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Abstract: The nearest black hole to Earth, Sagittarius A* (Sgr A*), with its intense gravitational field, provides a
unique opportunity to explore black hole mysteries. Over the past few decades, monitoring of the S2 star has

provided extensive valuable data that can be utilized to examine various gravity theories and black hole paradigms.

This paper focuses on the most intriguing objects in astronomy, spinning black holes, and investigates the effects of

spin on orbital motion. By applying the Markov Chain Monte Carlo algorithm to publicly available observational

data of the S2 star, our findings indicate that current data fail to constrain the spin of Sgr A*. Simulated stars with

smaller semi-major axes reveal that the direction of Lense-Thirring precession aligns with the spin direction of Sgr

A*. Additionally, by incorporating the cosmological constant, which accounts for the expansion of the universe, in-
to our analysis, we establish an upper limit of A <7.3% 1073* km™2 on the cosmological constant at the 1o~ confid-

ence level. Future long-term monitoring of S-cluster stars, combined with enhanced observational precision, may en-
able the determination of the spin of Sgr A* and further tighten the bound on the cosmological constant.
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I. INTRODUCTION

As a pivotal prediction of general relativity, black
holes have significantly enhanced our grasp of gravita-
tional physics. Over recent decades, major strides in
black hole physics research and concrete evidence have
firmly established their existence, leading to unparalleled
scientific advancements. Penrose masterfully used math-
ematical methods to validate the widespread presence of
black holes across the cosmos [1]. The landmark 2015
detection of gravitational waves from binary black holes
merging by LIGO [2], the revealing images of the super-
massive compact objects M87* [3] and Sagittarius A*
(Sgr A*) [4] at the heart of the M87 galaxy and Milky
Way captured by the Event Horizon Telescope Collabora-
tion, and the detailed long-term monitoring of stellar or-
bits around the supermassive compact object at the Milky
Way's center by the GRAVITY collaboration [5, 6] col-
lectively form a robust array of astronomical evidence
underpinning the existence of black holes.

In contemporary astrophysics, the enigmatic nature of
black holes presents a profound mystery, with Sgr A*,
the closest known black hole to Earth, standing at the
forefront of this exploration. Its intense gravitational field
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provides a unique opportunity to probe the fundamental
mysteries of black holes, making Sgr A* an exceptional
astrophysical laboratory [7]. Research initiatives have fo-
cused on exploring phenomena that challenge the conven-
tional framework of general relativity, particularly
through the study of orbital motions of S-stars orbiting
Sgr A*, which provide critical insights into its intrinsic
properties [8]. Among these, the S2 star is particularly in-
teresting due to its short orbital period of approximately
16 years and high eccentricity of approximately 0.88 [9].
Such a star has a pericentric distance of 120 A.U. ~ 1400
Schwarzschild radius and an orbital velocity of 7650 km
s~! at periapsis, which is close to 2.6% of the speed of
light [10]. These special orbital characteristics of the S2
star make it a sensitive probe of the gravitational field in
the galactic center. Extensive research utilizing observa-
tional data from S2, including astrometric positions and
radial velocities, has been conducted on dark matter
[11-13]. Additionally, significant efforts have been ded-
icated to testing various theories of gravity [14—20], most
on the basis that Sgr A* is a non-spinning black hole.
However, certain observations suggest that Sgr A* is
spinning. Near-infrared periodic flares indicate a dimen-
sionless spin parameter of approximately y =0.52 [21],
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while X-ray flares suggest a higher spin, with a dimen-
sionless spin close to y = 0.9939 [22, 23]. In recent years,
the motion of photons in strong fields near spinning black
holes and the black hole shadow have been extensively
investigated [24—28]. Driven by these results, it is neces-
sary to consider the black hole spin when exploring stars
orbiting Sgr A*. Although the effect of spin is relatively
weak, identifying its spin behavior could provide valu-
able insights for future research. Additionally, our uni-
verse is expanding at an accelerating rate [29, 30], mak-
ing it crucial to account for spin gravitational sources in a
dynamic universe when studying the motion of stars near
supermassive black holes. However, understanding the
universe's overall state through local observations re-
mains extremely challenging.

