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Lorentz-symmetry violation in charged black-hole thermodynamics and
gravitational lensing: effects of the Kalb-Ramond field
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Abstract: This study investigates the consequences of Lorentz-symmetry violation in the thermodynamics and

gravitational lensing of charged black holes coupled to the Kalb-Ramond field. We first explore the impact of

Lorentz-violating parameters on key thermodynamic properties, including the Hawking temperature, entropy, and

specific heat, demonstrating significant deviations from their Lorentz-symmetric counterparts. Our analysis reveals
that the Lorentz-violating parameter b induces modifications in phase transitions and stability conditions, offering
novel insights into black-hole thermodynamics. Additionally, the influence of Lorentz-symmetry breaking on gravit-
ational lensing is examined using modifications to the Rindler-Ishak method, showing that these effects enhance the
bending of light near compact objects. Our findings, derived within the framework of the Standard-Model Extension

and bumblebee gravity models, suggest that Lorentz-violating corrections may lead to observable astrophysical phe-
nomena, providing potential tests for deviations from Einstein's theory of relativity.
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I. INTRODUCTION

The concept of Lorentz symmetry, which is funda-
mental in modern physics, asserts that physical laws re-
main consistent across different inertial reference frames.
While extensively supported by experimental evidence,
various theoretical frameworks suggest that under specif-
ic energy conditions, Lorentz symmetry may deviate [1,
2]. These frameworks include string theory [3], loop
quantum gravity [4, 5], Horava—Lifshitz gravity [6], non-
commutative field theory [7, 8], the Einstein-aether the-
ory [9, 10], massive gravity [11], f(T) gravity [12],
fR,T) gravity [13], f(R,T,Ly) [14], very special relativ-
ity [15], and others [16, 17].

The breakdown of Lorentz symmetry occurs in two
ways: explicitly and spontaneously [18]. Explicit break-
ing involves the absence of Lorentz invariance in the
Lagrangian density, leading to different physical laws in
certain frames. However, spontaneous breaking occurs
when the Lagrangian density maintains Lorentz invari-
ance, but the system ground state does not exhibit
Lorentz symmetry [19, 20]. Moreover, the exploration of
spontaneous Lorentz-symmetry breaking is rooted in the
Standard-Model Extension [2], where bumblebee models
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encapsulate the simplest field theories. In these models,
the non-zero vacuum expectation value of the bumblebee
field violates local Lorentz invariance, impacting thermo-
dynamic properties and other phenomena [21-26].

Recent studies have focused on bumblebee gravity,
analyzing solutions for static and spherically symmetric
spacetime similar to Schwarzschild and (Anti-)de Sitter-
Schwarzschild configurations [27, 28]. The introduction
of rotating bumblebee black holes and their properties,
such as Hawking radiation, greybody factors, accretion
processes, and quasinormal modes, has expanded this re-
search domain [29—41]. Additionally, the Kalb-Ramond
(KR) field [42], coupled with gravity, has been explored
for its spontancous Lorentz-symmetry breaking effects
[43], leading to investigations into gravitational lensing,
quasinormal modes, greybody factors, shadows cast, and
the dynamics of particles near the KR black holes
[44—49].

Gravitational-wave studies, particularly in black-hole
physics, have gained prominence with advancements in
detection technology such as LIGO and VIRGO [50-52].
Recent studies have yielded novel exact solutions for
charged static and spherically symmetric spacetime, both
with and without a cosmological constant, within the
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background of the non-zero vacuum expectation value of
the KR field [53]. In this study, we refer to these black
holes as charged black holes within the KR field (CBH-
wKRF), which have recently been the focus of signific-
ant research [44, 54—57].

Advances in black-hole thermodynamics have ex-
plored the impact of quantum corrections on black-hole
entropy [57—60]. The black-hole entropy is modified by a
corrected term due to non-perturbative quantum effects.
These corrections significantly affect the black-hole mass
and other thermodynamic quantities, especially for small
black holes. For example, the Schwarzschild black-hole
mass decreases due to quantum corrections, and the sta-
bility of 4D Schwarzschild and Schwarzschild-AdS black
holes is influenced in small areas [61, 62]. The thermody-
namics and statistics of black holes are analyzed by com-
puting the partition function and deriving conditions to
satisfy the Smarr—Gibbs—Duhem [63] relation in the pres-
ence of these quantum corrections [64].

In this study, we investigate the effects of Lorentz-
symmetry breaking by studying the thermodynamics and
gravitational lensing of the CBHwWKRF. Notably, the stat-
ic, spherically symmetric charged black-hole solution in
the presence of the KR field, as examined in this work,
was originally derived in Ref. [53]. In this manuscript, we
aim to explore the novel consequences of Lorentz-sym-
metry violation on quantum-corrected thermodynamic
properties and gravitational lensing, building on this es-
tablished solution. The remainder of this paper is organ-
ized as follows: In Sec. II, we present the CBHWKRF
spacetime and derive the relevant field equations. We
also discuss the first law of thermodynamics and Smarr's
formula for this spacetime. Section III analyzes thermal
fluctuations with quantum corrections in the CBHwKRF
spacetime. In Sec. IV, we explore gravitational lensing
from the perspective of the Lorentz-breaking effect. Sec-
tion V presents relevant applications in astrophysics. Fi-
nally, Sec. VI summarizes our results and discussion.

II. CBHWKRF SPACETIME

In this study, we focus on exploring a static and
spherically symmetric spacetime with a non-zero vacu-
um expectation value (VEV) for the KR field [53]. The
action of the gravity theory under consideration is expli-
citly given as [65, 66]

1 1
S=3 / d*x+/—g {R -2A- EH*‘"”HW -V (B"B,, £b)

+&HBYBR,, +§3B”VB},‘,R} +/d4x V-8Lwm,
(1

where H,,, is the KR-field strength, A represents the cos-
mological constant, and & ; denotes the non-minimal

coupling constants between gravity and the KR field
(B,v), which is a rank-two antisymmetric tensor field sat-
istying B,, = —B,,. Notably, 827G =1 for simplicity. The
matter Lagrangian Ly correspcl)nds to the electromagnet-
ic field, expressed as Lum = _EF# "Fuv+ Line, with F,, =
9,A,-0,A, (thereader is referred to the specifics out-

lined in Ref. [53]).
The CBHWKREF spacetime metric is described by [53]

ds* = —A(r)d? + B(r)dr? + r*dé” + r* sin® 6d¢”, 2)

where A(r) and B(r) are radial-dependent metric func-
tions reflecting the KR-field impact with the pseudo-elec-

tric field E(r) :
E() =1/ A(’)ZB @ 3)

in which ¢ is associated with the constant norm condition
byb" = —b* as b=§&L*/2. Here, {,, represents the back-
ground antisymmetric tensor field associated with the KR
field, which is responsible for spontaneous Lorentz-sym-
metry breaking [53]. After straightforward calculations,
A(r) = B(r)™" was determined as

1 2M q* > ’ @

A<”=(m‘7+m

where ¢ is the electric charge. The Lorentz-violating
parameter b is constrained by gravitational experiments,
and as b — 0, we recover the Reissner-Nordstrom case
[67]. The horizons are given by

2
r.=(1-b) (Mi MZ—(lfb)3>. 5)

When ¢ — 0, these results align with those of previous
studies [68—68]. Figure 1 and Fig. 2 illustrate the behavi-
ors of the horizons under different parameters and values.
The plots of both figures demonstrate how the Lorentz-
violating parameter b and charge g affect the horizon
formation of the CBHwWKRF. Higher values of 4 reduce
the horizon radius showing that Lorentz violation plays a
crucial role in determining the horizons.

The following exact differential form can define the
thermodynamic structure of the thermal system, which is
the so-called first law of thermodynamics of black holes
[68, 69]:

dM = TydS +®dg, (6)
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where Ty is the black-hole or Hawking temperature, S is
the black hole or so-called Hawking-Bekenstein entropy,
and @ is the electric potential given in Eq. (7). If we sub-
stitute r = r, into the metric function, the metric function
tends to zero, and the mass of the black hole can be calcu-
lated as follows:

2

_ s 4q
M@= 50 25 Y 2 =spr, @

In geometric units (G =c¢="h=1), the Hawking-Beken-
stein entropy for standard spherically symmetric black
holes is given by [70]

S =nrl. (3)

Therefore, one can rewrite Eq. (7) as follows:

1/2 27T1/2
1 ©)

MS-D= 2 im 05 ¥ 21 =bps

Now we can use the Euler homogeneous-function the-
orem to determine the Smarr formula [71]. Based on
Euler's homogeneous theorem, the two-variable homo-
geneous function of order » is given by

(color online) Event horizon (r, ) versus mass graph. The plots are governed by Eq. (5).

5 10 15 20
M
(color online) Inner or Cauchy horizon (r_) versus mass graph. The plots are governed by Eq. (5).

fQx,A%y) = A" f(x,y), (10)

where 1 is a constant and (i, j,k) are integer powers [72].
For this case, the differentiation of Eq. (10) becomes

0 9
fl,y)=n"" {iaf:xﬂaﬁy}

(1)
When we choose (i =2n, j =n) and define the new shif-
ted variables as (S — A'S, g — A/q), the Smarr formula is
constructed as follows using Eq. (9) and Eq. (10):

M(S.q) =28 (‘Z—f)w(%). (12)

To find the Hawking temperature, 7y can be isolated
from Eq. (6):

which results in

1 qzﬂl/z

T AS PR P(1-b)  4(1-bRS2’

Ty (14)
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or

_a -y —q*

~dn(1-b)r (15

H

However, the result can be checked by considering the

surface gravity x, which is calculated from the derivative
of the metric function at the event horizon [73]:

d ( 1 2M 7 )

=—(— - 1 16

FO=4\i 7 Taceee ) 19

where a prime symbol denotes the derivative with re-

spect to 7. Evaluating this at r = r,, we have

2M 24>
"(ry)=—-—"——. 17
fr) r«2+ (1-b2r (17)
Substituting the expression for M:
1 r 1 q*
== = 18
21-b T 20-byr, (18)
we obtain
1 2
flr)= 1 (19)

A=byr,  (=byr

The surface gravity (&) of a spherically symmetric static
metric is given by [73]

1 '/
§=510). (20)

Thus,

1 1 q*
5‘2((1—b)r+_(1—b)2r3)‘ @

Because the Hawking temperature (75 ) [73] is defined by

Ty=—,
"= o (22)

we can obtain

_1 1 q
TH_E ((1—17);’+ _(1_b)2r§r>’ (23)

which is in good agreement with the result obtained in
Eq. (15).

The subsequent derivative in the Smarr formula spe-
cifies the electric potential energy at the horizon. There-

fore, the electric-potential interaction is represented by

oM gn'’? q
= —_— = = . 24
® ( aq ) A=bpS'2 = (1=byr, 4

In addition, the electric field of CBHWKRF spacetime is
given by

&E=-Vor (25)

-1
20—byr2

In summary, the compact Smarr expression can be writ-
ten as follows:

M =2STy +qd. (26)

Moreover, we can calculate the heat capacity [74, 75],
which plays a key role in the analysis of thermal stability,
using the following formula:

Cy=Ty (;TSH) (27)

Thus, the heat capacity may be determined as follows:

B 27 ((1=b)r* — ¢%)
B -1 +3¢

(28)

The plots presented in Fig. 3 illustrate the behavior of
the quantity Cy as a function of r, under different set-
tings of the parameters g and b. Each subplot corres-
ponds to a unique value of ¢, showing the variation in Cy
with r, for different values of b. For ¢ = 0, the system re-
mains thermally stable with no divergences. As ¢ in-
creases, divergences emerge (becoming more  pro-
nounced at higher ¢) while an increasing b mitigates these
effects by smoothing the transitions and shifting critical
points to a larger r,. This suggests that b plays a stabiliz-
ing role in the thermodynamic behavior of the system.

