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Abstract: This paper explores the dynamical feature of Hayward-Letelier black holes in AdS spacetime, emphasiz-
ing the effects of the Hayward parameter g, mass M, cosmological constant L, and modification parameter o on their
geometry, thermodynamics, and observational features. By utilizing an effective potential method, we investigate the
paths of particles, innermost stable circular orbit, and behavior of photon spheres, which connects them to the ap-
pearance of black hole shadows. Thermodynamic features such as Hawking temperature and entropy are studied for
investigating the effect of L and thermal fluctuations on the stability of black holes. These discoveries connect theor-
etical ideas with observational astrophysics, which enhances our comprehension of ordinary black holes in AdS
models. In this study, we analytically compute the greybody factor for a massless scalar field propagating in the vi-
cinity of a black hole under the assumption of weak coupling to gravity. We investigate the behavior of the effective
potential concerning the black hole's mass and charge, revealing that it reaches its maximum at lower values of the
cloud of strings parameter. Our results indicate that the radial absorption rate of the scalar field exhibits significant
fluctuations, which is influenced by the charge of the black hole and clouds of string, with implications for the dy-
namics of scalar fields in strong gravitational fields.
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I. INTRODUCTION

Studying the movement of particles near black hole
(BH) models is a genuinely intriguing subject in the vi-
cinity of astrophysics and general relativity (GR) [1-3].
This fascination arises from intense scenarios found
around BHs, offering a distinct setting to confirm Ein-
stein's theory of GR. Furthermore, close to the boundary
of a BH, the strong gravitational force distorts the paths
of particles and nearby matter and light because of its in-
tensity [4]. Near a BH, particles can explain different
movements based on their starting conditions and BH
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characteristics such as its mass, charge, and angular mo-
mentum [5—7]. Particles can either be in stable or un-
stable orbit, move towards the BH in a spiral, or move
away from it infinitely. Analyzing these paths offers bet-
ter information, showing spacetime properties near BHs
[8-9]. Remarkably, equations overseeing particle move-
ment obtained from geodesic equations in a curved space-
time suggest that the nearer a particle approaches the
event horizon [10—12], the greater is the impact of re-
lativistic effects such as time dilation and gravitational
redshift. These effects are most noticeable at the inner-
most stable circular orbit (ISCO), which is the nearest
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point a particle can orbit a BH without being sucked in
[13]. Studying ISCO and other key orbits can aid in com-
prehending accretion mechanisms near BHs, which is es-
sential for analyzing observational data from high-energy
astrophysical events such as X-ray binaries and active
galactic nuclei [14]. In this context, these works have im-
portant consequences for spotting gravitational waves
produced by the merging of binary BHs because the mo-
tions of particles in intense gravitational fields strongly
affect the inspiral and merger phases [15—20]. Primary
frameworks for developing an understanding of these dy-
namics are provided by theoretical models such as those
proposed by Kerr [21] and Schwarzschild [22]. Observa-
tional validations such as those from the Event Horizon
Telescope [23] have additionally supported these theoret-
ical forecasts. Comprehending the movement of particles
near BHs remains a key focus of theoretical studies and
observational astrophysics. The effect of magnetic and
brane characteristics on the effective potential of the radi-
al motion of a charged test particle around a slowly rotat-
ing BH in a braneworld within a uniform magnetic field
was analyzed [24] by using the Hamilton-Jacobi tech-
nique. Furthermore, literature has featured fascinating
studies on particle motion near BHs [25—29]. One study
[30] investigated the movement of test particles around
three BHs in the Einstein-Maxwell-scalar theory. Anoth-
er study [31] probed the rotation of test particles around a
Schwarzschild-MOG BH. Orbits of neutral particles and
photons, both massive and massless, circling regular BHs
were examined by Fan and Wang [32].

The study of BH shadows and their optical properties
has a long history. The idea of observing the shadow of a
BH was first proposed by Synge [33]; subsequently, de-
tailed investigations into the size of the shadow were per-
formed by Luminet [34] and Bardeen [35]. Additionally,
the shape and size of BH shadows within various gravita-
tional theories have been extensively analyzed by many
studies (see [34, 36—47]). The formation of a BH shadow
is closely linked to the gravitational lensing effect pre-
dicted by general relativity, and it is important to note the
considerable body of contemporary literature focusing on
strong-field gravitational lensing (see [48—52]).

