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Abstract: By combining the Skyrme-Hartree-Fock method with complex momentum representation (CMR), the

resonant states of [1\7 0, j‘\l Ca, ¥Ca, and f\7Ni are investigated. The phase shifts for hyperon-nucleus elastic scatter-

ing are determined with continuum level density (CLD) and the scatting length as well as the resonance energy are

obtained by utilizing the effective range expansion. Our method abbreviated as CMR-CLD exhibits good consist-

ency with traditional approaches and provides some ground work for investigating scattering and resonance prob-

lems in deformed hypernuclei and multi-hyperon hypernuclei.
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I. INTRODUCTION

Hypernuclear system is an important research subject
in nuclear physics, and significant studies have been con-
ducted in production, decay and structure of hypernuclei.
Various theoretical works have also been proposed to in-
vestigate different aspects of the nature of hypernuclei,
such as the generator coordinate method (GCM) [1, 2],
the orthogonality condition model [3—5], the Tohsaki-
Horiuchi-Schuck-Ropke (THSR) wave function [6—9],
the variational Monte Carlo (VMC) method [10], the
Gaussian expansion method [11-18], the cluster orbit
shell model [19], the particle rotor model [20], the mean-
field approaches [21—33] and so on.

In hypernuclear physics one of the main aspects is to
study the new dynamical and structural properties by an
addition of a hyperon (or few hyperons). Because of the
absence of the Pauli principle between nucleons and the
hyperon, participation of the hyperon in nuclei leads to
stronger effect of attraction and thus possibly more bound
states and may change the location of the drop line. The
contraction of the nuclear cores will be significant and
such phenomena are called as ‘glue-like’ role of the hyp-
eron. The systematic study of binding energy of light
single hyperon-hypernuclei has traditionally been a key
topic, which has been investigated for stable nuclei and
neutron-rich nuclei plus hyperons.
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Another important subject in hypernuclear physics is
to investigate the hyperon-nucleon and hyperon-nucleus
scattering process and find new resonant states due to the
injection of the hyperon. For addressing the resonance
problems many theoretical approaches have been pro-
posed and applied successfully to handle resonant states
and scattering process, such as the R-matrix method
[34—38], the complex scaling method (CSM) [39—46], the
complex momentum representation (CMR) [47-52], the
trap method [53—64] and so on.

As a mean-field approach, the Skyrme-Hartree-Fock
(SHF) method [27-33] is based on the self-consistent
Hartree-Fock equations and uses the Skyrme potential for
the nucleon-nucleon interaction. It has been successfully
applied to the study of nuclear structure, deformation, en-
ergy spectrum and so on. By extending SHF with various
hyperons, it has also been effectively utilized in hyper-
nuclear research. For light hypernuclei, in addition to
few-body methods and microscopic cluster models, SHF
can still be effective when one is interested in the bind-
ing energy of hyperons. In this case, the deviations
arising from the limitations of the mean-field approxima-
tion and corresponding inadequate description of nuclear
parts are partially compensated [29], allowing SHF to be
applied across a wide mass range, from light to heavy hy-
pernuclei.

In this work, we combine Skyrme-Hartree-Fock
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method with complex momentum representation to ad-
dress the resonant state problem of spherical nuclei plus
single A hyperon. Hyperon scattering experiments are
crucial for investigating and understanding hyperon-nuc-
leon interactions and also baryon-baryon interactions. Al-
though experimental data related to hyperon-nucleus scat-
tering is currently lacking, we have derived some predic-
tions for these experimental data based on our theoretical
methods.

Specifically speaking, we combine CMR with con-
tinuum level density (CLD) [38, 65, 66] to calculate the
scattering phase shifts between hyperon and nuclear core,
and extract the scattering length from the scattering phase
shifts obtained from CMR-CLD based on effective range
expansion [67, 68]. The numerical results obtained
through our methods show good consistency with those
from traditional methods, which provides some valuable
insights for studying resonance and scattering in hyper-
nuclei within the mean-field and complex momentum
representation frameworks.

The rest of the article is organized as follows: In
Sec.Il, we first formulate the Skyrme-Hartree-Fock
framework incorporating hyperons. Next, we present the
theoretical frameworks for complex momentum repres-
entation, continuum level density, and effective range ex-
pansion. In Sec.III the numerical results for single A hyp-
eron and spherical nuclear core scattering are presented
and discussed. Sec.IV summarizes the article.