Our analysis focuses on the outer spacetime of the
black hole, relevant for astrophysical observations. For
q>qai= V(1-b)*M, a naked singularity forms;
however, we restrict our study to regimes where the out-
er horizon exists, enabling the examination of thermody-
namic and lensing properties. The thermodynamic beha-
vior of a charged black hole with Lorentz-symmetry viol-
ation shows critical phenomena in Cy, signaling second-
order phase transitions. However, the Helmholtz free en-
ergy F'[76] does not exhibit similar transitions, likely due
to the influence of b. This suggests a modified thermody-
namic framework, where conventional phase-transition
behavior may not apply. The existence of critical points
in Cy underscores the system complexity, warranting fu-
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Fig. 3. (color online) Plots of Cy are governed by Eq. (27).

ture investigation for deeper insights.

III. THERMAL FLUCTUATIONS IN CBHWKRF
SPACETIME

Standard thermodynamic analysis, supplemented by
corrections from statistical mechanics, allows us to exam-
ine thermal fluctuations in the structures considered [77,
78]. These corrections lead to notable variations in the
classical thermodynamic potentials. In this context, if the
system is in thermal equilibrium, the density of states is
given by [79]

S [ PS@B) 2 5
_ 5B 9
p(E) NG {( B )Bj%} ) (29)

where S, represents the uncorrected entropy, and
Bo=1/Ty. The formula for the logarithmic corrected
(LC) entropy is given as

SC=5,- % In(S OTIZJ) + (sub-leading terms), (30)

where So=nr> and o is the parameter representing

thermal fluctuations [79]. Notably, @ =1 corresponds to
the maximum effect of thermal fluctuations [79, 80]. Sub-

stituting Eq. (15) and Eq. (28) into Eq. (30), the LC en-
tropy of the CBHWKREF spacetime can be expressed as

wc__2 @ [(l_b)ri_qz]z
S =nr lnl T6r(l=byr | 3D

The plots provided in Fig. 4 illustrate the behavior of
the quantity S¢ as a function of the event horizon r, for
various settings of the parameters g and b. Each plot is in-
dicative of how SC responds to changes in r, under dif-
ferent parameter configurations. As ¢ increases, the beha-
vior of SE€ transitions from linear and predictable (for
g =0) to complex and non-linear (for g = 1.5). Higher ¢
values introduce intricate interactions and abrupt changes,
highlighting the sensitivity of the system entropy to both
r. and b. This suggests a critical role for g in driving the
thermodynamic complexity of the black hole. With this
new expression for entropy, we can analyze significant
thermodynamic energies and expressions under the influ-
ence of maximum thermal fluctuations (a = 1). First, let
us calculate the internal energy formulated as

EX = / TydS*te. (32)

Upon substituting (T) and the differential of (S°) into
Eq. (32) and integrating, the internal energy is determ-

9
%)
ﬂO £5 ZO 25 3b
r,
9
%)
ﬂO £5 20 25 Sb
r,
Fig. 4. (color online) Plots of S are governed by Eq. (31)

under the influence of maximum thermal fluctuations (o =1).
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ined as follows:

¢ (3nrt +1) +3n(1 - b)r}

LC — 33
E 6r(1-b)*rd (33)

The graphs of Fig. 5 illustrate the variation of a phys-
ical quantity, E*¢, with respect to the event-horizon radi-
us r.for different values of the charge parameter g and
parameter b. As q increases, the behavior of EC shifts
from linear and stable (for ¢ = 0) to non-linear and com-
plex (for ¢ = 1.5). Higher g values highlight intricate in-

LC _ 1
24r(1—b)*r3

{ﬂa—mﬁ—fﬁn<

(1-b)*r}

The plots of Fig. 6 represent the variation of the
quantity FX¢ with respect to the radius of the event hori-
zon r, for different values of the parameters ¢ and b. For
g =0, F'¢ exhibits a linear increase with r,, maintaining
a stable dependence on b. As ¢ increases, particularly at
g = 1.5, this growth slows, with higher b values causing a
plateau or slight decline. Overall, increasing b mitigates
these fluctuations, underscoring its crucial role in govern-
ing the thermodynamic behavior of the system.

Referring to the definition of Helmholtz free energy

a=0
150F ‘ ‘ ‘ ‘ ‘ T
100+ — b=0
g .
w
r
q=1.5
150l ‘ ‘ : ‘ ‘ ’
100} ’ — b=0
S [ ST e b=0.3
W : e
r
Fig. 5. (color online) Plots of EXC are governed by Eq. (33).

(1= )

teractions and a stronger influence of b, especially as E€
transitions to non-monotonic or decreasing trends with
..

The expression for the corrected Helmholtz free en-
ergy (FC) is given by

F=—/Swﬂﬁ (34)

Integrating Eqgs. (15) and (31) into Eq. (34), the corrected
Helmbholtz free energy can be formulated as

) +3(1-b)r,2 (27rri —ln(167r)) +q2 (187rr3 +4+3ln(167r)) }

(35)

[
(F=E-TS), the pressure of the black hole is expressed
as

dF
P=— 36
v (36)

4
where V = 3" %, represents the volume of the black hole.

Substituting Eq. (35) into Eq. (36) and deriving the ex-
pression for pressure, we obtain

a=0

60| L

g=1.5
120F |
100/
80 ] T b0
SLL 60 . _‘_._.—"" I IRLE b=0.3
PP SR TUIPPPIE Ee ---- b=0.6
o b=0.9
07;.______------,-T.'..'.'..'-‘ -------------
5 10 15 20 25 30
r.
Fig. 6. (color online) Plots of FLC are governed by Eq. (35).

065106-6



Lorentz symmetry violation in charged black hole thermodynamics and gravitational...

Chin. Phys. C 49, 065106 (2025)

((1=b)r2 =34%) (—ln (
pLe _

((=br2-¢*)’

(I-by*r} (37

> +27r2 + ln(16n')>

32721 - b)2rS

The plots given in Fig. 7 illustrate the behavior of the
physical quantity P;c as a function of the event-horizon
radius r,, parameterized by charge ¢ and another vari-
able b. For ¢ =0, P,c decreases monotonically with r,,
stabilizing as it approaches zero. As ¢ increases, a peak
emerges for certain b values, followed by a decline, indic-
ating more complex interactions. For example, at g = 1.5,
the behavior becomes increasingly varied, with P;c
crossing zero or exhibiting chaotic fluctuations, highlight-

[
ing significant dependencies on both b and r,. Overall,
these trends reveal intricate dynamics influenced by the
parameters ¢ and b.

Furthermore, the enthalpy (H) is defined as follows:

H=E+PV. (38)

By substituting the corresponding values of internal en-
ergy, pressure, and volume into Eq. (38), we derive

(1-byri-¢

(1-b)r* (147rri + ln(lén)) q* (67rr3 +4 - 3ln(16n))

2
+

24n(1-b)*rd
As illustrated in Fig. 8, for ¢ =0, H;¢ displays a linear re-
lationship with r,, consistent across all b values. With in-
creasing ¢, such as g = 1.5, linearity continues, but with
minor slope differences influenced by b, where higher b
values result in a more gradual rise. These variations do
not disrupt the primary proportionality between H;- and
ry, as b mainly modulates the growth rate without alter-

HLC = _

24n(1-b)*rd 24n(1-b)*r3 (39)

The thermodynamic expression for the Gibbs free en-
ergy (G) can be written as follows:

G=F+PV. (40)

When the values of FX¢, PL¢, and V are substituted into
Eq. (40), the Gibbs free energy reduces to

(=br2-¢)’

ing the fundamental trend.
(1-by'rt )

a—mﬁm(

+(1=b)r? (4nr2 —In(16m)) + ¢* (6712 +2) 1)

GLC —

127(1 - b)*r3

The plots of G;¢ in Fig. 9 show a consistent increase
with r, across all g values, with ¢ =0 starting at a lower
value and exhibiting a steeper slope compared to higher ¢
values, such as ¢ =2. As b increases, the initial value of
Gic at r, =5 decreases, while the growth rate remains
largely unaffected, indicating that b primarily shifts the
baseline without altering the trend. Overall, G, demon-
strates a strong dependence on r,, with b modulating its
initial value across different charge scenarios.

The corrected specific heat (CX°) can be described as
follows:

06

dELC
dar -

Cie = (42)

Using Eq. (33) and Eq. (15), we can compute the expres-
sion governing the corrected specific heat of black holes.
Consequently, the corrected specific heat is expressed as

_2(r(A1=byrt —g* (nri +1))

CLC -
3¢2=(1=b)?

(43)

The plots in Fig. 10 show that for ¢ =0, CX¢ de-
creases smoothly with increasing r,, indicating predict-
able thermal behavior. At higher g values (i.e., ¢ = 2), the
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Fig. 8. (color online) Plots of HC are governed by Eq. (39).

behavior becomes more complex, with fluctuations and
divergences near specific r, values. An increasing b
value stabilizes these fluctuations, moderating the abrupt
changes and shifting critical points to a higher r,, thereby
highlighting its role in improving the thermal stability of
the system. Moreover, Fig. 10 highlights the sensitivity of

q=0
140] ; ‘ ]
120} * 1
100} o b0
g 80p ° ,_~“—‘ ETR b=0.3
] Pt P 1
o0 e - ---- b=0.6
40t 1
------- b=0.9
207\ _-----"'--_,_-,T‘—. ..... 3
0 7A~ - -\ ----- e e L L A
5 10 15 20 25 30
ry
g=2
140] ; ‘ ]
120F © ]
100} JEPEETE
g 80p % 1 b=0.3
St ST o ---- b=06
40t 1
------ b=0.9
20f,
0 7_: - -\ ----- e o L L e
5 10 15 20 25 30
ry
Fig. 9. (color online) Plots of GL€ are governed by Eq. (41).
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Fig. 10. (color online) Plots of CL€ are governed by Eq. (43).

Crc to the thermal-fluctuation parameter a alongside ¢
and b. For g =2, higher b values shift the divergence
point of C;¢ to larger r,, indicating that the instability oc-
curs in larger black holes. This emphasizes the role of b
in modulating thermal properties and stability.

The isothermal compressibility, which plays an im-
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portant role in stability, is defined as

190V
“CTVapls 4

Notably, the condition « >0 ensures that the system
returns to equilibrium under spontaneous changes of the
parameters, and this is known as Le Chatelier's principle
[81]. By substituting Eq. (37) into Eq. (44) and using the
chain rule, the isothermal compressibility can be written
as

k=48 (1-b)’r} (¢ = (1= b)r})
x {g*r*(1-b) (14712 =2+ 11In(167))

+ (A=) =q) (20 -b)r2 -9¢°)

(1-by2 )’
—2(1-b)*r} (7} +1In(167))

- 3¢* (4nr2 2+ 3In(16m) } . (43)

Figure 11 illustrates the behavior of the isothermal
compressibility x as a function of r,. For ¢=0, x re-
mains positive and increases with r, across all » values,
indicating stable thermodynamic behavior. In contrast,
for higher ¢ values such as g = 1.5, x exhibits regions of
negativity, particularly for higher b values, signaling in-
stability in certain parameter ranges. Additionally, diver-
gence points appear, highlighting regions of extreme
compressibility. This suggests that both ¢ and b play cru-
cial roles in determining stability, with higher values
leading to greater instability.

