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Abstract: The local topological properties of black hole systems can be expressed by the winding numbers as the
defects. As so far, AdS black hole thermodynamics is often depicted by the dual parameters of (7,S), (P,V),(®, Q)
in the extended phase space, while there is several study on the black hole thermodynamics in the restricted phase

space. In this paper, we analyze the topological properties of the charged AdS black holes in the restricted phase

space under the higher dimensions and higher order curvature gravities frame. The results show that the topological

number of the charged black hole in the same canonical ensembles is a constant and is independent of the concrete

dual thermodynamical parameters. However, the topological number in the grand canonical ensemble is different

from that in the canonical ensemble for the same black hole system. Furthermore, these results are independent of

the dimension d, the highest order & of the Lanczos-Lovelock densities.
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I. INTRODUCTION

As we know that after the last century black holes
have been proposed to be not only the strong gravitation-
al systems, but also the thermodynamic systems that sat-
isfying the four laws of thermodynamics [1, 2]. In 1983,
Hawking and Page [3] proved a phase transition between
a pure AdS spacetime and a stable large black hole state,
i.e., Hawking-Page phase transition. Subsequently, it was
explained to a confinement/deconfinement phase trans-
ition in the gauge theory [4]. That leads to more attention
being paid on black hole. Because of the lack of pressure
in the traditional black hole thermodynamics, the authors
of [5] expanded black hole thermodynamics into the ex-
panded phase space by regarding the negative cosmolo-
gical constant as pressure. Especially the thermodynamic-
al properties of AdS black holes in the expanded phase
space had been widely investigated [6—19]. Recently, the
holographic thermodynamics [20, 21] and the restricted
phase space thermodynamics [22—25] of AdS black holes
had been proposed to give a holographic interpretation of
black hole thermodynamics. On the other hand, based on
the ¢-map topological flow theory [26] the authors of
[27] presented that black hole solutions are just the de-
fects that described by winding numbers. The corres-
ponding winding number of the local stable black hole is
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one, while it is negative one for the local unstable black
hole. The topological number is just the sum of all wind-
ing numbers to reveal the global topological nature of
black hole. The black hole solutions may be classified by
topological numbers. Based on these results, we will in-
vestigate the topological property of the charged AdS
black holes under different gravity frames in the restric-
ted phase space.

Recently, the authors of [28] had checked out the re-
stricted phase space thermodynamics in the higher dimen-
sions and higher order curvature gravities [29—31]. The
subclass of Lanczos-Lovelock models with some particu-
lar choices of the coupling coefficients that known as the
class of black hole scan models was adopted to be a
simple example for the application of the extended phase
space thermodynamics to the higher dimensions and
higher order curvature gravities models with the charac-
ter parameters of (d,k). The parameter d stands for the
spacetime dimension and £ is the integer with the condi-
tion 1 <k < [(d—1)/2] that represents the highest order of
the Lanczos-Lovelock densities appearing in the action.
In the restricted phase space, the thermodynamics of three
typical models with (d,k) =(5,1), (5,2), (6,2) which are
representative of the Einstein-Hilert (EH), Chern-Simons
(CS) and Born-Infield (BI) like gravity models, were in-
vestigated. From the thermodynamical results, it is
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proofed that the EH and BI like models seemly belong to
the same universality class while the CS like models do
not. On the other hand, RN-AdS black hole is the typical
solution in the EH gravity model. Thence, in this work
we will probe the topology of the RN-AdS black holes
and check out whether the EH and BI like models belong
to the same class from the perspective of the topology in
the different ensembles.

Inspired by these, firstly we investigate the topology
of the RN-AdS black hole under the restricted phase
space frame in two different ensembles in Sec. II. Then
from the perspective of the topology we check out wheth-
er two typical models with (d,k) = (5,1), (6,2) belong to
the same class in two different ensembles. A brief sum-
mary is given in Sec. IV.

II. TOPOLOGY OF RN-ADS BLACK HOLE IN
THE RESTRICTED PHASE SPACE
In this part we will discuss the topology of the RN-

AdS black hole in different ensembles under the restric-
ted phase space.