To address this challenge, the Kerr-de Sitter space-
time background, which incorporates a positive cosmolo-
gical constant as characterized in the Lambda Cold Dark
Matter model, has garnered significant research interest
[31-33]. This solution integrates the concept of an ex-
panding universe into black hole physics. Beyond super-
nova observations, data from the cosmic microwave
background also suggest that the universe is expanding
[34]. The cosmological constant, interpreted as dark en-
ergy [35], is one of the explanations for the driving force
behind this expansion. Previous research on the motion of
photons in Kerr-de Sitter spacetime have provided clear
explanations of photon behavior [36—38]. This paper
aims to extend these studies by focusing on the motion of
massive particles near a Kerr-de Sitter black hole. Spe-
cifically, we treat Sgr A* as a Kerr-de Sitter black hole to
investigate the effects of black hole spin and cosmic ex-
pansion on the motion of stars.

Early researchers explored the influence of black hole
spin and the cosmological constant on orbital motion, cal-
culating their effects on several specific orbits (S1, S2,
S8, S12, S13, and S14) [39, 40]. This research show-
cased the orbital precession and Lense-Thirring preces-
sion for certain dimensionless spin parameters, specific-
ally y =0.52 and y = 0.9939. However, the specific range
within which black hole spin and the cosmological con-
stant are applicable remains undetermined. Since then,
nearly 20 years of additional observations have signific-
antly enriched the data pool [5, 41]. Currently, astromet-
ric position data for over a dozen stars have been pub-
lished, along with their radial velocities obtained through
spectroscopic measurements [41]. Among these stars, the
S2 star is particularly notable for having two observed
complete radial periods. Recently, the GRAVITY collab-
oration used the parameterized Newtonian approxima-
tion to determine the orbital precession of the S2 star [9].
The publication of these data has inspired us to explore
spacetime parameters through numerical simulations, ap-
plying the latest data to constrain Kerr-de Sitter black
holes. In this paper, we focus on the Kerr-de Sitter black

hole within the framework of general relativity. We em-
ploy the Markov Chain Monte Carlo (MCMC) algorithm
to investigate the effects of black hole spin and the cos-
mological constant on stellar orbits. Our findings may
pave the way for further research into the dynamics of
Kerr-de Sitter spacetime.

The remainder of this paper is organized as follows.
In Sec. II, we introduce the basic concept of a Kerr-de
Sitter black hole and study the properties of orbital mo-
tions by geodesic equations in this spacetime. In Sec. I,
we explain our orbital model in detail and give corres-
ponding observational corrections. In Sec. IV, we per-
form MCMC simulations to explore the parameters of the
Kerr and Kerr-de Sitter black holes with publicly avail-
able astrometric and spectroscopic data of the S2 star
around Sgr A*. Finally, we summarize the research res-
ults in Sec. V.

II. BASIC CONCEPT OF KERR-DE SITTER
BLACK HOLES

Kerr-de Sitter spacetime is a stationary and axially
symmetric solution to Einstein's field equations in gener-
al relativity that describes the geometry around a spin-
ning massive object in an expanding universe with a pos-
itive cosmological constant [42]. The cosmological con-
stant A introduces a repulsive gravitational effect on
large scales, causing the universe to expand. This expan-
sion modifies the spacetime geometry around the spin-
ning mass, leading to unique features compared to other
solutions in general relativity [36, 43].

The Kerr-de Sitter metric in Boyer-Lindquist coordin-
ates with geometrized units (G = ¢ = 1) can be written in
the following form [44, 45]:

A Py by
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Here, A >0 is the cosmological constant, M is the mass
of the black hole, and « is the spin of the black hole per
unit mass. For simplicity and clarity, we introduce a di-
mensionless black hole spin parameter y, defined as
X =a/M. In this notation, y € (-1,1), where y > 0 repres-
ents a counterclockwise spinning black hole, y =0 rep-
resents a non-spinning black hole, and y < 0 represents a
clockwise spinning black hole, as viewed along the z-ax-
is. It is easy to find that the Kerr-de Sitter solution in-
cludes the Kerr (A = 0) solution, Schwarzschild-de Sitter
(a =0) solution, and Schwarzschild (A =a =0) solution
as special cases.

In Kerr-de Sitter spacetime, the horizons can be de-
termined by solving A, =0. When A # 0, there are four
horizons: the inner and outer horizons, the cosmological
horizons far from the black hole, and "inside" the singu-
larity [36]. Detailed analysis of the horizon structure can
be found in Refs. [44, 46, 47]. The g, component of the
metric vanishes to yield the inner and outer infinite red-
shift surfaces [48]. The spacetime region between the out-
er event horizon and outer infinite redshift surface consti-
tutes the ergosphere, from which energy can be extracted
via the Penrose process [49].

