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Abstract: This study presents an explanation of the nature of the island of inversion exhibited by the unstable nuc-

leus **Mg through the application of the axially deformed relativistic Hartree-Fock-Bogoliubov (D-RHFB) and con-

figuration-interaction relativistic Hartree-Fock (CI-RHF) models, which correspond to the Hartree-Fock-Bogoli-

ubov level and beyond, respectively. Using the same Lagrangian PKA1, the D-RHFB and CI-RHF models demon-

strate an excellent agreement with experimental data for the ground-state deformation and the low-lying excitation
energies of *Mg. Furthermore, a new insight into the nature of the island of inversion is implemented from the
breaking of the pseudo-spin symmetry (PSS) in addition to the cross-shell excitation, both of which are essential to
obtaining a stable deformation and rotational collectivity for **Mg. In particular, the exchange degrees of freedom,
such as the p-tensor coupling in PKA1, are shown to be essential in determining the configuration interactions and

binding of the nucleus.

Keywords: island of inversion, cross-shell excitation, pseudo-spin symmetry

DOI: 10.1088/1674-1137/adc7e0

I. INTRODUCTION

The fundamental challenge in the field of nuclear
physics is understanding how nucleons interact and com-
bine to form an atomic nucleus. Nuclei far from the sta-
bility line, also known as exotic or unstable nuclei, exhib-
it a wide range of novel phenomena, including the disap-
pearance of traditional magic shells and the appearance of
new (semi-) magic shells [1-9]. The unstable nucleus of
interest, namely Mg [10, 11], exhibits a typical feature
called the island of inversion [12—14]. In particular, ex-
perimental evidence, including the large B(E2:27 — 07)
value, low-lying 2} excited state, and rotational band [3,
15-21], has established a well-deformed ground state
(g.s.) for 3*Mg, from which the persistence of a spherical
magic shell N =20 is ruled out consistently. All these
findings offer valuable insights into the mechanisms that
govern the binding of the nucleus.

In theory, a remarkable cross-shell excitation from
neutron sd to pf shells for 3>Mg has been proposed for
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the deformed g.s. 07 using the shell model with the
SDPF-M interaction [22, 23]. Based on the picture of the
cross-shell excitation, the intrusion of the pf-shell is fre-
quently observed in the deformed mean-field calcula-
tions of ¥Mg. Nevertheless, the g.s. deformation remains
inadequately described. For instance, the angular mo-
mentum projection (AMP) based on the mean-field mod-
els can reproduce the deformed g.s. for Mg [24-26] but
cannot reproduce the low-lying excitation energies. This
indicates that the underlying mechanism responsible for
the island of inversion properties exhibited by **Mg re-
mains challenging.

As one of the representative nuclear models, the re-
lativistic mean field (RMF) theory [27—34], based on the
meson-propagated diagram of nuclear force [35],
provides a simple yet efficient modeling of nuclear bind-
ing through a covariant representation of the strong at-
tractive scalar and repulsive vector interactions. This pic-
ture provides a natural explanation of the strong spin-or-
bit couplings in nuclei [36, 37] and the origin of pseudo-
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spin symmetry (PSS) [38, 39]. In particular, as indicated
by the conservation conditions, namely V +S =0 [40] or
d(V+S)/dr =0 [41] with the scalar (S) and vector (V) po-
tentials, the approximate PSS in realistic nuclei is a natur-
al consequence of the relativistic modeling of nuclear
binding. However, the Fock terms, integral parts of the
meson-propagation diagram, were excluded from the
RMF models for simplicity, thereby neglecting the im-
portant degrees of freedom associated with the 7z and p-
tensor (p-T) couplings.