II. THEORETICAL FORMALISM

A. Skyrme-Hartree-Fock method

The total energy of a single-hyperon hypernucleus
can be written as [69-71]

E= [dre(r), €))

€ = ENN T EAN,

where gyy and &,y account for the nucleon-nucleon and
hyperon-nucleon interactions, respectively. The energy-
density functional depends on the one-body density p,(r),
kinetic density 7,(r), and spin-orbit current J,(r),
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where ¢f1 (i = 1,...N,) are self-consistently calculated the

single-particle wave functions of the N, occupied states
for the different particles ¢ =n, p, and A. They satisfy the
Schrédinger equation, obtained by the minimization of
the total energy functional Eq. (1) according to the vari-
ational principle,
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in which W,(r) is'the spin—orbit interaction part for the
nucleons as given in-Refs. [72], while the spin-orbit force
for the A hyperon is very small [73, 74] and it is ignored
in the present study. The central mean-fields V,(r), cor-
rected by the effective-mass terms following the proced-
ure described in Refs.[69, 71] are
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The Skyrme force SLy5 [75, 76] is used for the nucle-
on-nucleon interaction eyy, and the hyperon-nucleon in-
teraction ey, is parameterized as (densities p given in
units of fm~3, energy density ¢ in MeV fm ~3):

ena(OnspA) = — (81 —&20N +83p12\,)prA

+ (es—&spy +€6py) papa”>,  (6)
together with
mj\ ~ 2 3
A (oN) = 1 — 2PN + 3PN — HaPy- @)

The parameter ¢1,...,&¢ in Eq. (6) and the A effective-
mass y; were determined in BHF calculations with the
Nijmegen potential NSCO7f [71, 77].

B. Complex momentum representation (CMR)

The nuclear cores considered in this work are almost
spherical and the deformation can be neglected, therefore,
the single channel Schrodinger equation in momentum
representation can be written as:

12>
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AmNm,\
AmN +mp
nucleon number of nuclear core, nucleon mass my being
938.918 MeV and A hyperon mass m, being 1115.683
MeV. The potential in momentum space V;(k,k’) is ob-
tained by the spherical potential V(r) extracted from the
Skyrme-Hartree-Fock method:

where the reduced mass 4 = with 4 being the

2
Vitk. k) = — J ikr)V () juk ryrdr, €

where j, represents the spherical Bessel function. Al-
though the doubly-magic core nuclei considered in this
work do exhibit deformation experimentally, the deform-
ation is relatively small and these core nuclei can be re-
garded as near-spherical nuclei. Therefore, we employ a
spherical hyperon-nucleus interaction V(r) in our theoret-
ical framework. When deformation cannot be neglected,
Eq.(8) will become a coupled equation.

As mentioned, we can extract effective potential V(r)
between the nucleus and the single hyperon from SHF
calculations, explicitly speaking, from the nucleon and
hyperon density distributions. In this work, we select the
Skyrme force SLy5 for nucleon-nucleon interaction and
the Nijmegen potential NSC97f for hyperon-nucleon in-
teraction. The Nijmegen potential NSC97f is chosen be-
cause it can successfully describe the binding energy of
single hyperon in hypernuclei and also effectively ac-
counts for the binding energy of multiple hyperons in
multi-hyperon hypernuclei [30]. The SLyS interaction is
selected for nucleon-nucleon interactions due to its good
performance in describing nuclear structure [75, 76]. Ad-
ditionally, once the hyperon-nucleon interaction is de-
termined, the choice of nucleon-nucleon interaction has a
insignificant impact on the binding energies of hyperons
[24].

The integral function (8) can be converted into a equi-
valent matrix equation involving the summation over a fi-
nite set of mesh points &; in momentum space:

272
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where w; represents the weight of j-th momentum mesh
point. In our calculations the complex Gaussian-Le-
gendre mesh is adopted and our contours consist of line
segments in complex momentum space. Generally speak-
ing, as long as the contour can enclose the discrete eigen-
states we wish to obtain and the momentum cutoff %, is
sufficiently large, the shape of the contour has no effect
on the final calculation result.

