
 

Spatial covariant gravity with two degrees of freedom in the presence of an
auxiliary scalar field: Perturbation analysis*
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Abstract: We investigate a class of gravity theories respecting only spatial covariance, termed spatially covariant
gravity, in the presence of an auxiliary scalar field. We examine the conditions on the Lagrangian required to elimin-
ate scalar  degrees  of  freedom,  allowing only  two tensorial  degrees  of  freedom to  propagate.  Instead  of  strict  con-
straint analysis, in this paper, we employ the perturbation method and focus on the necessary conditions to evade the
scalar mode at the linear order in perturbations around a cosmological background. Beginning with a general action
and solving the auxiliary perturbation variables in terms of a would-be dynamical scalar mode, we derive the condi-
tion to remove its kinetic term, thus ensuring that no scalar mode propagates. As an application of the general condi-
tion, we study a polynomial-type Lagrangian as a concrete example, in which all monomials are spatially covariant
scalars containing two derivatives. We find that the auxiliary scalar field is essential, and new terms in the Lagrangi-
an are allowed. Our analysis provides insights into constructing gravity theories with two degrees of freedom in the
extended framework of spatially covariant gravity.
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I.  INTRODUCTION

Recently,  interest  has  been  increasing  in  forming
gravitational  theories  that  differ  from  general  relativity
(GR)  while  propagating  the  same  dynamical  degrees  of
freedom  of  GR.  These  degrees  of  freedom  occur  as
tensorial gravitational  waves  in  a  homogeneous  and  iso-
tropic  background,  which  we  thus  dub  the  two  tensorial
degrees of freedom (TTDOFs). However, this seems im-
possible  because  Lovelock's  theorem  [1, 2]  claims  that
GR  is  the  unique  metric  theory  that  respects  spacetime
diffeomorphism  and  has  second-order equations  of  mo-
tion in four dimensions, which guarantee the propagation
of  only  TTDOFs.  Nevertheless,  several  theories  that
propagate only  TTDOFs  have  been  proposed  by  by-
passing the conditions of Lovelock's theorem.

Theories  of  TTDOFs  can  be  traced  back  to  the  so-
called  Cuscuton  theory  [3], which  was  extensively  stud-
ied [4–16] and was further extended in the framework of
higher  derivative  scalar-tensor  theory  [17, 18]. Previ-
ously, such a type of theory has also been discussed in a
subclass of Hořava gravity [19, 20] (see also [21]), whose
relation with the Cuscuton theory has been analyzed [22].

Symmetries underlying these theories, including the rela-
tion  between  the  TTDOFs  (i.e.,  transverse  and  traceless
graviton),  spacetime  symmetry  [23, 24],  and “scalarless”
symmetry [25, 26], have also been investigated1).

4D

An  alternative  framework  of  theories  propagating
only  two  degrees  of  freedom  is  the  minimally  modified
gravity (MMG) [28]. The so-called type-II MMG, which
differs from GR in a vacuum, is of particular importance
[29, 30] and includes the original  Cuscuton theory,  min-
imal  theory  of  massive  gravity  [31, 32]  (see  also
[33–36]),  and  Einstein-Gauss-Bonnet gravity  as  spe-
cial  cases.  MMG  has  been  studied  extensively  [37–52],
and has  been  generalized  in  the  phase  space  by  introdu-
cing auxiliary constraints [53, 54].

A  general  framework  of  spatially  covariant  gravity
(SCG)  theories  that  propagate  TTDOFs  with  an  extra
scalar mode was proposed in [55, 56]. It was further gen-
eralized  by  introducing  a  dynamical  lapse  function  [57,
58] and nonmetricity [59]. SCG can be considered an al-
ternative  approach  to  generalizing  scalar-tensor  theories
[60–63],  and  it  includes  Hořava  gravity  [64–66]  and  the
effective field theory of inflation/dark energy [67–71] as
special cases. SCG has been applied to study cosmology
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and gravitational waves [72–77]. Within the SCG frame-
work,  conditions  on  the  Lagrangian  such  that  only  the
TTDOFs  are  propagating  were  explored  in  [78, 79]  and
with  a  dynamical  lapse  function  in  [80].  Owing  to  the
complexity of the conditions, a systematic construction of
the TTDOF Lagrangians remains to be performed. Never-
theless,  a  concrete  Lagrangian  was  found in  [78],  which
has been applied in cosmology [10, 81–84].

Instead of solving the complicated variation-differen-
tial  equations  for  the  TTDOF  conditions  in  [78], an  al-
ternative and  more  straightforward  approach  is  the  per-
turbation method.  The concept  is  to  focus  on the  kinetic
term of the would-be dynamical scalar mode. By elimin-
ating its kinetic term order by order in a perturbative ex-
pansion around  some  (typically  the  cosmological)  back-
ground, we can fix terms in the Lagrangian order by or-
der.  In  particular,  such  a  perturbative  approach  would
stop  at  some  finite  order  owing  to  the  finite  number  of
TTDOF conditions. This perturbation method was used in
[17]  to  extend  the  Cuscuton  theory  in  the  framework  of
the  higher  derivative  scalar-tensor  theory.  In  the  SCG
framework, it was successfully applied in [58] to derive a
Lagrangian with a single scalar mode in the presence of a
dynamical lapse function and in [79] to build a Lagrangi-
an  without  any  scalar  mode,  i.e.,  propagating  only
TTDOFs.

In  this  study,  we  apply  the  perturbation  method  to
SCG in  the  presence  of  an  auxiliary  scalar  field  and  de-
termine  the  conditions  such  that  the  theory  propagates
only  TTDOFs.  The  concept  of  SCG  with  an  auxiliary
scalar field was proposed in [85], in which the scalar field
was assumed to have a spacelike gradient and thus loses
its  kinetic  term  in  the  so-called  ''spatial  gauge.''  In  this
study, we neglect this assumption and simply treat it as an
auxiliary  field.  Introducing  the  auxiliary  scalar  field  can
be considered a generalization of the Lagrange multiplier
method in modified gravity [86–88]. The existence of the
auxiliary field  leads  to  constraints  on  the  dynamical  de-
grees of freedom, resulting in a novel approach to modi-
fying gravity. In the presence of an auxiliary scalar field,
we may have much more room to tune the theory to satis-
fy the TTDOF conditions and may expect to find a novel
class  of  TTDOF  theories.  This  paper  is  devoted  to  this
problem.

d = 2

The  remainder  of  this  paper  is  organized  as  follows.
In  Sec.  II,  we  describe  our  model  of  spatially  covariant
gravity with an auxiliary scalar field and present the scal-
ar  perturbations  around  a  cosmological  background.  In
Sec. III, we derive the quadratic action for the scalar per-
turbations. By  solving  the  auxiliary  perturbation  vari-
ables  and  focusing  on  the  kinetic  term  of  the  unwanted
scalar mode, we derive the degeneracy condition to evade
the scalar mode. In Sec.  IV, we use the polynomial-type
Lagrangian of , where d is the total number of deriv-
atives, as a concrete example and derive the explicit Lag-

rangian that propagates TTDOFs. In Sec. V, we summar-
ize our results. 

