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Abstract: In this study, we focus on the gravitational waves emitted by a stellar-mass object in a quasi-circular in-
spiral orbit around a central supermassive polymerized black hole in loop quantum gravity. Treating the stellar-mass
object as a massive test particle, we derive its equations of motion and the corresponding radial effective potential.
We find that the peak of the radial effective potential decreases with the quantum parameter k. We also examine the
impact of quantum corrections on the properties of stable circular orbits (SCOs) around the polymerized black hole.
We model the smaller object's trajectory as an adiabatic evolution along SCOs using a semi-relativistic approach. In
this method, the motion of the object is described by relativistic geodesics, and changes in the object's energy and or-
bital angular momentum due to gravitational radiation are calculated using the mass quadrupole formula. The corres-
ponding gravitational waveforms are generated using the numerical kludge method, revealing that quantum correc-
tions cause phase advances in the gravitational waveforms. We further analyze the potential constraints on the
quantum parameter k from future space-based gravitational wave observations, concluding that the constraints on &
imposed by these observations will likely be stronger than those imposed by black hole shadow measurements.

Keywords: extreme mass-ratio inspirals, gravitational wave, black hole

DOI: 10.1088/1674-1137/adefla CSTR: 32044.14.ChinesePhysicsC.49115107

treme mass-ratio inspiral (EMRI) systems [3]. The gravit-
ational waves emitted by EMRIs are expected to be de-
tected by future space-based gravitational wave detectors,
such as Laser Interferometer Space Antenna (LISA) [4],
Taiji [5], TianQin [6], and DECi-hertz Gravitational-

I. INTRODUCTION

The Event Horizon Telescope made a significant
breakthrough by capturing the first image of the super-
massive black hole in the M87 galaxy in 2019 [1], fol-
lowed by the first image of the supermassive black hole

at the center of the Milky Way announced in 2022 [2].
These images provide direct visual evidence of super-
massive objects at the centers of galaxies. In each galaxy,
there are many stellar-mass objects orbiting the central
supermassive black hole. Over time, these stellar-mass
objects slowly inspiral toward the central supermassive
black hole due to gravitational radiation, constituting ex-
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wave Observatory (DECIGO) [7].

For each EMRI, smaller objects undergo numerous
orbits around the central supermassive black hole before
ultimately plunging into it [3]. The orbital dynamics of
the smaller objects are mainly determined by the proper-
ties of the central supermassive black hole and gravita-
tional radiation. The gravitational waveforms emitted by
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an EMRI are closely related to the trajectories of the
smaller objects, serving as precise mappings of the space-
time geometry around the supermassive black hole. Thus,
gravitational waves from EMRIs are invaluable probes
for studying the characteristics of supermassive black
holes and testing gravitational theories [8—13].

Semi-relativistic methods (such as analytical and nu-
merical kludge (NK) methods [14—18]) are effective for
studying the evolutions of EMRIs. The NK method com-
bines the exact relativistic orbital trajectory of a smaller
object with an approximate expression for the gravitation-
al radiation [15]. Typically, the orbit of the smaller ob-
ject is elliptical. However, as gravitational radiation leads
toa gradual loss of energy and orbital angular mo-
mentum, the eccentricity of the orbit gradually decreases
[19]. Gravitational radiation from a particle in a circular
orbit around a black hole was studied by the authors of
Refs. [20—22]. To describe the orbital evolution of the
smaller object, the quasi-circular orbit approximation is
often employed [23]. In this approximation, the smaller
object is assumed to remain in a circular orbit at each mo-
ment, with the radius of the orbit slowly decreasing over
time due to gravitational radiation. The authors of Refs.
[23—26] employed the quasi-circular orbit approximation
to study the gravitational waves from a compact object
orbiting a supermassive Kerr black hole. The quasi-circu-
lar orbit approximation was also used to study LISA's
capability to detect new fundamental fields [27—-29].
More recently, quasi-circular EMRIs have been used to
investigate the properties of black holes in bumblebee
gravity [30].

