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I.  INTRODUCTION

d+1

The  Anti-de  Sitter  (AdS)/conformal  field  theory
(CFT) correspondence plays a central role in modern the-
oretical  physics.  This  conjecture  states  that  a  weakly
coupled  gravitational  theory  in  a  dimensional  AdS
space  is  equivalent  to  a  strongly  coupled d dimensional
CFT  on  its  conformally  flat  boundary  [1].  It  provides  a
testable realization of the holographic principle [2, 3].

H =HA⊗HB

S A = −Tr(ρA lnρA) ρA

ρA = TrHBρ S A = S B

3

Quantum entanglement is a manifestation of the non-
local  property  of  quantum  mechanics.  For  the  simplest
configuration,  a  quantum  system  is  divided  into  two
parts: A and B. Thus, the Hilbert space is decomposed in-
to . The  entanglement  entropy  (EE)  of  re-
gion A is  defined  as  the  von  Neumann  entropy,

,  where  is the  reduced  density  mat-
rix  of  region A: .  Evidently,  for  this
pure  state.  One  of  the  most  successful  supports  of  the
AdS/CFT  correspondence  is  the  Ryu-Takayanagi  (RT)
formula,  which  asserts  the  equality  of  the  EE  of  the
boundary CFT and the accordingly defined minimal sur-
face  area  in  the  bulk  AdS  [4−6].  In  these  studies,  the
geodesic length (minimal surface area) in AdS  is calcu-
lated and found to agree with the EE of CFT2. This iden-
tification  has  been  extensively  verified  by  subsequent
studies, as summarized in a review [7] and the references
therein.

Motivated by the success of the RT formula, a conjec-
ture has been proposed suggesting that gravity can be in-
terpreted  as  an  emergent  structure,  determined  by  the
quantum  entanglement  of  the  dual  CFT  [8, 9].  This
concept was  further  developed  by  Maldacena  and  Suss-

kind, who proposed an equivalence between the Einstein-
Rosen  (ER)  bridge  and  Einstein-Podolsky-Rosen  (EPR)
experiment  [10].  Building  on  this  framework,  a  crucial
question  arises: Can  we  determine  the  leading  behavior
of  the  dual  bulk  geometry,  specifically  the  metric,  from
the EEs of the CFT?

This question has attracted considerable interest in re-
cent years. The primary challenge lies in determining the
metric of the holographic dimension that extends into the
bulk. It  is  widely  accepted  that  this  hidden  extra  dimen-
sion  is  generated  by  the  energy  cut-off  of  the  CFT  and
oriented perpendicular  to  the  boundary,  as  achieved  us-
ing the holographic principle [11]. To date, two major ap-
proaches have been developed to solve this problem. The
first one  is  the  tensor  network,  which  generates  a  logar-
ithmic geodesic length from boundary states, leading to a
discretized  AdS  space  [12].  These  networks  provide  an
intuitive  connection  between  entanglement  and  spatial
geometry. The second method resorts to kinematic space.
This  method maps geodesics  in  AdS3 to points  in  a  kin-
ematic  space.  Specifically,  the  Crofton  form,  defined  as
the  second  derivative  of  EE  with  respect  to  two  distinct
points (without taking the coincidence limit), plays a cru-
cial role. A codimension-1 locus, or "point curve", in kin-
ematic space corresponds to a family of geodesics that in-
tersect  at  a  single  point  in  AdS3.  The  geodesic  length
between any two points in the bulk is then obtained by in-
tegrating the Crofton form over the area between the cor-
responding point curves in the kinematic space [13]. The
advantage of  this  approach  lies  in  its  clear  correspond-
ence between  Crofton's  formula  and  field  theory,  en-
abling operator product expansion (OPE) blocks to be de-
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x→ x′

rived from  local  operators  in  AdS  via  the  Radon  trans-
formation  [14, 15].  However,  despite  its  elegance,  this
method  is  not  straightforward  with  respect  to  fixing  the
leading behavior of  the spacetime metric  in an unknown
bulk geometry. In contrast to these approaches, our meth-
od  introduces  a  key  difference:  we  impose  the  limit

 after taking  the  derivatives.  This  procedure  en-
ables us to directly obtain the metric from the geodesics,
offering a more immediate pathway to deducing the bulk
geometry.  In  addition  to  these  advancements,  significant
progress  has  been  made  in  the  dynamics  of  the  system,
such  as  deriving  linearized  Einstein  equations  from  EE
[16].