In stationary, axially symmetric spacetimes, the norm
of the four-velocity remains constant due to parallel
transport. Additionally, geodesic motion conserves both
energy and angular momentum about the symmetry axis.
However, these three constants alone are generally insuf-
ficient to fully simplify the geodesic equations. Carter re-
solved this problem by demonstrating the separability of
the Hamilton-Jacobi equation and deriving an additional
constant of motion [50]. As a result, the time-like geodes-
ic equations in Kerr-de Sitter spacetime are completely
integrable. We start with a Lagrangian for a free particle
in Kerr-de Sitter spacetime:

1
L= ng,xﬂfcv, (6)

which represents the norm of the four-velocity, with
2L£=0 and -1 for massless and massive particles, re-
spectively. The overdot here and in the remainder of this
section denotes differentiation with respect to the proper
time 7. The stellar orbits around Sgr A* are investigated
in this paper, hence the choice of 2L = —1. Following the
Lagrangian, the generalized momentum is p, = d.L/3x" =
gw»X". Then, we can obtain the energy and z component
of the angular momentum per unit mass of the motion, re-
spectively, as

oL . ;
E= o = —=8ul — 81pP, (7
oL . ,
L= % = &ipl + 8- (®

For the fourth constant, we use the Hamiltonian to obtain
it. In the standard way, the Hamiltonian is given as

2H =2p, 3" -2L=g"p.p,

A, A
= E%g" + Epf + Eep; +L§g“"“" -2¢¥EL.=-1. (9)

Substituting g”, g, and g'¢ into the above equation, we
can separate the variables in it as

(aEsinZG—Lz)2 +Agpi+a*cos’6=K,

e

[1]

(P +@E-aLlz]*~Ap2-rP =K, (10)

2
"

>

where K represents the constant of separation in the
Hamilton-Jacobi equation [50]. By utilizing these four
constants, the geodesic equations can be expressed in
first-order form:

5 _EZ (r2 +a2) [(r2 +a2) E—aLZ] B a=? (aE sin29—Lz)

A, AV
(11)
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sin” 6
o :a52 [(P+a®)E-aL,] E*(aEsin’6-L,) (14)
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The spin of Kerr-de Sitter black holes induces a drag-
ging effect on spacetime, thereby influencing the orbital
motion of celestial bodies around compact celestial ob-
jects. The orbital plane of orbiting celestial bodies under-
goes precession [51], simultaneously impacting orbital
precession as well. In the weak-field approximation, the
impact of black hole spin on orbital precession can be
neglected, whereas its influence on the orbital plane pre-
cession — namely, Lense-Thirring precession — is signi-
ficant. Stepanian et al. considered the influence of the
cosmological constant and obtained approximate formu-
las of orbital precession and Lense-Thirring precession
[52, 53]; in the International System of Units, their re-
spective expressions are

2.3
M Arca g (15)

Aw =6
@ ﬂc%z*(l —e?) GM
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doy 2GM|a| Alale
)= + (16)

dt " cal(1-e2¥2 3 7

(

where a, and e are the semi-major axis and eccentricity
of the orbit, respectively. Here, Aw represents the angle

that periapsis shifts over one radial period, while <F>

denotes the average shifted rate of longitude of the as-
cending node defined within the stellar orbital plane with
the equatorial plane of the black hole as the reference
plane [54], with Q' as depicted in Fig. 1. Future observa-
tions on the orbital precession of other stars around Sgr
A*, coupled with the detection of the Lense-Thirring pre-
cession, could provide significant constraints on the spin
of Sgr A* and offer substantial limitations on the cosmo-
logical constant.

III. MODEL OF ORBITAL MOTION

In this section, we present the orbital motion of stars
around a Kerr-de Sitter black hole and detail the numeric-
al methods used for solving the relevant equations. We
address the second-order geodesic equations (17) in a
Cartesian coordinate system centered on the galactic cen-
ter (illustrated in Fig. 1), with initial conditions derived
from Keplerian elements and projected using Thiele-
Innes elements. Relativistic corrections, including Romer
time delay (35), frequency shifts (38), and the motion of
the solar system relative to the galactic center (as ex-
pressed in Egs. (36), (37), and (42)), are applied to match

perihelion P

line of sight

Fig. 1. (color online) Schematic diagram of orbital elements
and coordinates [55]. O is the origin of the coordinates. 7 is
the normal vector of the orbital plane. i is the angle between
the line of sight and normal vector to the orbital plane. Q is
the position angle of the ascending node A in the xOz plane.
Q' is the position angle of the ascending node B in the xOy
plane. w is the angle between the line of ascending node A
and semi-major axis. (6p,¢o) are the spherical coordinates of
perihelion P.