A. In the canonical ensemble

For the four-dimensional RN-AdS black hole, its met-
ric has the following form

ds* = —f(r)c2dz‘2 +f_1(r)dr2 +r? (d92 + sin’ 9d¢2) , (D
2GM  Gg* r* -
h(r):l_ +72+727 AH:(¢(’.)/C’O7050)’
) r [
on=1, ®)
r

where [ is related to the cosmological constant via
P=-3/A. As M > g/ VG, the function A(r) has two dis-
tinct real zeros at r = r., r, corresponds to the black hole
event horizon radius. The black hole mass parameter can

be described as
G—2 2
(1 + —Z + r—*) .
rz P

In the restricted phase space for the RN-AdS black hole,
the macro states are characterized by the following three
pairs of dual thermodynamical parameters (S,7T), (Q, D),
and (u,N). The corresponding first law of thermodynam-
ics and smarr formula read

M=

= (3)

dM =TdS + ®dQ+udN, M=TS +®Q+uN (4)

with
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If the parameters S, Q, N are scaled as

S - AS, 0= 10, N - AN, from eq. (7) we can see that
the mass parameter will also be scaled as M — AM, and
T, ®; u will not be scaled. Hence the first order homo-
geneity of the mass parameter and the zeroth order homo-
geneity of 7, @, u are clear as crystal. Note that the
zeroth order homogeneous functions are intensive the
critical point

Vo, _N . _YoN )
3w g Fem e ®
Introducing the relative parameters s=S/S., r=T/T,,
q=0/Q. and a Legendre transform of eq. (7), the relat-
ive parameter of free energy is given as [24]

2452+ 65— 4153
=4 ETTY R(T.Q.N)= M(T.Q.N)-TS.

f 45172
©)

F
F.

In order to uncover the thermodynamical topology, the
vector field mapping ¢: X={(s50)0<s<oo, 0<
0 <} — R? is defined as [27, 32-35]

of

—,—cot@csc@). (10)
as

¢(s.0) = <

When the parameter s is used to characterize AdS black
hole, it becomes the first parameter of the domain of the
mapping ¢. Another parameter 6 serves as an auxiliary
function and it is utilized to construct the second compon-
ent of the mapping. The component ¢’ is divergent at
0 =0, mr, thus the direction of the vector points outward
there. It is obvious that the zero point of ¢ corresponds to
the black hole with the temperature of 7 = 77! as § = n/2.
Therefore, the zero point of the mapping can be used to
characterize the black hole solution with a given paramet-
er 7. Based on the Duan's ¢—mapping topological current
theory [26, 36], the zero points of the mapping ¢ is linked
to the topological number. The topological number can be
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obtained by the weighted sum of the zero points of the
mapping ¢. The weight of each zero point is determined
by its nature. A saddle point has a weight of negative one,
and conversely, the weight of an extremum point is one.
A topological current can be described as the following
form

1
j” = Ee’”peabavnaﬁpnb, MV, 0 = 0, 1,29 a9b = 1’2’ (11)

where 7 is the unit vector (n*,n%) with n*=¢*/|| ¢ | and
n’=¢"/ |l ¢|l. And it satisfies the conserve law: 9,/ = 0.
As shown in Refs. [37, 38], the topological current is a J-
function of the field configuration

J =8 (@) (%) , (12)
where the three-dimensional Jacobian reads

e?Jr (L) = e0,¢°0,4". As ¢*(x;) =0, the topological
current equals to zero. The topological number in a para-
meter region X can be calculated by the following expres-
sion

(13)

N N
W= /jodzx = Zﬂmi = Zwi,
z i=1 i=1

N
where j* = Z;ﬂﬂlﬂsz (7 __S)i> is the-density of the topolo-
gical currenlt, B: is the Hopf index which is always posit-
ive. s; is the i-th zero point of the mapping ¢,
n; = signJ’(¢/x),, = 1 is the Brouwer degree. For the i-th
zero point of the vector, the winding number w; is de-
termined by the stability of black hole state.
In the canonical ensemble, substituting eq. (9) into eq.
(10), we have

_of . & _i_?as”2 3.1
T 9s 8532 8 4512 1’

¢ ¢’ =—cotfcsch. (14)

The zero points are determined by the expression of
¢* =0. So we have

1 g 352 3
T T8en g Tagn (15
It is obvious tha3t/2 there are two extremes:
2(1% /1-¢2)
AS q = 1 ) Tmin = Tmax =

