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Traces of quantum fuzziness on the black hole shadow and particle
deflection in the multi-fractional theory of gravity
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Abstract: In this study, we investigate the properties of black holes within the framework of multi-fractional theor-
ies of gravity, focusing on the effects of g-derivatives and weighted derivatives. These modifications, which intro-
duce scale-dependent spacetime geometries, alter black hole solutions in intriguing ways. Within these frameworks,
we analyze two key observable phenomena - black hole shadows and particle deflection angle in the weak field limit
- using both analytical techniques and observational data from the Event Horizon Telescope (EHT) for M87* and
Sgr A*. The study using the g-derivative formalism reveals that the multi-scale length ¢, influences the size of the
black hole shadow in two ways and modifies the weak deflection angle. Constraints on ¢, are derived from the EHT
observations, showing significant deviations from standard Schwarzschild black hole predictions, which range from
10° to 10'0 orders of magnitude. Additionally, the weak deflection angle is computed using the non-asymptotic gen-
eralization of the Gauss-Bonnet theorem (GBT) to reveal the effects of finite-distance and multi-scale parameters.
Using the Sun in the Solar System test, we observe that the constraints for £, range from 108 to 10°orders of mag-
nitude. Results from the weighted derivative formalism generate a dS/AdS-like behavior, where smaller deviations
are found in the strong field regime than in the weak field regime. The results suggest that, while these effects are
subtle, they provide a potential observational signature of quantum gravity effects. The findings presented here con-
tribute to the broader effort of testing alternative theories of gravity through black hole observations, offering a new
perspective on the quantum structure of spacetime at cosmological and astrophysical scales.
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I. INTRODUCTION

The exploration of black holes has long captivated the
field of theoretical physics, not only for their dramatic
properties within general relativity (GR) but also for the
possibility they present in testing fundamental theories
beyond Einstein's framework. In particular, black holes in
higher dimensions provide a compelling arena for invest-
igating the behavior of gravity when the standard four-di-
mensional (4D) picture is expanded [1, 2]. Higher-dimen-
sional spacetimes, as explored in the context of string the-
ory [3—5] and braneworld models, introduce novel fea-
tures into black hole physics, such as modified horizons,
thermodynamics [6], and new forms of gravitational radi-
ation, which provide clues about the subtle and non-trivi-
al structure of spacetime and create a pathway for prob-
ing alternative gravitational theories [7—16].

Black holes have been explored within the frame-
work of multi-fractional theories of gravity [17], specific-
ally focusing on two models: those with g-derivatives and
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those with weighted derivatives [18]. In these models,
spacetime dimensionality changes with the scale being
probed, influenced by a fundamental length, ¢,, and such
modifications to the fabric of spacetime yield intriguing
deformations to black hole solutions. In particular,
Schwarzschild black holes within these multi-fractional
contexts can exhibit altered event horizons and singularit-
ies. For instance, in the g-derivatives scenario, an addi-
tional ring singularity emerges, and the black hole's
Hawking temperature can be higher than that in GR. In
the context of higher-dimensional black holes, its import-
ance lies in its demonstration of how the multi-fractional
geometry can modify black hole characteristics even at
macroscopic scales, such as shifts in the event horizon,
thermodynamic properties, and the presence of novel sin-
gularities. These effects, although subtle, provide an ex-
citing opportunity to test phenomenological aspects of
quantum gravity [19]. Thus, the exploration of black
holes within multi-fractional models can contribute to a
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deeper understanding of how deviations from standard
4D GR can manifest in observable astrophysical phenom-
ena, providing insights into quantum gravity frameworks.