CFT2

CFT2 SO(2,2)

SO(2,d)

d+1

CFTd

In this  study,  we  develop  a  method  to  explicitly  de-
termine  the  leading  behavior  of  the  dual  geometry  from
the  free .  At  first  glance,  we  might  consider  this
problem trivial, citing symmetry arguments because both

 and  AdS3 share  the  same  symmetry.
However,  as  is  commonly  known,  all d-dimensional
CFTs share the same symmetry, which their dual
geometries  must  also  respect.  Therefore,  symmetry
matching is a necessary condition but not a sufficient one.
Therefore,  methods that  go beyond symmetry arguments
must  be  developed  and  a  more  robust  framework
provided. The approach we propose in this study satisfies
several key requirements: The first requirement of the ex-
pected new method is to reproduce pure AdS  uniquely
from  the  free ,  ensuring  a  solid  foundation  for  the
correspondence. The  second  step  is  to  reconstruct  non-
trivial  topologies from the dual CFT. The next step is to
build  one-to-one  correspondences  between  the  excited
states  of  the  CFT  and  their  associated  bulk  geometries.
The final step is to derive the dynamics, namely the Ein-
stein  equation,  directly  from  the  CFT  data.  These  steps
form  a  systematic  pathway  toward  not  only  confirming
the  duality  but  also  deepening  our  understanding  of  the
holographic  principle  and  its  applications  in  emergent
spacetime physics.

In  contrast  to  previous  efforts  in  the  literature,  our
strategy  is  based  on  two key  distinctions:  Synge's  world
function  [17]  and  the  infrared  entanglement  entropy  (IR
EE)1). Constructing the geodesic length is inherently sim-
pler than  directly  deriving  the  metric,  a  point  acknow-
ledged in  earlier  research  on  integral  geometry  and  kin-
ematic  space  [13].  However,  the  significance  of  Synge's
world function appears to have been ignored in these ap-
proaches.  While  previous  authors  utilized  derivatives
with  respect  to  two distinct  points  along  geodesics,  they
did not apply the coincidence limit  to extract  the metric.
In  classical  gravity,  Synge's  world  function,  defined  as
one half of the squared geodesic length, is a fundamental
tool for studying the motion of a self-drived particle in a

curved  background.  Almost  all  significant  two-point
quantities in classical gravity are derived from this func-
tion.  For  our  current  problem,  the  critical  importance  of
Synge's  world  function  lies  in  its  ability  to  compute  the
metric directly. By taking second derivatives of the func-
tion and applying the coincidence limit, we can bypass ir-
relevant  complexities  and obtain  the  desired  results  with
precision. This approach eliminates the ambiguities often
associated with  reconstructing  the  bulk  geometry.  Addi-
tionally, the parallels between the kinematic space form-
alism and  Synge's  world  function  are  noteworthy.  Al-
though  the  two  frameworks  have  distinct  focuses,  their
similarities could inspire further developments.

The second critical  quantity we incorporate is  the IR
EE  of  a  perturbed  CFT2. Traditionally,  attempts  to  con-
struct  the dual  geometry have relied only on the UV EE
but have not been successful. Intuitively, reducing from a
higher-dimensional system to a lower-dimensional one is
straightforward,  whereas  reconstructing  higher-dimen-
sional information from lower-dimensional data is inher-
ently  more  challenging.  On  the  surface,  the  UV  EE  is
fully  expressed  in  terms  of  flat  CFT  quantities,  with  no
apparent  signature  of  the  hidden  bulk  dimension.  This
suggests that  the  UV EE  alone  is  insufficient  for  recon-
structing  the  dual  geometry.  A  possible  explanation  is
that  the  UV EE inherently  depends  on a  UV cut-off, in-
trinsic to quantum field theories. However, on the (bulk)
classical gravity side, this UV cut-off can, in principle, be
removed.  Although  a  massless  CFT  has  no  intrinsic  IR
cut-off,  the  correlation  length  diverges,  rendering  the  IR
EE not  directly expressible.  This  observation leads us  to
conjecture  that  introducing  a  finite  IR  cut-off  could  be
useful.  By  progressively  pushing  this  cut-off  to  infinity,
we can extract meaningful results without introducing in-
consistencies on the gravity side. This approach is simil-
ar to the Pauli-Villars regularization in quantum field the-
ory,  where  a  large  cut-off  is  introduced  to  isolate  finite
physical results. For a perturbed CFT with a finite IR cut-
off,  we  anticipate  that  the  leading-order  behavior  of  the
dual  geometry  corresponds  to  an  asymptotic  AdS space.
The finite IR cut-off provides a natural framework for en-
coding  the  bulk  geometry,  bridging  the  gap  between  the
perturbed CFT and its holographic dual.