In addition, one can also find that the contour ke is
exactly equivalent to complex scaling in coordinate
space:

U®)f(r)= eXp(i%G)f (rexp(if)). an

However, when excessively large complex scaling
angles are employed in the complex scaling method, the
computation will become unstable. However, this issue
does not exist for CMR. Therefore, CMR can exhibit bet-
ter computational performance for broader resonant
states.

In this work, we only address the resonance states of
spherical hypernuclei through CMR. In the more general
case of deformed potentials, coupling effects of higher
excited energy levels could be very crucial, which is es-
sential for analyzing deformed hypernuclei. Moreover,
extending CMR to coupled-channel problems is also
straightforward and convenient, which allows us to fur-
ther discuss the impact of deformation effects on hyper-
on emission.

C. Continuum level density (CLD)

1. CLD

The level density p(e) of the full Hamiltonian % is

defined by:
&) (e - 20,

where ¢; are eigenvalues of 4, summation and integration
are taken for discrete and continuous eigenvalues, re-
spectively. This definition of the level density can also be
expressed with the help of the Green's function:

o=t}

When the Hamiltonian is described by a sum of an
asymptotic term Ak, and the short-range interaction V,
namely & = hy+V, the CLD (denoted by A(g)) for an en-
ergy ¢ is expressed with the density p(e) obtained from
the full Hamiltonian / and the level density po(g) of con-
tinuum states obtained from the asymptotic Hamiltonian
hg as:

(12)

(13)
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Additionally, A(e) is well known to be related to the
scattering S-matrix S (g) as:

(14)
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for a single channel system, the scattering S-matrix can
be expressed as: S () = ¢**®, where 6(¢) is the scattering
phase shift. In such case we can obtain the simplified
CLD and the scattering phase shift

Ae) = l@, o(e) =7r/8 A(g)de' . (16)

nde

2. CMR-CLD

If the energy spectrum is obtained through N mo-
mentum mesh points in the CMR. The CMR-CLD can be
expressed in the following form:

CMR

Np R
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where g, &, —il,/2 and €f — i€’ are eigenvalues of the full
Hamiltonian h=T+V, €®—i” are eigenvalues of
asymptotic Hamiltonian kg = T. N represents the’ num-
ber of the bound state and Ng”* represents the number of
the resonant state.

With Eq.(16) the phase shift within the N complex
momentum mesh points in the CMR can be expressed as:

M) =n / AGMR (&)

R £ r/2
N 3 [ o
r=1 r
e NEMK ] N &l
+ de| -
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= NB7T+ 6R(8) + 6C(8)7
(18)

where the resonance and non-resonance phase shifts are
given as:

NLMR

Or(e) = Z 6.(£),

NCMR

5c(e) = z S5e(e) - 250(3) (19)

3. Effective range expansion (ERE)

Using the continuum level density, the scattering

phase shifts can be conveniently obtained from the en-
ergy spectrum. To extract the information such as scatter-
ing length, effective range, resonance energies and so on
from the phase shifts, we choose the effective range ex-
pansion to expand the phase shift §, through a power
series in momentum £:

2nH(n)
C2 (k¥ | cot(s;) +
1 n 1 C(z)( )
1 rk?
= - At Pkt + O(K®), (20)
)

where q; is the scattering length, r; is the effective range,
and P, is the shape parameter of partial wave /. In this ex-
pression C7(n), C5(n) and H(r) are given by:

2
Ci40n<1+-4—) C2n) = ""1,

& 2

n
H@=Z§@?ﬁ

Clm) =

—In(n) -y

in o ,
=~ w5 G, 21)
ZIZZEZ/J .
where 7= 7=, y=05772156649- is the Euler's

constant, W(z) is the logarithmic derivative of the I" func-
tion (¥ function or digamma).

In the case of neutral particle scattering, the effective
range expansion reads:

1 rk?