The existence of black holes is a key prediction of
general relativity. However, the singularities predicted
within black holes pose a significant theoretical chal-
lenge. As a potential solution, loop quantum gravity has
proposed several black hole models that eliminate these
singularities [31—33]. The authors of Refs. [34—37] ex-
plored the EMRIs around several black holes in loop
quantum gravity. However, the authors of Refs. [34, 35]
examined EMRIs over only a few orbital cycles, neglect-
ing the effects of gravitational radiation on the orbital
evolution of the smaller object. Through the semi-classic-
al polymerization of the area within the interior of spher-
ically symmetric black hole spacetimes, a quantum-cor-
rected black hole spacetime has been proposed in Refs.
[38, 39]. Various properties of this polymerized black
hole have been studied, including Hawking radiation
[40], quasinormal modes [41, 42], and strong gravitation-
al lensing and shadow [42, 43].

In this study, we focus on gravitational waveforms
generated by a stellar-mass object inspiraling into a su-
permassive polymerized black hole along the quasi-circu-
lar orbits. Treating the smaller object as a massive test
particle, we derive its equations of motion and obtain the
corresponding radial effective potential. We investigate

the impact of the quantum corrections on stable circular
orbits (SCOs), including the innermost SCOs (ISCOs),
around the polymerized black hole. Then, we employ a
numerical algorithm to model the quasi-circular orbit in-
spirals. We explore how the quantum corrections affect
the evolution of the quasi-circular inspirals. Considering
a stellar-mass object moving along the quasi-circular or-
bits around a supermassive polymerized black hole, we
analyze the gravitational waveforms from this EMRI sys-
tem by using the NK scheme [15] and discuss how the
quantum corrections influence these waveforms. We fur-
ther account for the Doppler shift induced by LISA's mo-
tion [14] and calculate the resulting gravitational wave re-
sponse signal in LISA. To assess the observability of the
quantum parameter's effects on gravitational waves, we
calculate the mismatch between waveforms for different
values of the quantum parameter and those of a Schwarz-
schild black hole. Finally, we investigate the critical
value of the quantum parameter, below which the gravita-
tional waves from quasi-circular EMRIs of the polymer-
ized black hole become indistinguishable from those of a
Schwarzschild black hole.

The remainder of this paper is organized as follows.
In Sec. II, we analyze the geodesic of a massive test
particle on the equatorial orbit around the polymerized
black hole, derive the radial effective potential, and in-
vestigate the properties of the general SCOs and ISCOs.
In Sec. III, we adopt a numerical algorithm to model the
quasi-circular orbit inspirals. In Sec. IV, we study the
gravitational waveforms of the test object along quasi-cir-
cular orbits around the supermassive polymerized black
hole, investigate their dephasing, and explore their distin-
guishability. Finally, the conclusions of this study are dis-
cussed in Sec. V. Throughout the paper, we use the geo-
metrized unit system with G =c=1.

II. TIMELIKE GEODESICS

Applying the polymerization of the area operator in
the interior of a black hole, a new black hole metric in
loop quantum gravity has been proposed in Refs. [38,
39]. This polymerized black hole offers potential insights
into the quantum dynamics inside black holes and could
help in understanding the connection between quantum
gravity and general relativity. The line element of the
polymerized black hole is

+r2d6? + r* sin® 0dy?, (1)
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where M is the Arnowitt—Deser—Misner mass, and & is a
quantum-corrected parameter that determines the minim-
al radius of the spacetime. The radius of the event hori-
zon for the polymerized black hole is V4M? +k>. Equa-
tion (1) returns the line element of a Schwarzschild black
hole when k£ = 0. For convenience, we use the dimension-
less parameter k = k/M instead of k in this study. Through
the observations of M 87* and Sgr A* black hole shad-
ows from the Event Horizon Telescope, Ref. [43] ob-
tained constraints on k, with the strongest being k < 0.36.