II.  PERTURBATION METHOD
 

A.    Model and cosmological perturbations
Our starting point is the general action of spatial cov-

ariant  gravity  coupled  with  a  non-dynamical  scalar  field
[85]: 

S =
∫

dtd3xN
√

hL
(
hi j,Ki j,Ri j,N,ϕ,Di

)
, (1)

hi j Ri j

Ki j

where  is the spatial metric, N is the lapse function, 
is  the  spatial  Ricci  tensor,  and  is  the  extrinsic
curvature defined by 

Ki j =
1

2N
(
∂thi j−DiN j−D jNi

)
, (2)

Ni Di

hi j

where  is the shift vector, and  is the spatial derivat-
ive adapted to .  Scalar field ϕ has no kinetic term and
thus acts as an auxiliary variable.  We emphasize that  al-
though this  auxiliary  scalar  field  was  originally  motiv-
ated  from  a  scalar  field  with  a  spacelike  gradient  in  the
so-called  spatial  gauge,  here  (and  also  in  the  analysis  in
[85]),  we  do  not  make  such  an  assumption  and  merely
treat it as an auxiliary field, i.e., without any time derivat-
ive terms. Ref.  [85] showed that the theory in (1) gener-
ally  propagates  three  degrees  of  freedom,  i.e.,  two
tensorial  and  one  scalar  degrees  of  freedom.  The  aim of
this  study  is  to  find  the  condition  on  the  Lagrangian  to
eliminate the scalar mode.

The most  strict  approach to  analyzing the  number  of
degrees of freedom is the constraint analysis, either in the
Hamiltonian or  Lagrangian formalism.  In  the absence of
auxiliary  scalar  field ϕ,  the  exact  conditions  for  the
TTDOFs  were  found  in  [78]. These  conditions  are  vari-
ation-differential equations for the Lagrangian, which are
difficult  (if  not  impossible)  to  solve  in  order  to  produce
the  concrete  Lagrangian  systematically.  To  address  this
problem,  a  perturbation  method  was  employed  in  [79]
(and previously in [58] with a dynamical lapse function).
The advantage of the perturbation method is that one can
determine the  conditions  on the  Lagrangian order  by or-
der in perturbations, which by themselves are much sim-
pler than the fully nonlinear conditions.

In this  study,  we use  this  perturbation method to  de-
termine  the  conditions  on  action  (1)  such  that  no  scalar
mode propagates.  To be  precise,  our  task is  to  study the
perturbations of  action  (1)  around  a  cosmological  back-
ground and eliminate the scalar modes at the linear order
in  perturbations.  The  difference  between  this  study  and
previous reports [58, 79] is that we first perform the per-
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turbation analysis on the general form of the Lagrangian
instead  of  a  specific  Lagrangian  (e.g.,  in  the  polynomial
form). Therefore, the resulting conditions are generic and
can be applied to more general Lagrangians.

To eliminate the unwanted scalar  degree of freedom,
we focus solely on the scalar perturbations. We consider
perturbations  around  a  Friedmann-Robertson-Walker
background.  After  the  residual  gauge  freedom of  spatial
diffeomorphism  is  fixed,  the  Arnowitt-Deser-Misner
(ADM) variables are parameterized as follows: 

N = N̄eA, (3)

 

Ni = N̄a∂iB, (4)

 

hi j = a2e2ζδi j, (5)

where a is the scale factor. Here, A, B, and ζ are the scal-
ar perturbations of the metric. The auxiliary scalar field is
perturbed as usual: 

ϕ = ϕ̄+δϕ. (6)

A = B = ζ = δϕ = 0 N̄ ϕ̄

N̄

All perturbation  variables  are  set  to  zero  at  the  back-
ground  level,  i.e., .  and  are  the
background values of the lapse function and scalar field,
respectively, which  are  functions  of  time.  Note  that  be-
cause of the loss of time reparametrization invariance, we
cannot  fix  the  background  value  of  lapse  function  to
unity. In this paper, we use the same shorthand as that in
[72]: 

Ẋ =
1
N̄
∂X
∂t
, (7)

and 

f ′ = N̄
∂ f
∂N

∣∣∣∣
N=N̄
, f ′′ = N̄2 ∂

2 f
∂N2

∣∣∣∣
N=N̄
, (8)

etc.
To obtain the action up to the second order in perturb-

ations, we first expand all the quantities in the following
form: 

Q = Q(0)+δQ(1)+δQ(2), (9)

Q(0)

δQ(n)
where  represents the background value of any quant-
ity Q,  and  represents the n-th order perturbation of
Q. Precisely, we obtain 

ϕ(0) = ϕ̄, δϕ(1) = δϕ, (10)

 

N(0) = N̄, δN(1) = N̄A, δN(2) =
1
2

N̄A2, (11)

 

N i(0) = 0, δN i(1) = N̄a−1∂iB, (12)

 

h(0)
i j = a2δi j, δh

(1)
i j = 2ζa2δi j, δh

(2)
i j = 2ζ2a2δi j, (13)

 

K(0)
i j = aȧδi j, δK

(1)
i j = aȧδi j (−A+2ζ)+a2δi jζ̇ −a∂i∂ jB,

(14)

 

δK(2)
i j = aȧδi j

Å
−2ζA+

1
2

A2+2ζ2
ã
+a2δi jζ̇ (2ζ −A)

+aA∂i∂ jB+a
(
∂iζ∂ jB+∂ jζ∂iB−δi j∂

lB∂lζ
)
,

(15)

 

R(0)
i j = 0, δR(1)

i j = −∂i∂ jζ −δi j∂
2ζ, (16)

and 

δR(2)
i j = ∂iζ∂ jζ −δi j∂lζ∂

lζ. (17)

δi j δi j

N i

In the above and henceforth, spatial indices are raised and
lowered by  and , respectively. Note that only linear-
order terms are considered for the perturbations of auxili-
ary scalar field ϕ and shift vector . With the above res-
ults, we can proceed to calculate the perturbations of the
action in the subsequent sections. 