The incorporation of the Fock terms, which account
for the exchange correlations, has led to the relativistic
Hartree-Fock (RHF) and relativistic Hartree-Fock-
Bogoliubov (RHFB) theories [42—45]. With the pro-
posed RHF Lagrangians PKOi (i=1,2,3) [43, 46] and
PKA1 [44], comparable quantitative precision as the
RMF theory has been achieved by the RHF and RHFB
theories in describing a range of nuclear phenomena [47].
To understand the role of the Fock terms, PKO2, which
contains the g-scalar (o-S), w-vector (w-V), and p-vector
(p-V) couplings, was set to share the same degrees of
freedom as popular RMF Lagrangians. PKO1 addition-
ally considers the m-pseudo-vector (7-PV) coupling,
which is gradually enhanced in PKO3, and PKAT1 further
considers the p-T coupling [automatically the p-vector-
tensor (p-VT) couplings], which implements the meson
exchange diagram of nuclear force. Note that the z-PV
and p-T couplings contribute almost fully via the Fock
terms, which are considered the exchange degrees of free-
dom.

An early study established that the Fock terms can
significantly enhance the isovector contributions of the
energy functional [48]. Practically, the modeling of nuc-
lear binding remains largely unaltered from the RMF
models to the PKO series [43, 49], providing a compar-
able description of the PSS restoration in nuclear struc-
tures [50]. However, owing to the strong p-T coupling,
the in-medium balance between nuclear attractive and re-
pulsive interactions, which determines the binding of
nucleus, is significantly altered from the popular RMF
and PKO models to PKA1 [49]. Consequently, PKA1
correctly restores the PSS for the high-/ states, which
eliminates the spurious shell closures N(Z) =58 and 92
predicted by the RMF and PKO calculations [44, 49, 51].
Thus, the development of new Lagrangians DD-LZ1 [52]
and PCF-PK1 [53] was prompted, with restored PSS for
the high-/ states and eliminated spurious shell closures.

Recently, both the RHF and RHFB theories have been
extended to accommodate axially deformed nuclei, lead-
ing to the D-RHF and D-RHFB models [54, 55], respect-
ively. In particular, both the z-PV and p-T couplings as-
sociated with the exchange correlations have been shown
to exert a considerable influence on deformed nuclei
[54—56]. The D-RHFB model with PKA1 [44] has been
demonstrated to reproduce both the even-parity g.s. and

halo structure [56] and has been used to elucidate the co-
herence between the parity inversion and the halo/cluster
structures in 'Be [57]. More recently, the RHF theory
has been extended to include the configuration interac-
tions, leading to the configuration-interaction relativistic
Hartree-Fock (CI-RHF) model [58]. We must highlight
that the configuration interactions are constrained by an
existing Lagrangian, such as PKA1, in a manner analog-
ous to that employed in Refs. [59—63]. Thus, using the
same Lagrangian, a robust methodology for an insight in-
to the g.s. and the low-lying excitations is obtained from
the combination of the D-RHFB and CI-RHF models, as
well as for the underlying mechanism responsible for the
island of inversion properties exhibited by **Mg.

The remainder of this paper is organized as follows.
In Sec. II, the CI-RHF model is introduced briefly, with
comments on the relation to D-RHFB calculations. The
low-lying excitation properties and g.s. deformation of
Mg are discussed in Sec. II1, with a special focus on the
relation between the breaking of the PSS predicted for
spherical *Mg and the island of inversion properties of
32Mg. Finally, the conclusions and perspectives are given
in Sec. IV.

II. CONFIGURATION-INTERACTION RELATIV-
ISTIC HARTREE-FOCK MODEL

In this section, we briefly introduce the CI-RHF mod-
el [58]. Similar to the conventional shell model, the CI-
RHF calculations are restricted to a truncated Hilbert
space, namely the model space, on top of a frozen doubly
magic core. Consequently, an effective Hamiltonian is in-
troduced to account for the configurations excluded from
the model space. Note that the model space is construc-
ted on the single-particle basis given by the spherical
RHF calculations, and then, the energy of the frozen core
is consistently determined.