E2+1 cot() = —— + 7 + P, lk4 + 0(/{6) (22)
a;

According to the form of the on-shell elements of 7-
. (4m)? 1
: T(k,k
matrix: T(k,k) = 2k cot(d,(k)) =
resonance is the pole of the T -matrlx and thus phase shift
~2ME7‘€S

h
satisfies the condition cot(d,(k,.;)) = i. Therefore, through
effective range expansion, the parametrization of the
phase shift at k,,, satisfies the following equation:

, one can find that the

at complex momentum Kres = of resonant state

1
—— 4 % + Pkt + O(KS) = C2 (k2! {

- 2nH (n)}

C5(m)
(23)

for neutral particle scattering Eq.(23) becomes:
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III. NUMERICAL RESULTS

Due to the considerably shorter lifetimes observed in
hypernuclei compared to those of conventional atomic
nuclei, it is thus assumed in studies of hypernuclear res-
onant states that their cores exist in deeply bound states.
Accordingly, stable nuclei such as %0, “°Ca, “8Ca, and
%Ni have been designated as core nuclei for this purpose.
Firstly, from calculations based on Skyrme-Hartree-Fock
method, the effective interaction between hyperon and
nuclear core can be extracted as V(r). In practical compu-
tations only effective potential in a finite region r < r,..
can be obtained in Skyrme-Hartree-Fock method. To

provide potential in the entire coordinate space, we em-
Vo

=R
a

to fit V(r) and utilize

the analytical potential beyond r,,, in Eq.(9).

The effective hyperon-nucleus interactions V(r) for
170, 41Ca, ¥Ca, and Y Ni are plotted in Fig. 1. For these
nearly spherical nuclei, the deformation obtained from
Skyrme-Hartree-Fock calculations is very small and can
be neglected. Hence, we only need to consider single-
channel scattering process. However, if the deformation
is significant and cannot be ignored, then deformed po-

ploy a Woods-Saxon form

r (fm)
Fig. 1.  (color online) The effective potential between the
hyperon and the nuclear core extracted from the Skyrme-
Hartree-Fock method. Solid, dashed, dotted, and dash-dot line
represent the effective potential V() for 170, 4! Ca, 9 Ca, and

37Ni, respectively.

Table 1.
parameters are derived by fitting the effective interaction ob-
tained from the SHF method with the Woods-Saxon potential.
In practical calculations, these parameters are used in the re-

Parameters of the Woods-Saxon potentials. These

gion where r > gy .

Hypernuclei a (fm) R (fm) Vo (MeV)
170 0.4264 3.103 —28.75
A
;1\0 Ca 0.4383 4.128 -30.46
;1\8 Ca 0.4630 4.388 -30.46
S6Ni 0.4438 4.647 -30.18
A

tentials and the corresponding coupled-channel equations
must be considered. It should also be noted that in the
current calculations, we assume the energy level splitting
induced by spin-orbit coupling is relatively small com-
pared to the energy levels themselves, and thus we have
neglected the influence of the spin-orbit coupling poten-
tial. However, if a more detailed discussion of the level
splitting is required, we can derive a phenomenological
spin-orbit coupling potential based on V(r) within the
current framework.

In the following, we illustrate the results of CMR-
CLD and effective rang expansion by taking O as an
example. In solving the Schrodinger equation in mo-
mentum space the truncation of momentum is taken to be
knax =5 fm~', which is large enough to guarantee the sta-
bilization of the numerical solutions. For CMR-CLD, as
long as the contour encompasses the discrete eigenvalues,
then these discrete eigenvalues are independent on the
choice of the contour, furthermore, once the discrete ei-
genvalues can be accurately solved, the phase shifts ob-
tained through continuum level density also do not de-
pend on the contour shape.

Figure 2 illustrates the complex momentum spectra
and phase shifts obtained through CMR-CLD for YO
with orbital angular momentum /=0 and /=1. Both
states with /=0 and /=1 are bound states, whose posi-
tions are marked on the positive imaginary axis in panel
(a). Panel (b) shows the scattering phase shifts obtained
with both CMR-CLD and conventional R-matrix method,
where circular and square markers represent the P-wave
and S-wave phase shifts obtained from R-matrix method,
and solid and dashed lines correspond to the P-wave and
S-wave phase shifts obtained from CMR-CLD. In the R-
matrix calculation of scattering phase shifts, we adopt the
conventional Lagrange functions over the interval (0,a),
with the channel radius a set to around 20 fm (large
enough to neglect the short-range nuclear interaction) and
the number of grid points set to about 50. The same para-
meters are used in the calculation of resonant states.