It is important to note that the true value of the para-
meter k is expected to be extremely small. In an EMRI
system, a smaller object orbits a central supermassive
black hole over many years, and very long-duration grav-
itational wave signals are generated. Gravitational waves
from EMRIs can map the background spacetime geo-
metry with high precision. Although the value of the
parameter k is small, its effects may still become detect-
able over extended observation periods. If future space-
based gravitational wave detectors detect gravitational
waves from EMRIs, we could use these gravitational
waves to derive precise constraints on the black hole met-
ric parameters. In this study, we use a significantly larger
value for k so that we can better highlight its impact on
the gravitational wave signal and ensure that its influence
significantly exceeds numerical errors.

To explore the properties of the polymerized black
hole, we study an EMRI system consisting of a stellar-
mass object orbiting a central supermassive polymerized
black hole. The gravitational waves from this EMRI sys-
tem provide a highly accurate probe of the spacetime geo-
metry of the polymerized black hole. The gravitational
waveforms from the EMRI system are closely related to
the trajectory of the smaller object. When the influence of
the smaller object on spacetime is ignored, we can treat
the smaller object as a massive test particle and study its
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Fig. 1.

orbit with a geodesic at every moment. We use the Lag-
rangian method [44] to derive the equations of motion for
the test particle moving on the equatorial plane (6 = 7/2)
around the polymerized black hole in Appendix A. Equa-
tion (29) can be rewritten as

2

I
mi’z‘FVeff‘:Ez, (2)

where the radial effective potential is

We plot the radial effective potential (3) in Fig. 1 to in-
vestigate its properties. As shown in Fig 1(a), the radial
effective potential will possess an extremum with increas-
ing orbital angular momentum. The minimum of the radi-
al effective potential corresponds to the stable circular or-
bits, and the maximum corresponds to the unstable ones.
Figure 1(b) shows that the maximum of the radial effect-
ive potential decreases with the parameter k.

In the late stage of an EMRI, the eccentricity of the
smaller object's orbit is nearly zero [19]. Thus, the as-
sumption of a quasi-circular orbit is a reasonable approx-
imation in modeling the orbital evolution of EMRIs
[24—-26]. In this study, we assume that the smaller object
is in an SCO around the supermassive polymerized black
hole at every moment. The properties of a test particle
moving along an SCO around the polymerized black hole
should satisfy [45]
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(color online) (a) Radial effective potentials of the test particle with different values of orbital angular momentum around the

polymerized black hole with & =1. (b) Radial effective potentials of the test particle with fixed orbital angular momentum L/M = 4.2
around the polymerized black hole with different values of the parameter k.
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Evidently, the parameter k affects the properties of the
SCO in Eq. (4). We numerically solve Eq. (4) and plot
the relations between the radius of the SCO and paramet-
er k and between the energy of the SCO and parameter k
in Fig. 2. One can see that, with a fixed orbital angular
momentum, both the radius and energy of the test particle
along the SCO decrease with the parameter k. The ISCO
is the SCO with the minimal radius. In gravitational wave
astrophysics, the ISCO marks the boundary between the
inspiral and merger phases in a two-body system. The
properties of a test particle moving along an ISCO around
the polymerized black hole should satisfy the following
conditions:

dVeff _
dr

Ve

0, 0, =0. 5
dr? ()

=

We numerically solve Eq. (5) and plot the relations of the
radius, orbital angular momentum, and energy of the
ISCO with the parameter k in Fig. 3. It can be seen that
the radius, orbital angular momentum, and energy of the
ISCO all increase with the parameter k.