In summary, our thermodynamic analysis notably ad-
vances LSV studies, particularly concerning charged
black holes in KR-field models. Unlike previous studies
that predominantly explore uncharged black holes or sim-
plified LSV contexts, our study investigates the relation-
ship between the LSV parameter b and charge O, reveal-
ing unique fluctuation behaviors in thermodynamic
quantities such as the Hawking temperature 7, heat capa-
city Cp, and Helmholtz free energy F. The critical trans-
itions observed in Cp demonstrate a distinct dependence
on b, setting our findings apart from other modified-grav-
ity scenarios. Additionally, our work integrates gravita-
tional-lensing effects using the Gauss-Bonnet theorem to
establish an observational link to LSV. The explicit de-
flection-angle calculations provide insights into the astro-
physical manifestations of the KR field, offering a com-
plementary perspective to the thermodynamic results.
This dual approach—bridging black-hole thermodynam-
ics and astrophysical observables—enhances the signific-
ance of our analysis. Thus, our study contributes to the

q=0

30000¢
25000
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x 15000}
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-10000} \
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Fig. 11.  (color online) Plots of the isothermal compressibil-
ity with respect to the event horizon. The graphs are governed
by Eq. (44).

literature by extending LSV effects to charged black
holes in KR-field models, uncovering novel thermody-
namic characteristics, and providing an observational
context through lensing analysis.

IV. GRAVITATIONAL LENSING FROM THE
PERSPECTIVE OF THE LORENTZ-BREAK-
ING EFFECT

One of the renowned predictions of Einstein's theory
of relativity is the gravitational-lensing effect, which
provides an experimental verification of the theory. Rind-
ler and Ishak (RI) investigated a lensing-analysis method
using the generalization of the inner product in a Rieman-
nian manifold [82]. In the symmetry plane (0 = 7/2), the
generic RI lensing-geometry structure can be illustrated
as follows:

The lensing invariant between the path of light (d)
and radial line (), as shown in Fig. 1, is given by

diéi _ g,'jdiéj
Vdd)6isy) /(i dd))(gud* ")

cos(y¥) = (46)

where g;; is the metric tensor of the spacetime. The geo-
metrical coordinates of the lensing geometry are defined
by
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d=(dr,dp)=(A,1)dp, de<0,
6 = (6r,0) = (1,0)6r, 47

d
where A(r,¢) = dl When the information from Eq. (47)

is substituted into Eq. (46), the invariant formula simpli-
fies to

[grr] 172 r
= 48
tan(y) Aol (48)

Consequently, the one-sided bending angle can be
measured as e =y —¢. Moreover, we can calculate the
light trajectory by solving the null geodesics equation. In
this context, the RI lensing-geometry line-element (optic-
al metric) for standard spherically symmetric spacetimes
at a constant time slice can be written as follows:

_ dr?

dlz = % + rzdgoz. (49)

where f(r) is the metric function of the given spacetime.
If E and L represent energy and angular momentum, re-
spectively, the constraints of the null geodesics equations
are given by

dd  E dp L

& f d e G0

Here, 7 is the proper time. Combining the constraints, the
general null geodesics equation becomes

1
Defining the new variable u = - (u < 1), the second-or-
der differential form of Eq. (51) is

d*u u? df(u)
dToz__uf(u)_E du

(52)

Substituting the metric function into Eq. (52), the null

geodesics equation for the spacetime reads

d’u 2 2 3 4

i TR IME =248 B+ O, (53)
Y

where 8= 1/(1-b). Equation (53) represents a second-or-

der nonlinear differential equation; however, we can

solve the equation using a well-known perturbative solu-

tion method. In this method, we consider the solution of

the linear and homogeneous differential equation,

d’u sin( VBy)
R

i +Bu=0, in the form of u(¢) = . Note that R

is called the impact parameter and R > 1. When we sub-
stitute the solution of the linear and homogeneous differ-
ential equation into the nonlinear part of Eq. (53), the per-
turbative solution of Eq. (53) is given by

_sin(vBy) | M(cos2Bp)+3) 3¢q*B°"* cos(VBy)

ue)=""g 28R? 4R
. . 4
_Bg*6sin(\Be) +sinGVBe) | (1) .
16R3 R

(54)

Moreover, the derivative of u(yp) with respect to ¢ is

A o) = { BBR? +3B4%) cos( VBy) — 8RM sin(2 VByp)

ne= 8R3 B

382> (4 By sin(VBe) +cos(3 VBy)) } 2. (55)

16R3 '

If we choose 8 =7x/2 in Eq. (54), the parameter rep-
resenting the minimum distance between a light ray and
massive object during gravitational lensing ry, known as
the closest approach distance, is determined to be

1 _ sin( v/Br/2) . M(cos(Br)+3) N 3ng? 3% cos(\Br/2)

"o R 28R R
Bg*(6sin(\Br/2) +sin(3 VBr/2))
- 16R? '

(56)

When we set ¢ =0 and consider R> 1, the dominant
terms of Eq. (54) and Eq. (55) are as follows:

1 Rp
" We=0) oM
2
A(r,gon)erg/B. (57)

Based on the information in Eq. (57), Eq. (48) can be re-
written as

oM AP am) '
tan(e) =~ € = {1 + q }

RB3? SR TR
2M 2M?  2MPg? AMP g
~ { oM }+0<7‘1). (58)
R,33/2 R2 .B3R4 B15/2R9

The parameter b, and hence f, which characterizes the
extent of the Lorentz-symmetry violation, can indeed
have observable consequences in the context of gravita-
tional lensing. Although current astrophysical observ-
ables are not finely tuned to detect such small deviations
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from general relativity, future high-precision measure-
ments, especially in the vicinity of compact objects such
as supermassive black holes or neutron stars, could
provide a method to constrain b. For example, gravita-
tional-lensing experiments, using techniques such as very
long baseline interferometry (VLBI) [83] in the Event
Horizon Telescope (EHT) [84], can detect minute devi-
ations in the bending angle of light, which are sensitive to
the Lorentz-violating effects encapsulated by b.

The influence of b on the lensing angle (Eq. (58))
suggests that larger deviations from zero would manifest
as an enhancement of the lensing effect, particularly no-
ticeable in regions of strong gravitational fields. This of-
fers a potential pathway for using gravitational lensing as
a probe for the Lorentz-symmetry violation in future as-
trophysical observations.

V. POSSIBLE APPLICATIONS IN ASTROPHYS-
ICS FOR CBHWKRF SPACETIME AND CON-
STRAINTS ON LORENTZ-VIOLATING PARA-

METER

Astrophysics continually benefits from the theoretic-
al frameworks provided by general relativity, particularly
in understanding phenomena such as gravitational lens-
ing and redshift. This section explores significant astro-
physical applications that rely on the principles of gener-
al relativity to explain the behavior of compact stars. We
present empirical data and theoretical analyses that not
only validate these principles, but also help in estimating
key celestial parameters. Additionally, the impact of
Lorentz-violation parameters on these phenomena is ex-
amined, offering insights into their potential implications
on the conventional understanding of spacetime dynam-
ics.

As shown in Table 1, we list the mass, radius, and
electric-charge values for three different charged com-
pact stars [79]. These data provide insight into how vary-
ing masses and radii correlate with relatively large elec-
tric charges (on the order of 10?° C), which can influence
gravitational lensing and redshift effects. In the graphical
analysis, we used standard international units (S.I units)
with conversion factors Ge™? and G'/?c2(4ngy)~'? for
mass and charge, respectively. Note that, G = 6.67408x%
100" m*kg's2, ¢c=3x10"ms™', and &) =8.85418x
1072 C>°N~'m?.

In Fig. 12, the one-sided bending angles of the com-
pact stars are plotted for the RN limit (b =0) and the
maximum value of the horizon condition (1-b=
(M/g)*"®). For all compact stars, the Lorentz-violation
parameter b plays a crucial role as the lensing effect in-
creases dramatically when b approaches 1 —(M/g)*>.

Another intriguing astronomical effect from Einstein's
theory of general relativity is gravitational redshift. For

Table 1.
electric charge for compact stars expressed in solar masses
(Mo) [85].

Tabulated numerical values of mass, radius, and

Charged Compact Stars  Mass /M, Radius /km  Electric Charge /C
Vela X-1 1.77Mo 9.56 1.81x 10
SAX]J 1808.4-3658 1.435M, 7.07 1.87x 10%°
4U 1820-30 2.25Mp 10 1.89x10%
§
Lo
R
—h— - W
To r o .
- i
[
Mass-w-e’(;bject
Fig. 12. (color online) General bending of light geometry of

the RI method

static spacetimes, the gravitational redshift is given by

A _do_ L (59)
Z=—=——-1= -1,
A Ao Vf{r)
where 1, and A, are the observed and emitted

wavelengths, respectively [86, 87]. Substituting f(r) into
Eq. (59) under the assumption of large » (r » R and
R>>1), Eq. (59) simplifies to

M(1-b)*? 7

~-1+(1-b)"? .
el d=h s = 20 -b) PR

(60)

In Fig. 13, we observe a similar graphical structure
for gravitational-redshift values of compact objects as in
the bending of light analysis. In these graphs, the Lorentz
violation contributes positively. Figure 14 compares the
gravitational-redshift parameter z for both the RN limit
(b = 0) and Lorentz-violating case (1—b = (M/q)*”) as a
function of R/Rg,. In each subplot, the presence of the
Lorentz-symmetry violation enhances the redshift at
smaller radii, indicating a stronger gravitational effect. As
R/Rg,, increases, the two curves gradually converge, re-
vealing that the Lorentz-violating effects diminish at lar-
ger distances

Finally, we aim to analyze potential constraints on b
related to thermal attributes and lensing observations.
Given the influence of b on black-hole thermodynamics
and lensing, constraints are derived from criticality condi-
tions in these areas. Typically, the thermodynamic-stabil-
ity criteria are used to derive the thermal-threshold para-
meter beimermat ON b. For a CBHWKREF, this condition is
linked to the behavior of the heat capacity Cy, which un-
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— b=0

RStar RStar
4U 1820-30
1.2 Fr L B
— b=0
1o . M 2/3{
1-b=(4)%° ]
0.8+ ]
w
o6f el ]
04\\\\\\"\~\\‘\5\\§\--§-—~_-__~_—
0.2L ‘ ‘ ‘ =
1.0 1.5 2.0 2.5 3.0
R
HStar

Fig. 13.

(color online) These figures depict how the bending angle ¢ changes with respect to R/Rg.r for charged compact stars. Each

graph compares the RN case (» = 0) with the Lorentz-violation effect (& #0).

dergoes divergence at a phase transition. The critical
value of b is determined by solving the condition for the
divergence:

as
_ g Or,
Cy=T- T (61)
or,
. T . r
The divergence occurs when F 0. Differentiating
+

Ty with respect to r,, we obtain

oTy  —(1- byrt +3¢*r*
or,  4n(1- b)*rs

(62)

Setting Eq. (62) to zero, we obtain the following condi-
tion:

—(1-b)r; +3¢°r; =0. (63)

Solving for beit hermal g1Ves

bcrit,thermal =1-—. (64)

The photon-sphere condition [88—90] is provided as fol-
lows:

rphf/(rphab) _

> 0, (65)

f(rphsb) -

in which a prime symbol denotes the derivative with re-
spect to ». Substituting Eq. (4), f(r,b) = A(r), into Eq.
(65), we have

1 2M N 7 Tph 2M 24* B
I=b rm (=bpry, 2\ (-b2r
(66)
After solving for besig jensing, W€ Obtain
q2
bcri ensing — 1- . 67
t,] g Mrph ( )

These derivations explicitly highlight the dependen-
cies of the critical values of b on the black-hole paramet-
ers g, r., M, and ry,. They also demonstrate how b plays
a pivotal role in both thermodynamic and optical behavi-
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(color online) These graphs show how the gravitational-redshift parameter z evolves with respect to R/Rg. for compact ob-

jects. Each graph includes trends for both the RN limit (5 = 0) and Lorentz-violation effect (b # 0).

or. The explicit constraints on b bridge the thermodynam-
ic and lensing phenomena in CBHwWKRF spacetimes.
These results may provide a direct method to link theoret-
ical predictions with future astrophysical observations,
enabling a more comprehensive analysis of Lorentz viola-
tion in the context of charged black holes.