Tmin,max = .
3% 1-¢5)-¢

7. =1. Note that the generatzion point satisfies the con-

T T
straint conditions: i 0, FYohe 0, and the annihilation
or ot
point obeys the conditions: 35 =0, 92 <0. The zero

points of ¢* in the diagram of 7— s is displayed in Fig. 1.
Tnin 18 related with the generation point, and 7, is of the
annihilation point. AS 7,,;, < T < T,., there are three inter-
section points for the RN-AdS black hole in the canonic-
al ensemble. The black, red dashed, blue lines are for the
low-potential black hole (LPSB), intermediate-potential
black hole (IPBH), and high-potential black hole
(HPBH), respectively. They are just the stable, unstable,
and stable black hole states. The corresponding winding
numbers are 1, -1, 1, so the topological number is
W=1-1+1=1 as T, <T < Th.. The intersection points
exactly are satisfying “the equation 7=1/T. For
T = Thinmax, the three intersection points for the RN black
hole coincide. And they will disappear as 7 <7, oOr
T > Tax, the three branches black holes reduce to the one
stable black hole and the topological number is still one.
These results are consistent with that in Ref. [39].

B.

Now we proceed to investigate the topology of the
RN-AdS black hole in the grand canonical ensemble. For
the given values of ® and N, from eq. (7) the minimum
temperature reads [24]

In the grand canonical ensemble

(1-120?)'"

Tmin =
nl

V3
> ; (16)

the corresponding minimum entropy, mass parameter,
and free energy are

N (2 +P®?
Smin = ﬂ (1 _12(1)2) 3 Mmin = ( ) (] _12q)2)1/2’
3 3V3I
N (1+5P®?
min = Q (1 - 12(1)2) 1 .
6 V3l
a7)
By introducing the relative parameters
t:T/Tmins S=S/Smim m:M/Mmim sz/Fmin; we  can
obtain the express
P B4s+G-9P0Y] 3s(1-P0?)" s
- 1+5202 s U
so the component of the mapping ¢* reads
L 3[14+s(-PO)+ PO 3r(1-P0?)” (19)
T 2sV2(1+5P02) 1+ 5202
Hence, we have
25" (1-29?)'"?
(20)

T T+ s(1- P02 + 20?2



Han Wang, Yun-Zhi Du

Chin. Phys. C 48, (2024)

There exist one extreme: Tewr = 4/ %. The zero
points of ¢° in the diagram of - s is displayed in Fig. 2.

T.qr 18 related with the annihilation point. As 7 <7,y,,
there are two intersection points for the RN-AdS black
hole in the grand canonical ensemble. The red and blue
lines are for the low-potential black hole (LPSB) and
high-potential black hole (HPBH), respectively. They are
just the stable and unstable black hole states. The corres-
ponding winding numbers are 1, -1, so the topological
number is W=1-1=0 as 7 < T,y,. For 7 =1,,, the two
intersection points for the RN black hole coincide. Fur-
thermore, there is no black hole as 7 > 7.,

-
0.4 0.5 0.6 0.7 0.8 0.9 1.0

Fig. 1.  (color online) Zero points of ¢° in the diagram of
7—s with ¢ =0.4 for the RN-AdS black hole in the canonical
ensemble.
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Fig. 2.  (color online) Zero points of ¢* in the diagram of

7—s5 with 2®?=0.1 for the RN-AdS black hole in the grand
canonical ensemble.

III. TOPOLOGY OF THE ADS BLACK HOLE IN
THE HIGHER DIMENSIONAL AND HIGHER
CURVATURE GRAVITY

Recently, the restricted phase space thermodynamics
is shown to be applicable to a large class of the higher di-
mensional and higher curvature gravity models with the
coupling to the Maxwell field [28, 40], which are known
as black hole scan models [41] and are labeled by the
spacetime dimension d and the highest order £ of the
Lanczos-Lovelock densities appearing in the action.
Three typical example cases with (d,k) = (5,1), (5,2), and
(6,2) are chosen-as example cases and studied in some
detail. These cases are representatives of Einstein-Hilbert,
Chern-Simons. and Born-Infield like gravity models.
However, the Chern-Simons like (5,2)- model behaves
quite differently. This seems to indicate that the Einstein-
Hilbert and Born-Infield like models belong to the same
universality class while the Chern-Simons like models do
not. In this part we will check out whether the EH and BI
like 'models do belong the same universality class from
topology.