Starting with a complete set of single-particle basis,
the pairing, quadrupole, and octupole correlations can be
captured through the configuration mixing in a relatively
small model space, namely the P-space:

Nyal

P=> "1 )(P,l. 1¥,) =[] cf lcore), 0]

i=1

where |core) represents the frozen core, and the creation
operators (c') are restricted within the valence space.
However, owing to the limited model space, an effective
Hamiltonian must be considered to incorporate the im-
portant correlations associated with the configurations ex-
cluded from the model space. To account for the cross-
shell excitation, we apply the extended Kuo-Krenci-
glowa (EKK) method [64, 65] to derive the multi-shell
effective Hamiltonian for the CI-RHF calculations:

064112-2



Explanation of the nature of the island of inversion exhibited by **Mg at the...

Chin. Phys. C 49, 064112 (2025)

)

. 1 d*O(Eo) |, o K
H;™ = H (o) + il ?Eg" {H" -E}", ()
k=1 "

where the sum on the right side is the folded terms, the
index [/ represents the step of the iterations, and the
Bloch-Horowitz Hamiltonian is defined as HPH(E) =
PH,P + Q(E), where H, is the unperturbed Hamiltonian.
Correspondingly, the effective interaction VT can be cal-
culated as VT = H"— PH,P. In practice, the O-box is
frequently approximated as an expansion around Hy:

0
E-H,
Q0 , 0
E-H, E-H,

O(E) = PVP+PV VP

+ PV VP+---. 3)

The effective Hamiltonian H*" in Eq. (2) is independent
of the starting energy E,. Therefore, we may tune the
value of E, to avoid the divergences of energy denomin-
ator in the O-box. In the practical calculations of 0-box,
we consider only the second-order core-polarization cor-
rections to 80 MeV in the single particle energy [58].
Moreover, the folding terms with & > 10 are terminated in
Eq. (2).

Beyond the Hartree-Fock level, the main components
of pairing, quadrupole, and even octupole correlations
can be naturally included through configuration mixing in
the model space. Meanwhile, the correlations associated
with high-energy particle-hole excitations, which are ex-
cluded from the model space, are incorporated by the ef-
fective Hamiltonian. Thus, we expect that the CI-RHF
model provides a reasonable description of the low-lying
excitations. In the D-RHFB model, the RHF mean field
and pairing correlations are treated within the Bogoli-
ubov scheme in a unified manner [55]. In the intrinsic
framework, the quadruple correlations are considered
with the presence of quadruple deformation. This, to a
certain extent, indicates some consistency between the D-
RHFB and CI-RHF calculations, particularly with the
same Lagrangian. In particular, the g.s. and low-lying ex-
citations can be well described by the CI-RHF model,
whereas the D-RHFB model can provide us an intuitive
deformation picture. Consequently, we must understand
the nature of the island of inversion exhibited by Mg
through the application of the CI-RHF and D-RHFB
models.

III. RESULTS AND DISCUSSIONS

In this study, the RHF Lagrangians PKOi (i =1,2,3)
[43, 46] and PKAL1 [44] are utilized in both the D-RHFB
and CI-RHF calculations. To provide a more complete
understanding, we also perform the D-RHFB calcula-
tions with the RMF Lagrangian DD-ME2 [66] and DD-

LZ1 [52] for the nucleus of interest, **Mg. However, be-
cause the Fock terms are missing, it is difficult to expect
that the off-diagonal two-body interaction matrix ele-
ments (TBMEs), namely Vi, ey = Vapea — Vapac, €an be prop-
erly evaluated with the RMF Lagrangians, such as DD-
ME2 and DD-LZ1, in which the exchange correlations
are incorporated phenomenologically by the parameteriz-
ations, rather than an explicit treatment. Therefore, the
RMF Lagrangians will not be applied in the current CI-
RHEF calculations.

Within the D-RHFB model, the Bogoliubov quasi-
particle orbits, as well as the canonical single-particle
ones, are expanded on the spherical Dirac Wood-Saxon
(DWS) basis [67]. The details of the space truncations are
available in Ref. [55]. Moreover, the central part of the fi-
nite-range Gogny force D1S [68] is utilized as the pair-
ing force in the D-RHFB calculations. For the CI-RHF
calculations of ¥*Mg, the neutron (v) valence orbits in-
clude both the sd (v2si,2, vld;;, and vlds;) and pf or-
bits (v1f;,, and v2p;),) to account for the cross-shell ex-
citation, and the proton valence space is set as the sd
shell, on top of the frozen core '°0.