One of the most observable aspects of black holes lies
in their shadows — dark regions formed by the gravita-
tional bending of light near the event horizon, primarily
governed by the photon region in rotating black holes and
the photonsphere in spherically symmetric cases [20, 21].
The study of black hole shadows has evolved from theor-
etical predictions [22—24] to direct observational tests,
such as those conducted by the Event Horizon Telescope
(EHT), which captured the shadow of the supermassive
black holes M87* and Sgr. A* [25—29]. Notably, in black
hole imaging, the term shadow often refers to the inner
shadow, whereas the bright ring observed in EHT images
corresponds to lensed photon trajectories rather than the
actual shadow. Recent studies, including those in Refs.
[30, 31], have further clarified this distinction, emphasiz-
ing the importance of understanding the photon region
and the role of multiple light trajectories in black hole
imaging. Shadows are not only dependent on the mass
and spin of the black hole but also serve as probes for the
underlying gravitational theory [32, 33]. Because of such
importance, many authors have analyzed black hole shad-
ows in various alternative gravity frameworks. In particu-
lar, recent advancements have explored the influence of
strong magnetic fields [34—37], studied deviations from
GR [38-48], and proposed novel observational tech-
niques [49], which are crucial to contextualizing the
present study within the broader landscape of black hole
physics. In the context of multi-dimensional black holes,
the reader may refer to published references [50—65].
Some recently published references on the topic are also
available [66, 67].

Another important black hole phenomenon that we
can consider is the deflection angle, which has two re-
gimes: weak and strong fields. The former measures the
bending of light by black holes at larger impact paramet-
ers and is particularly sensitive to deviations from GR.
That is, observing relativistic image lensing formations
can provide limitations on the compactness of massive
dark entities, which is independent of their mass and dis-
tance [68—74]. Using tools such as the Gauss-Bonnet the-
orem (GBT) [75], which links the geometry of the space-
time to its topology, we can compute deflection angles
that may differ in higher-dimensional or modified grav-
ity settings. Recently, the GBT was extended to include
the finite distance of the source (of photons) and the re-
ceiver [76]. Furthermore, its generalization, in which the
integration domains were modified to include the photon
sphere, was artfully considered [77]. It has been used to
explore the deflection angle, which is also generalized to
include massive time-like particles [78—83].

This study aims to probe whether the multi-fractional
theory leaves measurable traces on these observable phe-

nomena. Specifically, we investigate the effect of a para-
meter emerging from the multi-fractional framework on
the black hole shadow and the weak deflection angle
when viewed in the context of higher-dimensional black
holes. Such an approach not only serves as a test of the
multi-fractional theory itself but also enhances our under-
standing of the broader implications of non-standard di-
mensionality in gravitational systems. By examining
these effects through established techniques such as the
non-asymptotic generalization of the GBT, we aim to
bridge the gap between theoretical predictions and poten-
tial observational signatures, enhancing our understand-
ing of the deep structure of spacetime. At the time of
writing this paper, no study has explored the multi-frac-
tional nature of a black hole spacetime.

The remainder of this paper is organized as follows.
In Sec. 11, we briefly review the application of multi-frac-
tional theory to black hole solutions. Subsequently, in
Sec. 111, we study the shadow and find constraints to the
multi-scale length ¢, using the EHT results for M87* and
Sgr. A*. In Sec. IV, we test the weak field regime for the
parameter £,. Finally, in Sec. V, we state final remarks
and possible research prospects. Unless specified differ-
ently, we use the metric signature (—,+,+,+) and geomet-
rized units by setting G =c=1.

II. BRIEF REVIEW OF A BLACK HOLE IN
MULTI-FRACTIONAL THEORY

In this section, we first review the black hole solution
in multi-fractional theory with g-derivatives. In a seminal
work [18], the standard GR equations were modified by
replacing ordinary derivatives with g-derivatives, which
reflect a scale-dependent structure of spacetime. The first
modification appears in the Riemann tensor, where the
usual derivative d, is replaced by the g-derivative:

1 1
qRﬁ(rv = ;60qrﬁv - viva"qrﬁ(r + qr:wqr‘;(r - qr:urqrﬁﬂ (1)

where v, =9d,q,(x,) is a function that accounts for the
measure dependence. Subsequently, the Christoffel sym-
bols are modified as

1

1 ( 1 1 )
qr‘p =-g" 7(9 vo T 7av o 760’ v | 2
b =287\ Qo+ O8ur =, 08 2)

and directly impact the geometry of spacetime in the
multi-fractional framework. The Einstein-Hilbert action
is generalized by introducing the measure v(x), which is a
product of the g-derivative terms:

18 = — [ d®xv(x) V=g (“R=2A) +5 5, A3)
2k
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where v(x) = [[,vu(x,), and ‘R is the g-version of the
Ricci scalar. This modification introduces a background
scale dependence into the action.