VI. RESULTS AND DISCUSSIONS

This study has systematically explored the influence
of Lorentz-symmetry violation on the gravitational lens-
ing and thermodynamic properties of CBHWKRF. The
findings have revealed marked modifications in both
gravitational and thermodynamic behaviors resulting
from Lorentz-symmetry violation, elucidated through a
detailed analysis of the space-time metrics and their as-
trophysical implications.

The gravitational-lensing analysis, employing the RI
method modified for Lorentz-violating spacetimes, indic-
ated that the Lorentz-violating parameters notably en-
hance the bending angles of light around black holes.
This enhancement, as shown in the graphical representa-
tions of Fig. 13, underscores the potential for observing
such deviations in environments harboring compact ob-

jects. The bending angles were sensitive to variations in
the Lorentz-violating parameter b (or B=1/(1-b)), as
quantified by Eq. (58), suggesting observable effects in
real-world astrophysical scenarios.

Thermodynamically, the inclusion of the KR field in-
troduced significant changes in the Hawking temperature,
entropy, and specific heat of the black holes. The first law
of thermodynamics, represented in Eq. (6), and the Smarr
formula in Eq. (26) emphasize the non-trivial contribu-
tions of the Lorentz-violating terms to black-hole thermo-
dynamics. In particular, the graphical analyses in Figs.
3—10 elucidate the impact of Lorentz violation on ther-
modynamics across different configurations of the CBH-
wKRF. The introduction of LC thermal fluctuations has
further refined our understanding of the modified en-
tropy, energy, enthalpy, and specific-heat profiles, illus-
trating the extended implications of quantum-gravity cor-
rections under Lorentz-symmetry breaking.

The relationship between thermodynamic properties
and gravitational-lensing phenomena becomes particu-
larly intriguing within the framework of LSV theories. In
our study, the KR-field parameter b serves as a crucial
link influencing both the thermodynamic behavior and
deflection of light. Thermodynamic quantities such as the
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Hawking temperature 7 and entropy S depend explicitly
on the metric function, which governs the spacetime geo-
metry around the black hole. Similarly, gravitational lens-
ing, characterized by the deflection angle a, is sensitive to
the same geometric structure, particularly to the effects
introduced by b. Recent studies such as [91] highlight
how critical thermodynamic points, such as phase trans-
itions marked by heat capacity Cp, correlate with changes
in the deflection angle a. In our analysis, the KR-field
parameter b modifies the metric function in a way that
simultaneously impacts the photon sphere and thermody-
namic stability. This shared dependence on the metric es-
tablishes an indirect but profound connection between the
two phenomena, providing a novel perspective within the
LSV framework. This relationship between thermody-
namics and gravitational lensing not only enhances our
understanding of black-hole physics, but also offers po-
tential observational probes for testing the validity of
LSV models. By combining thermodynamic and lensing
analyses, a unified framework emerges to explore the
broader implications of LSV theories.

In conclusion, our study provides a comprehensive in-
vestigation of the effects of Lorentz-symmetry violation
on gravitational lensing and black-hole thermodynamics
in the presence of the KR field. Future work should fo-
cus on the observational validation of these theoretical
predictions, particularly through high-precision astro-
physical measurements [92]. Such investigations may
profoundly impact our understanding of fundamental
physics, offering new insights into the nature of Lorentz-
symmetry violations and their observable signatures in
cosmological phenomena. Moreover, extending this ana-
lysis to include rotating (and/or higher dimensional) black
holes and examining interactions with nearby astrophys-
ical objects can uncover further nuances in the relation-
ship between Lorentz-violating fields and gravitational
dynamics.

ACKNOWLEDGMENTS

We acknowledge the networking support of COST Ac-
tions CA21106, CA22113, and CA23130. We also thank
EMU, TUBITAK, SCOAP?, and ANKOS for their support.

References

[11 V. A.Kostelecky, Phys. Rev. D 69, 105009 (2004)
[2] D. Colladay and V. A. Kostelecky, Phys. Rev. D 58,
116002 (1998)
[3] J. M. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998)
[4] O. Aharony, S. S. Gubser, J. M. Maldacena et al., Phys.
Rep. 323, 183 (2000)
[5] N. D. Birrell and P. C. W. Davies, Quantum Fields in
Curved Space (Cambridge Univ. Press, Cambridge, 1984)
[6] P.Horava, Phys. Rev. D 79, 084008 (2009)
[71 N. Seiberg and E. Witten, JHEP 1999, 032 (1999)
[81 A. Connes, M. R. Douglas, and A. S. Schwarz, JHEP 1998,
003 (1998)
[91 T.Jacobson, arXiv: 0801.1547
[10] T. Jacobson, Phys. Rev. D, 81, 101502(R) (2010), [Erratum:
Phys. Rev. D 82, 129901 (2010)]
[11]  S. Deser, R. Jackiw, and S. Templeton, Annals Phys., 140,
372 (2010), [Erratum: Annals Phys. 281, 409 (2000)]
[12]  E. N. Saridakis, Introduction to teleparallel and f(T) gravity
and cosmology. The Fourteenth Marcel Grossmann Meeting
On Recent Developments in Theoretical and Experimental
General Relativity, Astrophysics, and Relativistic Field
Theories, held 12-18 July 2015 in Rome, Italy
[13] T. Harko, F. S. N. Lobo, S. Nojiri et al., Phys. Rev. D 84,
024020 (2011)
[14] Z. Haghani and T. Harko, Eur. Phys. J. C 81(7), 615 (2021)
[15] A. G. Cohen and S. L. Glashow, Phys. Rev. Lett. 97,
021601 (2006)
[16] E. Palti, Fortsch. Phys. 67(6), 1900037 (2019)
[17]  G. W. Horndeski and A. Silvestri, Int. J. Theor. Phys. 63(2),
38 (2024)
[18] V. A. Kostelecky and S. Samuel, Phys. Rev. D 39, 683
(1989)
[19] P. W. Higgs, Phys. Rev. Lett. 13, 508 (1964)

[20] H. P. Nilles, Phys. Rep. 110, 1 (1984)

[21] O. Bertolami and J. Paramos, Phys. Rev. D 72, 044001
(2005)

[22] S.Kanzi and 1. Sakalli, Nucl. Phys. B 946, 114703 (2019)

[23] S.Kanzi and I. Sakalli, Eur. Phys. J. C 81(6), 501 (2021)

[24] M. Mangut, H. Giirsel, S. Kanzi et al., Universe 9(5), 225
(2023)

[25] A. Uniyal, S. Kanzi, and I. Sakalli, Eur. Phys. J. C 83(7),
668 (2023)

[26] S.Kanzi and 1. Sakalli, Eur. Phys. J. C 82(1), 93 (2022)

[27] R. Casana, A. Cavalcante, F. P. Poulis et al., Phys. Rev. D
97(10), 104001 (2018)

[28] R. V. Maluf and J. C. S. Neves, Phys. Rev. D 103(4),
044002 (2021)

[29] R. Oliveira, D. M. Dantas, and C. A. S. Almeida, EPL
135(1), 10003 (2021)

[30] Z. Malik, arXiv: 2308.10412 [gr-qc]

[31] S. K. Jha and A. Rahaman, Nucl. Phys. B 1002, 116536
(2024)

[32] X.J. Gao, Eur. Phys. J. C 84(9), 973 (2024)

[33] M. Afrin, S. G. Ghosh, and A. Wang, Phys. Dark Univ. 46,
101642 (2024)

[34] Y. P.Singh and T. L. Singh, arXiv: 2408.14945 [hep-ph]

[35] X. Tan, C. Wang, and S. Z. Yang, Front. in Phys. 12,
1415418 (2024)

[36] Y.S.An, Phys. Dark Univ. 45, 101520 (2024)

[37] Z.Hu, L. Shao, R. Xu et al., JCAP 04, 087 (2024)

[38] J.C.S.Nevesand F. G. Gardim, arXiv: 2409.20360 [gr-qc]

[39] C.Ding,C. Liu, Y. Xiao et al., arXiv: 2407.16916 [gr-qc]

[40] 1. Sakalli and E. Yoériik, Phys. Scripta 98(12), 125307
(2023)

[41] A. Ovgiin, K. Jusufi, and I. Sakalli, Annals Phys. 399, 193
(2018)

[42] K. Yang, Y. Z. Chen, Z. Q. Duan et al., Phys. Rev. D
108(12), 124004 (2023)