To be more concrete, the metric function of the black
holes in the higher dimensions and higher curvature grav-
ities with the coupling to Maxwell's field was given in
Refs. [28, 40, 41]

sty = —fan(NdE + [l (ndr* + P dQ;_,,

=1 r 2GapM + 6424, GupQ’ v
Jawp) =1+ 2 T T (d=3)r2dkD ’
0
(D = T a2
(d—-3)rd-3

2h

where G is the Newton constant, and 6,4, is the
Kronecker delta function. Q and M are the charge and
mass parameters of black hole. Note that for k=1, the
three dimensional black hole [42, 43] and Schwarzschild-
AdS solutions of the higher dimensional Einstein-Hilbert

action with the negative cosmological constant both can
d-1
be recovered. And when setting k = | we also can

obtain the black hole solutions corresponding to Born-In-
feld (BI) and Chern-Simons (CS) theories [44].

The black hole horizon r, is located at one of the zero
points of fi,4(r). By solving the equation of fi,4(r,) =0,
the black hole mass parameter can be obtained as the fol-
lowing form

Saapr i ! (1 +r/%/lz)k o’

" 2Gup 2G 2(d - 3)?;’2-23)'

M(ry, G(d,k), 0)=

The temperature of the black hole can be evaluated by the



Topology of the charged AdS black hole in restricted phase space

Chin. Phys. C 48, (2024)

Euclidean period method, which gives

1-k k
= G (1+72/2) ™ [(@=2k= D)3 (1+13/P)
G @] + (23)

@O T 1T onp
The entropy of the black hole was given in Ref. [40] as
the following form

g = 2rk
Gun

Th
/ PR (L2 ) ar (24)
0

For establishing the restricted phase space thermodynam-
ics (RPST) of the (d,k)-models, we introduce two ther-
modynamical parameters: the effective number of the mi-
croscopic degrees of freedom N and the chemical poten-
tial u, which are defined as

Ld72k

N==—,
Gup

u=(M-TS - DQ)/N. (25)

Here, L is a constant that is introduced to make N dimen-
sionless. The corresponding re-scaled charge and poten-
tial are

0 /Guap

- QL(d—Zk)/Z
B (d-3)Ld-22pd3T

¢ VGaw

The thermodynamical parameters are satisfied the follow-
ing expressions

, @

(26)

M =TS +®Q+uN, dM =TdS +®dQ +udN.  (27)

Note that the above equations indicate that the RPST
formalism holds on for the (d, k)-models with d > 3.
A. Topology of RPST for (5,1)-model: EH gravity

coupled to Maxwell's field in the canonical ensemble
Setting (d,k) = (5,1), the eq. (21) becomes

1+ r N GsnQ®  2Gs)M
P 2r4 '

Jen (28)

72

This is the black hole solution in the Einstein-Hilbert
gravity theory, and the entropy is S =A/4G with the
Newton constant G = 37Gs /4. Through the transforma-
tions

rp = [3SL3/(27TN)]1/3, Gy = L3/N,

0=0/VN, S =@BSL}/N)'3, (29)

the temperature and mass parameter of the black hole can
be rewritten as

.
(2 va52em2np - GD_LC Ty ) ., (30)

S
T=—n —
2(2m)%3 N2§4

Q2 -2/3Q2 4/313 2
mM=_SN (@08 CGOTLO g,
2(2m)*3 L3 2 2N2§+4

It is transparent that when S —AS, Q N Aé, N — AN, the
mass parameters behaves as M — AM, while the temper-
ature is kept unchanged under these re-scalings. From
these thermodynamical parameters, we can obtain the
critical point

&/ Qem'\Bl _ 2 lziN
< V3T 135 1372’
- 443 _7N . _ PN 52)
T ospl’ Y3003 T 183
With the relative parameters (=T/T., s=S5/S.,

q=0/0., $=0/V,, m=M/M,, f=F/F., the relative
free energy reads

q* 16s
557 5t

f=mM,.|F,—tsT.S.|F, = s +3s" + (33)

5t

From the above equation, the components of the map-
ping ¢ can be written as

45" 2

T+1—/3 ¢’ = —cotfcsch.
§173

4
15533 57’ 34

¢S

The zero points of the mapping ¢ can be calculated by
¢* =0. We solve it and get

5513
T

5 q
8513 24553

(35)

In the Fig. 3, we can see that there are three branches as
Tmin < T < Tnmax, the large black hole branch for 7 <7,,,,
and the small black hole branch for t > 7,,,. That means
the existence of a phase transition in the region of
Tpin < T < Tpmax- The winding numbers of the large black
hole branch for 7 < 7,,;, and small black hole branch for
T > Tax, Which are stable, both read w=1. And the cor-
responding topological number equals to one. While for
the system in the region of 7,,, <7 < T,,,, there exist the
stable large and small black hole, and the unstable inter-
mediate black hole, thus the corresponding winding num-
ber are w=1,1,—1. The topological number is W=1.
These results are consistent with that for the RN-AdS
black hole in the canonical ensemble.
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Fig. 3.
-5 with ¢=0.8 for the higher dimensions and higher order

1.01

(color online) Zero points of ¢* in the diagram of

curvature gravity model with (d,k) = (5,1) in the canonical en-
semble.