B.    Background equations of motion

S 1

We first  derive  the  background  equations  of  motion,
which can  be  used  to  simplify  calculations  at  higher  or-
ders. Hence, we must obtain linear-order action :
 

S 1 =

∫
dtd3x

δS
δΦI

∣∣∣∣
bg
δΦ(1)

I , (18)

where 

ΦI ≡
{

hi j,Ki j,Ri j,N,ϕ
}

(19)

Q|bgstands for the basic quantities in our model (1), and '' ''
denotes the background value of any quantity Q. We ob-
tain 
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S 1 =

∫
dtd3x

ñ
N̄a3 δL
δKi j

∣∣∣∣
bg

δK(1)
i j +

Ç
N̄

1
2

aδi jL̄+ N̄a3 δL
δhi j

∣∣∣∣
bg

å
×δh(1)

i j + N̄a3 δL
δϕ

∣∣∣∣
bg
δϕ+

Ç
a3L̄+ N̄a3 δL

δN

∣∣∣∣
bg

å
δN(1)

+N̄a3 δL
δRi j

∣∣∣∣
bg

δR(1)
i j

ô
,

(20)

L̄

hi j Ki j Ri j

N = N̄ Ni = 0 hi j = a2δi j ϕ = ϕ̄

where  represents  the  background  Lagrangian  density.
We emphasize  that  in  (20)  (and henceforth),  when mak-
ing the variation, , , , N, and ϕ are treated as inde-
pendent  variables1).  Note  that  at  the  background  level,

, , ,  and .  Substituting  (10)−
(17) into (20), after some simplifications, we obtain
 

S 1[A, ζ,δϕ] =
∫

dtd3xN̄a3
(
EAA+Eζζ +Eδϕδϕ

)
, (21)

where we define
 

EA = L̄+ N̄
δL
δN

∣∣∣∣
bg
−a2Hδi j

δL
δKi j

∣∣∣∣
bg

, (22)

H ≡ ȧ/a ≡ ∂ta/(aN̄)with ,
 

Eζ = 3L̄+a2δi j

ï
2
δL
δhi j

∣∣∣∣
bg

−3H
δL
δKi j

∣∣∣∣
bg

− 1
N̄
∂

∂t

Ç
δL
δKi j

∣∣∣∣
bg

å
−

˙̄N
N̄
δL
δKi j

∣∣∣∣
bg

ò
, (23)

and 

Eδϕ =
δL
δϕ

∣∣∣∣
bg
. (24)

S 1[A, ζ,δϕ] = 0
Requiring the linear variation of the background action to
be vanishing, i.e., , we obtain 

EA = 0, Eζ = 0, Eδϕ = 0, (25)

which  are  the  background  equations  of  motion.  At  this
point,  note  that  because  SCG  explicitly  breaks  the  time
diffeomorphism, all  three  of  these  equations  are  inde-
pendent. This differs from generally covariant theories, in
which  only  two  of  the  three  equations  are  independent
owing to the time diffeomorphism. 

III.  QUADRATIC ACTION AND THE
DEGENERACY CONDITION

The  quadratic  action  for  the  perturbations  receives
contributions  from  both  first-order  and  second-order
quantities. Its general form is given by

S 2[A,B, ζ,δϕ] =
∫

dtd3x

Ç
δS
δΦI

∣∣∣∣
bg
δΦ(2)

I +
1
2
δ2S
δΦIδΦJ

∣∣∣∣
bg
δΦ(1)

I δΦ
(1)
J

å
,

(26)
where (henceforth, we suppress subscript ''bg'' for simplicity)
 

∫
dtd3x

δS
δΦI
δΦ(2)

I =

∫
dtd3x

δÄN √hL
ä

δKi j
δK(2)

i j +
δ
Ä

N
√

hL
ä

δhi j
δh(2)

i j +
δ
Ä

N
√

hL
ä

δN
δN(2)+

δ
Ä

N
√

hL
ä

δRi j
δR(2)

i j

 , (27)

and
 

∫
dtd3x

δ2S
δΦIδΦJ

δΦ(1)
I δΦ

(1)
J =

∫
dtd3x

ï
2
δ2
Ä

N
√

hL
ä

δhmnδKi j
δh(1)

mnδK
(1)
i j +
δ2
Ä

N
√

hL
ä

δhmnδhi j
δh(1)

mnδh
(1)
i j +
δ2
Ä

N
√

hL
ä

δKmnδKi j
δK(1)

mnδK
(1)
i j

+2
δ2
Ä

N
√

hL
ä

δϕδKi j
δϕδK(1)

i j +2
δ2
Ä

N
√

hL
ä

δNδKi j
δN(1)δK(1)

i j +2
δ2
Ä

N
√

hL
ä

δϕδhi j
δϕδh(1)

i j
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+2
δ2
Ä

N
√

hL
ä

δNδhi j
δN(1)δh(1)

i j +2
δ2
Ä

N
√

hL
ä

δϕδN
δϕδN(1)+

δ2
Ä

N
√

hL
ä

δϕ2
δϕδϕ+

δ2
Ä

N
√

hL
ä

δN2
δN(1)δN(1)+2

δ2
Ä

N
√

hL
ä

δhmnδRi j
δh(1)

mnδR
(1)
i j

+2
δ2
Ä

N
√

hL
ä

δKmnδRi j
δK(1)

mnδR
(1)
i j +2

δ2
Ä

N
√

hL
ä

δNδRi j
δN(1)δR(1)

i j +
δ2
Ä

N
√

hL
ä

δRmnδRi j
δR(1)

mnδR
(1)
i j +2

δ2
Ä

N
√

hL
ä

δϕδRi j
δϕδR(1)

i j

ò
.

(28)

The quadratic action for the scalar perturbations takes the general form
 

S 2
[
A,B, ζ,δϕ

]
=

∫
dtd3xN̄a3

Ä
AÔAAA+BÔBBB+ ζÔζζζ +δϕÔϕϕδϕ+AÔABB+AÔAζζ +AÔAϕδϕ

+δϕÔϕζζ +δϕÔϕBB+ ζÔζBB+ ζ̇Ôζ̇AA+ ζ̇Ôζ̇BB+ ζ̇Ôζ̇ζζ + ζ̇Ôζ̇ϕδϕ+ ζ̇Ôζ̇ζ̇ ζ̇
ä
, (29)

ÔXY ÔAϕ

δϕ ÔXY

where  represents the operator involving perturbation variables X and Y (e.g.,  represents the operator involving
A and ). Generally,  is time dependent and may contain spatial derivatives. By substituting (10)−(17) into (27) and
(28) and after some tedious manipulations, we obtain
 

ÔAA =
1
2
L̄− 1

2
aȧδi j

δL
δKi j
+

1
2

a2ȧ2δmnδi j
δ2L

δKmnδKi j
+

3
2

N̄
δL
δN
− N̄aȧδi j

δ2L
δNδKi j

+
1
2

N̄2 δ
2L
δN2
, (30)

 

ÔBB =
1
2

a2 δ2L
δKmnδKi j

∂m∂n∂i∂ j, (31)

 

Ôζζ =
9
2
L̄+8a2δi j

δL
δhi j
+2a4δmnδi j

δ2L
δhmnδhi j

+8aȧδi j
δL
δKi j
+4a3ȧδi jδmn

δ2L
δhmnδKi j

+2a2ȧ2δmnδi j
δ2L

δKmnδKi j

+
1
2
δ2L
δRmnδRi j

(
∂i∂ j∂m∂n+2δi j∂m∂n∂

2+δi jδmn∂
4
)
−2aȧ

δ2L
δKmnδRi j

δmn∂i∂ j−2a2δmn
δ2L
δhmnδRi j

(
∂i∂ j+δi j∂

2
)