CFT2

Our  derivations  demonstrate  that  the  frequently  used
UV  EE  of can  provide  only  partial  information
about the asymptotic behavior of the boundary directions.
It does not offer any direct insights into the energy-gener-
ated direction. Remarkably, we observe that the EE in the
IR  region  of  a  perturbed  CFT2 provides  the  sufficient
condition  to  determine  both  the  energy-generated direc-
tion and the residual freedom in the boundary directions.
This is because the IR EE is determined by both the UV
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1) In this paper, we refer to the entanglement entropy of a perturbed (mass-gapped) CFT2 as IR EE for simplicity, distinguishing it from the traditional ultraviolet en-
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and IR energy scales,  which correspond to different  val-
ues  along  the  energy-generated  direction.  Therefore,  by
combining both the UV and IR EEs, we can uniquely de-
termine the asymptotic form of the geodesic length in the
bulk. This leads to the determination of the metric of the
dual  geometry,  which  is  found  to  be  the  anticipated
asymptotic  AdS3.  The  pure  AdS3,  which  serves  as  the
gravity dual  of  the massless CFT2,  is  obtained by taking
the mass scale of the perturbed CFT2 to the massless lim-
it. This corresponds to taking the correlation length of the
perturbed CFT2 to infinity.  Moreover,  the covariant  case
can  be  derived  using  the  same  approach,  following  the
same underlying pattern. 

II.  SPACETIME METRIC FROM ENTANGLE-
MENT ENTROPY

Before  starting  the  discussion,  we  summarize  the
methods and steps. 

A.  Strategy

Main  Equation:  Synge's  World  Function. Synge's
world function  is  instrumental  in  extracting  the  space-
time metric  from  geodesics.  Note  that  the  geodesics  re-
ferred  here  are  those  in  the  bulk  geometry,  whereas  the
known  EEs  correspond  to  boundary-attached  geodesics.
Therefore, our strategy involves deducing the general ex-
pression  for  bulk  geodesics  based  on  boundary-attached
geodesics and then employing Synge's  world function to
obtain the metric. Our steps are given as follows:
 

1.  Use  the  RT  formula  to  determine  two  types  of
boundary-attached geodesics from the EEs.
 

2.  Write  the  general  expression  for  the  bulk
geodesics.
 

3.  Fix  the  free  coefficients  and  functions  of  the  bulk
geodesics using the known boundary-attached geodesics.
 

4. Use Synge's world function to compute the space-
time metric.
  

B.    Synge's world function

x′

x = x (τ) τ ∈ [0, t]
x (0) = x x (t) = x′

In classical  gravity,  Synge's  world function is  funda-
mental  to  investigating  the  radiation  back-reaction  (self-
force)  of  a  particle  moving  in  a  curved  background.  All
the  bi-tensors  are  defined  by  Synge's  world  function.  A
comprehensive review on this subject is available in [18].
We only list some useful results here. Given a fixed point
on a manifold M and another  point  that  connects  to x
through  a  single  geodesic ,  with ,  such
that  and ,  Synge's  world  function  is

defined as the square of the geodesic length: 

σ (x, x′) =
1
2

L2
γA

(x, x′) =
1
2

t
∫ t

0
dτgi j ẋi ẋ j, (1)