B. Topology of RPST for (5,1)-model: EH gravity
coupled to Maxwell's field in the grand canonical
ensemble

In the grand canonical ensemble, using the eqs. (25),
(26), and (29), we can obtain

AND? (3L3S)4/3 - <3S)'/3
2
kb (ol —r(22
=N (° N) - 9

then substituting them into egs. (30) and (31), the temper-
ature and mass parameter become

3N\ 412138 17 -
Tz( 25 ) 2+Tz{2mv} —40°L’ ). (37)
3s

N 2/3
M=—|-—"— 1
2L (27rN> <

From the above equation, the minimum temperature
is determined by the expression g—g =0, yielding

V2(1=202L3)
Tmin = - 5
nl

L2 3 2/3 _
t 5 {%} +20°L° |, (38)
TT.

(39)

the corresponding minimum entropy, mass and free en-
ergy read

AN (1-20227) "

3213 ’

S min =

NP1 =2L30%)(3 +2L30?)

Mmin = s
8L3
~ ~ /2
N(1+5P0%) (1-022)' 0
Fmin =
6 V31 “0)

With the definitions f=F/F,,=M—-TS8)/Fn, 1/7=
t=T/Tin» $=S/S in, We can obtain the components of
the mapping ¢

_of _ 1
_as_Fmin

6M Tmin min
(7 a 75) , ¢9 = —cotfcsch. (41)
as T

The zero points of the mapping ¢ can be calculated by
¢* =0. We solve it and get

V2s13(1 —213@?)
T= — —~ .
1421302 + s2/3(1 — 2L3D2)

(42)

s= (142030232 /(1 - 2L3®?)32,
V2

5o ] 13 552123

([22] "+ [2E] ")
diagram of 7—s is displayed in Fig. 4. 1,,,, is related with
the annihilation point. As 7 < 71,,,, there are two intersec-
tion points for the AdS black hole under the (5, 1)-model
frame in the grand canonical ensemble. The red and blue
lines are for the low-potential black hole (LPSB) and
high-potential black hole (HPBH), respectively. They are
just the stable and unstable black hole states. The corres-
ponding winding numbers are 1, -1, so the topological
number is W=1-1=0 as 7 < Tju. FOr 7 = 7,,4,, the two
intersection points for this type AdS black hole coincide.

As

T=Thax =

. The zero points of ¢* in the

10p

" 1 1 1 J T
0.30 0.35 0.50 0.55 0.60 0.65

Fig. 4.  (color online) Zero points of ¢° in the diagram of
r—s with L3902 =0.1 for the AdS black hole under the (5,1)-

model frame in the grand canonical ensemble.

040 045
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Furthermore, there is no black hole as 7 > 7,,4,.

C. Topology of RPST for (6,2)-model: BI gravity
coupled to Maxwell's field in the canonical ensemble

When adopting (d, k) = (6,2), the Wald entropy for the
charged spherically symmetric AdS black hole solution
was given in Ref. [28] as

8Mr;, —20%/n

4
I

S=n -

(43)

With the definitions § = L2S/N +nl>, O = Q/N, the cor-
responding radiation temperature and mass parameter are

T =

S

382 —6n'2183% + 3PS + B’ L*Q?
6rSIAPI2L2 (S 172 _ 71-1/2[) 32

(45)

From these thermodynamical parameters, the critical
point reads

S.=(0.9058 +m)*, 0 =0.0358°/L, T, =0.1747/1, (46)

@, = 0.2406/(IL), M, = 0.241IN/L?, F, = 0.0828IN/L>.