−2
δL
δRi j

(
2∂i∂ j+δi j∂

2
)
, (32)

 

Ôϕϕ =
1
2
δ2L
δϕ2
, (33)

 

ÔAB =

Å
−N̄a

δ2L
δNδKi j

+a2ȧδmn
δ2L

δKmnδKi j

ã
∂i∂ j, (34)

 

ÔAζ = 3L̄+2a2δi j
δL
δhi j
+3N̄

δL
δN
+2N̄a2δi j

δ2L
δNδhi j

−3aȧδi j
δL
δKi j
−2a3ȧδi jδmn

δ2L
δhmnδKi j

+2N̄aȧδi j
δ2L
δNδKi j

−2a2ȧ2δmnδi j
δ2L

δKmnδKi j
−
Å
δL
δRi j
+ N̄

δ2L
δNδRi j

ã(
∂i∂ j+δi j∂

2
)
+aȧδmn

δ2L
δKmnδRi j

∂i∂ j, (35)

 

ÔAϕ =
δL
δϕ
+ N̄
δ2L
δϕδN

−aȧδi j
δ2L
δϕδKi j

, (36)
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Ôϕζ = 3
δL
δϕ
+2a2δi j

δ2L
δϕδhi j

+2aȧδi j
δ2L
δϕδKi j

− δ
2L
δϕδRi j

(
∂i∂ j+δi j∂

2
)
, (37)

 

ÔϕB = −a
δ2L
δϕδKi j

∂i∂ j, (38)

 

ÔζB = −5a
δL
δKi j
∂i∂ j+a

δL
δKi j
δi j∂

2−2a3δmn
δ2L
δhmnδKi j

∂i∂ j−2a2ȧδmn
δ2L

δKmnδKi j
∂i∂ j+a

δ2L
δKmnδRi j

(
∂i∂ j∂m∂n+δi j∂

2∂m∂n
)
,

(39)

 

Ôζ̇A = −a3ȧδmnδi j
δ2L

δKmnδKi j
+ N̄a2δi j

δ2L
δNδKi j

, (40)

 

Ôζ̇B = −a3 δ2L
δKmnδKi j

δmn∂i∂ j, (41)

 

Ôζ̇ζ = 5a2δi j
δL
δKi j
+2a4δi jδmn

δ2L
δhmnδKi j

+2a3ȧδmnδi j
δ2L

δKmnδKi j
−a2δmn

δ2L
δKmnδRi j

(
∂i∂ j+δi j∂

2
)
, (42)

 

Ôζ̇ϕ = a2δi j
δ2L
δϕδKi j

, (43)

and 

Ôζ̇ζ̇ =
1
2

a4 δ2L
δKmnδKi j

δmnδi j. (44)

By deriving  the  above  results,  we  utilize  integrations  by
parts to simplify the expressions.

{A,B, δϕ,ζ}

By  varying  the  quadratic  action  (29),  one  can  easily
obtain the equations of motion for perturbation variables

 as 

2ÔAAA+ ÔABB+ ÔAϕδϕ+ ÔAζζ + Ôζ̇Aζ̇ = 0, (45)

 

ÔABA+2ÔBBB+ ÔϕBδϕ+ ÔζBζ + Ôζ̇Bζ̇ = 0, (46)

 

ÔAϕA+ ÔϕBB+2Ôϕϕδϕ+ Ôϕζζ + Ôζ̇ϕζ̇ = 0, (47)

 

1
N̄

ï
2∂t

Ä
a3Ôζ̇ζ̇ ζ̇

ä
+∂t

Ä
a3Ôζ̇ϕδϕ

ä
+∂t

Ä
a3Ôζ̇BB

ä
+∂t

Ä
a3Ôζ̇AA

ä
+∂t

Ä
a3Ôζ̇ζζ

äò
−a3
Ä

2Ôζζζ + ÔAζA+ Ôϕζδϕ+ ÔζBB
ä
= 0. (48)

δϕ

δϕ

Equations (45)−(48) show that A, B, and  are all auxili-
ary  variables,  as  the  equations  of  motion  do  not  contain
their  first-order  time  derivative  terms.  In  the  case  of  a
non-degenerate coefficient  matrix  for  perturbation  vari-
ables A, B, and , i.e.,
 

Ω ≡ det

Ü
2ÔAA ÔAB ÔAϕ

ÔAB 2ÔBB ÔϕB

ÔAϕ ÔϕB 2Ôϕϕ

ê
, 0, (49)

they can be formally solved from their  equations of mo-
tion (45)−(47) as

A = − 1
2Ω

îÄ
ÔAζÔ2

ϕB−ÔABÔϕBÔϕζ −ÔAϕÔϕBÔζB+2ÔAϕÔBBÔϕζ +2ÔABÔϕϕÔζB−4ÔAζÔBBÔϕϕ
ä
ζ

+
Ä
Ôζ̇AÔ2

ϕB−ÔABÔϕBÔζ̇ϕ−ÔAϕÔϕBÔζ̇B+2ÔAϕÔBBÔζ̇ϕ+2ÔABÔϕϕÔζ̇B−4Ôζ̇AÔBBÔϕϕ
ä
ζ̇
ó
, (50)
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B = − 1
2Ω

îÄ
ÔζBÔ2

Aϕ−ÔABÔAϕÔϕζ −ÔAϕÔϕBÔAζ +2ÔϕBÔAAÔϕζ +2ÔABÔϕϕÔAζ −4ÔζBÔAAÔϕϕ
ä
ζ

+
Ä
Ôζ̇BÔ2

Aϕ−ÔABÔAϕÔζ̇ϕ−ÔAϕÔϕBÔζ̇A+2ÔϕBÔAAÔζ̇ϕ+2ÔABÔϕϕÔζ̇A−4Ôζ̇BÔAAÔϕϕ
ä
ζ̇
ó
, (51)

 

δϕ = − 1
2Ω

îÄ
ÔϕζÔ2

AB−ÔABÔAζÔϕB−ÔABÔAϕÔζB+2ÔϕBÔAAÔζB+2ÔBBÔAϕÔAζ −4ÔBBÔAAÔϕζ
ä
ζ

+
Ä
Ôζ̇ϕÔ2

AB−ÔABÔζ̇AÔϕB−ÔABÔAϕÔζ̇B+2ÔϕBÔAAÔζ̇B+2ÔBBÔAϕÔζ̇A−4ÔBBÔAAÔζ̇ϕ
ä
ζ̇
ó
, (52)

with
 

Ω = Ô2
AϕÔBB+ ÔAAÔ2

ϕB+ Ô2
ABÔϕϕ−ÔABÔAϕÔϕB

−4ÔAAÔBBÔϕϕ. (53)

Ω , 0
δϕ

Ω , 0

Although  we  assume  that  to  ensure  that  auxiliary
variables A, B,  and  are  solvable  (at  least  formally),
note that even if  is not satisfied, we can still obtain
conditions  to  eliminate  the  unwanted  scalar  degree  of
freedom. We will  show this explicitly through a detailed

analysis of a specific example in the next section.