An alternative approach for investigating particle dy-
namics involves showing the motion of magnetized parti-
cles around BHs within an external magnetic field [53—
54]. In addition, the motion of such magnetized particles
around non-Schwarzschild BHs has been explored [55].
The motion of particles around BHs under the effect of
external fields has been an active area of research. A
foundational study [56] tested the structure of external
electric and magnetic fields around rotating and static
BHs immersed in an asymptotically uniform magnetic
field. Over the years, numerous works have expanded on
this by investigating various properties of electromagnet-
ic fields near BHs exposed to external magnetic fields

and the intrinsic magnetic fields of rotating magnetized
neutron stars exhibiting dipolar structures across differ-
ent gravitational models [57-66]. Such electromagnetic
fields significantly affect the dynamics of charged parti-
cles near BHs [67—74]. Beyond charged particles, studies
have investigated how magnetic fields affect the motion
of magnetized particles with intrinsic magnetic dipole
moments. In addition, the behavior of these particles
around rotating and non-rotating BHs within external
magnetic fields has been studied in [53-54].

Studies on entropy in a BH are known to go against
the second law of thermodynamics [75-76], potentially
leading to a decrease in the overall entropy of the uni-
verse when an object with limited entropy enters the
event horizon [8, 77]. In this context, where BHs are be-
lieved to possess the highest possible amount of entropy
compared to that of any other item of the same size
[78—80], with this maximum entropy increasing about the
surface area of the BH, the relationship S =A/4 is cru-
cial for establishing the holographic principle [81-82]
and is a common feature in most quantum gravity theor-
ies. However, the entropy-area relationship is likely to be
altered by quantum fluctuations [83], especially as BHs
emit Hawking radiation and decrease in mass [84]. Dif-
ferent methods such as non-perturbative quantum GR
have shown that primary adjustments to BH entropy fol-
low a logarithmic pattern [85]. These adjustments have
been validated in numerous settings, such as by using the
Cardy formula, analyzing BTZ BHs [84], studying mat-
ter fields in BH environments [86—93], and exploring
string theory, all of which indicate that BH entropy is im-
pacted by logarithmic corrections [94].

The greybody factor (GF) is an important model in
the study of BH physics, particularly in Hawking radi-
ation (HR). It represents the probability that a wave ori-
ginating from infinity will be absorbed by the BH, which
is often referred to as the rate of absorption probability.
As HR travels through the curved spacetime geometry
around the BH model, the surrounding spacetime acts as
a radiation barrier, significantly altering the observed
black-body radiation spectrum. Furthermore, this modi-
fication necessitates calculating the greybody factor to
use the transmission amplitude of the radiation of the BH.
The GF is directly connected to the absorption cross sec-
tion, which quantifies the likelihood of absorption. Vari-
ous methods are employed to compute the greybody fac-
tor, which includes the matching method, rigorous bound
method, WKB approximation, and analytical techniques
for different spin fields. Extensive literature and topical
reviews are available to guide researchers in these calcu-
lations, making the greybody factor a well-studied yet
continually evolving aspect of BH thermodynamics and
quantum field theory in curved spacetime [95—115].

Sakharov [116] and Gliner [117] showed that BH sin-
gularities can be avoided with a de Sitter core (p = —p),
leading Bardeen [118] to propose a singularity-free "reg-
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ular BH" solution with well-behaved spacetime at r = 0.
Beato and Garcia [119] subsequently derived the exact
form of the Bardeen solution. Bronnikov [120-121]
provided a key insight, which shows that the regularity of
these BHs requires a nonlinear electrodynamics (NED)
charge to manifest as a magnetic monopole. Since then,
considerable research has explored regular BHs as the ex-
act solutions of GR coupled with NED [122—133]. Hay-
ward [134] introduced a new regular spacetime defined
by the spherically symmetric metric:

2mr? 2mr? -
dzz—(l—i)dt2 (1—7) dr?
s P +20m - P +20m d

+r’ (d92+sin29d¢2) , )

where m is used as a notation for the BH mass and ¢ rep-
resents a fundamental length scale. At large distances,
this solution behaves like the Schwarzschild metric,
whereas at small distances, it transitions to an anti-de Sit-
ter (AdS) vacuum. Derived by coupling GR with NED
(where the magnetic charge g satisfies g* = 2m¢?). In this
context, the Hayward solution was widely studied over
the last two decades because of its analytical simplicity
and physical significance [135—146].