A. Island of inversion properties of Mg

Figure 1 shows the total energies £ (MeV) as func-
tions of the quadruple deformation S, given by the shape-
constrained D-RHFB calculations. We observe that
PKAI1 produces a clear global prolate minimum, display-
ing a stable deformation for the g.s. of ¥*Mg. In particu-
lar, the deformation given by PKA1 agrees closely with
the experimental values of B=0.512(44) [3] and

—
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—e— PKA1 —o— DD-LZ1 ) A

\ --=-PKO1 ----DD-ME2| 7'/ i,
---- PKO2 Ap i
246 |
S
)
=
248
-250
-252
Fig. 1. (color online) Total energies £ (MeV) of **Mg as

functions of the quadruple deformation S given by the D-
RHFB calculations with the RHF Lagrangians PKA1 and
PKO:i (i =1,2,3) and the RMF Lagrangians DD-ME2 and DD-
LZ1. The stars denote the prolate minima.
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B=0.51(3) [18]. In contrast, all the other selected Lag-
rangians predict spherical global minima and a shoulder-
like structure or weak local minimum with prolate de-
formation. The deformed calculation with the Lagrangi-
an PCF-PK1 [53] does not support a stable deformation
for the g.s. of 32Mg, either. We also observe in Fig. 1 that
the RMF Lagrangian DD-LZ1 [52] presents a more vis-
ible prolate minimum compared with the other selected
models except PKAI1. In contrast, as indicated by the
AMP calculations [24, 26], a global deformed minimum
for ¥Mg can be produced with these Lagrangians if we
further consider the correlations beyond the D-RHFB
scheme.

Figure 2 depicts the low-lying excitation spectra and
reduced transition probabilities B(E2) given the CI-RHF
calculations with PKA1, PKO2, and PKO3 compared
with the experimental data [15, 19, 69]. The B(E2) val-
ues are calculated with the effective charges 1.35 and
0.35 for protons and neutrons, respectively [22]. The res-
ults of PKO1 are not shown owing to them having a de-
scription similar to that of PKO3. Moreover, Table 1 lists
the numbers of neutrons populating the valence orbits for
the gs. 0f. For better understanding, the ratios
R=E@4})/EQ2}) are also shown in the last column of Ta-
ble 1. As shown in Fig. 2 and Table 1, the experimental
measurements, including the low-lying spectrum, the ra-
tio R, and B(E2:2{ — 07), indicate a rotational collectiv-
ity rather than a vibrational one for *Mg. The low-lying
excitation energies and R given by PKA1 are in excellent
agreement with the experimental data [19, 69]. With ref-
erence to the most recently reported value [15], PKA1
overestimates the B(E2:2} — 07) value but is more con-
sistent with the earlier measured value of 124.4(18.0)
e*fm* [21]. In particular, a notable cross-shell excitation
is predicted by PKA1 for the g.s. 07, with about two neut-

4 - 6 67 6 6}
| 32Mg ‘ !
3L 148.5 91.1 1133
S R UV AP
2 P |
S 2r
w 135.9 81.3 91.7
10 l % 2
o ]
T 86.8(10.4) 1124 71'9 817
ol ¥ 0 v 0 0
Exp. PKA1 PKO2 PKO3
Fig. 2.  (color online) Low-lying excitation spectra and re-

duced transition probabilities B(E2) (in ¢*fm*) of **Mg given
by the CI-RHF calculations with PKA1, PKO2, and PKO3
compared with the experimental data [15, 19, 69].

rons populating the pf shell. It supports a deformed g.s.
for ¥ Mg, being consistent with global prolate minimum
given by the PKAT1 results in Fig. 1. Consistently, the CI-
RHF and D-RHFB calculations with PKAT1 yield similar
intrinsic electric quadruple momentums Q', 68.9 efm? and
65.8 efm?, respectively. These results are consistent with
the previous shell model calculations [22, 23]. Moreover,
PKAT1 predicts a considerable neutron population on the
2ps,, orbit. Note that the measured cross section of the
g.s. of Mg can only be reproduced with a discernible
2p3), contribution [69].