III. GRAVITATIONAL WAVEFORMS FROM
QUASI-CIRCULAR ORBITS

In this section, we investigate the orbital evolution of
a stellar-mass object inspiraling into a central super-
massive polymerized black hole with the quasi-circular
orbit approximation and study the corresponding gravita-
tional waveforms. For the smaller object with mass m
moving along a trajectory Z'(r), we treat the Boyer-
Lindquist coordinates as fictitious spherical polar co-
ordinates and then project the object's trajectory onto the
following Cartesian coordinates [46]:

16
15
14

§ 13

§12
11}
100

ol

0.0

LIM=38 — — LIM=39

——— LIM=40
LIM=42
0.2

LIM=4.1

0.4 0.6 0.8 1.0
k
(a)
Fig. 2.

x =rsinfcos¢, y=rsinfsing, z=rcosb. (6)
Then, the symmetric and trace-free (STF) mass quad-

rupole of the smaller object can be defined as [47]

(STF)

IV = {/ T, x"x' X , 7)

where

T(t,x") = ms® [x' = Z'(1)] 8)
is the tt-component of the stress-energy tensor for the ob-
ject. Gravitational radiation carries away the smaller ob-
ject's energy and orbital angular momentum. The fluxes
of the energy and orbital angular momentum are given by
[48]

)

where €*! is the three-dimension Levi-Civita symbol, and
the angled brackets denote the average of a physical
quantity over several orbital periods. For a smaller object

moving along a circular orbit, Eq. (9) can be simplified to

dE 32 ar’ 32
— = ZmR'QS, — = Z"mR'Q’,

de 5 d 5 (19
where R is the radius of the circular orbit, and Q is the an-
gular velocity of the object.

We assume that the stellar-mass object is in an SCO
around the central supermassive polymerized black hole
at every moment. Due to gravitational radiation, the en-
ergy and orbital angular momentum of the smaller object
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(color online) (a) Radius of the SCO around the polymerized black hole as a function of parameter k. (b) Energy of the test

particle along the SCO around the polymerized black hole as a function of parameter .
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functions of the parameter k.

decrease, leading to a simultaneous reduction in the radi-
us of the SCO in which the smaller object resides. There-
fore, the complete orbit of the smaller object is quasi-cir-
cular. The algorithm we used to model the orbital evolu-
tion of a stellar-mass object around a supermassive black
hole under gravitational radiation proceeds as follows: 1)
determine the small object's mass m, the supermassive
black hole's mass M, and a time step At for evolution; ii)
set the initial position (ry,¢o) of the object; iii) calculate
the initial energy E,, orbital angular momentum L,, and
angular velocity Q, of the object; iv) calculate the mass
quadrupole moment /;, energy flux dE/dr, and angular
momentum flux dL/dr at the object's position; v) update
the object's orbital angular momentum; vi) compute the
new position and energy using the updated orbital angu-
lar momentum; and vii) repeat steps iv) to vi) until the
object's orbit shrinks to or below the ISCO.

The algorithm described above systematically tracks
the gradual decay of the orbit due to gravitational radi-
ation, providing a detailed picture of the orbital evolution
of a stellar-mass object around a supermassive black hole.
Consider an EMRI system consisting of a test object with
m = 10M, and a central supermassive polymerized black
hole with M =10°M,. By setting the initial position
(ro,¢h0) of the smaller object as (10M, n/2) and assigning

(color online) Radius (a), orbital angular momentum (b), and energy (c) of the ISCO around the polymerized black hole as

10
5

s
N 0
-5
-10

-10 -5 0 5 10
XM

Fig. 4. (color online) Complete quasi-circular orbit of a stel-
lar-mass object inspiraling into a central supermassive poly-
merized black hole with & = 0.1. The initial position (ry,¢o) of
the object is (10M, =/2).

different values to the quantum correction parameter ,
we use the algorithm described above to investigate the
evolution of the smaller object's quasi-circular orbit ar-
ound the central supermassive polymerized black hole.
Taking k= 0.1 as an example, we plot the complete orbit
of the smaller object in Fig. 4. We also plot the evolu-
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tions of the smaller object's energy E, orbital angular mo-
mentum L/M, and radius r/M of the quasi-circular orbit
around the supermassive polymerized black hole with dif-
ferent values of the parameter k in Fig. 5. The results
show that the smaller object's orbital evolution takes a sh-
orter time when it orbits around the central supermassive
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Fig. 5.

w
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3

polymerized black hole with a larger parameter k. This is
consistent with the radius of the ISCO increasing with the
parameter k. We have numerically confirmed the validity
of the orbital evolution algorithm we employ in Appen-
dix B.