065106-14


https://doi.org/10.1103/PhysRevD.69.105009
https://doi.org/10.1103/PhysRevD.69.105009
https://doi.org/10.1103/PhysRevD.69.105009
https://doi.org/10.1103/PhysRevD.69.105009
https://doi.org/10.1103/PhysRevD.69.105009
https://doi.org/10.1103/PhysRevD.69.105009
https://doi.org/10.1103/PhysRevD.69.105009
https://doi.org/10.1103/PhysRevD.69.105009
https://doi.org/10.1103/PhysRevD.69.105009
https://doi.org/10.1103/PhysRevD.69.105009
https://doi.org/10.1103/PhysRevD.58.116002
https://doi.org/10.1103/PhysRevD.58.116002
https://doi.org/10.1103/PhysRevD.58.116002
https://doi.org/10.1103/PhysRevD.58.116002
https://doi.org/10.1103/PhysRevD.58.116002
https://doi.org/10.1103/PhysRevD.58.116002
https://doi.org/10.1103/PhysRevD.58.116002
https://doi.org/10.1103/PhysRevD.58.116002
https://doi.org/10.1103/PhysRevD.58.116002
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.1016/S0370-1573(99)00083-6
https://doi.org/10.1016/S0370-1573(99)00083-6
https://doi.org/10.1016/S0370-1573(99)00083-6
https://doi.org/10.1016/S0370-1573(99)00083-6
https://doi.org/10.1016/S0370-1573(99)00083-6
https://doi.org/10.1016/S0370-1573(99)00083-6
https://doi.org/10.1016/S0370-1573(99)00083-6
https://doi.org/10.1016/S0370-1573(99)00083-6
https://doi.org/10.1016/S0370-1573(99)00083-6
https://doi.org/10.1016/S0370-1573(99)00083-6
https://doi.org/10.1016/S0370-1573(99)00083-6
https://doi.org/10.1103/PhysRevD.79.084008
https://doi.org/10.1103/PhysRevD.79.084008
https://doi.org/10.1103/PhysRevD.79.084008
https://doi.org/10.1103/PhysRevD.79.084008
https://doi.org/10.1103/PhysRevD.79.084008
https://doi.org/10.1103/PhysRevD.79.084008
https://doi.org/10.1103/PhysRevD.79.084008
https://doi.org/10.1103/PhysRevD.79.084008
https://doi.org/10.1103/PhysRevD.79.084008
https://doi.org/10.1103/PhysRevD.79.084008
https://doi.org/10.1088/1126-6708/1999/09/032
https://doi.org/10.1088/1126-6708/1999/09/032
https://doi.org/10.1088/1126-6708/1999/09/032
https://doi.org/10.1088/1126-6708/1999/09/032
https://doi.org/10.1088/1126-6708/1999/09/032
https://doi.org/10.1088/1126-6708/1999/09/032
https://doi.org/10.1088/1126-6708/1999/09/032
https://doi.org/10.1088/1126-6708/1999/09/032
https://doi.org/10.1088/1126-6708/1999/09/032
https://doi.org/10.1088/1126-6708/1999/09/032
https://doi.org/10.1088/1126-6708/1998/02/003
https://doi.org/10.1088/1126-6708/1998/02/003
https://doi.org/10.1088/1126-6708/1998/02/003
https://doi.org/10.1088/1126-6708/1998/02/003
https://doi.org/10.1088/1126-6708/1998/02/003
https://doi.org/10.1088/1126-6708/1998/02/003
https://doi.org/10.1088/1126-6708/1998/02/003
https://doi.org/10.1088/1126-6708/1998/02/003
https://doi.org/10.1088/1126-6708/1998/02/003
https://arxiv.org/abs/0801.1547
https://doi.org/10.1103/PhysRevD.81.101502
https://doi.org/10.1103/PhysRevD.81.101502
https://doi.org/10.1103/PhysRevD.81.101502
https://doi.org/10.1103/PhysRevD.81.101502
https://doi.org/10.1103/PhysRevD.82.129901
https://doi.org/10.1016/0003-4916(82)90164-6
https://doi.org/10.1016/0003-4916(82)90164-6
https://doi.org/10.1016/0003-4916(82)90164-6
https://doi.org/10.1016/0003-4916(82)90164-6
https://doi.org/10.1016/0003-4916(82)90164-6
https://doi.org/10.1016/0003-4916(88)90053-X 
https://doi.org/10.1103/PhysRevD.84.024020
https://doi.org/10.1103/PhysRevD.84.024020
https://doi.org/10.1103/PhysRevD.84.024020
https://doi.org/10.1103/PhysRevD.84.024020
https://doi.org/10.1103/PhysRevD.84.024020
https://doi.org/10.1103/PhysRevD.84.024020
https://doi.org/10.1103/PhysRevD.84.024020
https://doi.org/10.1103/PhysRevD.84.024020
https://doi.org/10.1103/PhysRevD.84.024020
https://doi.org/10.1140/epjc/s10052-021-09359-3
https://doi.org/10.1140/epjc/s10052-021-09359-3
https://doi.org/10.1140/epjc/s10052-021-09359-3
https://doi.org/10.1140/epjc/s10052-021-09359-3
https://doi.org/10.1140/epjc/s10052-021-09359-3
https://doi.org/10.1140/epjc/s10052-021-09359-3
https://doi.org/10.1140/epjc/s10052-021-09359-3
https://doi.org/10.1140/epjc/s10052-021-09359-3
https://doi.org/10.1140/epjc/s10052-021-09359-3
https://doi.org/10.1140/epjc/s10052-021-09359-3
https://doi.org/10.1140/epjc/s10052-021-09359-3
https://doi.org/10.1140/epjc/s10052-021-09359-3
https://doi.org/10.1103/PhysRevLett.97.021601
https://doi.org/10.1103/PhysRevLett.97.021601
https://doi.org/10.1103/PhysRevLett.97.021601
https://doi.org/10.1103/PhysRevLett.97.021601
https://doi.org/10.1103/PhysRevLett.97.021601
https://doi.org/10.1103/PhysRevLett.97.021601
https://doi.org/10.1103/PhysRevLett.97.021601
https://doi.org/10.1103/PhysRevLett.97.021601
https://doi.org/10.1103/PhysRevLett.97.021601
https://doi.org/10.1002/prop.201900037
https://doi.org/10.1002/prop.201900037
https://doi.org/10.1002/prop.201900037
https://doi.org/10.1002/prop.201900037
https://doi.org/10.1002/prop.201900037
https://doi.org/10.1002/prop.201900037
https://doi.org/10.1002/prop.201900037
https://doi.org/10.1002/prop.201900037
https://doi.org/10.1002/prop.201900037
https://doi.org/10.1002/prop.201900037
https://doi.org/10.1002/prop.201900037
https://doi.org/10.1002/prop.201900037
https://doi.org/10.1007/s10773-024-05558-2
https://doi.org/10.1007/s10773-024-05558-2
https://doi.org/10.1007/s10773-024-05558-2
https://doi.org/10.1007/s10773-024-05558-2
https://doi.org/10.1007/s10773-024-05558-2
https://doi.org/10.1007/s10773-024-05558-2
https://doi.org/10.1007/s10773-024-05558-2
https://doi.org/10.1007/s10773-024-05558-2
https://doi.org/10.1007/s10773-024-05558-2
https://doi.org/10.1007/s10773-024-05558-2
https://doi.org/10.1007/s10773-024-05558-2
https://doi.org/10.1103/PhysRevD.39.683
https://doi.org/10.1103/PhysRevD.39.683
https://doi.org/10.1103/PhysRevD.39.683
https://doi.org/10.1103/PhysRevD.39.683
https://doi.org/10.1103/PhysRevD.39.683
https://doi.org/10.1103/PhysRevD.39.683
https://doi.org/10.1103/PhysRevD.39.683
https://doi.org/10.1103/PhysRevD.39.683
https://doi.org/10.1103/PhysRevD.39.683
https://doi.org/10.1103/PhysRevLett.13.508
https://doi.org/10.1103/PhysRevLett.13.508
https://doi.org/10.1103/PhysRevLett.13.508
https://doi.org/10.1103/PhysRevLett.13.508
https://doi.org/10.1103/PhysRevLett.13.508
https://doi.org/10.1103/PhysRevLett.13.508
https://doi.org/10.1103/PhysRevLett.13.508
https://doi.org/10.1103/PhysRevLett.13.508
https://doi.org/10.1103/PhysRevLett.13.508
https://doi.org/10.1103/PhysRevLett.13.508
https://doi.org/10.1016/0370-1573(84)90008-5
https://doi.org/10.1016/0370-1573(84)90008-5
https://doi.org/10.1016/0370-1573(84)90008-5
https://doi.org/10.1016/0370-1573(84)90008-5
https://doi.org/10.1016/0370-1573(84)90008-5
https://doi.org/10.1016/0370-1573(84)90008-5
https://doi.org/10.1016/0370-1573(84)90008-5
https://doi.org/10.1016/0370-1573(84)90008-5
https://doi.org/10.1016/0370-1573(84)90008-5
https://doi.org/10.1016/0370-1573(84)90008-5
https://doi.org/10.1103/PhysRevD.72.044001
https://doi.org/10.1103/PhysRevD.72.044001
https://doi.org/10.1103/PhysRevD.72.044001
https://doi.org/10.1103/PhysRevD.72.044001
https://doi.org/10.1103/PhysRevD.72.044001
https://doi.org/10.1103/PhysRevD.72.044001
https://doi.org/10.1103/PhysRevD.72.044001
https://doi.org/10.1103/PhysRevD.72.044001
https://doi.org/10.1103/PhysRevD.72.044001
https://doi.org/10.1016/j.nuclphysb.2019.114703
https://doi.org/10.1016/j.nuclphysb.2019.114703
https://doi.org/10.1016/j.nuclphysb.2019.114703
https://doi.org/10.1016/j.nuclphysb.2019.114703
https://doi.org/10.1016/j.nuclphysb.2019.114703
https://doi.org/10.1016/j.nuclphysb.2019.114703
https://doi.org/10.1016/j.nuclphysb.2019.114703
https://doi.org/10.1016/j.nuclphysb.2019.114703
https://doi.org/10.1016/j.nuclphysb.2019.114703
https://doi.org/10.1016/j.nuclphysb.2019.114703
https://doi.org/10.1140/epjc/s10052-021-09299-y
https://doi.org/10.1140/epjc/s10052-021-09299-y
https://doi.org/10.1140/epjc/s10052-021-09299-y
https://doi.org/10.1140/epjc/s10052-021-09299-y
https://doi.org/10.1140/epjc/s10052-021-09299-y
https://doi.org/10.1140/epjc/s10052-021-09299-y
https://doi.org/10.1140/epjc/s10052-021-09299-y
https://doi.org/10.1140/epjc/s10052-021-09299-y
https://doi.org/10.1140/epjc/s10052-021-09299-y
https://doi.org/10.1140/epjc/s10052-021-09299-y
https://doi.org/10.1140/epjc/s10052-021-09299-y
https://doi.org/10.1140/epjc/s10052-021-09299-y
https://doi.org/10.3390/universe9050225
https://doi.org/10.3390/universe9050225
https://doi.org/10.3390/universe9050225
https://doi.org/10.3390/universe9050225
https://doi.org/10.3390/universe9050225
https://doi.org/10.3390/universe9050225
https://doi.org/10.3390/universe9050225
https://doi.org/10.3390/universe9050225
https://doi.org/10.3390/universe9050225
https://doi.org/10.3390/universe9050225
https://doi.org/10.3390/universe9050225
https://doi.org/10.1140/epjc/s10052-023-11846-8
https://doi.org/10.1140/epjc/s10052-023-11846-8
https://doi.org/10.1140/epjc/s10052-023-11846-8
https://doi.org/10.1140/epjc/s10052-023-11846-8
https://doi.org/10.1140/epjc/s10052-023-11846-8
https://doi.org/10.1140/epjc/s10052-023-11846-8
https://doi.org/10.1140/epjc/s10052-023-11846-8
https://doi.org/10.1140/epjc/s10052-023-11846-8
https://doi.org/10.1140/epjc/s10052-023-11846-8
https://doi.org/10.1140/epjc/s10052-023-11846-8
https://doi.org/10.1140/epjc/s10052-023-11846-8
https://doi.org/10.1140/epjc/s10052-022-10044-2
https://doi.org/10.1140/epjc/s10052-022-10044-2
https://doi.org/10.1140/epjc/s10052-022-10044-2
https://doi.org/10.1140/epjc/s10052-022-10044-2
https://doi.org/10.1140/epjc/s10052-022-10044-2
https://doi.org/10.1140/epjc/s10052-022-10044-2
https://doi.org/10.1140/epjc/s10052-022-10044-2
https://doi.org/10.1140/epjc/s10052-022-10044-2
https://doi.org/10.1140/epjc/s10052-022-10044-2
https://doi.org/10.1140/epjc/s10052-022-10044-2
https://doi.org/10.1140/epjc/s10052-022-10044-2
https://doi.org/10.1140/epjc/s10052-022-10044-2
https://doi.org/10.1103/PhysRevD.97.104001
https://doi.org/10.1103/PhysRevD.97.104001
https://doi.org/10.1103/PhysRevD.97.104001
https://doi.org/10.1103/PhysRevD.97.104001
https://doi.org/10.1103/PhysRevD.97.104001
https://doi.org/10.1103/PhysRevD.97.104001
https://doi.org/10.1103/PhysRevD.97.104001
https://doi.org/10.1103/PhysRevD.97.104001
https://doi.org/10.1103/PhysRevD.97.104001
https://doi.org/10.1103/PhysRevD.97.104001
https://doi.org/10.1103/PhysRevD.97.104001
https://doi.org/10.1103/PhysRevD.103.044002
https://doi.org/10.1103/PhysRevD.103.044002
https://doi.org/10.1103/PhysRevD.103.044002
https://doi.org/10.1103/PhysRevD.103.044002
https://doi.org/10.1103/PhysRevD.103.044002
https://doi.org/10.1103/PhysRevD.103.044002
https://doi.org/10.1103/PhysRevD.103.044002
https://doi.org/10.1103/PhysRevD.103.044002
https://doi.org/10.1103/PhysRevD.103.044002
https://doi.org/10.1103/PhysRevD.103.044002
https://doi.org/10.1103/PhysRevD.103.044002
https://doi.org/10.1209/0295-5075/ac130c
https://doi.org/10.1209/0295-5075/ac130c
https://doi.org/10.1209/0295-5075/ac130c
https://doi.org/10.1209/0295-5075/ac130c
https://doi.org/10.1209/0295-5075/ac130c
https://doi.org/10.1209/0295-5075/ac130c
https://doi.org/10.1209/0295-5075/ac130c
https://doi.org/10.1209/0295-5075/ac130c
https://doi.org/10.1209/0295-5075/ac130c
https://doi.org/10.1209/0295-5075/ac130c
https://doi.org/10.1209/0295-5075/ac130c
https://arxiv.org/abs/2308.10412 
https://arxiv.org/abs/2308.10412 
https://arxiv.org/abs/2308.10412 
https://doi.org/10.1016/j.nuclphysb.2024.116536
https://doi.org/10.1016/j.nuclphysb.2024.116536
https://doi.org/10.1016/j.nuclphysb.2024.116536
https://doi.org/10.1016/j.nuclphysb.2024.116536
https://doi.org/10.1016/j.nuclphysb.2024.116536
https://doi.org/10.1016/j.nuclphysb.2024.116536
https://doi.org/10.1016/j.nuclphysb.2024.116536
https://doi.org/10.1016/j.nuclphysb.2024.116536
https://doi.org/10.1016/j.nuclphysb.2024.116536
https://doi.org/10.1140/epjc/s10052-024-13338-9
https://doi.org/10.1140/epjc/s10052-024-13338-9
https://doi.org/10.1140/epjc/s10052-024-13338-9
https://doi.org/10.1140/epjc/s10052-024-13338-9
https://doi.org/10.1140/epjc/s10052-024-13338-9
https://doi.org/10.1140/epjc/s10052-024-13338-9
https://doi.org/10.1140/epjc/s10052-024-13338-9
https://doi.org/10.1140/epjc/s10052-024-13338-9
https://doi.org/10.1140/epjc/s10052-024-13338-9
https://doi.org/10.1140/epjc/s10052-024-13338-9
https://doi.org/10.1140/epjc/s10052-024-13338-9
https://doi.org/10.1140/epjc/s10052-024-13338-9
https://doi.org/10.1016/j.dark.2024.101642
https://doi.org/10.1016/j.dark.2024.101642
https://doi.org/10.1016/j.dark.2024.101642
https://doi.org/10.1016/j.dark.2024.101642
https://doi.org/10.1016/j.dark.2024.101642
https://doi.org/10.1016/j.dark.2024.101642
https://doi.org/10.1016/j.dark.2024.101642
https://doi.org/10.1016/j.dark.2024.101642
https://doi.org/10.1016/j.dark.2024.101642
https://arxiv.org/abs/2408.14945 
https://arxiv.org/abs/2408.14945 
https://arxiv.org/abs/2408.14945 
https://doi.org/10.3389/fphy.2024.1415418
https://doi.org/10.3389/fphy.2024.1415418
https://doi.org/10.3389/fphy.2024.1415418
https://doi.org/10.3389/fphy.2024.1415418
https://doi.org/10.3389/fphy.2024.1415418
https://doi.org/10.3389/fphy.2024.1415418
https://doi.org/10.3389/fphy.2024.1415418
https://doi.org/10.3389/fphy.2024.1415418
https://doi.org/10.3389/fphy.2024.1415418
https://doi.org/10.1016/j.dark.2024.101520
https://doi.org/10.1016/j.dark.2024.101520
https://doi.org/10.1016/j.dark.2024.101520
https://doi.org/10.1016/j.dark.2024.101520
https://doi.org/10.1016/j.dark.2024.101520
https://doi.org/10.1016/j.dark.2024.101520
https://doi.org/10.1016/j.dark.2024.101520
https://doi.org/10.1016/j.dark.2024.101520
https://doi.org/10.1016/j.dark.2024.101520
https://doi.org/10.1016/j.dark.2024.101520
https://doi.org/10.1088/1475-7516/2024/04/087
https://doi.org/10.1088/1475-7516/2024/04/087
https://doi.org/10.1088/1475-7516/2024/04/087
https://doi.org/10.1088/1475-7516/2024/04/087
https://doi.org/10.1088/1475-7516/2024/04/087
https://doi.org/10.1088/1475-7516/2024/04/087
https://doi.org/10.1088/1475-7516/2024/04/087
https://doi.org/10.1088/1475-7516/2024/04/087
https://doi.org/10.1088/1475-7516/2024/04/087
https://doi.org/10.1088/1475-7516/2024/04/087
https://arxiv.org/abs/2409.20360 
https://arxiv.org/abs/2409.20360 
https://arxiv.org/abs/2409.20360 
https://arxiv.org/abs/2407.16916 
https://arxiv.org/abs/2407.16916 
https://arxiv.org/abs/2407.16916 
https://doi.org/10.1088/1402-4896/ad09a1
https://doi.org/10.1088/1402-4896/ad09a1
https://doi.org/10.1088/1402-4896/ad09a1
https://doi.org/10.1088/1402-4896/ad09a1
https://doi.org/10.1088/1402-4896/ad09a1
https://doi.org/10.1088/1402-4896/ad09a1
https://doi.org/10.1088/1402-4896/ad09a1
https://doi.org/10.1088/1402-4896/ad09a1
https://doi.org/10.1088/1402-4896/ad09a1
https://doi.org/10.1088/1402-4896/ad09a1
https://doi.org/10.1088/1402-4896/ad09a1
https://doi.org/10.1016/j.aop.2018.10.012
https://doi.org/10.1016/j.aop.2018.10.012
https://doi.org/10.1016/j.aop.2018.10.012
https://doi.org/10.1016/j.aop.2018.10.012
https://doi.org/10.1016/j.aop.2018.10.012
https://doi.org/10.1016/j.aop.2018.10.012
https://doi.org/10.1016/j.aop.2018.10.012
https://doi.org/10.1016/j.aop.2018.10.012
https://doi.org/10.1016/j.aop.2018.10.012
https://doi.org/10.1103/PhysRevD.108.124004
https://doi.org/10.1103/PhysRevD.108.124004
https://doi.org/10.1103/PhysRevD.108.124004
https://doi.org/10.1103/PhysRevD.108.124004
https://doi.org/10.1103/PhysRevD.108.124004
https://doi.org/10.1103/PhysRevD.108.124004
https://doi.org/10.1103/PhysRevD.108.124004
https://doi.org/10.1103/PhysRevD.108.124004
https://doi.org/10.1103/PhysRevD.108.124004
https://doi.org/10.1103/PhysRevD.108.124004
https://doi.org/10.1103/PhysRevD.108.124004