observational data. Utilizing publicly available astromet-
ric and spectroscopic data for the S2 star, which consists
of 145 astrometric positions [41], 44 radial velocities
[41], and orbital precession [9], we estimate the paramet-
ers outlined in Eq. (43) as well as the spacetime paramet-
ers. This estimation is performed using the MCMC al-
gorithm, implemented through the EMCEE Python pack-
age, with the likelihood function as defined in Eq. (44).

A. Numerical integration of the geodesic equations

The trajectory of a star orbiting a Kerr-de Sitter black
hole is determined by a specific set of differential equa-
tions (11)—(14). While these equations are concise, the
square roots in Egs. (12) and (13) tend to accumulate er-
rors at turning points during numerical integration. Ad((ilig—
dr
are required at each turning point. To circumvent these
problems and harness astronomical observations more ef-
fectively, we choose to solve the second-order geodesic
equations that take the derivative of 7 [16]. Inspired by
Ref. [56], the geodesic equations can be converted to

dr
tionally, manual adjustments to the signs of i and

d2x" ( u dx“) dx® da?
_FO ) — = 0 17
a?r T\ ey ) o a (a7

Because the Kerr-de Sitter black hole breaks spheric-
al symmetry, we cannot solve the geodesic equations in
the orbital plane and then project the orbit onto the sky
plane using Thiele-Innes elements. Therefore, establish-
ing a specific Cartesian coordinate system is essential for
numerical integration. A schematic diagram is shown in
Fig. 1. The coordinate system is centered at the galactic
center, with the galactic plane as the xOy plane, the y-ax-
is points towards the vernal equinox, and the sky plane as
the xOz plane. Therefore, the z-axis is perpendicular to
the galactic plane. Now, we can solve the geodesic equa-
tions (17) in this coordinate system. Without loss of gen-
erality, we choose the perihelion as the initial position. It
is worth mentioning that the calculation of the initial con-
ditions only involves Kepler elements, which are a set of
data measured by spherical trigonometry, and this step
does not take into account the spacetime background. The
initial conditions can be computed first in the orbital
plane and then projected by Thiele-Innes elements into
the coordinate system established earlier. Following this
method, the initial conditions of motion of star can be de-
rived from the five orbital elements (a,,e,i,Q,w), which
can be concisely expressed as follows:

ro=rp,=a,(l-e), (18)
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6y = ArcTan [C, VA2 + Bz] , (19)

¢o = ArcTan[A, B], (20)

i =0, (21)
9o = Yp (Dcosbycos g+ Ecosbysingg + Fsindy), (22)

Tp
‘ V) .
¢o = ——— (Ecosgy— Dsingy), (23)
1, 8inf

GM1+e . .
where V) = 2 1_c s the periapsis velocity,
*

ArcTan [x, y] is the arctangent of y/x, and taking into ac-
count the quadrant in which the point (A, B) is located, the
overdot denotes differentiation with respect to coordinate
time ¢. We use the following abbreviations:

A =cosisinwcosQ+coswsinll, (24)
B =sinisinw, (25)
C =coswcosQ —cosisinwsinQ), (26)
D = cosicoswcosQ —sinwsin{, 27
E =sinicosw, (28)
F =sinwcosQ + cosicoswsinQ. (29)

In the scope of this study, our focus is solely on cases
where the spin axis of the black hole is co-aligned with
the z-axis, i.e., ¥ = (0,0,x). Given that stars are generally
positioned at a significant distance from the event hori-
zon of Sgr A* located at the galactic center, the Cartesian
coordinates of the stars in the xyz-frame can be approx-
imated as [54]

X = rsinfcos, (30)
y = rsinfsing, (1)
z=rcos6. (32)

B. Relativistic correction to the orbital model

In the previous subsection, we gave the numerical
solutions of geodesic equations and their form in a spe-
cial Cartesian coordinate system. However, there is still a
large gap between the orbits obtained by numerical solu-
tions and the observed ones, which makes it necessary to
consider some modifications to translate them into obser-
vations [57, 58]. According to the current observational
accuracy, we need to consider the effects of the Romer
time delay and frequency shift [14, 58]. In addition, the
motion of the solar system with respect to the galactic
center cannot be ignored [15, 58]. Below, we discuss the
effects of these corrections to orbital motion in detail.