LγA

x′ x′

i′

x′

x′

σi =
∂σ

∂xi
σi′ =

∂σ

∂xi′ σi(x, x′) (σi′ )
(x′) x′ (x)

where  is  the geodesic length connecting the points x
and . This function is a bi-scalar for the points x and ,
respectively.  Throughout  this  paper,  we  use i and  to
distinguish  the  two  points x and .  The  first  derivative
with respect to x or  is the ordinary derivative, denoted
as  or . Note that   is a vec-
tor for point x  but a scalar for point  . We easily
find that 

σi(x, x′) = t
˙d

dt
xi, σi′ (x, x′) = −t

d
dt

xi′ . (2)

σi j ≡ ∇ jσi

σi′ j′ ≡ ∇ j′σi′

σi′ j ≡ ∂i′σ j =
∂σ

∂x j∂xi′ σi j′ = σ j′i

As usual,  the second derivative at a single point is inter-
preted  as  the  covariant  derivative:  and

. A  key  quantity  in  our  derivation  is  the  de-
rivative  with  respect  to  different  points: 

 and .The notation  for  coincidence  lim-
its of an arbitrary function is defined as 

[
f (x, x′)

]
= lim

x→x′
f (x, x′) . (3)

We easily observe that 

[
σ(x, x′)

]
= [σi] = [σi′ ] = 0. (4)

Remarkably, the coincidence limits of the second derivat-
ives lead to the metric 

[
σi j′

]
≡ lim

x→x′
∂xi∂x j′

ï
1
2

L2
γA

(x, x′)
ò
= −gi j = −

[
σi j

]
= −

[
σi′ j′

]
.

(5)

gi jẊiẊ j

t→ 0

To  better  understand  this  formula,  note  that  along  a
geodesic,  the  norm of  the  tangent  vector  is con-
stant. Thus, as , we find 

σ(x, x′) =
1
2

L2(x, x′) =
1
2

ï∫ t

0
dτ
»

gi jẊiẊ j

ò2

≈ 1
2

lim
t→0

gi j
∆xi

t
∆x j

t
t2 ≈ 1

2
gi j∆xi∆x j. (6)

σi j′ σi jThe advantage of  over in  Eq.  (5)  is  that  we need
not know the connection (geometry). Therefore, we only
need to determine the geodesic length of the yet-to-be-de-
termined dual geometry.

Note that the geodesic length here refers to a geodes-
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ic in the bulk, with its endpoints not fixed on the bound-
ary.  To  address  this,  we  must  use  two  types  of  known
EEs to fix the leading behavior of this geodesic length, as
shown in Fig. 1. 

C.    First Step: Two types of boundary-attached
geodesics

We  begin  by  assuming  no  prior  knowledge  of  the
emerged geometry. From the RT formula, our analysis re-
lies  only  on  the  CFT  EE,  which  we  identify  with  the
geodesic length, along with the holographic principle.  In
this  work,  we  focus  on  a  CFT2 with  infinite  length.  For
simplicity, we first consider the static scenario, as gener-
alizing the results to the covariant case is straightforward.
To begin, we define a quantity with length dimension: 

R ≡ 2G(3)
N c

3
, (7)

G(3)
N

CFT2

where c is the central charge of the CFT2, and  is the
Newton  constant  in  three  dimensions.  The  EE  of  the

 in the UV region is given by 

S UV
EE =

c
6

log
Å
ℓ2

a2

ã
, (8)

ℓ = x− x′

ℓ≫ a→ 0

where  represents the  length  of  the  entangle-
ment sub-region in the CFT, and a is the UV cutoff or lat-
tice  spacing.  Note  that  this  expression  for  the  UV EE is
valid only when . Thus, the geodesic length of
the dual geometry ending on the boundary is 

LUV
γA
= 4G(3)

N S EE =

Ç
2G(3)

N c
3

å
log
Å
ℓ2

a2

ã
= R log

Å
ℓ2

a2

ã
. (9)

In contrast, when the CFT2 is perturbed by a relevant

ℓ ≥ ξ ℓ

a≪ ξ≪ ℓ ℓ

perturbation, the correlation length (IR cutoff) ξ becomes
finite. In this case, the UV EE expression (8) is no longer
valid  for .  In  the  large  IR region,  with  the  condi-
tion , the IR EE becomes independent of  and
is  instead  completely  determined  by  the  ratio  of  the  IR
and UV cutoffs [19, 20], 