ζ̈

ζ̈

ζ̈

Finally,  by  substituting  solutions  (50)−(52)  into  the
equation  of  motion  for ζ (48),  we  obtain  an  equation  of
motion  for  single  variable ζ.  If  no  further  conditions  are
assumed, the effective equation of motion for ζ will con-
tain its second-order time derivative term, , indicating a
propagating degree of freedom carried by ζ. For our pur-
pose, to eliminate the scalar degree of freedom, we must
ensure that ζ is not propagating, at least at linear order in
a  cosmological  background.  To  this  end,  we  must  make
the coefficient of  vanish. After some manipulations, the
coefficient of  is found to be

∆ = 4Ôζ̇ζ̇
Ä
Ô2

AϕÔBB+ ÔAAÔ2
ϕB+ Ô2

ABÔϕϕ−ÔABÔAϕÔϕB−4ÔAAÔBBÔϕϕ
ä
−Ô2

ϕBÔ2
ζ̇A−Ô2

AϕÔ2
ζ̇B−Ô2

ABÔ2
ζ̇ϕ+2ÔAϕÔϕBÔζ̇AÔζ̇B

+2ÔABÔϕBÔζ̇AÔζ̇ϕ+2ÔABÔAϕÔζ̇BÔζ̇ϕ+4ÔBBÔϕϕÔ2
ζ̇A+4ÔAAÔBBÔ2

ζ̇ϕ+4ÔAAÔϕϕÔ2
ζ̇B

−4ÔAAÔϕBÔζ̇BÔζ̇ϕ−4ÔABÔϕϕÔζ̇AÔζ̇B−4ÔAϕÔBBÔζ̇AÔζ̇ϕ. (54)

Therefore, we require that 

∆ = 0, (55)

which is a necessary condition to eliminate the scalar de-
gree of freedom (i.e.,  the TTDOF conditions),  at  least  at
the  linear  order  in  perturbations  around  a  cosmological
background. 

d = 2IV.  THEORY OF 

d = 2

The  analysis  and  conditions  obtained  in  the  above
section  are  general  but  quite  formal.  In  this  section,  we
apply condition (54) to a concrete model as an example.
According  to  the  classification  of  SCG  monomials  [60,
61],  we  consider  a  polynomial-type  Lagrangian  built  of
monomials of , where d is the total number of deriv-
atives. Precisely, the action is given by 

S 2 =

∫
dtd3xN

√
h (L−Λ) , (56)

with 

L = c1Ki jK i j+ c2K2+ c3R+ c4aiai+d1DiϕDiϕ+d2aiDiϕ,

(57)
ci di

ai ai = ∂i ln N

ϕ̄ = ϕ̄(t) N̄ = N̄(t)

where  and  are the general functions of N and ϕ, and
Λ is  the  cosmological  constant.  Additionally,  accelera-
tion  is defined as . We make the assumption
that  both ϕ and N are  homogeneous  and  isotropic  at  the
background,  i.e., , . To simplify  our  cal-
culation, we denote 

Lc =L−Λ. (58)

We  will  observe  that  non-vanishing cosmological  con-
stant  Λ,  which  may  be  time  dependent,  is  necessary  to
have a cosmological background solution. 

A.    Degeneracy condition
As  both ϕ and N depend only  on  time  at  the  back-

ground  level,  the  background  values  of  each  quantity  in
the Lagrangian are given by 

K̄i j = aȧδi j, K̄ i j = Ha−2δi j, K̄ = 3H, (59)
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and 

R̄ = 0, āi = 0, ∂iϕ̄ = 0. (60)

The background value of the Lagrangian is 

L̄c = 3H2b−Λ, (61)

where we define 

b = c1+3c2 (62)

Lc

for  short.  Thus,  the  non-vanishing derivatives  of  Lag-
rangian  with respect to various quantities are 

δLc

δN
=

3
N̄

H2b′, (63)

 

δLc

δKi j
= 2Ha−2δi jb, (64)

 

δLc

δϕ
= 3H2 ∂b

∂ϕ
, (65)

 

δ2Lc

δN2
=

3
N̄2

H2b′′− 2
N̄2

c4∂
2, (66)

 

δ2Lc

δKmnδKi j
= 2a−4

Å
1
2

c1
(
δimδ jn+δinδ jm

)
+ c2δ

i jδmn
ã
,

(67)

 

δ2Lc

δϕ2
= 3H2 ∂

2b
∂ϕ2
−2d1∂

2, (68)

 

δ2Lc

δNδKi j
=

2
N̄

Ha−2δi jb′, (69)

 

δ2Lc

δϕδN
= 3H2 ∂

2b
∂ϕ∂N

− d2

N̄
∂2, (70)

and 

δ2Lc

δϕδKi j
= 2Ha−2δi j ∂b

∂ϕ
. (71)

Ri jWe do not present derivatives with respect to , as they
are  irrelevant  to  the  degeneracy  analysis.  According  to
(61)−(71),  the  background  equations  of  motion  (25)  are
explicitly given by 

EA = 3H2 (−b+b′)−Λ = 0, (72)

 

Eζ = −9H2b−6Ḣb− 6H
N̄

˙̄Nb−3Λ = 0, (73)

 

Eδϕ = 3H2 ∂b
∂ϕ
= 0, (74)

From (74),  to  have  a  homogeneous  and  isotropic  back-
ground, b defined  in  (62)  must  be  a  function  of  lapse
function N only.  Background  equations  of  motion
(72)−(74) can significantly simplify the calculation of the
quadratic action for the perturbations in the following.

ÔXY

By substituting (61)−(71) into (30)−(44), we can eval-
uate  operators  that  are  relevant  to  eliminating  the
scalar mode, which are given by 

ÔAA =
3
2

H2 (2b−2b′+b′′)− c4∂
2, (75)

 

ÔBB = a−2 (c1+ c2)∂4, (76)

 

Ôϕϕ =
3
2

H2 ∂
2b
∂ϕ2
−d1∂

2, (77)

 

ÔAB = 2Ha−1 (−b′+b)∂2, (78)

 

ÔAϕ = 3H2 ∂ (b′−b)
∂ϕ

−d2∂
2, (79)

 

ÔϕB = −2Ha−1 ∂b
∂ϕ
∂2, (80)

 

Ôζ̇A = 6H (−b+b′) , (81)

 

Ôζ̇B = −2a−1b∂2, (82)

 

Ôζ̇ϕ = 6H
∂b
∂ϕ
, (83)

and 

Ôζ̇ζ̇ = 3b. (84)

∂b
∂ϕ
= 0

Subsequently,  by  substituting  (75)−(84) into  the  de-
terminant  of  coefficient  matrix  (53),  and  recalling  that

 from  background  equation  of  motion  (74),  we
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find 

Ω = a−2 (c1+ c2)
(
d2

2 −4d1c4
)
∂8

+2H2a−2
[
3(2b−2b′+b′′) (c1+ c2)−2(−b′+b)2]d1∂

6.