In contrast, Table 1 and Fig. 2 show that PKO2 and
PKO3 predict not only a notable cross-shell excitation
from the sd to the pf shells for the g.s. 07 but also fairly
large values of B(E2:2} — 07). Specifically, these B(E2)
values are consistent with the reported measurements of
90.8(15.6) &*fm* [3], 66.6(15.6) ¢*fm* [16], 89.4(11.4)
¢*fm* [18], and 86.8(10.4) ¢*fm* [15] but are smaller than
the value 124.4(18.0) ¢*fm* reported in Ref. [21]. In con-
trast to the weak local minima in Fig. 1, these results also
support a deformed g.s. for **Mg after implementing the
many-body correlations within the CI-RHF scheme.
However, as shown in the last column of Table 1, the R-
values given by PKO2 and PKO3 are close to the vibra-
tion limit (2.0), which indicates nearly pure vibration col-
lectivity for *Mg. This is consistent with the calculations
of the AMP based on the RMF approach [70]. Mean-
while, the low-lying spectra given by PKO2 and PKO3 in
Fig. 2 are nearly equally spaced, representing a typical
feature of the vibration band. Thus, we deduce that the
CI-RHF calculations with both PKO2 and PKO3 predict
a soft deformation for 3>Mg, which is not as stable as in-
dicated by the measured low-lying excitation spectrum
[19].

To provide an insight into the g.s. deformation and
the collectivity of 32Mg, Table 2 lists the contributions
(MeV) of the energy functional, as given by the D-RHFB
calculations with PKA1, PKO3, and DD-LZ1, where the
first and second rows for each Lagrangian correspond to
the spherical and deformed minima, respectively. Evid-
ently, the total bindings described by PKA1, PKO3, and
DD-LZ1 are not significantly different for **Mg. As
shown in Table 2, the modeling of nuclear binding re-

Table 1. Numbers of neutrons populating the sd and pf or-
bits for the 0 state of **Mg given by the CI-RHF calculations
with PKA1, PKO2, and PKO3. The ratio R =E(4})/EQ27}) is
also shown in the last column, and the experimental value is
2.62 [19, 69].

1ds)» 2512 ld3)2 Lf72 2p3p2 R
PKA1 5.75 1.91 2.27 1.50 0.56 2.61
PKO2 5.73 1.92 2.38 1.81 0.16 2.07
PKO3 5.73 1.92 2.56 1.57 0.23 2.14
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Table 2.

Contributions (MeV) of the energy functional E, including the kinetic term Ey;, , sum of the isoscalar ¢-S and w-V coup-

lings, isovector p- and z-couplings, and others E,y, for the sum of the other channels, namely, the Coulomb field, pairing correlations,
and center-of-mass corrections. The results are given by the D-RHFB calculations with PKA1, PKO3, and DD-LZ1, where the first and
second rows correspond to the spherical and deformed minima, respectively.

Exin, Egiw E, Ex Eoth. E
PKA1 400.8 -417.0 -217.5 -31.5 14.9 -250.2
409.6 —-434.4 -2144 -29.9 17.4 -251.7
PKO3 438.1 -606.1 -59.7 -37.2 14.4 -250.5
448.7 -616.3 -59.2 -36.1 14.6 —248.3
DD-LZ1 412.6 -701.3 18.3 - 19.4 -251.1
414.1 -702.7 17.6 - 21.8 -249.2

mains largely unaltered from DD-LZ1 to PKO3, al-
though the isovector contributions in PKO3 are enhanced
by the Fock terms. However, the contributions of the p-
couplings in PKAT1, owing to the p-T and p-VT coup-
lings, become competitive with the interplay of the strong
attractive o-S and repulsive w-V couplings. Note that the
E, term described by PKA1 is reduced from the spheric-
al to the deformed cases, whereas the E,,, term is signi-
ficantly enhanced, leading to the deformed g.s. for 3>Mg.
This reveals that the modeling of nuclear binding under-
goes a significant alteration with the presence of the Fo-
ck terms, particularly for the exchange degrees of free-
dom associated with the p-T and p-VT couplings.