S IR
EE =

c
6

log
Å
ξ

a

ã
, (10)

ξ ≡ 1/m
1/6

where ,  and m is  the  mass  gap  of  the  perturbed
CFT2. Note the crucial factor , which is key to deriv-
ing the expected geometry, a point we will return to later.
This confirms that the RT formula also applies in the IR
region [4, 5]. Therefore, the geodesic length for the IR re-
gion, based on the perturbed CFT IR EE, is 

LIR
γA
= R log

Å
ξ

a

ã
. (11)

 

D.    Second Step: General expression for bulk geodesics

ℓ

y = a

(x− x′)2/y2

a2 h (x, x′,y,y′)
ℓ2 = (x− x′)2

The  energy  scale  of  a  CFT  is  widely  recognized  to
result in a hidden holographic dimension, denoted as y in
this paper [11]. In the UV EE (9),  represents the bound-
ary dimension x, whereas a introduces the holographic di-
mension .  Eq. (9) is  valid for geodesics that  end on
the boundary.  Our  objective  is  to  generalize  the  expres-
sion  in (9) to the bulk. To generalize it, we re-
place  with a regular function . The general
extension of the proper length  to include the
holographic dimension y is 

(x− x′)2→ (x− x′)2 k (x, x′,y,y′)+ (y− y′)2 p (x, x′,y,y′) ,

(12)

k (x, x′,y,y′) p (x, x′,y,y′)
(x− x′) (y− y′)
x(y) x′(y′)

(x− x′) (y− y′)
k (x, x′,y,y′) p (x, x′,y,y′)

(x− x′) (y− y′)

where  and  are  arbitrary  regular
functions.  Note that odd powers of  or  are
prevented by the symmetry between  and . Pos-
sible  higher  order  even  powers  of  or  are
grouped  into  and .  Cross  terms
between  and  are  excluded  by  the  widely
accepted viewpoint that the energy-generating holograph-
ic direction y is perpendicular to the boundary direction x.

Therefore,  to  match  (9)  and  (11),  we  can  generalize
the geodesic as 

LγA = R log(η2). (13)
η2for large , where 

η2 ≡ (x− x′)2 k (x, x′,y,y′)+ (y− y′)2 p (x, x′,y,y′)
h (x, x′,y,y′)

. (14)

 

Fig.  1.    (color  online)  Two types  of  entanglement  entropies
to determine the leading behavior of the bulk geodesic.
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(x′,y′)↔ (x,y)
y = y′ = a→ 0 k (x, x′,a,a)/

h (x, x′,a,a) ∼ 1/a2 (y− y′)2 p (x, x,y,y′)→ 0
η2

p(x, x′,y,y′)

Note that  the  functions k, p,  and h must  be  invariant
under the exchange . To recover Eq. (9) in
the  limit ,  we  must  have 

 and .  These
conditions ensure the generality of . The expression for
η can be simplified by dividing  from both the
numerator and denominator1): 

η =

 
f (x, x′,y,y′)
g (x, x′,y,y′)

(x− x′)2+
1

g (x, x′,y,y′)
(y− y′)2. (15)

η→ 0
χ (η)

In contrast, when the endpoints of the geodesic approach
each  other  ( ),  the  geodesic  length  must  vanish.
Therefore, the function  must take the form 

χ (η) = 1+C1η
α+O

(
η2α

)
, η→ 0. (16)

In summary, we have 

LγA = R logχ (η) =

 R log
Å
η2+O

Å
1
η2

ãã
, η→∞,

R log
(
1+C1η

α+O
(
η2α

))
, η→ 0.

(17)

Ci

f (x, x′,y,y′) g(x, x′,
y,y′)

Here,  and α are constants to be determined. Thus, the
next  step  is  to  fix  the  functions , 

, and the constant α.
  