After obtaining the orbital evolution of a small object
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(color online) Evolutions of the smaller object's energy E, orbital angular momentum L/M, and radius r/M of the quasi-circu-

lar orbit around the supermassive polymerized black hole are shown in (a), (c), and (e) within the complete orbital time and in (b), (d),

and (f) within the late stage, respectively.
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inspiraling into the supermassive polymerized black hole,
we can investigate the corresponding gravitational wave-
forms to further explore the properties of the polymer-
ized black hole. For a stellar-mass object moving around
a supermassive black hole, to the order of the mass quad-
rupole moment, the metric perturbations describing the
gravitational waves are defined as [47]

2 &,
YDy ode

(11)

where Dy is the luminosity distance from the EMRI sys-
tem to the detector. To obtain the gravitational-wave po-
larizations, we should construct a new detector-adapted
coordinate system (X, Y, Z) [46]. Under this coordinate
system, the gravitational-wave polarizations from Eq.
(11) are

h. = (hg —ha)/2, (12)

hy = hy. (13)
The components h,,, h,, and h,, are given by [15]
iz = hyc0S™ £ = hy $in2 + by, sin® g, (14)

h, = cos?i[h,, sin’ {+ hyysin2¢ + hy, cos’ ]

+h,,sin’t—sin2¢[h,.sin{ + h,, cos{], (15)

1 1
h; = cost Ehm sin2{ + hy,cos2{ — Eh}.}. sin2{

+sine[hy, sind — h,, cos{],

(16)

where 1 is the inclination angle of the orbital plane of the
smaller object to the X — Y plane, and { is the longitude of
the pericenter measured in the orbital plane.

Throughout the evolution of the smaller object's
quasi-circular orbit, we get the smaller object's mass
quadrupole moment at each position. Then, we calculate
the corresponding gravitational waveforms from Egs.
(12) and (13), with D =2Gpc, t=n/4, and { =n/4. We
plot the gravitational waveforms in Fig. 6. Figures 6(a)
and 6(c) show that the parameter k has almost no effect
on the gravitational waveforms during the initial 2000 s.
One can find from Figs. 6(b) and 6(d) that the impact of
the parameter k becomes apparent after a one-year accu-
mulation and the parameter k causes an advance in the
phase of the gravitational waveforms.

IV. DEPHASING AND MISMATCH

In the study of gravitational waves from EMRIs
around black holes in modified gravity theories, the im-
pact of modified gravity on the phase of the gravitational
waves is more pronounced than that on amplitude. This is
because the phase is closely linked to the orbital dynam-
ics and spacetime geometry. Changes in the gravitational
potential due to modified gravity can cause shifts in the
orbital frequency, which in turn modify the phase evolu-
tion over time. While the amplitude of the gravitational
waves also carries valuable information, the phase typic-
ally encodes the most detailed signatures of the underly-
ing gravitational theory. As a result, analyzing the phase
evolution offers a more sensitive probe for detecting the
effects of modified gravity in EMRISs.

To further investigate the effect of the parameter & on
the gravitational waves' phase, we define the dephasing
for the gravitational waves with k as

AD = O(k) - Dy, (17

where @, is the phase of the gravitational waves in the
supermassive Schwarzschild black hole case. We calcu-
late the dephasing of the gravitational waves with differ-
ent values of the parameter k through Eq. (17). The res-
ults are shown in Fig. 7. One can see that the parameter k
induces a phase advance in the gravitational waveforms,
with a larger parameter resulting in a more pronounced
phase shift, and this phase advancement accumulates over
time.