Thus, the solutions to Einstein’s equations are ob-
served to appear the same as in GR when expressed in
terms of g-coordinates ¢, [18]. However, non-linear
modifications appear when re-expressed in physical co-
ordinates x,. Note that this is not simply a coordinate
transformation (which it may be confused for) but re-
flects the intrinsic multi-scale geometry of the theory.
Thus, the Schwarzschild solution in the multi-fractional
theory is

oM oM\
= (1-2) g (1-2) g
q q

+¢>(d6? + sin® 6d¢?), 4)

where ¢ is the modified radial coordinate, and the non-
trivial aspect of multi-fractal theory is hidden:

q:ri%(i)d. %)

We observe that inherently, ¢ is a function of the radial
coordinate r. Furthermore, the length scale parameter ¢,
marks the transition between the UV and IR behavior of
the geometry. We should also note that the standard
Schwarzschild metric is recovered in the limit where the
multi-fractional effects vanish, i.e., when ¢(r) — r. If we
consider the case of no log oscillations, the transforma-
tion simplifies to

l1-a
0 o

. ()
a

q=rzt

When ¢, (the multi-fractional characteristic scale) is
small or goes to zero, the correction term disappears,
leading to ¢(r) ~ r, which restores the standard Schwarz-
schild metric:

2M oM\
ds? = — (1 - —) d + (1 - —) dr? +7*(d6? +sin’ 0dg?).
r r
@)

Thus, the Schwarzschild solution is recovered in the clas-
sical (large-scale) limit where multi-fractional effects are
negligible.

In Eq. (5), a plays a fundamental role in determining
the scaling of the coordinate transformation and the beha-
vior of gravitational corrections, where a should be with-
in a specific range to ensure a physically viable model
[18]. A notable choice is @ = 1/2, which is highlighted as
having a "special role in the theory." More generally, the

theory suggests that o must be constrained between 0 and
1 to maintain consistency with the underlying fractal-like
spacetime modifications. Specifically,

e If a ~ 1, the corrections become very small, mak-
ing the multi-fractional effects negligible.

e If @=~0,strong oscillatory behavior emerges, re-
quiring logarithmic oscillations to smooth out the solu-
tion.

e o =1/2 is selected in multiple cases as a represent-
ative value that balances multi-fractional effects.

Thus, the practical range of a appears tobe O <@ < 1,
with special emphasis on a=1/2. When a=1/2,
t.=13,/s, where s is called the observation scale length
[17, 84]. Indeed, the parameter ¢, is the boundary at
which the difference in physical laws occurs. Ref. [18]
further explains that g represents the stochastic fluctu-
ation as can be inferred from the upper and lower signs of
the equation. The former simply represents the deforma-
tion in the radius, whereas the latter represents the
quantum stochastic feature, where the radius suffers
fuzziness owing to the multi-fractional effects of space-
time.

The horizon radius is also modified by the multi-frac-
tional effects of spacetime [18]. The key equation that de-
termines the fractional event horizon is ¢(r;) =2M.
Without log oscillations, this equation simplifies to

fl—a
—ry =2M, (8)
0%

rp=x

where the implications are (1) the horizon radius is smal-
ler than the standard Schwarzschild radius 2M - which is
the initial-point presentation, and (2) the horizon radius is
larger than 2M - the final-point presentation. Explicitly
solving for r, when « = 1/2 yields

r;lp = 25* +2M -2 fz + ZMg* < ZM’

rP =2M 42/ +2MCL, - 2L, > 2M. )

Additionally, in the stochastic interpretation (for com-
pleteness), the horizon radius is given by

r=2M£8(r), O(r) =2/ +2ML, -2¢,. (10)

Here, 6(r) represents quantum fluctuations due to the
multi-fractional structure. This introduces a degree of in-
trinsic uncertainty in the horizon radius, which becomes
particularly significant for microscopic black holes where
the Schwarzschild radius approaches the multi-fractional
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scale ¢,.