As the speed of light is finite, it takes a certain time
for the light signal emitted from S2 to be received by a
detector on Earth. Due to the inclination between the or-
bital and sky planes, the distance between S2 and Earth
changes, causing the propagation time of the light signal
to change. This difference in time between the reception
and emission of light signals is called the Romer time
delay. The time delay can be obtained by solving [58]

Tem = fobs — d(tem), (33)
C

where 1., is the time when the detector receives the light
signal, and ¢, is the time when S2 emits the light signal.
Because the origin of the coordinate system is set at the
center of the Milky Way, the distance between S2 and
Earth at any given moment can be approximated as
d(t) = Ry —y(t), where R, represents the distance from Sgr
A* to Earth. In actuality, we use an iteration scheme

d(t)

obs

(34

(i+1) _
tem -

to solve Eq. (33), where £ = t4,. In this study, only one
iteration is required to meet the accuracy requirement
[58]:

Tem = Tobs d(t;)bS) . (35)

In this way, we obtain the emission time of the signal for
astrometric and spectroscopic data.

According to the measurement method in astrometric
observations, the 2D offset (xy,z0) and linear drift
(vr0,v;0) between the gravitational center and reference
frame must be considered. Based on this, we obtain the
observed position of the S2 star on the sky plane as [15]

Xthe = -x(tem) + X0 + vx,O(tobs - trefer)’ (3 6)
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Zthe = Z(tem) +Z20+ Vz,O(tobs - trefer)s (37)

where f.g, 1s the reference time for xo,zp,Vvy0,v.0. In our
simulation, the reference time is set to f.r = 2000.

Earth is far away from the center of the Milky Way,
and the S2 star is in motion, so the frequency of the light
signal differs between 7., and ., which has an influ-
ence on the radial velocity of the S2 star in spectral meas-
urements. The total frequency shift is characterized by

em — Yobs RV
f==Tm (38)

v Vobs c

where RV is related to radial velocity, as measured by de-
tector [14]. A fraction of this frequency shift is due to the
Doppler shift caused by the high velocity of the S2 star
[20]:

\ 1- Vz(tem)/c2

1 _Vy(tem)/c ) (39)

{p=

An important part of the frequency shift is related to the
gravitational redshift produced by the curvature of space-
time near the gravitational source. The S2 star is far away
from Sgr A*, and the influence of the spin of Sgr A* can
be ignored when calculating its gravitational redshift
[57]. Then, one can calculate the gravitational redshift by

lo= —— (40)

IgOO([emv ?em)|

Combining the Doppler shift and gravitational redshift,
we determine that the total frequency shift satisfies

1+{=0p- e (41)

At the same time, the relative radial velocity v, between
the solar system and galactic center also affect the meas-
urement of the spectrum. The corrected astrometric ob-
servation of radial velocity is [15]

RVthe = Z -c+ Vy0- (42)

IV. DATA ANALYSIS AND RESULTS

In this section, we employ an MCMC algorithm to
probe the parameter space. In our analysis, we used the
open source package EMCEE in PYTHON to implement this
simulation [59]. We explored the parameters

{Mgu,Ro,1,,a4,e,1,0,0,X0,20,Vx0, V20, Vy0) 43)

and spacetime parameters in our simulations to fit the the-
oretical orbit to the publicly available astrometric and
spectroscopic data of the S2 star in the galactic center.
We will use different spacetime parameters in our invest-
igation, as will be explained later. The first parameter
Mgy describes the mass of Sgr A*. R, is the distance
from Sgr A* to Earth. The observational time when the
S2 star passes perihelion is recorded as ¢,. {a.,e,i,Q, w)}
are the Kepler elements mentioned above that describe
the orbit, which can be converted into the initial position
and velocity of the star. {xg,z9,v.0,v.0} indicate the offset
and drift between the coordinate frame and gravitational
center. v, is introduced to correct the systematic effects
on radial velocity measurement [58].