To explore the observability of the quantum paramet-
er's effect on gravitational waves, we should consider the
response signal of the gravitational waves in a detector.
The response signal of gravitational waves in a detector is
related to the characteristics of that detector. The strain
amplitude in LISA can be described as [49]

V3

h],H = 7 (F;:Hh+ +FI>le’l><) . (18)

where the factor V3/2 is from the fact that the actual
angle between LISA arms is 60°, and Fyj are the "an-
tenna pattern”" functions. Here, we use the expressions of
the “antenna pattern” functions from Ref. [14]. The “an-
tenna pattern” functions depend on both the direction of
the source (05, ¢s) and the orbital angular momentum dir-
ection (6, =0, ¢, =0). The motion of LISA introduces a
Doppler shift correction to the phase of the gravitational
waves. Following Ref. [14], we modify the phase of the
gravitational waves as

(D(t)corrected = (D(t) + cI)(l‘)IRAU sin 95 cos (Zﬂt/T - ¢S) > (19)
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(color online) Gravitational waveforms from a test object with m = 10M, along quasi-circular orbits around a supermassive

polymerized black hole with M = 10°M,, and different values of the parameter . (a) and (c): Gravitational waveforms within the initial
2000 s. (b) and (d): Gravitational waveforms within 2000 s one year later.
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where R,y is the astronomical unit, and 7 =1 year.
For two response signals h(f) and h,(¢), the noise-

weighted inner product between them is defined as [50,
51]

< hylhy >=2Z

A=1,11 7 fmin

Foax El,ﬂ(f)il;/l(f) + i’if,a(f)i‘lﬂ(f) df
Su(f) ’
(20)

where 7;(f) is the Fourier transformation of 7,(t), i (f) is
the complex conjugate of 7;(f), fmin and fu. are the
boundaries of the frequency range of both 7,(f) and
hy(f), and S,(f) is the power spectral density of LISA
[52, 53]. The signal-to-noise ratio (SNR) of a response
signal % is V< hlh >. To evaluate the degree of similarity
between gravitational wave signals &, and h,, we intro-
duce a faithfulness function as follows [51]:

< hilhy >
Fhy,h,] = max . 21
. b = max V<l ><olh > @D

The corresponding mismatch function is [51]
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Mlhy, ] =1-F[hy, ha]. (22)

For the gravitational wave signals with SNR p and
from a model with N intrinsic parameters, the critical
value of the mismatch is N/(2p%) [51]. If the mismatch
between two gravitational wave signals is smaller than
the critical mismatch, these two signals are indistinguish-
able by the detector.

For the model of gravitational waveforms in this
study, the dimension of the intrinsic parameters N = 6. In
fact, there are two strain signals for a gravitational wave
detected by LISA, as given by Eq. (18). Thus, the final
SNR of a gravitational wave is pr = +/p? + p};. Following
Refs. [27, 28], we consider the last one-year evolution of
the EMRI system and rescale the luminosity distance Dp
to make the final SNR pr equal to 30. Then, the corres-
ponding threshold value for the final mismatch is 0.0033.
We calculate the mismatch between the gravitational
waves for the supermassive polymerized black hole with
different values of the parameter k and those for the su-
permassive Schwarzschild black hole. The results are
shown in Fig. 8. One can find that, under pr =30, the
mismatch between the gravitational waves for the super-
massive polymerized black hole with k < 0.003and those
for the supermassive Schwarzschild black hole is smaller
than the critical mismatch. This means that we can probe
the parameter k to O(107%), which is tighter than the con-
straint k < 0.36 from the Sgr A* black hole shadow [43],
with a one-year observation of the EMRI system.