A different approach to multi-fractional theory is
called weighted derivatives. In the Einstein frame, the
gravitational action in the theory with weighted derivat-
ives is

1

0% 2

d*x V=g (R- wd, @90 -e"U), (11)

where ®(x) =Inv(x), and U is a potential related to the
measure weight v(x). Assuming an Ansatz,

ds® = —y,(rd? + v, (r)dr? + r*(d6? + sin” 6d¢?), (12)
the field equations can be solved:
O = ('}’l’yz)/,

’ 1 / !
0=y/-v, ( 72 +,_L) _n <r&—272+2), (13)
2y, r 2y 2\ 7

where the solution is obtained as

2M 2
n=1-==-2
r 6

V2N =y (14)

Here, y can be treated as positive (dS-like) or negative
(AdS-like). It is the simplest black hole solution where
A =(1/2)y, an increase by a factor of 1/2 owing to the
multi-scaling nature of the geometry - an alternative per-
spective to the cosmological constant as explained in
[18].

III. ANALYSIS OF SHADOW WITH EFFECTS
FROM MULTI-FRACTIONAL THEORY

For the calculations to be sufficiently clear, we can
rewrite Eq. (4) as

1ds® = A(q)dr* + B(q)dq® + C(g)dgs?, (15)

where we specialize at § = /2, converting it to a (2+1)
metric. To derive the black hole shadow radius, we re-
quire only the expression for the photon sphere radius and
the critical impact parameter. The formalism we follow is
well-known and used widely in the literature (see Refs.
[20, 21, 85]). Using Eq. (15), the photon sphere radius
can be solved simply as

A
d%) 7' ~2A(@)q = (24 -6M) =0, (10

resulting in

q(rph) =3M. (17)

Indeed, as we can observe, we need not implement some
coordinate transformation in Eq. (15) because the expres-
sion directly results from the Einstein-Hilbert action in
the g-derivative formalism [18]. As we set @ =1/2 and
select the upper sign in Eq. (5), we find two solutions for
the photon sphere:

Toh =20, F2/6.3M + ) +3M. (18)

We remark that if we select the fuzziness feature of
spacetime in Eq. (5), we still obtain the same expression
above. As we follow the reconciliation of the so-called
problem of presentation in [18], particularly in the treat-
ment of the black horizon, the upper sign in Eq. (18) rep-
resents the initial point of the photon sphere, whereas the
lower sign represents that of the final point. Remarkably,
both of these cases are subjected to certain approxima-
tions that we can study. These are (a) ¢./M — 0 and (b)
{,/M — oo. This would mean that for the former, M > ¢,,
and for the latter, £, > M. Finally, a further examination
of Eq. (18) shows that it is reducible to the standard
Schwarzschild case without the influence of the multi-
scale length (¢, = 0).

Selecting the upper sign in Eq. (18), we determine the
approximations for ¢,/M — 0 and ¢,/M — o as

Fon ~ 3M =2\/3ME. +2£, - O(£)),

oM* 2TM?

I~ 3~ g TO). (19)

respectively. When the lower sign is selected, the two
above approximations become

Ton ~3M +2+/3MC. +2¢.+O(L.),
M2
riy ~ 40 +6M — 947 +O(62), (20)

With these simplified expressions for the photon
sphere radii, we can now derive the impact parameter as

g (V)
CAQ) 2VrtFE2M s

b(ry* 2

and the critical impact parameter is simply determined
using Egs. (19) and (20) substituted into Eq. (21). That is,
bait = b(r = rpn). If we use Eq. (20), we must use the up-
per sign in Eq. (5). For the lower sign, Eq. (19) is used.
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We observe that it produces the same critical impact para-
meters. For £,/M — 0 and ¢,/M — oo, we find

2 2 3€f 7/2
b ~2TM" + o +0(L,)7),

crit

164025M°5
b ~2TM* + —————— ’ 22
crit + 102454 +O( * )’ ( )
respectively.
Finally, we find the exact expression for the g-ver-
sion of the shadow radius [85] as

bcril obs
Ry = 2590 /A G (rane)- (23)

- q(robs)

Again, for ¢£,/M — 0 and £,/M — oo, we find

1 1/2
R ~3V3M -6 3&M( ) +Or?,
Tobs
3VAMr, 3V3Mry 1
obs _ 2 Lorih. 24
8[% 45 (robs) ( )

far
sh

which is the one we require to constraint ¢, using the
EHT data/results for Sgr. A* and M87*. Indeed, because
of the uncertainty of the photon sphere's position caused
by the intrinsic stochasticity of spacetime, the behavior of
the shadow radius is also affected. However, an interest-
ing behavior to note is the coupling of the multi-length
scale to the observer's position relative to the black hole.