This study tested the behavior of Hayward-Letelier
BHs in the AdS space model, specifically looking at their
unique properties and the impact of the cosmological
constant in AdS setups. Furthermore, the metric function
f(r)is determined by the Hayward parameter g, the mass
term M, the cosmological constant L, and an extra para-
meter a that causes significant changes to the geometry of
the BH.

We tested particle dynamics by studying the effective
potential V¢ model (e.g., many studies [147—157] illus-
trated the effective potential V) and focused on the
ISCOs and photon sphere radius r,, parameters as key
features of null geodesics. In addition, we tested how BH
shadows depend on parameters L, g, and a. Moreover, we
studied the thermodynamic properties of the system by
evaluating the Hawking temperature Ty and analyzing
how variables L, r, and g affect the thermal behavior of
BHs.

The rest of this manuscript is organized as follows:
Section II focuses on the dynamics of the Hayward-
Letelier BHs in AdS spacetime, where we study the ther-
modynamic temperature (IIA) and thermal fluctuations
(IIB). The final section (VI) presents the conclusion and
summary. We use a system of units in which G=c = 1.

II. DYNAMICS OF HAYWARD-LETELIER BHS
IN ADS SPACETIME

The line element of Hayward-Letelier BHs in AdS
spacetime is given by [158]:

ds? = — (AP + ()" dr? +dP=,

with < = V< (d6° +sin“6ds°) , 2
where
2Mr: 2
f(r)zl—m+§—a/. (3)

where a represents the cloud of string parameters, integ-
ration constant M is interpreted as the mass of BH, g rep-
resents the magnetic charge, and L > 0 represents the AdS
radius, which is related to the cosmological constant A. In
the entire discussion, we use the relationship A = -3/L>.
We analyze the possible existence of the horizon radius
r, by graphical analysis as shown in Fig. 1. It is seen that
r, along a reduces with an increase in g and increases
with an increase in L. In addition, r, along g increases
with rising a and L. Furthermore, r;, along L reduces with
an increase in g and rises with an increase in a.

We start by analyzing the motion of massive particles
within the framework of the Hayward-Letelier BH in
AdS spacetime. To characterize the trajectory of this mo-
tion, we use the Lagrangian for a massive particle of mass
M given by [159]:

dx#

=4 )

1
L= Egﬂyu”u", ut

By using the process given in [28, 159], we can find ef-
fective potential:

Ver(r) = f(NF, (5)
where
£2
F = (1 + ?) . (6)

In this context, V.x(r) and L represent notations used
for the effective potential defining the motion of the test
particle along the radius and angular momentum, respect-
ively. The motion of neutral particles around the BH may
be determined by setting =0 and #=0.

Next, we examine the ISCO radius rigco. To find
risco, the following conditions can be applied:

Var = )
V" = 0.

We plot the ISCO radius risco in Fig. (2). risco along
a decreases by increasing g and increases by increasing L,
rsco along g increases by increasing « & L, and risco
along L decreases by increasing g and increases by in-
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g=0.45

T

Fig. 1.

creasing o.

Now, we analyze the motion of massless particles
(photons) using the spacetime of a BH in the context of
Hayward-Letelier BHs in AdS spacetime. Using the pro-
cedure given in [28, 159], we can find the effective po-
tential for photon motion:

Ve = f(r)%~ (®)

The photon's radius r,, in Hayward-Letelier BHs in AdS
spacetime could be evaluated by solving Eq. (7) along
with Eq. (2). The solution is complex, and therefore a nu-
merical method is used to plot r,, directly without deriv-
ing its explicit expression. The shift in the photon orbit
radius is illustrated in Fig. (3). The photon radius r,,
along a decreases with an increase in g, and r,, along g
increases with an increase in a. It is important to note that
the expression calculating the photon radius r,, is inde-
pendent of L, and therefore there is no relative change in
ron With L.

Analysis of BH shadows provides valuable informa-
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(color online) Horizon radius ry.

tion related to the apparent diameter of the event horizon
and can reveal insights into the spin of the BH and accre-
tion disk orientation. In studying these shadows, GR is
tested in extreme gravity environments, offering insights
into the astrophysical properties and evolution of BHs.
Advances in observational methods such as very long
baseline interferometry (VLBI) have enhanced our abil-
ity to resolve and study these shadows with greater preci-
sion, opening new opportunities for investigating BHs
and their surrounding environments. We study the shad-
ows of the BH in Hayward-Letelier gravity, which is de-
termined by [160]:

rlz)h f(ro)
f(rph) Yo

Sinz (a'sh) =

. 9)

Utilizing the small-angle approximation, the size of
the shadow can be determined as [160]:

)
f (rph) .