As an extensive illustration beyond the Hartree-Fock-
Bogoliubov level, Fig. 3 shows the main sd-to-pf cross
matrix elements as given by PKA1 (left pillars), PKO3
(middle pillars), and PKO2 (right pillars). The contribu-
tions from the exchange degrees of freedom, namely, the
p-T (automatically including p-VT) and z-PV couplings,
are indicated by the patterns, and the black color repres-
ents the sum of the dominant channels (d.c.), which in-
cludes the degrees of freedom considered in the popular
RMF models and PKO2, namely, the o-S, w-V, and p-V
couplings. In particular, the black bars overlapping the
red patterns indicate the cancellations between the d.c.
and the p-T coupling, and the length of the pillars, after
the cancellations, represents the total results.

As shown in Fig. 3, the configuration interactions giv-
en by PKA1 are predominantly shaped by the p-T coup-
ling. Moreover, the 7-PV coupling also makes discern-
ible contributions, despite its relatively weak coupling
strength [44, 46]. With the presence of the z-PV coup-
ling, the d.c. contributions are slightly changed from
PKO2 to PKO3 but are notably reduced for (ffd’d’),-,
and (ffd°d’),_,. This indicates the significance of the 7-
PV coupling in determining some configuration interac-
tions. Furthermore, for PKA1, which incorporates the p-T
and p-VT couplings, the contributions of the d.c. are re-
markably changed from PKO3 for most cases. This is
consistent with the underlying alteration of the nuclear

V;fbfcd (MeV)

-0

‘ (ffss‘)Jzo ‘ (deida)J:u ) (ﬁSd‘s)J:Q ) (pfdﬁ‘ds)Jzz ) (ﬁds(‘ja).l:[
(ffd°d®) (ffd®d®) (ffd’s) - (pfd®s), (ffd°d®) -,
Fig. 3. (color online) Schematic of the cross-shell excitation

and the main sd-to-pf cross-shell matrix elements given by
PKA1 (left pillars), PKO3 (middle pillars), and PKO2 (right
pillars), where f, p, s, d°, and &> represent the neutron orbits
1f7/2, 2[)3/2, 2S1/2, 1d3/2, and lds/z, respectively. The domin-
ant channel (d.c.) contains the ¢-S, w-V, and p-V couplings.

binding in Table 2, where the sum of the dominant o-S
and -V contributions is reduced significantly from
PKO3 to PKAL. In particular, for (ffd°d®) -, (fFfd*d’) -,
and (ffd’d’),-,, notable cancellations appear between the
contributions from the d.c. and the p-T and 7z-PV coup-
lings. This indicates that the exchange degrees of free-
dom associated with the z-PV and p-T couplings can ex-
ert even more important effects in determining the con-
figuration interactions compared with the modeling of
nuclear binding at the Hartree-Fock-Bogoliubov level, as
shown in Table 2. Furthermore, this also demonstrates the
significance of the Fock terms, particularly the exchange
degrees of freedom that are absent at the Hartree level.

As discussed earlier, the exchange degrees of free-
dom play a significant role in determining both the nucle-
ar binding and configuration interactions. However, the
reason PKA1 predicts a stable deformation and consist-
ent collectivity with the experimental measurements
whereas the PKO models prefer a near pure vibration col-
lectivity with soft quadruple deformation for Mg is not
easy to understand. This necessitates a further investiga-
tion on the microscopic single-particle structure given by
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the D-RHFB calculations.