The Schwarzschild shadow radius is bounded by the
following uncertainties: 4.209M < Rsq, < 5.560M for Sgr.
A* at the 20 level of significance [86] and 4.313M <
Rsen <6.079M for M87* at the 1o level of significance
[87]. Let o represent these upper and lower bounds. Thus,
we obtain

IRET = Rychw + 0. (25)
sh

Here, we can determine the parameter estimation for the
multi-scale length ¢, again, for ¢./M — 0 and {,/M — oo
as

627' gbs

108 M4’
(BV3M)Pryps

%

(26)

*

respectively. For the second equation above, we only
used the first term as this is the largest contribution. It
shows its dependence on the observer's distance from the
black hole in terms of the usual r-coordinate and cannot
be negative. Now, for Sgr. A* (M =6.40x10°m), 6=

+0.987M and 7y, =4.02%x10'°M, yielding £,/M = 5.86x
10%. For M87* (M =9.60x10'2m), 6=+0.883M and
Fops = 5.4 % 10'°M, which leads to £, /M = 1.14x 10%°.

The violation of the proposed universal bound on
black hole size in both 4D Einstein-Gauss-Bonnet (EGB)
gravity and multi-fractional gravity suggests a deeper un-
derlying modification to spacetime structure beyond clas-
sical GR. For 4D EGB gravity, the negative Gauss-Bon-
net (GB) coupling constant leads to a modification of the
photon sphere and shadow size, breaking the classical in-
equalities that relate these radii to the event horizon and
mass of the black hole [88]. Similarly, in multi-fractional
gravity, the introduction of a scale-dependent radial co-
ordinate transformation via the parameter ¢, creates an
intrinsic quantum fuzziness in black hole geometry, alter-
ing the event horizon, photon sphere, and shadow radius.
This suggests that the classical limits on black hole size
may not hold in alternative gravity theories where
quantum or fractal-like structures emerge at small scales.
The key insight here is that the breakdown of these
bounds is not limited to any single alternative theory but
rather may be a common feature of quantum-corrected or
modified spacetime geometries, pointing towards a poten-
tial observational signature of new physics. Future stud-
ies using black hole shadow observations from the EHT
could provide empirical constraints on these effects,
which would aid in distinguishing different quantum
gravity models.

For comparison, the cosmological horizon is only
~9.51x10%” m, and the obtained values of ¢, signific-
antly exceed it. Furthermore, the first expression in Eq.
(26) does not apply to astrophysical black holes because
the condition M > ¢, is not satisfied. However, if we ex-
amine the second expression, we find that 8.95x10° <
£,/M <1.16x10'° for Sgr. A*, and 1.22x10"° <¢,/M <
1.53x 10" for M87*. These results show that the second
expression in Eq. (26) is the one applicable for constrain-
ing ¢, in astrophysical black holes because the condition
¢.> M 1is satisfied. The implication of this result is such
that the shadow radius is completely modified as shown
in the second expression in Eq. (24). Note that the
Schwarzschild case is recovered if €, ~ 0.1164 ry,.

Finally, when the cosmological constant is con-
sidered an effect of a multi-scaling nature of geometry in
the weighted derivative formalism, then Eq. (14) applies.
Basically, the shadow analysis would be the same as that
of the standard dS/AdS black hole spacetime, where the
photon sphere is found not to be affected by the cosmolo-
gical constant: r,, = 3M. Thus, the expression for the crit-
ical impact parameter is

5 54M?

R — 2
crit ]_9XM2 ( 7)

Again, as we follow the formalism of deriving the shad-
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ow radius, we find that the far approximation is
) ar M \/_ 0obs
R ~3V3M - ¢ Orape). (28)

Thus, using the EHT results, we can possibly constrain y:

453
- 29
YV (29)

In dS spacetime where y > 0, we select § < 0, whereas, in
AdS spacetime, ¢ >0 must be selected. For Sgr. A*, we
find that y~349x10* m™2, whereas for MS&7*,
X ~759%x107¥ m™2. We observe that constraints on
M87* yield a closer value to A ~ 1072 m™2, thus provid-
ing a small but significant deviation. We may attribute
the deviation to the multi-fractional effects of spacetime
under the weighted derivative formalism.