(85)

Degeneracy condition (55) is expressed as 

0 ≡ ∆ = 8a−2bc1
(
d2

2 −4c4d1
)
∂8

+48H2a−2d1c1
(
2bb′−2b′2+bb′′

)
∂6. (86)

In  deriving  (85)  and  (86),  we  use  background  equations
of motion (72)−(74) to simplify the expressions.

Ω

In  the  following,  we  discuss  two  cases  based  on
whether  is vanishing or not. 

Ω , 0B.    Case 
Ω , 0 δϕ

∆ = 0

∂6

∂8

When , all auxiliary variables A, B,  are solv-
able; thus, the degeneracy condition  holds. Accord-
ing  to  (86),  to  eliminate  the  unwanted  scalar  degree  of
freedom,  we require  the  coefficients  of  operators  and

 to be vanishing simultaneously, i.e., 

(
2bb′−2b′2+bb′′

)
c1d1 = 0, (87)

and 

bc1
(
d2

2 −4c4d1
)
= 0, (88)

c1 c4 d1 d2which are two constraints among , , , , and b. Be-
fore  solving  these  two  equations,  let  us  conduct  a  brief
analysis.

b ≡ c1+

3c2 = 0
Λ = 0

b , 0
c1 = 0

c1Ki jK i j

c1

c1 , 0
b,c1 , 0 d2

2−
4c4d1 = 0. d1 = 0 d2 = 0

Ω = 0
Ω , 0 d1 , 0

First,  (87)  and  (88)  are  trivially  satisfied  if 
. However,  this  conflicts  with  background  equa-

tion of motion (72), which leads to . As mentioned
above,  a  non-vanishing (and  actually  positive)  cosmolo-
gical constant is required to obtain a cosmological back-
ground  solution.  Therefore,  we  must  require .
Second,  (87)  and  (88)  are  also  satisfied  if .
However, although we focus only on the scalar perturba-
tions  in  this  study,  further  calculation  reveals  that  only

 will  contribute to the kinetic term for the tensor
perturbations  (i.e.,  the  gravitational  waves).  As  a  result,
vanishing  would  also  eliminate  the  gravitational
waves, which is unacceptable based on the observation of
gravitational  waves.  Thus,  we  must  also  require .
After  considering  that ,  (88)  holds  only  if 

 Finally,  if ,  it  follows  that .  From
(85), this will lead to , which conflicts with our re-
quirement . Thus, we must have .

Based  on  the  above  arguments,  equations  (87)−(88)

hold only if 

d2
2 −4c4d1 = 0, (89)

 

2bb′−2b′2+bb′′ = 0, (90)

c4are  satisfied.  The  general  solutions  for  and b to
(89)−(90) are 

c4 =
d2

2

4d1
, (91)

 

b =
C2N

1+C1N
, (92)

C1 C2where  and  are  constants.  Finally,  the  Lagrangian
containing no dynamical scalar degree of freedom at lin-
ear order in a cosmological background is 

L = c1K̂i jK̂ i j+
1
3

C2N
1+C1N

K2+ c3R+
d2

2

4d1
aiai

+d1DiϕDiϕ+d2aiDiϕ, (93)

K̂i j = Ki j−
1
3

Khi j Ki j

c1 c3 d1 d2

where  is  the  traceless  part  of ,  and
coefficients , , , and  are the general functions of
N and ϕ.

aiai

Diϕ

d1,d2→ 0

It is  interesting  to  compare  (93)  with  the  result  ob-
tained in [79].  In [79] (see Eq.  (61)),  only the first  three
terms in (93) are present. In particular, acceleration term

 is not allowed. Here, owing to the presence of auxili-
ary  field ϕ, the  acceleration  term  can  be  introduced,  to-
gether  with  two  other  terms  involving .  By  applying
appropriate limit , we can return to the result in
[79]. 

Ω = 0C.    Case 
Ω = 0 δϕ

Ω = 0

If ,  not  all  of  auxiliary  variables A, B,  are
solvable. Nevertheless,  we can still  determine the condi-
tions on the coefficients to eliminate the scalar degree of
freedom.  First,  according  to  (85),  implies  two
equations: 

(c1+ c2)
(
d2

2 −4d1c4
)
= 0, (94)

and 

[
3(2b−2b′+b′′) (c1+ c2)−2(−b′+b)2]d1 = 0. (95)

Several  branches  of  solutions  to  (94)  and  (95)  exist,
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which we discuss below.
 

1.    Case 1

d1 = d2 = 0The simplest case is to assume . Here, Lag-
rangian (57) reduces to
 

L = c1Ki jK i j+ c2K2+ c3R+ c4aiai, (96)

which is simply the case that has already been discussed
in  [79].  The  Lagrangian  that  propagates  only  two tensor
degrees of  freedom  (up  to  the  linear  order  in  perturba-
tions) is given by
 

L = c1K̂i jK̂ i j+
1
3

C2N
1+C1N

K2+ c3R, (97)

c1 c3where  and  are  general functions of N and ϕ.
 

2.    Case 2

d1 , 0If , from (95) we must have
 

3(2b−2b′+b′′) (b−2c2)−2(−b′+b)2
= 0. (98)

c1+ c2 , 0For (94), we assume ; thus, it follows that
 

d2
2 −4d1c4 = 0. (99)

−b+b′ , 0
Because  background  equation  of  motion  (72)  must

hold,  we  require  to  guarantee  non-vanishing
cosmological constant  Λ  and  thus  a  cosmological  back-
ground solution. Thus, (98) indicates
 

b−2c2 , 0, 2b−2b′+b′′ , 0. (100)

Subsequently, (98) implies that
 

c2 =
1
2

b− (b−b′)2

3(2b−2b′+b′′)
, (101)

and
 

c1 = −
1
2

b+
(b−b′)2

2b−2b′+b′′
, (102)

where b is a general function of N only. The Lagrangian
now becomes
 

L =
ñ
−1

2
b+

(b−b′)2

2b−2b′+b′′

ô
Ki jK i j

+

ñ
1
2

b− (b−b′)2

3(2b−2b′+b′′)

ô
K2

+ c3R+ c4aiai+d1DiϕDiϕ+d2aiDiϕ, (103)

c3 c4 d1 d2where , , , and  are general functions of N and ϕ.
ÔXYWe can easily check that operators  is the same as

those in  (75)−(84). The equations  of  motion for  the  per-
turbation variables are 