To ensure the robustness of the constraints on the
quantum correction parameter k, it is essential to exam-
ine potential parameter degeneracies. In particular, be-
cause both the black hole mass M and quantum paramet-
er k influence the gravitational waveform, one must veri-
fy that their effects are distinguishable through mismatch
analysis. If k was strongly degenerated with M, the ob-

0.030
—— M,=0.0033 L
0.025 2

0.020

Mismatch

0.005

0.000! Acreeeeee PN 75
0.000 0.001 0.002 0.003 0.004 0.005
k

Fig. 8. (color online) Mismatch between the gravitational
waves with different values of the parameter k and those for
the supermassive Schwarzschild black hole.

served waveform could not uniquely determine the pres-
ence of quantum corrections. To address this, we com-
pute the logarithmic mismatch log,, M over a grid of
(log,, M/M., k) values and present the results in Fig. 9.
The color map shows log,, M, with darker shades corres-
ponding to larger mismatches. The red dashed curve
traces the logarithmic critical mismatch value at each
black hole mass. As Fig. 9 shows, the location of the log-
arithmic critical mismatch log,, M, = —2.482 varies non-
trivially with M, and the mismatch exhibits a clear and
continuous dependence on both parameters. This behavi-
or indicates that the effect of the quantum correction
parameter k cannot be fully absorbed by rescaling the
black hole mass, thereby demonstrating that k and M are
not degenerate. This supports the validity of our ap-
proach in constraining k using gravitational wave signals
from EMRIs.

0.010 —-0.700
—-2.029
0.008
-3.357
0.006 -4.686 3
<X g
—7.343
0.002
-8.671
—10.000

0008562 64 66 68 7.0
10910 M/M o

Fig. 9.
match log;o M as a function of the supermassive black hole

(color online) Contour plot of the logarithmic mis-

mass M and quantum correction parameter k. The red dashed
line indicates the logarithmic critical mismatch trajectory
log;o M. = —2.482 across varying black hole masses.

V. CONCLUSIONS AND DISCUSSION

In this study, we explored the quasi-circular EMRIs
around a central supermassive polymerized black hole.
By modeling the smaller object as a massive test particle,
we derived its equations of motion and the associated ra-
dial effective potential. Our analysis revealed that the
peak of the radial effective potential decreases with the
dimensionless quantum-corrected parameter k. We ex-
amined the properties of SCOs around the polymerized
black hole, finding that both the radius and energy of the
particle on these orbits decrease with the parameter k,
given a fixed orbital angular momentum. Conversely, for
a fixed k, both the radius and energy of the particle on the
SCOs increase with the particle’s orbital angular mo-
mentum. Moreover, we investigated the ISCOs around
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the polymerized black hole and found that the radius, or-
bital angular momentum, and energy of the ISCOs all in-
crease with the parameter .

Next, we adopted a numerical algorithm to evolve the
quasi-circular orbits of a small object inspiraling into a
supermassive polymerized black hole. Using the NK sch-
eme, we analyzed the corresponding gravitational wave-
forms of this quasi-circular EMRI system. We found that
the impact of quantum corrections on the gravitational
waveforms is initially negligible but becomes apparent
after one year. Additionally, we examined the influence
of the parameter k on the phase of the gravitational wave-
forms, discovering that k induces a phase advance that
accumulates over time.

