = 1/2, v = 2. Specific values can be found in Table. I.

Table 1.

Critical amplitude A* (second column), echoing period A (third column), critical exponent y (fourth column) of real scalar

fields with potential V(¢)=(1/2)m?¢* in asymptotically flat spacetime. Initial profile parameters in Eq (21): ¢ = 1/2, vy =2. (Critical
amplitude is retained with twelve significant figures, echoing period and critical exponent with four significant figures.)

m? A* A 4

0 0.0513514784048 3434 0.3796
1 0.0511273277151 3.472 0.3802
2 0.0509468015282 3.506 0.3674
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0 50 100 150 200
L

Fig. 3. (color online) The critical amplitude A* in the initial
scalar profile Eq. (21) vs. AdS radius L. (Figure 5.17 in Ref.
[49])

all configurations.
For a fixed A, we find that the critical amplitude A*
varies linearly with A (as shown in Fig. 6 (a))

A" = kgeie\ +AZO (52)

Furthermore, as shown in Fig. 6 (b), we observea lin-

0.053 1
o my =
o mi=
0.052 m? =
o mi=
< 0.051
Lz
005 Z:
Z: 3
L o
0.049 : ‘ : ‘
0.2 -0.15 -0.1 -0.05 0

Fig. 4.

5

5 x10” ‘
Av = 0.001
4 —Av =0.002/ |
Av = 0.004

Error

Fig. 5.

ear relationship between the slope kg and 2

kgeir = 4.659 x 107°2 +0.006564. (53)

Although the slope increases with A, the rate of
change is significantly smaller than that of the massive
real scalar field. Combining Egs. (52) and (53), we obtain

A" = (4,659 100+ 0.006564)A + A”.. (54)

IV. RESULT II: CRITICAL COLLAPSE OF COM-
PLEX SCALAR FIELD

We are investigating the collapse of a massive com-
plex scalar field in asymptotically AdS spacetime, using
the method mentioned above. As in the case of the real
scalar field, we first verify the validity of the code. In Fig.
7 (a), we show the error in the constraint Eq. (38) for dif-
ferent spatial grid spacings. Using the same grid size of

3

1010
o Slope
—— Fiass = 0.001217m? + 0.006494
9 .
£ 8¢
<&
71
q
6 | | | |
0 0.5 1 1.5 2
my
(b)

(color online) Relations among the critical amplitude A* of the initial scalar field with potential V(¢) = (1 /2)mf¢2, cosmologic-
al constant A, and m?. (a) A* vs. A. Initial profile parameters in Eq. (21): o =1/2, vo =2. (b) kmass VS. m?

Test for m

r

(color online) Validation of code effectiveness for the initial profile parameters in Eqs (15) and (21): V(¢) = (0.3)¢*, A = 0.001,

a?=1/2, vp=2, L=8. (a) The constraint Eq (15) as a function of u for v=7.5 under different spatial grid spacings. (b) The conver-

gence order of my after 100 steps of u-evolution.
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0.052 o A=-20 o A=04
o A=-16 o A=08
0.0515 A=-12 o A=12
7 o x=-038 A=16 fg
0o A=-04 o A=20 igi}
< 0051 A= a2
Tk
T
(8E%
0.0505 | _g88°
488%
§=i5¢
0.05 & : : : ‘
-0.2 -0.15 -0.1 -0.05 0
A
(a)

Fig. 6.

-3

6.58 x10
o Slope
——Fkgor = 4.659 x 1070\ 4 0.006564 o
6.57
B
== Q,
6.56
q
6.55 : : ‘ ‘
2 -1 0 1 2
A
(b)

(color online) Relations among the critical amplitude A* of the initial scalar field-with-potential V(¢) = (1/4)A¢*, cosmological

constant A, and A. (a) A* vs. A. Initial profile parameters in Eq. (21): 0 = 1/2, vo = 2. (b) Keir VS. A.