Referring to the works of the pioneers [17—-19], to
weaken the influence of the prior distribution of paramet-
ers on the results, the prior distribution of all parameters
is set to a uniform distribution. The parameter priors are
listed in Table 1. In our simulations, we use the follow-
ing quasi-normal log-likelihood distribution to quantify
the consistency between the model predictions and obser-
vational data:

log L =log Lp +log Lry +1og Lp. (44)

where log £p is related to the position of S2 on the sky
plane, which is defined as

2 .
Z — 2
10g-£p - _ ( obs — the) + ( obs the) (45)
2 Z \/_O-X obs \/io—lz,obs

log Lry is related to the radial velocity measured using
spectroscopy, which takes the form

N
_1 Z (RVObS RV(he) (46)
2 i V2o RV,obs

and the last term log Lp, is introduced due to orbital pre-
cession, which takes the form

log -ERV =

2
1 fSPobs_fSPthe
1 e — A — . 47
og Lp 5 < \/Ea'sp,obs ) 47

The subscript "obs" represents observational data,
{Xobs» T X.obss Zobss T Zabss R Vobs» Trvobs} are sourced from the
Ref. [41], and {fsp.obss Ospobs) = {1.1,0.19} are from Ref.
[9]. The subscript "the" represents theoretical data,
{Xihes Zine, RVine} are given by Egs. (36), (37), and (42), re-
spectively, and fspe 1S the ratio of the orbital precession

045106-6



Inferring a spinning black hole in an expanding universe via the S2 star around...

Chin. Phys. C 49, 045106 (2025)

Table 1.
used in the analysis, with posterior results reported at the 1o

Prior and posterior distributions of the parameters

confidence level. Here, U denotes the uniform distribution.
The last two rows correspond to the dimensionless spin para-
meter of Sgr A* and the cosmological constant. The third and
fourth columns present the results from the MCMC analysis
of Kerr and Kerr-de Sitter spacetimes, respectively.

Parameter Prior Kerr Kerr-de Sitter
Mpn(10°Me) U3, 5] 4.27+030 4.26%032
Ro/kpe U[7,91 8.15703 8.147030
tp—2002.3/yr Uur-1,11 0.037901 0.03+50!1
ay /mas U[115,135] 12571487 125.64+190
e U[0.83,0.93] 0.88+0:90 0.88+0:90
i) U[125,145] 133.87+95% 133.84#0.70
Q/(°) U[218,238] 225.99*9:99 226.01*5:9
w/(®) U[56,76] 65.07*008 65.08*0:99
xo/mas U[-50, 50] 0.117064 0.07+964
Z0/mas U[-50, 50] -2.034903 —2.08+0:0
vxo/(mas/yr) U[-50, 50] 0.12+0:06 0.13+307
vz0/(mas/yr) U-50, 50] -0.00*519 -0.01*319
vyo/(km/s) U[-50, 50] 25.2671967 25.04+1971
X U-1,1] -0.057072 —0.03+5:68
A(107BA U2 Uuro, 2] — $0.16

obtained by numerical integration with respect to that
predicted in General Relativity [19]. Because the meas-
urement of fsp involves the same astrometric and spectro-
scopic data used here, we have conservatively added V2
to the denominator to avoid double counting the data.
Only the orbital precession of S2 has been detected, and
the publicly available astrometric and spectroscopic data
used in this paper are all for the S2 star.

A. Results for Kerr spacetime

As one of the most popular black hole paradigms in
astrophysical observations, using the astrometric and
spectroscopic data to constrain a Kerr black hole is of in-
terest. Over the past few decades, observations of near-in-
frared flares and X-ray flares from Sgr A* have explored
this goal. The results of these observations confirm that
Sgr A* is spinning. However, the analysis results of these
two types of flares are quite different. The results of near-
infrared flares show that the dimensionless spin of Sgr
A* is approximately y =0.52, while the results of X-ray
flares suggest that its dimensionless spin is approxim-
ately y =0.9939. These contradictory results forced us to
explore other methods to investigate the spin of Sgr A*.
Monitoring of orbital motion of stars orbiting Sgr A* of-
fers abundant observational data to achieve this goal. The
brightest star S2 has been monitored for approximately

three decades, and its orbital precession was obtained in
recent years, making it an excellent subject.