2ÔAAA+ ÔABB+ ÔAϕδϕ+ ÔAζζ + Ôζ̇Aζ̇ = 0, (104)

 

ÔABA+2ÔBBB+ ÔζBζ + Ôζ̇Bζ̇ = 0, (105)

 

2Ôϕϕδϕ+ ÔAϕA = 0, (106)

 

1
N̄

ï
2∂t

Ä
a3Ôζ̇ζ̇ ζ̇

ä
+∂t

Ä
a3Ôζ̇BB

ä
+∂t

Ä
a3Ôζ̇AA

ä
+∂t

Ä
a3Ôζ̇ζζ

äò
−a3
Ä

2Ôζζζ + ÔAζA+ ÔζBB
ä
= 0. (107)

We rewrite the first three equations in the matrix form: 

Dα = β, (108)

where 

D =

 2ÔAA ÔAB ÔAϕ

ÔAB 2ÔBB 0

ÔAϕ 0 2Ôϕϕ

 , (109)

 

α =

 A

B

δϕ

 , β =
 −ÔAζζ −Ôζ̇Aζ̇
−ÔζBζ −Ôζ̇Bζ̇

0

 . (110)

D
δϕ

Determinant of coefficient matrix  of auxiliary per-
turbation variables A, B, and  is 

Ω = det D

= Ô2
AϕÔBB+ Ô2

ABÔϕϕ−4ÔAAÔBBÔϕϕ = 0. (111)

D ÔAϕÔBBBy multiplying the third row of  by , the second
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ÔABÔϕϕ −2ÔBBÔϕϕrow  by ,  and  the  first  row  by  and  by
adding the third and second rows to the first row, we de-
rive the following matrix: Ü

0 0 0

ÔAB 2ÔBB 0

ÔAϕ 0 2Ôϕϕ

ê
, (112)

rankD = 2 < 3which  shows  that .  The  augmented  matrix

of the set of equations is defined as
 

E =

Ü
2ÔAA ÔAB ÔAϕ −ÔAζζ −Ôζ̇Aζ̇
ÔAB 2ÔBB 0 −ÔζBζ −Ôζ̇Bζ̇
ÔAϕ 0 2Ôϕϕ 0

ê
.

(113)

DBy performing the same operations to , the augmented
matrix becomesÜ

0 0 0
Ä

2ÔBBÔϕϕÔAζ −ÔζBÔABÔϕϕ
ä
ζ +
Ä

2ÔBBÔϕϕÔζ̇A−Ôζ̇BÔ2
ABÔϕϕ

ä
ζ̇

ÔAB 2ÔBB 0 −ÔζBζ −Ôζ̇Bζ̇
ÔAϕ 0 2Ôϕϕ 0

ê
, (114)

which shows that the crucial term relevant to our analys-
is is 

Ξ ≡
Ä

2ÔBBÔϕϕÔAζ −ÔζBÔABÔϕϕ
ä
ζ

+
Ä

2ÔBBÔϕϕÔζ̇A−Ôζ̇BÔ2
ABÔϕϕ

ä
ζ̇. (115)

Fortunately,  the  explicit  expression for  Ξ is  not  required
in the following analysis.

Based  on  whether  Ξ  is  identically  vanishing  or  not,
we have two cases. If 

Ξ , 0, (116)

rankE = 3 > rankD = 2we  obtain ,  which  implies  that  the
set of  equations  for  the  auxiliary  variables  has  no  solu-
tion.

In contrast, if 

Ξ = 0, (117)

rankE = rankD = 2 < 3we  obtain ,  which  means  that  the
set  of  equations  is  solvable.  In  this  case,  equations
(104)−(106) become 

2ÔBBB+ ÔABA+ ÔζBζ + Ôζ̇Bζ̇ = 0, (118)

 

2Ôϕϕδϕ+ ÔAϕA = 0, (119)

from which we can solve B as 

B = −
ÔABA+ ÔζBζ + Ôζ̇Bζ̇

2ÔBB
. (120)

Substituting solution  (120)  into  the  last  equation  of  mo-
tion (107) yields the second order time derivative term of
ζ, 

∆1ζ̈, (121)

where 

∆1 =
4Ôζ̇ζ̇ÔBB−Ô2

ζ̇B

2ÔBB
. (122)

To eliminate the scalar mode, we must require 

4Ôζ̇ζ̇ÔBB−Ô2
ζ̇B = 0, (123)

which corresponds to 

4a−2b [b−3(c1+ c2)]∂4 = 0. (124)

c1+ c2 , 0
c1 = 0

K̂i jK̂ i j

Recall  that  we  have  assumed  from the  begin-
ning;  thus,  the  only  feasible  solution  to  (124)  is .
Again, this will lead to the disappearance of ; thus,
the kinetic term for the gravitational wave, which is unac-
ceptable.

In  conclusion,  no  viable  Lagrangian  is  obtained  in
Case 2. 

3.    Case 3

In this case, we assume 

c1+ c2 = 0, −b′+b = 0. (125)

As mentioned  above,  this  case  conflicts  with  the  back-
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ground equation of motion (72), and thus is unphysical. 

4.    Case 4

In this case, we assume 

c1+ c2 = 0, d1 = 0. (126)

The Lagrangian reduces to be 

L = −1
2

bKi jK i j+
1
2

bK2+ c3R+ c4aiai+d2aiDiϕ. (127)

ÔXYOperators  are given by
 

ÔAA =
3
2

H2 (2b−2b′+b′′)− c4∂
2, (128)

 

ÔAB = 2Ha−1 (−b′+b)∂2, (129)

 

ÔAϕ = −d2∂
2, (130)

 

Ôζ̇A = 6H (−b+b′) , (131)

 

Ôζ̇B = −2a−1b∂2, (132)

 

Ôζ̇ζ̇ = 3b, (133)

ÔBB = Ôϕϕ = ÔϕB = Ôζ̇ϕ = Ôϕζ = 0and .
Consequently, the  quadratic  action  for  the  perturba-

tion variables is 

S 2[A,B, ζ,δϕ] =
∫

dtd3xN̄a3
Ä

AÔAAA+ ζÔζζζ +AÔABB

+AÔAζζ +AÔAϕδϕ+ ζÔζBB+ ζ̇Ôζ̇AA

+ ζ̇Ôζ̇BB+ ζ̇Ôζ̇ζζ + ζ̇Ôζ̇ζ̇ ζ̇
ä
.