Finally, we considered the Doppler shift caused by
LISA’s motion and modified the phase of the gravitation-
al waves accordingly. We then calculated the gravitation-
al wave response signal detected by LISA. To assess the
observability of the quantum parameter’s impact on grav-
itational waves, we computed the mismatch between wa-
veforms generated with different values of the quantum
parameter and those corresponding to a supermassive
Schwarzschild black hole. Considering the evolution of
the EMRI system over the last one year and rescaling the
luminosity distance to make the SNR equal to 30, we ob-
tained the critical value for mismatch. Our results indic-
ate that the mismatch between the gravitational waves for
the supermassive polymerized black hole with k < 0.003
and those for the supermassive Schwarzschild black hole
is smaller than the critical value. This suggests that LISA
could probe the parameter k to O(10~%) with a one-year
observation of the EMRI system. This is tighter than the
current limit of O(107") obtained from the Sgr A* black
hole shadow [43]. To assess the robustness of our con-
straints, we investigated the potential degeneracy between
the quantum correction parameter k and black hole mass
M. Our mismatch analysis showed that the effects of &
cannot be mimicked by adjusting M. This indicates that
the effects of the two parameters are distinct and lead to
non-degenerate states. This supports the reliability of us-
ing EMRI waveforms to constrain quantum corrections in
the black hole spacetime. Exploring the constraints on the
quantum correction parameter through various astronom-
ical observations contributes to the study of quantum-cor-
rected black hole models.

Note that we employed the quasi-circular inspiral ap-
proximation to model the orbital evolution of smaller ob-
jects in EMRIs. However, for a more comprehensive ana-
lysis, the evolution of elliptical orbits should also be con-
sidered [10]. Additionally, given that celestial objects
generally possess spin, incorporating the effects of spin
on orbital evolution is essential [54, 55]. Conversely, the
presence of dark matter surrounding a supermassive black
hole can influence both the orbital dynamics of smaller
objects and the resulting gravitational waveforms [56—

58]. A major challenge lies in distinguishing the effects
of modified gravity from those of environmental factors
on EMRIs. We will attempt to address these issues in our
future work.
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APPENDIX A: MOTION OF THE TEST PARTICLE
ON THE EQUATORIAL PLANE

The Lagrangian of the test particle with mass m is
[44]

m  dx* dx” m
=g — = Al
< 2% 4r dr 2’ (Al
where 7 is the proper time. For simplicity, we set the mass
of the test particle m = 1. The generalized momentum of
the test particle is defined by

0L

= P = gwxv’ (A2)

Pu

where the dot denotes the derivative with respect to prop-
er time. Substituting Egs. (1) and (23) into Eq. (24), the
equations of motion for the test particle are derived as

[ kK 2M\
Pr=—< l_rz_r)t:_E’ (A3)

ps=r’sin®6p =L, (A4)

po =120, (A6)

where £ and L represent the energy and orbital angular
momentum of the test particle per unit mass, respectively.
Here, we only consider the test particle moving on the
equatorial plane (6 =/2) around the polymerized black
hole. Then, from Eq. (23), we obtain
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APPENDIX B: VALIDITY OF THE ORBITAL
EVOLUTION ALGORITHM

To test the validity of the numerical algorithm that we
employed to evolve the quasi-circular orbits of a small
object, we compare the small object's energy E(f) ob-
tained using the numerical algorithm and energy E(f) ob-
tained using the equations of motion, employing Egs. (2),
(3), and (4), over the entire orbital evolution time. For a
small object with m = 10M, inspiraling into a super-
massive polymerized black hole with M =10°M, and
k=0.1, we set the initial position (ry,¢,) of the object as
(10M, r/2) and use the orbital evolution algorithm to ob-
tain its complete quasi-circular orbit. We also calculate
the evolution of the object's energy and orbital angular
momentum as (E(z), L(f)) through the orbital evolution al-
gorithm and obtain another evolution of the object's en-
ergy E(r) from the equations of motion. Then, we calcu-
late the relative numerical error between E(¢f) and E(r),
which is defined as

3.5
3.0
25
2.0
315
1.0
05
0.0

10—16

0 2 4 6 8
t/105M

Fig. B1.
E(t) from gravitational radiation and £ from equations of mo-

(color online) Relative numerical error between

tion of the object.

|E - E|
A= . Bl
. (B1)

The results are shown in Fig. B1, indicating that the
evolution of the object's energy obtained from Eq. (10)
agrees well with that from Egs. (2), (3), and (4); this im-
plies that the numerical algorithm we employed to evolve
the quasi-circular orbits of a small object is reasonable.
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