E.    Third Step: Fixing the functions

f (x, x′,y,y′) g(x, x′,y,y′)
The  next  step  is  to  determine  the  functions

 and  from Eq. (15): 

η =

 
f (x, x′,y,y′)
g (x, x′,y,y′)

(x− x′)2+
1

g (x, x′,y,y′)
(y− y′)2. (18)

We will substitute this expression into the general form of
the geodesic length, given by Eq. (17), to ensure it is con-
sistent with Eqs.  (9) and (11) in both the UV and IR re-
gions, corresponding to boundary-attached geodesics.

y = a y′ = ξ x = x′ g(x, x′, y, y′)1) , , and  (Fixing )

In this case, the IR EE condition is given by Eq. (11): 

LIR
γA
= R log

Å
ξ

a

ã
. (19)

y = a y′ = ξ
x− x′→ 0

Here, both a and ξ are energy scales corresponding to the
two points  in the holographic direction,  and ,
respectively.  Additionally, . The geometry cor-
responding to this scenario is illustrated in Fig. 2. Refer-

ring to the large η limit in the general expression (17) and
(15), we find 

LγA = R log

Ç
(y− y′)2

g (x, x′,y,y′)

å
≃ R log

Ç
(a− ξ)2

g (x, x,a, ξ)

å
, (20)

△x→ 0 y (= a)≪ y′ (= ξ)where we take the limit  and use .
In this limit, for the numerator, we have 

(y− y′)2
= (a− ξ)2 ∼ ξ2. (21)

Comparing this with 

LIR
γA
= R log

Å
ξ

a

ã
, (22)

we can now fix the leading behavior of the denominator: 

g (x, x,a, ξ) = aξ

Ç
1+O

Å△x
ξ

ã2
å
, (23)

△x→ 0 ξ→∞
where ξ is  introduced  to  make  the  expansion  parameter
dimensionless. Note that  and  in the expan-
sion. The function with arbitrary endpoints can be extrac-
ted from this limit result (23): 

△x is finite and ξ→∞ :

g (x, x′,y,y′) = yy′
ñ

1+
Å△x
ξ

ã2
ô
,

(24)

y = y′ = a≪ ℓ≪ ξ f (x, x′, y, y′)2)  (Fixing )

In this scenario, we are in the UV regime, and the EE
is given by 

LUV
γA
= R log

Å
ℓ2

a2

ã
. (25)

 

y = a y′ = ξ ∆x = 0
Fig. 2.    (color online) Entanglement entropy with IR cut-off
gives the geodesic connecting , , and .
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y = y′ = a y− y′ = 0Because ,  we  have ,  and  the  general
geodesic length expression becomes
 

LγA = R log
Å

f (x, x′,y,y′)
g (x, x′,y,y′)

(x− x′)2
ã

≃ R log
Å

f (x, x′,a,a)
g (x, x′,a,a)

(x− x′)2
ã
. (26)

f (x, x′,a,a)/
g (x, x′,a,a) ∼ 1/a2

y = y′ = a→ 0

g(x, x′,y,y′)

For consistency with Eq. (25), we must have 
. This condition ensures that we recov-

er  the  expected  UV behavior  as . The  cor-
responding  geometry  is  shown  in Fig.  3. From  the  de-
termined  function  in Eq.  (24),  we  immedi-
ately obtain
 

f (x, x′,0,0) = 1+O
Å△x
ξ

ã2

. (27)

△x y = y′ = a≪ ℓ≪ ξ
f (x, x′,y,y′)

Here,  is finite, and . In this limit, we
can expand the function  as
 

△x is finite and y, y′≪ ξ→∞:

f (x, x′,y,y′) =

Ç
1+O

Å△x
ξ

ã2
å
+µ1 (x, x′)

Å
y
ξ
+

y′

ξ

ã
+µ2 (x, x′)

Å
y
ξ
+

y′

ξ

ã2

+O
Å

y
ξ
,
y′

ξ

ã3

,

(28)

µi (x, x′)where  are regular  functions.  Now, recall  the ex-
pression for the geodesic length, 

LγA = R log
(
1+C1η

α+O
(
η2α

))
, η→ 0, (29)

where 

η =

 
(x− x′)2 f (x, x′,y,y′)+ (y− y′)2

g (x, x′,y,y′)
. (30)

η→ 0 △x→ 0 △y→ 0 ξ→∞
y′≪ ξ→∞ g (x, x′,y,y′)

f (x, x′,y,y′)

As  (  and ) and , if we require
y, ,  the  expressions  for  (24)  and

 (28) still hold. Therefore, we have

 

△x→ 0, △y→ 0 and y, y′≪ ξ→∞ :

xLγA = R log

1+C1


(x− x′)2

ÇÇ
1+O

Å△x
ξ

ã2
å
+µ1 (x, x′)

Å
y
ξ
+

y′

ξ

ã
+ . . .