Lorentz symmetry violation in charged black hole thermodynamics and gravitational...

Chin. Phys. C 49, 065106 (2025)

[43]
[44]
[45]
[46]
[47]
(48]
[49]
[50]
[51]

[52]
[53]

[54]
[55]

[56]
[57]

(58]
[59]
[60]
[61]
[62]
[63]

[64]
[65]

[66]

[67]

[68]

D. J. Gogoi and U. D. Goswami, JCAP 06(06), 029 (2022)
W. D. Guo, Q. Tan, and Y. X. Liu, JCAP 07, 008 (2024)

A. Al-Badawi, S. Shaymatov, and I. Sakalli, Eur. Phys. J. C
84(8), 825 (2024)

M. Zahid, F. Sarikulov, C. Shen et al., Chin. J. Phys. 91, 45
(2024)

F. Hosseinifar, A. A. A. Filho, M. Y. Zhang et al., arXiv:
2407.07017 [gr-qc]

E. L. B. Junior, J. T. S. S. Junior, F. S. N. Lobo ef al., Phys.
Rev. D 110(2), 024077 (2024)

1. Halder and D. L. Jafferis, JHEP 05, 136 (2024)

B. P. Abbott et al., Phys. Rev. Lett. 116(6), 061102 (2016)
H. Middleton, C. P. L. Berry, N. Arnaud et al., arXiv:
2407.18638 [astro-ph.HE]

B. P. Abbott et al., Living Rev. Rel. 19, 1 (2016)

Z. Q. Duan, J. Y. Zhao, and K. Yang, Eur. Phys. J. C 84(8),
798 (2024)

M. Zahid, J. Rayimbaev, N. Kurbonov et al., Eur. Phys. J. C
84(7), 706 (2024)

J. Z. Liu, W. D. Guo, S. W. Wei et al., arXiv: 2407.08396
[gr-qc]

W. Liu, D. Wu, and J. Wang, arXiv: 2407.07416 [gr-qc]

T. Faulkner, A. Lewkowycz and J. Maldacena, JHEP 11,
074 (2013), arXiv: 1307.2892 [hep-th]

D. Harlow, Rev. Mod. Phys. 88, 015002 (2016)

A. Sen, JHEP 04, 156 (2013)

S. D. Mathur, Class. Quant. Grav. 26, 224001 (2009)

B. Pourhassan, J. Stat. Mech. 2107, 073102 (2021)

B. Pourhassan, H. Farahani, F. Kazemian et al., Phys. Dark
Univ. 44, 101444 (2024)

M. H. Dehghani, N. Alinejadi, and S. H. Hendi, Phys. Rev.
D 77, 104025 (2008)

P. Pradhan, EPL 116(1), 10001 (2016)

B. Altschul, Q. G. Bailey, and V. A. Kostelecky, Phys. Rev.
D 81, 065028 (2010)

L. A. Lessa, J. E. G. Silva, R. V. Maluf et al., Eur. Phys. J.
C 80(4), 335 (2020)

H. Stephani, D. Kramer, M. A. H. MacCallum et al., Exact
solutions of FEinstein's field equations (Cambridge Univ.
Press, Cambdridge, 2003)

Y. H. Wei, Phys. Lett. B 672, 98 (2009)

[69]
[70]
[71]
[72]
[73]
[74]
[75]
[76]

[77]
(78]

[79]
[80]
[81]
[82]
(83]
[84]
[85]
(86]
[87]
(88]
[89]
[90]
[91]

[92]

065106-15

G. 't Hooft, Acta Phys. Polon. B 19, 187 (1988)

J. D. Bekenstein, Phys. Rev. D 7, 2333 (1973)

D. Kastor, S. Ray, and J. Traschen, Class. Quant. Grav. 26,
195011 (2009)

A. L. Wasserman, Thermal physics: concepts and practice
(Cambridge University Press, 2011)

R. M. Wald, General Relativity (Chicago Univ. Pr.,
Chicago, 1984)

U. Debnath, B. Pourhassan, and 1. Sakalli, Mod. Phys. Lett.
A 37(14), 2250085 (2022)

S. Soroushfar, B. Pourhassan, and 1. Sakalli, Phys. Dark
Univ. 44, 101457 (2024)

J. Sadeghi, B. Pourhassan, and M. Rostami, Phys. Rev. D
94(6), 064006 (2016)

A. Ghosh, Class. Quantum Grav. 40, 155013 (2023)

A. Chatterjee and A. Ghosh, Phys. Rev. Lett. 125, 041302
(2020)

B. Pourhassan and M. Faizal, Europhysics Letters 111,
40006 (2015)

M. Faizal and B. Pourhassan, Phys. Lett. B 751, 487 (2015)
W. Greiner, L. Neise, and H. Stocker, Thermodynamics and
statistical mechanics (Springer Science-Business Media,
2012)

W. Rindler and M. Ishak, Phys. Rev. D 76, 043006 (2007)
H. Ding, A. T. Deller, P. C. C. Freire et al., arXiv:
2407.13324 [astro-ph.IM]

K. Akiyama et al., Astrophys. J. Lett. 875, L1 (2019)

M. Ilyas, Eur. Phys. J. C 78, 757 (2018)

N. K. Glendenning, Compact Stars: Nuclear Physics,
Particle Physics and General Relativity (Springer, New
York, 1997), pp. 7-123