(134)
The equations of motion for the perturbation variables are 

2ÔAAA+ ÔABB+ ÔAζζ + ÔAϕδϕ+ Ôζ̇Aζ̇ = 0, (135)

 

ÔABA+ ÔζBζ + Ôζ̇Bζ̇ = 0, (136)

 

ÔAϕA = 0, (137)

 

1
N̄

î
2∂t

Ä
a3Ôζ̇ζ̇ ζ̇

ä
+∂t

Ä
a3Ôζ̇BB

ä
+∂t

Ä
a3Ôζ̇AA

ä
+∂t

Ä
a3Ôζ̇ζζ

äó
−a3
Ä

2Ôζζζ + ÔAζA+ Ôϕζδϕ+ ÔζBB
ä
= 0. (138)

To obtain a nontrivial  solution for A, from (137),  we re-
quire that 

ÔAϕ = 0, (139)

which implies 

d2 = 0. (140)

Thus, we can solve A and B from (135)−(136) to obtain 

A = −
ÔζBζ + Ôζ̇Bζ̇
ÔAB

, (141)

and 

B =

Ä
2ÔAAÔζB−ÔABÔAζ

ä
ζ +
Ä

2ÔAAÔζ̇B−ÔABÔζ̇A
ä
ζ̇

Ô2
AB

,

(142)

ÔABwhere  given in (129) is not vanishing.

δϕ

Finally, by substituting solutions (141) and (142) into
(138),  we  obtain  an  effective  equation  of  motion  for ζ
(with  undetermined ),  in  which  the  second-order  time
derivative term can be expressed as 

∆2ζ̈, (143)

with 

∆2 = 2
Ôζ̇ζ̇Ô2

AB+ ÔAAÔ2
ζ̇B−ÔABÔζ̇AÔζ̇B
Ô2

AB

. (144)

δϕ

ζ̈

∆2 = 0

Note  that  although  is  left  undetermined,  it  will  not
contribute  to  the  term  in  its  equation  of  motion.  To
avoid the unwanted scalar mode, we must impose condi-
tion , which is equivalent to 

Ôζ̇ζ̇Ô2
AB+ ÔAAÔ2

ζ̇B−ÔABÔζ̇AÔζ̇B = 0. (145)

After substituting (128)−(133) into (145), we obtain 

6H2a−2b
(
bb′′+2bb′−2b′2

)
∂4−4a−2b2c4∂

6 = 0, (146)
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which implies two equations: 

b
(
bb′′+2bb′−2b′2

)
= 0, (147)

 

b2c4 = 0. (148)

b , 0 ∆2 = 0
Because the background equations of motion must be sat-
isfied, . Thus, the only solutions to  are 

c4 = 0, b =
C2N

1+C1N
. (149)

As  a  result,  in  this  case,  the  Lagrangian  that  does  not
propagate any  scalar  degree  of  freedom at  the  linear  or-
der is 

L = −1
2

C2N
1+C1N

K̂i jK̂ i j+
1
3

C2N
1+C1N

K2+ c3R, (150)

c3where  is a general function of N and ϕ.
c3 = 1 |C2| → ∞ |C1| → ∞

C2

C1
= −2

Here, if  we select ,  let , ,  and

maintain , Lagrangian (150) reduces to
 

L = K̂i jK̂ i j− 2
3

K2+R, (151)

which is nothing but GR. 

V.  CONCLUSION

Spatially  covariant  gravity  provides  us  with  a  broad
playground for studying modifications of GR. According
to the discussion in [85], the spatial covariant gravity the-
ory with non-dynamical auxiliary fields propagates three
dynamical degrees of freedom, i.e., two tensorial and one
scalar  degrees  of  freedom.  In  light  of  the  detection  of
gravitational waves, which correspond to the two tensori-
al degrees  of  freedom (TTDOFs),  it  is  interesting  to  ex-
amine under which conditions the theory propagates only
TTDOFs.

In this work, instead of deriving and solving the fully
nonlinear  TTDOF conditions as  in  [78],  we performed a
perturbative analysis  similar  to  [58, 79]  and focussed on
the  necessary  conditions  such  that  no  scalar  mode
propagates  at  the  linear  order  in  perturbations  around  a
cosmological background. In Sec. II, starting from gener-
al  action  (1),  background  equation  of  motion  (25)  was

δϕ

easily obtained  from  linear  order  action  (21).  The  equa-
tion of motion is useful for simplifying the calculations at
the  quadratic  order.  Next,  in  Sec.  III,  we  derived  the
quadratic  action  for  scalar  perturbations  (29)  and  found
that A, B, and  are auxiliary variables. By solving these
auxiliary variables and deriving the effective equation of
motion  for  would-be  dynamical  perturbation  variable ζ,
we eliminated this unwanted scalar mode as long as con-
dition (55) was satisfied.

d = 2

δϕ

As an illustration,  in Sec.  IV, we considered polyno-
mial-type  Lagrangian  (56),  in  which  all  the  monomials
are of , with d being the total number of derivatives.
Generally, if condition (53) holds, i.e., when all auxiliary
perturbation variables A, B,  are solvable, TTDOF con-
dition  (55)  leads  to  Lagrangian  (93),  which  propagates
only  TTDOFs  at  the  linear  order  around  a  cosmological
background.  Compared  with  the  result  in  [79], terms in-
volving  the  acceleration  are  allowed  in  the  Lagrangian
owing to the presence of the auxiliary scalar field. An in-
teresting  observation  was  that  even  when  condition  (53)
does not hold, which implies that not all  of the auxiliary
variables can be solved, we could still derive the degener-
acy condition  to  eliminate  the  unwanted scalar  mode.  In
this  case,  we  obtained  two  viable  Lagrangians  (97)  and
(150).  Both  cases  included  GR  as  a  special  scenario  as
long as appropriate coefficients were selected.

d = 2 Ω , 0

d ≥ 3

We have several comments on the results presented in
this paper. First, the degeneracy condition derived herein
is necessary in the sense that the unwanted scalar mode is
removed only at the linear order in a cosmological back-
ground,  which  may  reappear  at  nonlinear  orders  and/or
around a  general  background.  Therefore,  we  may  per-
form an analysis similar to those in [58, 79] to derive fur-
ther  constraints  on  the  Lagrangian  such  that  the  scalar
mode is fully removed. Second, the re-arising of the scal-
ar  mode  at  nonlinear  orders  signals  the  possible  strong
coupling  problem.  Nevertheless,  the  strong  coupling
problem can be solved using the effective field theory ap-
proach [89, 90]. In  other  words,  the  strong couple  prob-
lem may not necessarily appear for Larangians (93), (97),
and (150) as long as the strong coupling scale is compar-
able  to  the  cutoff  scale  of  the  relevant  theory.  Third,  in
the example of ,  the resulting Lagrangian for 
generalizes the one derived in [79]. Auxiliary scalar field
ϕ not  only  affects  the  coefficients  in  the  Lagrangian  but
also allows the acceleration term. Therefore, more gener-
al cases (e.g., with ) where the auxiliary scalar field
may have  an  essential  role  would  be  interesting  to  ex-
plore  to  enable  a  novel  class  of  TTDOF  theories  with
such auxiliary fields to be constructed.
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