å
+ (y− y′)2

yy′
Ç

1+O
Å△x
ξ

ã2
å 

α/2

+ . . .


= R log

1+C1

Ç
(x− x′)2+ (y− y′)2

yy′

åα/2
+O

[Ç
(△x)2

yy′

å1/2

,

Ç
(△y)2

yy′

å1/2

,
y
ξ
,
y′

ξ
,
△x
ξ

]2
 ,

(31)

O [A,B, . . .]2

O
[
A2
]
O
[
B2
]
O [AB]

where  the  order  of  denotes  the  higher  order
of , , ....
 
 

F.    Fourth Step: Extracting the metric via Synge's

world function
We  now  aim  to  calculate  the  metric  by  using  the

geodesic length. Hence, we can apply the following rela-
tion based on Synge's world function:
 

[
σi j′

]
= lim

x j′→xi
∂xi∂x j′

ï
1
2

L2
γA

(x, x′)
ò
= −gi j, (32)

where we must  determine the value of α.  Through some
computation, we obtain the following results:
 

gi j =


divergent, α < 1,

valid, α = 1,

0, α > 1.

(33)

α = 1This  implies  that  only  yields a  physical  solu-
tion.  Therefore,  we  can  now  extract  the  nonvanishing
components of the metric:
 

 

y = y′ = a ∆x

Fig. 3.    (color online) Entanglement entropy with UV cut-off
supports the geodesic connecting  with arbitrary .

Peng Wang, Houwen Wu, Haitang Yang Chin. Phys. C 49, 045105 (2025)
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gxx = −
1
2

lim
(x′ ,y′)→(x,y)

∂x∂x′L2
γA
=C2

1

Å
1+µ1

Å
y
ξ

ã
+ . . .

ã
R2

y2
,

gyy = −
1
2

lim
(x′ ,y′)→(x,y)

∂y∂y′L2
γA
=C2

1
R2

y2
.

(34)

s (x, x′,0,0)The functions  do not contribute to the metric.
Thus, the background metric is 

ds2 =C2
1

R2

y2

ñÇ
1+µ1

Å
y
ξ

ã
+µ2

Å
y
ξ

ã2

+ . . .

å
dx2+dy2

ô
.

(35)

3

C1R AdS3

CFT2 c =
3RAdS

2G(3)
N

This  is  the  asymptotic  form  of  static  AdS  with  radius
.  This  is  the  asymptotic  form of  static  and  the

central charge c of  [21]: ; we identify
 

C1 = 1, R = RAdS. (36)

Therefore,  we finally  determine  the  leading terms of  the
series (17)1): 

LγA = RAdS logχ (η) =

 R log
Å
η2+O

Å
1
η2

ãã
, η→∞,

R log
(
1+η+O

(
η2
))
, η→ 0.

(37)

Thus, the metric becomes 

ds2 =
R2

AdS

y2

ñÇ
1+µ1

Å
y
ξ

ã
+µ2

Å
y
ξ

ã2

+ . . .

å
dx2+dy2

ô
.

(38)

To recover pure AdS3,  we introduce the IR cut-off  scale
defined as 

ξ =
1
m
. (39)

m→ 0 ξ→∞In the massless limit  (or equivalently ),  we
recover the pure AdS3 metric: 

ds2 =
R2

AdS

y2

(
dx2+dy2

)
. (40)

When including the time-like direction, the UV EE is 

S UV
EE =

c
6

log

Ç
ℓ2− (△t)2

a2

å
. (41)