B. Microscopic understanding of the deformation

in 32Mg

Based on the results in Table 1, the cross-shell excita-
tion supports the occurrence of the deformation for the
g.s. of 32Mg under the CI-RHF scheme. Among the selec-
ted Lagrangians, PKA1 achieves an excellent agreement
with the experimental data for both the deformation and
the low-lying excitation energies. In contrast, regarding
the ratio R= E(47)/E(2}) in Table 1 and the low-lying
spectra in Fig. 2, PKO2 and PKO3 predict a vibration
band for ¥*Mg. To better understand the nature of the is-
land of inversion exhibited by **Mg, Fig. 4 shows the
evolution of neutron canonical single-particle orbits with
respect to the deformation S. The results are extracted
from the D-RHFB calculations with PKA1 (solid lines)
and PKO3 (dashed lines), the representatives of the selec-
ted models.

As shown in Fig. 4, the intrusion of the pf shell,
namely, the 1/25 orbit, is observed in both the PKO3 and
PKAT1 results. This intrusion is consistent with the sd-to-
pf cross-shell excitation given by the spherical CI-RHF
calculations in Table 1. Moreover, because of the smaller
spherical shell gap of N =20, an accelerated intrusion of
the 1/2; orbit is predicted by PKAl compared with
PKO3, which results in an earlier intersection of the or-

2k

4

) (MeV)

T
\Y
'

(o)}

E(m

-10 +

-12 1 Y. 1 L 1 L 1 L 1
0.0 0.2 0.4 0.6 0.8

Fig. 4. (color online) Neutron canonical single-particle ener-
gies of **Mg as functions of the deformation S, as given by
PKAT1 (solid lines) and PKO3 (dotted lines). The arrows mark
the shell gap at the prolate minima (8=0.51 for PKA1 and
0.45 for PKO3).

bits 1/25 and 3/23. This, to a certain extent, is meaning-
ful for the occurrence of a stable deformation in 3*Mg.
More significantly, PKA1 presents a much flatter shape
evolution than PKO3 for both the orbits 1/2} and 1/2],
which branch from the pseudo-spin (PS) partners 2s,,,
and 1d;),. In particular, the 1/2} orbit described by PKA1
remains more deeply bound than the spherical 1d;,, state
before reaching the global minimum. Thus, PKA1 pro-
duces a more notable shell gap (marked in arrows) at the
prolate minimum than PKO3. Although much less pro-
nounced than the spherical one N = 20, this notable shell
gap is still essential for stabilizing the g.s. deformation of
2Mg. Accordingly, as indicated by the PKA1 results in
Fig. 1, the energy of the system is predicted to increase
rapidly when the deformation deviates from the prolate
minimum. This explain why the nucleus **Mg described
by PKAT1 exhibits the rotational rather than the vibration-
al collectivity, which is consistent with the low-lying
spectra in Fig. 2.

To provide a deep understanding for the occurrence
of a stable deformation in 3*Mg, Fig. 5 (a) shows the
quadruple moment Q, (fm?) as a function of the deforma-
tion S for both neutron orbits 1/2] and 1/2, and Fig. 5
(b) shows the proportions of main spherical DWS waves
in the orbit 1/2;. It is known well that the mixture of
spherical waves subsequent to the deformation is sensit-
ive to the presence of a spherical shell gap. As shown on
the left of Fig. 4, PKAI yields a much more distinct split-
ting between the spherical PS partners (1ds,, 2s12) than
PKO3, thereby illustrating a notable breaking of the PSS.
Consequently, as shown in Fig. 5 (b), this prevents the
mixture of the 2s,,, wave into the 1/2} orbit as described
by PKAI1. Similarly, the mixture of the 1d;, wave into
the 1/2% orbit predicted by PKA1 is less than that by
PKO3. Consistently, the Q, values given by PKA1 and
PKO3 differ significantly for both the 1/2% and 1/2} or-
bits, as shown in Fig 5 (a).