IV. DEFLECTION ANGLE IN THE WEAK FIELD
REGIME

In this section, we use the version of the GBT that en-
ables us to calculate the weak deflection angle even if the
spacetime is non-asymptotically flat. The 1+2 dimen-
sional metric in Eq. (15) is utilized for the general ver-
sion of GBT given by [77]

®= KdS +¢RS~ (30)

R S
atrpp) Patrp)

Here, the quadrilateral, as symbolized by the box, repres-
ents the integration domain used in the generalized GBT.
Specifically, it refers to the quadrilateral domain formed
by the source of light, the receiver, the photon sphere, and
the observer’s location. Such an integration domain must
be specified to compute the weak deflection angle in the
presence of non-asymptotic spacetime modifications.

Note that, because we are dealing with multi-fraction-
al theory, the GBT above must be rewritten in its g-ver-
sion. The integral above is evaluated in a quadrilateral
spanning from the position of the source S, the photon
sphere ¢(ry), the position of the receiver R, and back to
the position of the source. Additionally, ¢gs is the separa-
tion between the source and receiver, as given by

Prs = Pr = s, €2))

where ¢r =7 —¢s. Furthermore, dS = /gdgd¢ is the in-
finitesimal curve surface, and g is the determinant of the
Jacobi metric in its g-version as

2AQ) (q) C(q) dg?

A(g ) A( )
_ (B2 -1’A(9)B(@)C(q)
A(g)?

di* = g;;dx'dx’ = (E* -

(32)

In the above expression, u is the mass of the time-like
particle, and E is the energy per unit mass. In terms of
these variables, we can rewrite Eq. (30) as

R a@)
/ / K \gdgdg + ¢s, (33)

q(rpn)

where the Gaussian curvature is given by
1

7 s (o) 3 (575).
= Lag () =

The Jacobi metric implies that I'), =0, and using the
photon sphere as the integration domain,

[ / Kvsag|| =0, (35)
q=q(rph)
resulting in
e A(q) (E*-A(g)) C' - E*C(9)A(q)
K \gdg=—
/q(rph) Vadg 2A(q) (E* = A(@) VBW@OC(Q) | 4=g0r0)
(36)

where prime denotes differentiation with respect to q.
As indicated by g(r(¢)), the orbit equation is required.
By allowing u(g) =¢7',

_ (du@\* _ Clulg) ug)*
F(u)=< dg )  A(u(9))B(u(g))

() - (e

where J = Evb is the angular momentum of the particle,
and b is the impact parameter. The above results in

C<u](q)>ﬂ 7

"u(p) = — s1n(¢) * (1 +v>cos()) . (38)
Using the above expression on Eq. (36),

4o (2E* 1) sin(¢) M
K ~-1
/q Vedg~ =1+ =

(rph)

(39)

Thus,
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2_1)M dR

/(/)R /q(r(¢)) © \/_d d¢ ¢ (ZE (¢)
gdqde ~ —¢rs — ~————cos
¢s q(rph) A (E2 - 1)b ¢s

(40)
We solve ¢ as

M G-
¢ = arcsin(bu(q)) — N 41)

and it follows that

2 2 2 _
cos(@) = /1-b2u(g)® + u(g) [V (bPu(g)*—1) - 1] M- @)
2+/1-bu(g)*?

Owing to the relations

cos(m—¢) = —cos(¢), ¢drs =1 — 20, (43)
we can find the weak deflection angle in its g-version as

. 2(2E*—1) Mcos(¢) 2 (V+1) M \/1-b*u(q)?
B b(E2-1) B b2 '

(44)

Using Eq. (5), we can finally recast the above equation as

b2 2
1- - (45)

(2Via+1)"

where u is now defined as r~!. In the far approximation,

ar 20D+ 1) M b*u? 5
1Ofmeiike ~ % (1 ~ 5 +2b \/Zuz —O(u3)> .
(46)

With photons, where v =1,

aAM b2 2

where u can now be associated with rg,.