(∆t)2

The  procedure  follows  the  same  pattern  as  in  the  static
case. To generalize this, when expressing η as in Eq. (15),
we  introduce  an  arbitrary  function  multiplying .
After performing a similar analysis, we obtain the covari-
ant AdS metric:
 

ds2 =
R2

AdS

y2

[
−G(t, x,y)dt2+F(t, x,y)dx2+dy2

]
, (42)

where
 

G(t, x,y) = 1+ρ1

Å
y
ξ

ã
+ρ2

Å
y
ξ

ã2

+ · · ·

F(t, x,y) = 1+µ1

Å
y
ξ

ã
+µ2

Å
y
ξ

ã2

+ · · ·

ξ→∞As , we recover pure AdS3: 

ds2 =
R2

AdS

y2

(
−dt2+dx2+dy2

)
. (43)

ϕa

The result is consistent with the holographic RG flow dis-
cussed  in  [22].  To  illustrate  this,  we  consider  the  action
for a bulk scalar field :
 

I =
1

2κ2

∫
d3x
√−g
ï

R− 1
2

Gab∂ϕa∂ϕb−V (ϕa)
ò
, (44)

Gab

V (ϕa)

V (0) = − 2
R2

where  is the metric of the internal space of the scalar
field.  When the  potential  reaches  its  critical  value

, the solution for the metric is
 

ds2 =
R2

AdS

y2

[
−dt2+dx2+F (y)dy2

]
. (45)

y = 0Near the boundary , we obtain the asymptotic expan-
sion
 

ϕa (y)→ 0, F (y) = 1+µ2αy2α+ · · · , y→ 0, (46)

G(t, x,y) = F(t, x,y)
where μ is a mass scale. This is a special case of Eq. (42)
under the condition .
 

Fixing the AdS3 metric from pure state entanglement entropies of CFT2 Chin. Phys. C 49, 045105 (2025)

LγA = R log
(

1+
1
2
η2 +

1
2
η2
√

1+4η−2
)
, η2 =

(x− x′)2 + (y− y′)2

yy′
,

1) Remarkably, if we know the AdS geometry and calculate the geodesic length, the length takes the following form:

 

 This expression completely agrees with the leading behaviors we derived in the two limits (37).
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III.  NECESSARY CONDITION FOR A
HOLOGRAPHIC CFT2

We begin by recalling the two types of EEs and their
corresponding  geodesic  lengths  in  the  context  of
AdS/CFT: 

S UV
EE =

c
6

log
Å
ℓ

a

ã2

→ LUV
γA
= R log

Å
ℓ

a

ã2

, (47)

 

S IR
EE =

c
6

log
Å
ξ

a

ã
→ LIR

γA
= R log

Å
ξ

a

ã
. (48)

A

These results  follow  directly  from  the  AdS/CFT  corres-
pondence.  However,  if  we  do  not  assume  the  AdS/CFT
framework,  meaning  we  do  not  have  a  direct  relation
between the AdS radius and central charge, we have diffi-
culty explaining why the first formula has a squared term
while  the  second  formula  does  not.  To  address  this,  we
propose that the IR EE is multiplied by a constant factor

, and  we  identify  this  factor  as  modifying  the  corres-
ponding geodesic length: 

S IR
EE =A

c
6

log
Å
ξ

a

ã
=⇒ LIR

γA
= R log

Å
ξ

a

ãA
. (49)

We can straightforwardly verify that for this modified IR
EE to be compatible with the UV EE in the form given by
Eq. (9), the function η must take the form 

η =

 
(x− x′)2 f (x, x′,y,y′)+ (y− y′)2A

g (x, x′,y,y′)
, (50)

g(x, x′,y,y′) = (yy′)A(1+∆x2s(x, x′,y,y′)/ξ2+ · · · )
f (x, x′,0,0) = (yy′)A−1(1+∆x2s(x, x′,0,0)/ξ2+ · · · )

gyy

where ,  and
.  When

substituting this expression for η into Eq. (5) for the met-
ric, we find that  behaves as follows: 

gyy =


0, A = 0,1/2;A > 1,

valid, A = 1,

divergence, otherwise.

(51)

A , 1

A = 1

Thus, we conclude that there is no dual gravity for ,
which  provides  a  necessary  condition  for  determining
whether  a  CFT2 is  holographic.  Furthermore,  is  a
necessary  condition  for  any  holographic  CFT.  This  is
consistent with the fact that, although a single interval has
two  boundary  points,  the  holographic  dual  IR  EE  only
counts one point. 
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