Combined with the Q, values in Fig. 5 (a), the shape
evolutions of the 1/2% and 1/2} orbits in Fig. 4 are easily
understood. As deduced from the Q, values in Fig. 5 (a),
PKO3 predicts the 1/2} orbit exhibiting oblate distribu-
tion, which thus becomes increasingly less bound when
the nucleus * Mg is increasingly prolately deformed, and
vice versa for the 1/2} orbit. However, both the 1/27 and
1/2; orbits described by PKA1 exhibit near spherical
nature before reaching the prolate minimum. Consist-
ently, as shown in Fig. 4, both the 1/2} and 1/2; orbits
described by PKA1 exhibit much flattened shape evolu-
tions. The flat evolution of the 1/2} orbit is essential for
producing the distinct deformed shell gap and further the
stable deformation in ¥?Mg.

As previously stated, the cross-shell excitation or the
pf intrusion is essential for the occurrence of a deforma-
tion in 32Mg. In addition, the stability of the deformation,
which plays a crucial role in determining the collectivity
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Fig. 5. (color online) Quadruple moment Q, (fm?) for neut-
ron orbits 1/27 and 1/2} (plot a) and the proportions (in per-
centage) of main spherical DWS waves in the orbit 1/2; of
Mg as given by PKA1 (solid lines) and PKO3 (dotted lines).

of *Mg, is intrinsically connected with the PSS breaking
between neutron spherical PS partners (25,2, 1d3/2). Thus,
a new insight into the nature of the island of inversion ex-
hibited by **Mg is implemented from the PSS breaking,
which is a consequence of nuclear binding as indicated by
the PSS conditions [40, 41]. Moreover, as shown in Ta-
ble 2 and Fig. 3, the p-T couplings are essential in de-
termining both the nuclear binding and the configuration
interactions. This also reveals the role of the exchange
degrees of freedom in determining the island of inversion
properties of 3>Mg.

In contrast, the Lagrangians PCF-PK1 and DD-LZ1
can properly restore the PSS for the high-/ states as PKA1
[52, 53]. However, PCF-PK1, as well as DD-ME2,
PKO1, and PKO2, presents similar descriptions of the
splitting of the PS partners (1d;/,,2s,2) and the N =20

shell in spherical **Mg. Thus, we do not expect PCF-PK1
to provide a description equivalent to that provided by
PKAI1 for the nucleus of interest,>?Mg. In contrast, simil-
ar to PKA1, DD-LZ1 produces notable PSS breaking and
flat shape evolutions for the deformed orbits 1/27 and
1/2;. However, as mentioned earlier, the RMF Lagrangi-
an DD-LZ]1 is not a proper choice to derive an effective
Hamiltonian for the CI-RHF calculations.

IV. CONCLUSIONS

The nature of the island of inversion exhibited by the
unstable nucleus **Mg, namely, a well-deformed ground
state with vanishing neutron shell N =20, is investigated
through the application of the axially deformed relativist-
ic Hartree-Fock-Bogoliubov (D-RHFB) and configura-
tion-interaction relativistic Hartree-Fock (CI-RHF) mod-
els. Using the same Lagrangian PKA1, the D-RHFB and
CI-RHF models adequately reproduce the stable deforma-
tion and low-lying excitations of ¥Mg at the Hartree-Fo-
ck-Bogoliubov level and beyond, respectively. In addi-
tion to the picture of the pf intrusion or the cross-shell
excitation, a new insight into the occurrence of a stable
deformation in ¥Mg is implemented from the breaking of
the pseudo-spin symmetry (PSS). We find that, owing to
the notable PSS breaking, a notable deformed shell gap is
predicted by PKA1, which stabilizes the deformation of
Mg and produces rotational collectivity, as revealed by
the experimental measurements.

In particular, we show that the degrees of freedom as-
sociated with the exchange correlations, particularly the
p-tensor coupling, present significant contributions to the
nuclear binding and the configuration interactions, which
are essential to producing the PSS breaking and cross-
shell excitation for Mg, respectively. This reveals the
significance of exchange correlations in understanding
the nature of the island of inversion, as well as for the
binding of the nucleus, a fundamental problem in the
field of nuclear physics. Finally, we comment that the CI-
RHF calculation with PKA1 yields an excitation energy
E(03) similar to that obtained with the shell model calcu-
lations with the SDPF-M interaction [22, 23], which de-
serves an extensive study in the future.
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