O. Zubairi, A. Romero, and F. Weber, J. Phys. Conf. Ser.
615, 012003 (2015)

C. M. Claudel, K. S. Virbhadra, and G. F. R. Ellis, J. Math.
Phys. 42, 818 (2001)

V. Perlick, Living Rev. Rel. 7, 9 (2004)

V. Bozza, Phys. Rev. D 66, 103001 (2002)

Y. Wang, X. Li, H. Zhang et al., Phys. Dark Universe 46,
101612 (2024)

B. Pourhassan, X. Shi, S. S. Wani ef al., arXiv: 2310.12878
[hep-th]


https://doi.org/10.1088/1475-7516/2022/06/029
https://doi.org/10.1088/1475-7516/2022/06/029
https://doi.org/10.1088/1475-7516/2022/06/029
https://doi.org/10.1088/1475-7516/2022/06/029
https://doi.org/10.1088/1475-7516/2022/06/029
https://doi.org/10.1088/1475-7516/2022/06/029
https://doi.org/10.1088/1475-7516/2022/06/029
https://doi.org/10.1088/1475-7516/2022/06/029
https://doi.org/10.1088/1475-7516/2022/06/029
https://doi.org/10.1088/1475-7516/2022/06/029
https://doi.org/10.1088/1475-7516/2022/06/029
https://doi.org/10.1088/1475-7516/2022/06/029
https://doi.org/10.1088/1475-7516/2024/07/008
https://doi.org/10.1088/1475-7516/2024/07/008
https://doi.org/10.1088/1475-7516/2024/07/008
https://doi.org/10.1088/1475-7516/2024/07/008
https://doi.org/10.1088/1475-7516/2024/07/008
https://doi.org/10.1088/1475-7516/2024/07/008
https://doi.org/10.1088/1475-7516/2024/07/008
https://doi.org/10.1088/1475-7516/2024/07/008
https://doi.org/10.1088/1475-7516/2024/07/008
https://doi.org/10.1088/1475-7516/2024/07/008
https://doi.org/10.1140/epjc/s10052-024-13205-7
https://doi.org/10.1140/epjc/s10052-024-13205-7
https://doi.org/10.1140/epjc/s10052-024-13205-7
https://doi.org/10.1140/epjc/s10052-024-13205-7
https://doi.org/10.1140/epjc/s10052-024-13205-7
https://doi.org/10.1140/epjc/s10052-024-13205-7
https://doi.org/10.1140/epjc/s10052-024-13205-7
https://doi.org/10.1140/epjc/s10052-024-13205-7
https://doi.org/10.1140/epjc/s10052-024-13205-7
https://doi.org/10.1140/epjc/s10052-024-13205-7
https://doi.org/10.1140/epjc/s10052-024-13205-7
https://doi.org/10.1016/j.cjph.2024.07.008
https://doi.org/10.1016/j.cjph.2024.07.008
https://doi.org/10.1016/j.cjph.2024.07.008
https://doi.org/10.1016/j.cjph.2024.07.008
https://doi.org/10.1016/j.cjph.2024.07.008
https://doi.org/10.1016/j.cjph.2024.07.008
https://doi.org/10.1016/j.cjph.2024.07.008
https://doi.org/10.1016/j.cjph.2024.07.008
https://doi.org/10.1016/j.cjph.2024.07.008
https://arxiv.org/abs/2407.07017 
https://arxiv.org/abs/2407.07017 
https://arxiv.org/abs/2407.07017 
https://doi.org/10.1103/PhysRevD.110.024077
https://doi.org/10.1103/PhysRevD.110.024077
https://doi.org/10.1103/PhysRevD.110.024077
https://doi.org/10.1103/PhysRevD.110.024077
https://doi.org/10.1103/PhysRevD.110.024077
https://doi.org/10.1103/PhysRevD.110.024077
https://doi.org/10.1103/PhysRevD.110.024077
https://doi.org/10.1103/PhysRevD.110.024077
https://doi.org/10.1103/PhysRevD.110.024077
https://doi.org/10.1103/PhysRevD.110.024077
https://doi.org/10.1103/PhysRevD.110.024077
https://doi.org/10.1103/PhysRevD.110.024077
https://doi.org/10.1103/PhysRevD.110.024077
https://doi.org/10.1007/JHEP05(2024)136
https://doi.org/10.1007/JHEP05(2024)136
https://doi.org/10.1007/JHEP05(2024)136
https://doi.org/10.1007/JHEP05(2024)136
https://doi.org/10.1007/JHEP05(2024)136
https://doi.org/10.1007/JHEP05(2024)136
https://doi.org/10.1007/JHEP05(2024)136
https://doi.org/10.1007/JHEP05(2024)136
https://doi.org/10.1007/JHEP05(2024)136
https://doi.org/10.1007/JHEP05(2024)136
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
https://arxiv.org/abs/2407.18638 [astro-ph.HE]
https://arxiv.org/abs/2407.18638 [astro-ph.HE]
https://arxiv.org/abs/2407.18638 [astro-ph.HE]
https://doi.org/10.1007/lrr-2016-1
https://doi.org/10.1007/lrr-2016-1
https://doi.org/10.1007/lrr-2016-1
https://doi.org/10.1007/lrr-2016-1
https://doi.org/10.1007/lrr-2016-1
https://doi.org/10.1007/lrr-2016-1
https://doi.org/10.1007/lrr-2016-1
https://doi.org/10.1007/lrr-2016-1
https://doi.org/10.1007/lrr-2016-1
https://doi.org/10.1007/lrr-2016-1
https://doi.org/10.1140/epjc/s10052-024-13188-5
https://doi.org/10.1140/epjc/s10052-024-13188-5
https://doi.org/10.1140/epjc/s10052-024-13188-5
https://doi.org/10.1140/epjc/s10052-024-13188-5
https://doi.org/10.1140/epjc/s10052-024-13188-5
https://doi.org/10.1140/epjc/s10052-024-13188-5
https://doi.org/10.1140/epjc/s10052-024-13188-5
https://doi.org/10.1140/epjc/s10052-024-13188-5
https://doi.org/10.1140/epjc/s10052-024-13188-5
https://doi.org/10.1140/epjc/s10052-024-13188-5
https://doi.org/10.1140/epjc/s10052-024-13188-5
https://doi.org/10.1140/epjc/s10052-024-13061-5
https://doi.org/10.1140/epjc/s10052-024-13061-5
https://doi.org/10.1140/epjc/s10052-024-13061-5
https://doi.org/10.1140/epjc/s10052-024-13061-5
https://doi.org/10.1140/epjc/s10052-024-13061-5
https://doi.org/10.1140/epjc/s10052-024-13061-5
https://doi.org/10.1140/epjc/s10052-024-13061-5
https://doi.org/10.1140/epjc/s10052-024-13061-5
https://doi.org/10.1140/epjc/s10052-024-13061-5
https://doi.org/10.1140/epjc/s10052-024-13061-5
https://doi.org/10.1140/epjc/s10052-024-13061-5
https://arxiv.org/abs/2407.08396 
https://arxiv.org/abs/2407.08396 
https://arxiv.org/abs/2407.08396 
https://arxiv.org/abs/2407.08396 
https://arxiv.org/abs/2407.07416 
https://arxiv.org/abs/2407.07416 
https://arxiv.org/abs/2407.07416 
https://doi.org/10.1007/JHEP11(2013)074
https://doi.org/10.1007/JHEP11(2013)074
https://doi.org/10.1007/JHEP11(2013)074
https://doi.org/10.1007/JHEP11(2013)074
https://doi.org/10.1007/JHEP11(2013)074
https://doi.org/10.1007/JHEP11(2013)074
https://doi.org/10.1007/JHEP11(2013)074
https://doi.org/10.1007/JHEP11(2013)074
https://doi.org/10.1007/JHEP11(2013)074
https://arxiv.org/abs/1307.2892 
https://arxiv.org/abs/1307.2892 
https://arxiv.org/abs/1307.2892 
https://doi.org/10.1103/RevModPhys.88.015002
https://doi.org/10.1103/RevModPhys.88.015002
https://doi.org/10.1103/RevModPhys.88.015002
https://doi.org/10.1103/RevModPhys.88.015002
https://doi.org/10.1103/RevModPhys.88.015002
https://doi.org/10.1103/RevModPhys.88.015002
https://doi.org/10.1103/RevModPhys.88.015002
https://doi.org/10.1103/RevModPhys.88.015002
https://doi.org/10.1103/RevModPhys.88.015002
https://doi.org/10.1103/RevModPhys.88.015002
https://doi.org/10.1007/JHEP04(2013)156
https://doi.org/10.1007/JHEP04(2013)156
https://doi.org/10.1007/JHEP04(2013)156
https://doi.org/10.1007/JHEP04(2013)156
https://doi.org/10.1007/JHEP04(2013)156
https://doi.org/10.1007/JHEP04(2013)156
https://doi.org/10.1007/JHEP04(2013)156
https://doi.org/10.1007/JHEP04(2013)156
https://doi.org/10.1007/JHEP04(2013)156
https://doi.org/10.1007/JHEP04(2013)156
https://doi.org/10.1088/0264-9381/26/22/224001
https://doi.org/10.1088/0264-9381/26/22/224001
https://doi.org/10.1088/0264-9381/26/22/224001
https://doi.org/10.1088/0264-9381/26/22/224001
https://doi.org/10.1088/0264-9381/26/22/224001
https://doi.org/10.1088/0264-9381/26/22/224001
https://doi.org/10.1088/0264-9381/26/22/224001
https://doi.org/10.1088/0264-9381/26/22/224001
https://doi.org/10.1088/0264-9381/26/22/224001
https://doi.org/10.1088/0264-9381/26/22/224001
https://doi.org/10.1088/1742-5468/ac0f6a
https://doi.org/10.1088/1742-5468/ac0f6a
https://doi.org/10.1088/1742-5468/ac0f6a
https://doi.org/10.1088/1742-5468/ac0f6a
https://doi.org/10.1088/1742-5468/ac0f6a
https://doi.org/10.1088/1742-5468/ac0f6a
https://doi.org/10.1088/1742-5468/ac0f6a
https://doi.org/10.1088/1742-5468/ac0f6a
https://doi.org/10.1088/1742-5468/ac0f6a
https://doi.org/10.1088/1742-5468/ac0f6a
https://doi.org/10.1016/j.dark.2024.101444
https://doi.org/10.1016/j.dark.2024.101444
https://doi.org/10.1016/j.dark.2024.101444
https://doi.org/10.1016/j.dark.2024.101444
https://doi.org/10.1016/j.dark.2024.101444
https://doi.org/10.1016/j.dark.2024.101444
https://doi.org/10.1016/j.dark.2024.101444
https://doi.org/10.1016/j.dark.2024.101444
https://doi.org/10.1016/j.dark.2024.101444
https://doi.org/10.1016/j.dark.2024.101444
https://doi.org/10.1016/j.dark.2024.101444
https://doi.org/10.1103/PhysRevD.77.104025
https://doi.org/10.1103/PhysRevD.77.104025
https://doi.org/10.1103/PhysRevD.77.104025
https://doi.org/10.1103/PhysRevD.77.104025
https://doi.org/10.1103/PhysRevD.77.104025
https://doi.org/10.1103/PhysRevD.77.104025
https://doi.org/10.1103/PhysRevD.77.104025
https://doi.org/10.1103/PhysRevD.77.104025
https://doi.org/10.1103/PhysRevD.77.104025
https://doi.org/10.1103/PhysRevD.77.104025
https://doi.org/10.1103/PhysRevD.77.104025
https://doi.org/10.1209/0295-5075/116/10001
https://doi.org/10.1209/0295-5075/116/10001
https://doi.org/10.1209/0295-5075/116/10001
https://doi.org/10.1209/0295-5075/116/10001
https://doi.org/10.1209/0295-5075/116/10001
https://doi.org/10.1209/0295-5075/116/10001
https://doi.org/10.1209/0295-5075/116/10001
https://doi.org/10.1209/0295-5075/116/10001
https://doi.org/10.1209/0295-5075/116/10001
https://doi.org/10.1209/0295-5075/116/10001
https://doi.org/10.1209/0295-5075/116/10001
https://doi.org/10.1209/0295-5075/116/10001
https://doi.org/10.1103/PhysRevD.81.065028
https://doi.org/10.1103/PhysRevD.81.065028