With the preliminary preparations in place, we use the
MCMC algorithm to explore the parameter space consist-
ing of Eq. (43) and dimensionless spin y of a black hole.
The results of our analysis are illustrated in Fig. 2, where
the shaded areas represent the lo- and 20 confidence
levels of the posterior probability density distribution for
the entire set of parameters. The posterior distribution
agrees well with the expected results. The best-fit values
of orbital models, reference frame parameters, and space-
time parameters are reported in column 3 of Table 1.
Compared with the results obtained by the pioneers, our
results are consistent with those for parameters
{MBH,RO,tp,a*,e,i,Q,w,xo,zo,vxyo,vzyo,vy,o}, which shows
that our method is correct and its results are reasonable.
For our parameters y of interest for the Kerr spacetime,
one can see that its one-dimensional posterior marginal
distribution cannot form a clear peak or semi-peak, and
its probability distribution function changes slightly with
spin, as shown in Fig. 2. This result coincides unexpec-
tedly with the estimations in Refs. [8, 17] and confirms
that the existing observational data on S2 cannot provide
an effective and strong constraint on the spin of Sgr A*.
This finding can also be obtained from Eq. (15), where
the orbital precession is shown to be insensitive to the
spin. The dimensionless spin is not constrained due to the
current limitations in astrometric and spectroscopic data
accuracy, as well as the relatively short monitoring peri-
od. In the future, improving observational accuracy and
extending the monitoring duration could allow for the de-
tection of black hole spin [60].

If stars are situated in close proximity to Sgr A*, even
a shorter monitoring period could be sufficient to exam-
ine its spin behavior. However, we have not yet detected
such stars. To clearly show the effects of spin on the or-
bit, we assume the presence of some such stars as probes.
Meanwhile, we assume that these stars are stable. Based
on the best-fit values of orbital elements on the S2 star, as
shown in column 3 of Table 1, we only change the semi-
major axis and eccentricity to simulate these test stars.
We simulate a total of 4 stars, whose inclination angle,
longitude of the ascending node, and argument of peri-
center are consistent with S2, namely, i=133.87,
Q=225.99, and w = 65.07. The semi-major axis and ec-
centricity of the simulated stars, labeled with the letter
"T", are as follows: (T1) a, =10 A.U. and ¢=0.5, (T2)
a, =10 A.U. and ¢=0.8, (T3) a, =20 A.U. and ¢=0.5,
and (T4) a, =20 A.U. and e =0.8. Under these orbital
elements, these four simulated stars all spin clockwise
around the z-axis. The orbital precession and Lense-
Thirring precession on simulated stars orbiting different
extreme Kerr black holes and a Schwarzschild black hole
are shown in Table 2. One can see that for the same amp-
litude of spin, the influence on orbital effect for opposite
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Fig. 2. (color online) Posterior distributions of the 14 parameters {MBH, X,Ro,t,;,a*,e,i,Q,w,Xo,Zo,Vx,o,V;,o,Vy,o} in Kerr spacetime. For

each pair of parameters, the 2D contour plots encompass (from dark to light) 68% and 95% of the posterior samples in the off-diagonal

plots. The marginalized 1D posterior distributions and corresponding 1o range for each parameter are shown on the diagonal.

spin is evident. When the orbital motion of the simulated
star is aligned with the spin direction, the orbital preces-
sion is smaller than when they are in opposite directions.
Furthermore, changes in the direction of black hole spin
will also induce changes in the direction of the Lense-
Thirring precession. Interestingly, the direction of Lense-
Thirring precession is consistent with the spin direction
of the black hole. The drag of a black hole on spacetime
originates from its spin, which causes the direction of
motion of the orbital plane to change as the spin changes.

These differences provide a window to determine the spin
of Sgr A*.

B. Results for Kerr-de Sitter spacetime

As mentioned earlier, our universe is expanding, and
observational data of the S2 star provide a valuable tool
for conducting this study. Following the methods men-
tioned earlier, in this section, we investigate Kerr-de Sit-
ter spacetime. In the MCMC simulations here, the para-
meter space consists of Eq. (43), the dimensionless spin y
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Table 2.

Orbital precession and Lense-Thirring precession of simulated stars orbiting Sgr A* with different spin. The mass of Sgr

A* is set as Mpy = 4.27x 10°Mg. Column 2: star ID, where "T" indicates a simulated star. Column 3-4: falsified semi-major axis and ec-
centricity of simulated star. Column 5-7: orbital inclination angle, longitude of the ascending node, and argument of pericenter of simu-
lated star, which are the best fit values of the S2 star from Table 1. Column 8-10: calculation results of orbital precession and Lense-

Thirring precession with different extreme dimensionless spin.