When considering higher angular momentum, the
[ =2 state becomes a resonance due to the stronger re-
pulsive centrifugal potential. As shown in Fig. 3(a), a res-
onance appears in the fourth quadrant of the complex mo-
mentum space. The square, diamond, and circular mark-
ers in panel (a) represent the complex momentum spectra
obtained using three different contour shapes. It can be
observed that the position of the resonant state remains
almost unchanged regardless of the contour shape. In Fig.
3(b) the phase shifts of 7O for D-wave scattering are dis-
played, the triangle markers and solid line represent the
results obtained by CMR-CLD and R-matrix, respect-
ively. Similar calculations are performed for other sys-
tems and we display the phase shifts corresponding to the
first resonant state of O, 4!Ca, ¥ Ca, and Y Ni in Fig. 4.
The solid lines represent results obtained using CMR-
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(b) Phase shift of S-wave and P-wave for }70.

Fig. 2.
170 obtained from CMR. The square and circle markers cor-

(color online) (a) The complex momentum spectra of

respond to the results for S-wave and P-wave, respectively.
Two bound states are marked on the positive imaginary axis.
(b) The phase shifts of O for S-wave and P-wave. The
square and circle markers represent the phase shifts obtained
by R-matrix method for S-wave and P-wave, respectively. The
dashed and solid lines represent the phase shifts obtained by
CMR-CLD for S-wave and P-wave, respectively.

CLD, while the markers denote results obtained with the
R-matrix method.

After obtaining the phase shifts through CMR-CLD,
we can also extract physical quantities such as scattering
length, complex resonant energy by using effective range
expansion. For the D-wave scattering of 1O, these ex-
tracted physical quantities are listed in Table 2. For other
systems, the calculations are similar and the correspond-
ing results are also listed in Table 2.

The first column represents the nuclear core, the
second column denotes the angular momentum / which
supports the first resonant state, the third column indic-
ates the scattering length «@; obtained from CMR-CLD
with effective range expansion, the fourth column dis-
plays the scattering length obtained from the R-matrix
method, the fifth column shows the complex resonant en-
ergy E,., obtained from the R-matrix method and the

—_ { nn%('

" 018 @ |:||:'I:| *";" 1
g q <\nn“\‘,’y\ D-wave resonance
- % & E=4.70-1.84i MeV
X 0.2 ,7'7 ]

0 7””1”7 2 31 4 5
Re(k) (fm”")

(a) Complex momentum spectrum of D-wave for }\70.

2
16O+A
1.5¢ 1
Eo)
@
£ A
N
——CMR-CLD
05¢ .
> R-matrix
O 1 1 1 1
0 10 20 30 40 50

E (MeV)
(b) Phase shift of D-wave for }70O.

Fig. 3. (color online) (a)The complex momentum spectra of
170 obtained from CMR. The square, circle and rhombus
markers correspond to three different contours. The D-wave
resonant state and its eigenenergy are marked in this panel. (b)
The phase shifts of 17O for D-wave. The triangle markers rep-
resent the phase shifts obtained by R-matrix and the solid line
represent the results obtained by CMR-CLD.

3 |-
251
_ 2 z
el
g
S15- ,
w
1 —o—=1%04A1=2 v *Ca+A =3
05 —4—40Ca+ A 1=3 P> ONisA =4 |
0‘ - L L L L
0 5 10 15 20 25 30
E (MeV)
Fig. 4. (color online) The scattering phase shifts at the ap-

pearance of the first resonant state. Solid lines represent the
calculations from CMR-CLD, while circle, square, diamond,
upward triangle, downward triangle, and right triangle mark-
ers correspond to the results of R-matrix method for 17O,
2L Ca, ¥ Ca, and 3'Ni, respectively.
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Table 2. The complex resonant energy E,.; and scattering length ¢; computed with CMR-CLD and R-matrix method. Here, the angu-

lar momentum / supports the first resonant state. a"MR-CLD+ERE and ECMR-CLD+ERE denote the scattering length and resonant energy ob-
ECMR

res

tained from CMR-CLD plus effective range expansion, respectively. is the result calculated from pure CMR. Here, "pure" refers
to extracting resonant energies solely from the momentum spectrum obtained from CMR. To ensure reliable resonance extraction, we
have carefully selected an appropriate integral contour. af ¥ and ER ma'rix denote the scattering length and resonant energy obtained
from R-matrix method, respectively. In the R-matrix calculations, the channel radius is set to be around 20 fm and about 50 Gaussian-

Legendre grid points are used.