Let us constrain ¢, through the Solar System test. If
the photon only grazes the surface of the Sun, then
b=Ry, and M = M. The results from the parametrized
post-Newtonian (PPN) formalism equation for the deflec-
tion of light are given by [89]

4M, (1
R
0}

According to the astrometric observation of the Very

Long Baseline Array (VLBA), y is the PPN deflection
parameter, equal to 0.9998 +A, where A =0.0003 [89,
90]. Subsequently, substituting Eq. (5) into Eq. (47), we
find the relation

4M, R>  2R*WI 4M, (1.9998 + A
O(_ -t 5/2\/->= O( ), (49)
R 2r0bs robs R 2

Through comparison,

—0.0002 £ A)? 73
L Vo L 0, ). (50)

. 3
16R?

Next, because M, = 1476.6148 m, R, = 696340000 m, and
Tops = 1.4899 x 10" m, we find constraints for /,

1.32x 108 < £, /M, < 3.30 x 10°. (51)

In the weighted derivative formalism, where we use
Eq. (14), we find the weak deflection angle as

2(1+1) MNT-b2u? +b(v2—2))(\/1—b2u2

@ = . (52
vib 6v2u (52)
Now, if u — 0,
w far 2 V2+1 M b V2_2 X7Tobs
G‘)tfimelike = ( 2 ) + ( 2) (53)
Vv2b 6v
For photons,
i AM  DxTobs
w @far — _ 54
null b 6 ( )

Given the distance of Earth from the Sun, ry,, = 148.99
million km, constraints for y using the Solar System test
can be determined as

12M (-0.0002 + A)

= , 55
X R rom (55)
which yields the bounds
—5.35x 1077 < yM2 <2.67x 107 (56)

These are the only bounds for potentially detecting the
deviation caused by the weighted derivative formalism in
the multi-fractional theory of spacetime. Thus, the weak
gravitational field of the Sun provides a significantly
large deviation to the accepted value of the cosmological
constant A.
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V. CONCLUSION

In this study, we explore the properties of black holes
within the multi-fractional theory, particularly through
the formalism of g-derivatives and weighted derivatives.
By incorporating scale-dependent geometric structures,
we find that the presence of a multi-scale length¢, intro-
duces notable modifications to the shadow radius and
weak deflection angle. These deviations leave traces of
the quantum gravitational effects in the context of multi-
fractional theory in astrophysical settings.

The analysis of black hole shadows, particularly for
the supermassive black holes M87* and Sgr A*, reveal
constraints on ¢, that are on the order of 10'°, implying
that multi-fractional effects, while difficult to detect,
might be present at large scales. The weak deflection
angle computed using the generalized Gauss-Bonnet the-
orem further supports the sensitivity of gravitational lens-
ing to these multi-fractional corrections, offering a sec-
ondary observational test. We show that, in the weak field
regime, such as those in the Solar System, constraints on
¢, are similarly placed within tight bounds.

The findings of this study not only extend our under-
standing of black holes within the multi-fractional theory
framework but also demonstrate that this approach can
provide testable predictions in gravitational lensing and
black hole shadow phenomena. Future work should fo-
cus on refining observational techniques and applying
these theoretical models to upcoming datasets from
projects such as the EHT. Additionally, the role of the
cosmological constant and its interpretation within the
weighted derivative formalism deserves further investiga-

tion, particularly in its effects on large-scale structures
and horizon formation. The multi-fractional theory of
spacetime then offers a promising pathway for bridging
classical GR with quantum gravity, providing testable
predictions for future astrophysical observations. While
current constraints suggest that these effects are small,
ongoing advancements in observational precision may
soon reveal their measurable imprints on black hole en-
vironments.

The associated black hole geometry and properties
where the most general g-version of the black hole space-
time is affected by a modulation term would be interest-
ing to explore further in future works [18]. Given these
complications, the analysis is expected to interestingly re-
quire some numerical approach. While the g derivatives
are interesting in a phenomenological sense, g-versions of
more general spacetime metrics can be studied, such as
those of charged black holes and rotating black holes.
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