https://doi.org/10.1103/PhysRevD.81.065028
https://doi.org/10.1103/PhysRevD.81.065028
https://doi.org/10.1103/PhysRevD.81.065028
https://doi.org/10.1103/PhysRevD.81.065028
https://doi.org/10.1103/PhysRevD.81.065028
https://doi.org/10.1103/PhysRevD.81.065028
https://doi.org/10.1103/PhysRevD.81.065028
https://doi.org/10.1103/PhysRevD.81.065028
https://doi.org/10.1103/PhysRevD.81.065028
https://doi.org/10.1140/epjc/s10052-020-7902-1
https://doi.org/10.1140/epjc/s10052-020-7902-1
https://doi.org/10.1140/epjc/s10052-020-7902-1
https://doi.org/10.1140/epjc/s10052-020-7902-1
https://doi.org/10.1140/epjc/s10052-020-7902-1
https://doi.org/10.1140/epjc/s10052-020-7902-1
https://doi.org/10.1140/epjc/s10052-020-7902-1
https://doi.org/10.1140/epjc/s10052-020-7902-1
https://doi.org/10.1140/epjc/s10052-020-7902-1
https://doi.org/10.1140/epjc/s10052-020-7902-1
https://doi.org/10.1140/epjc/s10052-020-7902-1
https://doi.org/10.1140/epjc/s10052-020-7902-1
https://doi.org/10.1140/epjc/s10052-020-7902-1
https://doi.org/10.1016/j.physletb.2009.01.018
https://doi.org/10.1016/j.physletb.2009.01.018
https://doi.org/10.1016/j.physletb.2009.01.018
https://doi.org/10.1016/j.physletb.2009.01.018
https://doi.org/10.1016/j.physletb.2009.01.018
https://doi.org/10.1016/j.physletb.2009.01.018
https://doi.org/10.1016/j.physletb.2009.01.018
https://doi.org/10.1016/j.physletb.2009.01.018
https://doi.org/10.1016/j.physletb.2009.01.018
https://doi.org/10.1016/j.physletb.2009.01.018
https://doi.org/10.1103/PhysRevD.7.2333
https://doi.org/10.1103/PhysRevD.7.2333
https://doi.org/10.1103/PhysRevD.7.2333
https://doi.org/10.1103/PhysRevD.7.2333
https://doi.org/10.1103/PhysRevD.7.2333
https://doi.org/10.1103/PhysRevD.7.2333
https://doi.org/10.1103/PhysRevD.7.2333
https://doi.org/10.1103/PhysRevD.7.2333
https://doi.org/10.1103/PhysRevD.7.2333
https://doi.org/10.1103/PhysRevD.7.2333
https://doi.org/10.1088/0264-9381/26/19/195011
https://doi.org/10.1088/0264-9381/26/19/195011
https://doi.org/10.1088/0264-9381/26/19/195011
https://doi.org/10.1088/0264-9381/26/19/195011
https://doi.org/10.1088/0264-9381/26/19/195011
https://doi.org/10.1088/0264-9381/26/19/195011
https://doi.org/10.1088/0264-9381/26/19/195011
https://doi.org/10.1088/0264-9381/26/19/195011
https://doi.org/10.1088/0264-9381/26/19/195011
https://doi.org/10.1142/S0217732322500857
https://doi.org/10.1142/S0217732322500857
https://doi.org/10.1142/S0217732322500857
https://doi.org/10.1142/S0217732322500857
https://doi.org/10.1142/S0217732322500857
https://doi.org/10.1142/S0217732322500857
https://doi.org/10.1142/S0217732322500857
https://doi.org/10.1142/S0217732322500857
https://doi.org/10.1142/S0217732322500857
https://doi.org/10.1142/S0217732322500857
https://doi.org/10.1142/S0217732322500857
https://doi.org/10.1142/S0217732322500857
https://doi.org/10.1142/S0217732322500857
https://doi.org/10.1016/j.dark.2024.101457
https://doi.org/10.1016/j.dark.2024.101457
https://doi.org/10.1016/j.dark.2024.101457
https://doi.org/10.1016/j.dark.2024.101457
https://doi.org/10.1016/j.dark.2024.101457
https://doi.org/10.1016/j.dark.2024.101457
https://doi.org/10.1016/j.dark.2024.101457
https://doi.org/10.1016/j.dark.2024.101457
https://doi.org/10.1016/j.dark.2024.101457
https://doi.org/10.1016/j.dark.2024.101457
https://doi.org/10.1016/j.dark.2024.101457
https://doi.org/10.1103/PhysRevD.94.064006
https://doi.org/10.1103/PhysRevD.94.064006
https://doi.org/10.1103/PhysRevD.94.064006
https://doi.org/10.1103/PhysRevD.94.064006
https://doi.org/10.1103/PhysRevD.94.064006
https://doi.org/10.1103/PhysRevD.94.064006
https://doi.org/10.1103/PhysRevD.94.064006
https://doi.org/10.1103/PhysRevD.94.064006
https://doi.org/10.1103/PhysRevD.94.064006
https://doi.org/10.1103/PhysRevD.94.064006
https://doi.org/10.1103/PhysRevD.94.064006
https://doi.org/10.1088/1361-6382/acdbfe
https://doi.org/10.1088/1361-6382/acdbfe
https://doi.org/10.1088/1361-6382/acdbfe
https://doi.org/10.1088/1361-6382/acdbfe
https://doi.org/10.1088/1361-6382/acdbfe
https://doi.org/10.1088/1361-6382/acdbfe
https://doi.org/10.1088/1361-6382/acdbfe
https://doi.org/10.1088/1361-6382/acdbfe
https://doi.org/10.1088/1361-6382/acdbfe
https://doi.org/10.1088/1361-6382/acdbfe
https://doi.org/10.1103/PhysRevLett.125.041302
https://doi.org/10.1103/PhysRevLett.125.041302
https://doi.org/10.1103/PhysRevLett.125.041302
https://doi.org/10.1103/PhysRevLett.125.041302
https://doi.org/10.1103/PhysRevLett.125.041302
https://doi.org/10.1103/PhysRevLett.125.041302
https://doi.org/10.1103/PhysRevLett.125.041302
https://doi.org/10.1103/PhysRevLett.125.041302
https://doi.org/10.1103/PhysRevLett.125.041302
https://doi.org/10.1209/0295-5075/111/40006
https://doi.org/10.1209/0295-5075/111/40006
https://doi.org/10.1209/0295-5075/111/40006
https://doi.org/10.1209/0295-5075/111/40006
https://doi.org/10.1209/0295-5075/111/40006
https://doi.org/10.1209/0295-5075/111/40006
https://doi.org/10.1209/0295-5075/111/40006
https://doi.org/10.1209/0295-5075/111/40006
https://doi.org/10.1209/0295-5075/111/40006
https://doi.org/10.1016/j.physletb.2015.10.077
https://doi.org/10.1016/j.physletb.2015.10.077
https://doi.org/10.1016/j.physletb.2015.10.077
https://doi.org/10.1016/j.physletb.2015.10.077
https://doi.org/10.1016/j.physletb.2015.10.077
https://doi.org/10.1016/j.physletb.2015.10.077
https://doi.org/10.1016/j.physletb.2015.10.077
https://doi.org/10.1016/j.physletb.2015.10.077
https://doi.org/10.1016/j.physletb.2015.10.077
https://doi.org/10.1016/j.physletb.2015.10.077
https://doi.org/10.1103/PhysRevD.76.043006
https://doi.org/10.1103/PhysRevD.76.043006
https://doi.org/10.1103/PhysRevD.76.043006
https://doi.org/10.1103/PhysRevD.76.043006
https://doi.org/10.1103/PhysRevD.76.043006
https://doi.org/10.1103/PhysRevD.76.043006
https://doi.org/10.1103/PhysRevD.76.043006
https://doi.org/10.1103/PhysRevD.76.043006
https://doi.org/10.1103/PhysRevD.76.043006
https://doi.org/10.1103/PhysRevD.76.043006
https://arxiv.org/abs/2407.13324 [astro-ph.IM]
https://arxiv.org/abs/2407.13324 [astro-ph.IM]
https://arxiv.org/abs/2407.13324 [astro-ph.IM]
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.1140/epjc/s10052-018-6232-z
https://doi.org/10.1140/epjc/s10052-018-6232-z
https://doi.org/10.1140/epjc/s10052-018-6232-z
https://doi.org/10.1140/epjc/s10052-018-6232-z
https://doi.org/10.1140/epjc/s10052-018-6232-z
https://doi.org/10.1140/epjc/s10052-018-6232-z
https://doi.org/10.1140/epjc/s10052-018-6232-z
https://doi.org/10.1140/epjc/s10052-018-6232-z
https://doi.org/10.1140/epjc/s10052-018-6232-z
https://doi.org/10.1140/epjc/s10052-018-6232-z
https://doi.org/10.1088/1742-6596/615/1/012003
https://doi.org/10.1088/1742-6596/615/1/012003
https://doi.org/10.1088/1742-6596/615/1/012003
https://doi.org/10.1088/1742-6596/615/1/012003
https://doi.org/10.1088/1742-6596/615/1/012003
https://doi.org/10.1088/1742-6596/615/1/012003
https://doi.org/10.1088/1742-6596/615/1/012003
https://doi.org/10.1088/1742-6596/615/1/012003
https://doi.org/10.1088/1742-6596/615/1/012003
https://doi.org/10.1063/1.1308507
https://doi.org/10.1063/1.1308507
https://doi.org/10.1063/1.1308507
https://doi.org/10.1063/1.1308507
https://doi.org/10.1063/1.1308507
https://doi.org/10.1063/1.1308507
https://doi.org/10.1063/1.1308507
https://doi.org/10.1063/1.1308507
https://doi.org/10.1063/1.1308507
https://doi.org/10.1063/1.1308507
https://doi.org/10.1063/1.1308507
https://doi.org/10.12942/lrr-2004-9
https://doi.org/10.12942/lrr-2004-9
https://doi.org/10.12942/lrr-2004-9
https://doi.org/10.12942/lrr-2004-9
https://doi.org/10.12942/lrr-2004-9
https://doi.org/10.12942/lrr-2004-9
https://doi.org/10.12942/lrr-2004-9
https://doi.org/10.12942/lrr-2004-9
https://doi.org/10.12942/lrr-2004-9
https://doi.org/10.12942/lrr-2004-9
https://doi.org/10.1103/PhysRevD.66.103001
https://doi.org/10.1103/PhysRevD.66.103001
https://doi.org/10.1103/PhysRevD.66.103001
https://doi.org/10.1103/PhysRevD.66.103001
https://doi.org/10.1103/PhysRevD.66.103001
https://doi.org/10.1103/PhysRevD.66.103001
https://doi.org/10.1103/PhysRevD.66.103001
https://doi.org/10.1103/PhysRevD.66.103001
https://doi.org/10.1103/PhysRevD.66.103001
https://doi.org/10.1103/PhysRevD.66.103001
https://doi.org/10.1016/j.dark.2024.101612
https://doi.org/10.1016/j.dark.2024.101612
https://doi.org/10.1016/j.dark.2024.101612
https://doi.org/10.1016/j.dark.2024.101612
https://doi.org/10.1016/j.dark.2024.101612
https://doi.org/10.1016/j.dark.2024.101612
https://doi.org/10.1016/j.dark.2024.101612
https://doi.org/10.1016/j.dark.2024.101612
https://doi.org/10.1016/j.dark.2024.101612
https://arxiv.org/abs/2310.12878 
https://arxiv.org/abs/2310.12878 
https://arxiv.org/abs/2310.12878 
https://arxiv.org/abs/2310.12878 

	I INTRODUCTION
	II CBHWKRF SPACETIME
	III THERMAL FLUCTUATIONS IN CBHWKRF SPACETIME
	IV GRAVITATIONAL LENSING FROM THE PERSPECTIVE OF THE LORENTZ-BREAKING EFFECT
	V POSSIBLE APPLICATIONS IN ASTROPHYSICS FOR CBHWKRF SPACETIME AND CONSTRAINTS ON LORENTZ-VIOLATING PARAMETER
	VI RESULTS AND DISCUSSIONS
	ACKNOWLEDGMENTS
	REFERENCES