5 %107 ‘
—Av = 0.001
. ——Av =0.002] |
—Av = 0.004

Error

Fig. 7.

Test for m

r

(color online) Validation of code effectiveness for the initial profile parameters in Eqs (38), (46) and (47): V(¢) = d0*,

A; =0.001, o% =1/2, vip =2, A>» =0.001, (T% =1/2, vy0 =3, L=38. (a) The constraint Eq (38) as a function of u for v=7.5 under different
spatial grid spacings. (b) The convergence order of m after 100 steps of u-evolution.

N =2500 as in the real scalar ficld case, we examine the
convergence order of the mass is approximately 2. The fi-
nal result is presented in Fig. 7 (b). We obtain an echoing
period and a critical exponent consistent with those in [2].
By fixing m, and varying L, we obtain a linear relation-
ship between A} and A

AT = kcomplexA+A;- (55)

As shown in Fig. 8 (a), this linear relationship holds
for different m,. There is a linear relationship between
kcomplex and m%

Keompiex = 0.001744m3 +0.009568, (56)

as shown in Fig. 8(b). This slope varies more rapidly than
that observed in the massive real scalar field. Combining
Egs. (55) and (56), we obtain

A} = (0.001744m3 +0.009568)A + A~ (57)

Here, we need to clarify that in asymptotically flat
spacetime, the critical amplitude of the complex scalar
field is significantly different from that of the real scalar
field because the initial data setup for the massless scalar
field is the same in both real scalar field models in this
spacetime. However, due to the presence of the imagin-
ary part in the complex scalar field, it introduces an addi-
tional energy contribution compared to the real scalar
field, resulting in a critical amplitude that is noticeably
smaller than that of the real scalar field.

V. SUMMARY

Our numerical investigation of type II critical col-
lapse of real and complex scalar fields with potentials in
asymptotically AdS spacetime reveals two main findings.
Firstly, we observed echoing periods and critical expo-
nents consistent with Choptuik's results across all config-
urations. Secondly, we found that for both real and com-
plex scalar fields with potentials, the critical amplitude A*
of the initial scalar field exhibits a linear relationship with
the cosmological constant A. Specifically, for massive
real scalar fields, this slope kp.ss shows a linear depend-
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<t mo = 0.5 =E‘==
0.044 - gifﬁ'
_.ggifsie-T
0.043 ’Eggff:.'
Eo
0.042 ' ' ; '
-0.2 -0.15 -0.1 -0.05 0
A
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Fig. 8.

0.012

o Slope
—— Ecomplex = 0.001744m3 + 0.009568
0.011
£
E]
:
=
0.01
L
0.009 : : : : !
0 0.2 0.4 0.6 0.8 1
m3
(b)

(color online) Relations among the critical amplitude A} of the initial scalar field with potential V(¢) = m3®®*, cosmological

constant A, and m. (a) A} vs. A. Initial profile parameters in Egs. (46), and(47): o2 =1/2, vio =2, A2 =0.01, 03 =1/2, vy =3. (b)

2
keomplex VS. m5.

ence on the square of the real scalar field's mass mj. In
the case of real scalar fields with quartic self-interaction,
the slope k¢ is linearly related to the coupling constant
A. Similarly, for massive complex scalar fields, the slope
keompiex correlates linearly with the square of the complex
scalar field's mass m3. Therefore, we discovered  that
across different matter fields, the critical amplitude ' ex-
hibited a consistent linear relationship with the cosmolo-

gical constant, and this slope is linearly correlated with
the coupling strength of the scalar field potential.

These results significantly enhance our understand-
ing of critical collapse phenomena. They not only elucid-
ate the role of AdS geometry in critical collapse but also
provide valuable insights into the intricate dynamics of
gravitational systems near criticality. Our findings pave
the way for further exploration of the rich phenomeno-
logy of critical behavior in curved spacetimes.
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