Effect Star ax(A.U)) e Q/(°) w/(°) x=-1 x=0 x=1
Tl 10 0.5 133.87 225.99 65.07 5.78° 6.16° 6.48°
T2 10 0.8 133.87 225.99 65.07 11.67° 12.83° 13.81°
Orbital Precession
T3 20 0.5 133.87 225.99 65.07 2.94° 3.06° 3.17°
T4 20 0.8 133.87 225.99 65.07 6.03° 6.37° 6.71°
Tl 10 0.5 133.87 225.99 65.07 ~17.86’ — 18.99/
T2 10 0.8 133.87 225.99 65.07 ~52.63" — 57.58’
Lense Thirring Precession
T3 20 0.5 133.87 225.99 65.07 —6.34’ — 6.61"
T4 20 0.8 133.87 225.99 65.07 ~18.89’ — 20.11
of the black hole, and cosmological constant A, for a total x = -0.031068
of 15 parameters.
As before, here, we set a uniform prior, as shown in
column 2 of Table 1. The results of our Bayesian analys-
is are listed in column 4 of Table 1, where we show the
best fit values and corresponding 1o~ ranges. For the same
parameters, these results agree with those of Kerr space-
time within the error range. The confidence regions and A <06
posterior distribution of the specific spacetime paramet- — i —
ers {y,A} we are interested in are shown in Fig. 3. In the & i
contour plot, we present the allowed region of interest (at ."D o i
lo- and 20 confidence level) for the parameters y and A < !
derived from our analysis. The marginalized posterior i R i
distributions for these parameters are displayed on the di- ] :
agonal of the corner plot. For the parameter y, its posteri- < & i
or pr’obabﬂity distr.ibution is still smooth and approxim- SRR ! N
ates its uniform prior. For parameter A, our orbital mod- Moy e T 7 e Y
el for S2 tends to prefer a small value of A, generally be- ¥ A(10-BAU.2)
low 0.16x 1073 A.U.”? (+7.3x107* km™) at lo confid- o
Fig. 3. (color online) Posterior distributions for the main

ence level. Such an upper limit is far from the estimate
from observational cosmological analysis. It should be
emphasized that our results are based on local observa-
tions. The accuracy of the observational data for the S2
star is limited, and the dataset is relatively sparse. Long-
term, high-precision observations of the abnormal aver-
age motion of Mercury in the solar system yielded alo
upper bound on the cosmological constant of approxim-
ately 1x 1073 km™ [61], which is consistent with our res-
ults. Continued observations of S2 and other S-cluster
stars in the future may improve the bound on the cosmo-
logical constant by several orders of magnitude. This goal
can also be achieved by improving the accuracy of obser-
vations.

V. CONCLUSION
In this paper, we investigated the dynamics of the S2

parameters studied in our simulations, namely, y and A. The
red dashed lines, corresponding to the value of A ~0.16
x10713 A.U.72, represent the 1o~ confidence level for the cos-
mological constant in our analysis.

star orbiting the supermassive black hole Sgr A* at the
center of the Milky Way. We primarily investigated the
impact of the black hole spin on the orbit of the S2 star as
it revolves around Sgr A*. In addition, we discussed the
impact of the cosmological constant. Using publicly
available astrometric and spectroscopic data of the S2
star, we performed an MCMC Bayesian analysis to place
constraints on the black hole spin and cosmological con-
stant. The analysis results show that the observational
data of the S2 star fail to provide an effective and strong
limit on the spin of Sgr A*. However, from the changing
trend of the posterior probability distribution of the para-
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meter y, we can see that it tends to values less than zero,
suggesting that Sgr A* spins clockwise around the z-axis.
Furthermore, we simulated that some stars are in close
proximity to Sgr A* (with smaller semi-major axis). In
the extreme case of black hole spin, we find that the in-
fluence of spin on orbital precession and Lense-Thirring
precession is obvious and easy to observe. Specifically,
the direction of Lense-Thirring precession aligns with the
spin direction of the black hole. Additionally, we incor-
porated the cosmological constant, which accounts for the

expansion of the universe, into our analysis. The results
show that, at the 1o confidence level, the upper limits of
the cosmological constant are set to A <7.3x1073* km™.
This limitation is consistent with the consequences with-
in the solar system [61]. It is hoped that in the future, we
can use higher-precision and more observational data to
obtain more precise results on the spin of Sgr A* to un-
cover this mystery [20], and we also hope to obtain a
more accurate cosmological constant in the region of
strong gravitational fields.
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