Chin. Phys. C 49, (2025)

Nuclear core / alCMR—CLD+ERE (fm2+1) affmatrix (fm2H+1) ER-matrix (\eV) ECMR-CLD+ERE (\MeV)) ECMR (MeV)
160 2 —-16.50 -16.49 4.70-1.84i 4.70-1.84i 4.70-1.84i
40Ca 3 —53.02 —53.03 3.76-0.387i 3.76-0.387i 3.76-0.387i
8 Ca 3 -181.0 -180.9 1.61-0.0408i 1.61-0.0406i 1.61-0.0408i
S6Ni 4 -30.93 -30.98 7.46-0.951i 7.46-0.954i 7.46-0.951i

sixth column shows E,.; obtained from CMR-CLD plus
effective range expansion, and E,., obtained by CMR are
listed in the last column.

Generally speaking, the positive or negative phase
shift at a certain scattering energy indicates whether the
interaction is attractive or repulsive. Due to the connec-
tion between pg'illse shiftlé,(k) and scattering length a,
namely }cl—r»rol @)
corresponds to a positive scattering phase shift near zero
energy, which indicates an attractive effect in this energy
region, while a positive scattering length reflects a repuls-
ive effect on the contrary. Moreover, qualitatively speak-
ing, the larger (in absolute value) the scattering length,
the stronger the attractive (or repulsive) effect near zero
energy. This can also be partially reflected from Table 2:
the larger absolute values of the scattering length corres-
pond to smaller decay widths, namely-indicating stronger
attractive effect between A hyperon and nuclear core.
However, it should be noted that such comparison should
be based on the condition of equal angular momentum
and thus the magnitude of scattering lengths can not be
directly compared for different angular momentum cases.

From Table 2, it is evident that the complex resonant
energy obtained through CMR closely matches those ob-
tained from the conventional R-matrix method. Addition-
ally, the scattering length and complex resonant energy
extracted through effective range expansion also exhibit
good agreement with results obtained from the R-matrix
method. These numerical results validate the reliability
and accuracy of the CMR-CLD method in dealing with
resonance problems for single hyperon hypernuclei in the
case of spherical potential.

From the numerical results, we can find that for the
single A hypernuclei considered, the decay width is ap-
proximately in the MeV range, which is much larger than
the decay width derived from the weak decay lifetime of
hypernucleus. Therefore, this indicates that the time in-

A negative scattering length
1

volved in the emission process within the hypernucleus is
much shorter than its weak decay lifetime and also much
shorter than the half-life of a free A hyperon. These res-
ults suggest that even if the weak decay lifetime of the
hypernucleus is pretty short, the emission process of the
hyperon should also be considered and investigated.

IV. CONCLUSIONS

We combine Skyrme-Hartree-Fock method with com-
plex momentum representation to investigate the reson-
ances of single hyperon hypernuclear and obtain the com-
plex resonant energy through solving the single channel
Schrédinger equation in complex momentum space.
CMR offers the advantage of employing bound state
techniques to address resonances, moreover, when con-
sidering deformed potentials, CMR can be easily exten-
ded to coupled-channel sectors. Then the influence of de-
formation effects on hyperon emission can be further dis-
cussed in the future. In the present work, through select-
ing appropriate momentum cutoff and contour for integ-
ral the resonance energies obtained from CMR are highly
consistent with the results from R-matrix methods. In ad-
dition, based on the continuum level density method the
phase shifts are calculated with energy spectrum ob-
tained from CMR. The scattering phase shifts from CMR-
CLD are in good agreement with those from R-matrix
method. Additionally, by applying effective range expan-
sion, we also extract the reliable scattering length, from
which we can obtain information about the strength of the
attractive interaction between the hyperon and the nucle-
ar core during the scattering process.

Our study of the spherical nuclear system with a
single hyperon demonstrates the good reliability of the
CMR-CLD method, which lays a foundation for future
investigations using CMR-CLD to study resonant states
in deformed single hyperon hypernuclei and multi-hyper-
on hypernuclei.
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