(47)
582 — 14721832 + 13128 —4n32PS 2 — n? 2 O?
8rSHpIRSI2 (S1/2 _711/21)5/2 ’ By introducing the relative parameters f=F/F,=
@4y  (M=TS)/Filjt=t=T|T., s=5/S., q=0/0., the
component of the mapping ¢* reads
|
_ ﬁ 3(0.9058 + )% 52 — 6 \/m(0.9058 + )32 532 +37(0.9058 + 7r)s + (0.0358¢n)? 3 1.91115 . (48)

s

The zero points of the mapping ¢ can be calculated by
¢*=0. In the Fig. 5, we can see that there are three
branches as 7,,;,, < T < T, the large black hole branch for
T < Tnin, and the small black hole branch for 7> 7,.,..
That means the existence of a phase transition in the re-
gion of 7,,;, <7 < T,4. The winding numbers of the large
and small black hole branches, which are stable, both
read w=1. And the corresponding topological number

s
2.0r

1.8}
L6f
1.45—
1.25—

1.0}

0.8

0.6F

0.16 0.18 0.20 0.22 0.24

Fig. 5. (color online) Zero points of ¢* in the diagram of
7—s with ¢=0.4 for the higher dimensions and higher order
curvature gravity model with (d,k) = (6,2) in the canonical en-
semble.

0.4968754 [ (0:9058 + )5 — V|

T

equals to one. While for the system in the region of
Toin < T < Tmax, there exist the stable large and small black
hole, and the unstable intermediate black hole, thus the
corresponding winding number are w = 1,1,—1. The topo-
logical number is W = 1. These results are consistent with
that for the RN-AdS black hole and the AdS black hole
under the (5, 1)-model in the canonical ensemble.

D. Topology of RPST for (6,2)-model: BI gravity
coupled to Maxwell's field in the grand canonical

ensemble

In this part we will consider the topology of the
charged AdS black hole for the case of (6,2)-model in the
grand canonical ensemble. From eq. (24), we have

nl? '

With the above equaztion, egs. (25), (26), and the defini-
tion S =38/(n) = Nt 1, 0=0Q/N, the egs. (44) and
(45) can be rewritten as

n=P_ (—1+ 1+ (49)

NI|§2-2832 45 +302N2RI2(V/S — 1)3}
2U2(VS -1

M =

)

(50)
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55214832 1135 =452 9B N2PL2 (/S — 1)

B 8l VS (VS — 1y

(1)

Through the redefinitions £(S) = F?/(IN), m(S) = M?/(IN),
1/t =#S) = TIN, the components of the mapping ¢ read

o 9fS) _ omS) 1

= =, ¢’ =—cotcsch, 52
oS a8 T ¢ (52)

From the zero-point equation of the mapping ¢° =0, we
can obtain

155+ V/SOBNPL? - 4) - 9D NI 2

T 8vVSVVS-1

The zero points of ¢° in the diagram of 7-S§ is dis-
played in Fig. 6. 1, is related with the annihilation
point. As 7 <T,,,, there are two intersection points for
the AdS black hole under the (6,2)-model frame in the
grand canonical ensemble. The red and blue lines are for
the low-potential black hole (LPSB) and high-potential
black hole (HPBH), respectively. They are just the stable
and unstable black hole states. The corresponding wind-
ing numbers are 1, -1, so the topological number is
W=1-1=0 as 7 < Tpu. For v =1,4, the two intersec-
tion points for this type AdS black hole coincide. Further-
more, there is no black hole as 7 > 7,

(53)

IV. DISCUSSIONS AND CONCLUSIONS

In this work, under the restricted phase space frame
we investigated the thermodynamical topology of the
RN-AdS black hole as well as two typical models of

S
ol |
af |
3t |
2f |
1 [ i Tmax
0 1 1 1 1 1 1I 1
00 02 04 06 08 1.0 12 14
Fig. 6.  (color online) Zero points of ¢? in the diagram of

-8 with ®2N2212=038 for the AdS black hole under the
(6,2)-model frame in the grand canonical ensemble.

(dyk) = (5,1), (6,2) in the higher dimensions and higher
order curvature gravity. The results showed that the topo-
logy numbers for these black holes in the canonical and
grand canonical ensembles are different. For the charged
AdS black holes (both the RN-AdS black hole and two
others with (d,k)=(5,1), (6,2)) in the canonical en-
semble, the topological number is positive one, while it is
zero for the charged AdS black holes in the grand canon-
ical ensemble. This also proves that the EH and BI like
models belong to the same gravitational classification
from the thermodynamical topology perspective.
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