(10)

Fsh = Tph
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Fig. 3.

Eq. (10) defines the non-rotating case for BH shadows,
which we plot in Figs. 4 and 5. The BH shadow radius
Ry, can be represented by the two celestial coordinates X
and Y, where R, = VX?+Y? for the observer [161-162].
It is noted that the shadow radius behaves very similarly
to the rgco radius. The shadow radius Ry, along o de-
creases with an increase in g and increases with an in-
crease in L; Ry along g increases with an increase in
a & L; and Ry, along L decreases with an increase in g
and increases with an increase in a.
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(color online) Photon ry;, radius.

A. Thermodynamic Temperature

Differentiating function f(r) with respect to the radi-
al coordinate r yields the thermodynamic temperature Ty
of the BH, as expressed in the following equation:

T :iaf(r):m(r(),g,L)
"7 4n or 21 ’

(1n)
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where

M(ry-2g°) . i)

7<‘(rO,g’IJ) = < (g3 +VS)2 L2

(12)

(color online) Shadows radius Rg,.

Here, ry represents the horizon radius of the BH.

e This equation yields the temperature at the event

horizon of the BH, which is an important thermodynamic

parameter. The temperature is determined by the mass M
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of the BH, along with factors g and L, and the radial dis-
tance » from the center. The effect of the AdS parameter
L has a characteristic effect from the curvature of space-
time that affects temperature.

Furthermore, the BH entropy S can be described us-
ing the entropy equation, as demonstrated in [163]:

S = %log(l+m<r§), (13)

where x represents a fixed value associated with the char-
acteristics of the BH. The entropy equation represents the
amount of information in a BH and how it relates to the
radius of horizon 7. This logarithmic relationship shows
how entropy increases with an increase in the size of the
BH.

e The thermodynamic temperature plays a key role,
and thus illustrating and showing the thermal properties
of the BH is crucial. A greater temperature reflects a
higher level of energy in the BH, which potentially af-
fects how it emits radiation and interacts with its environ-
ment. To calculate temperature, this study considers the
mass of the BH and curvature of spacetime, indicating
that the cosmological constant (denoted by L) plays a ma-
jor role in determining the thermodynamic characteristics
of the AdS BHs.

e Furthermore, the entropy formula indicates the con-
nection between the entropy of a BH and the area of its
event horizon. The equation shows that entropy rises with
the square of the horizon radius, which shows that bigger
BHs possess more entropy. This is in agreement with the
common belief that the entropy of the BH is directly re-
lated to the size of the event horizon, as explained by the
Bekenstein-Hawking entropy equation.

e The relationship between temperature, entropy, and
various parameters of a BH, such as mass M, AdS para-
meter L, and radial coordinate 7, reveals complex thermo-
dynamic connections within the system. Understanding
the stability and evolution of BHs, especially in the AdS
spacetime, relies on these crucial relationships influen-
ced by cosmological effects shaping the properties of the
BH.

B. Thermal fluctuations

In this part, we study how thermal fluctuations affect
the thermodynamics of the recently suggested BH model.
To examine this effect, we employ the Euclidean quan-
tum gravity framework in which the time axis is shifted
into the complex plane. This method enables us to speci-
fy the partition function for the BH, as detailed in [164—
169]. For a more in-depth explanation, consult [165],

which summarizes a simplified procedure
Z= /DgDAexp(—I). (14)

The expression I — (I represents the Euclidean action of
the field in this context, where the integral runs over all
fields that adhere to specific periodicity or boundary con-
ditions. The statistical mechanical partition function is re-
lated to [170-171]:

Z= /°° DET(E)exp(—yE), (15)
0

where y represents the reciprocal of 7. The density of
states can be obtained through

1 Yo+ico
(o= [ e (16)
27 Sy —ico
S . represents the sum of E and natural logarithm of Z.
Ignoring thermal fluctuations, the entropy near the equi-
librium temperature y can be calculated as S =6 (nrz)K.
However, when thermal fluctuations are considered, the
entropy S () is given by [164]:

1
se=5+ 5 w-uo) (1)

628<w>>
3¢,z b=y .

Thus, density can be expressed using

1 Yo+ico l(d/_lp) Psw)
I(E) = %/ dl//ez 0 ( e )w:'l’o’ (18)
¥

0—ico

and

e’ S () :
= . 1
F(E) V2r |:( 51,[/2 )l/;—alzrl ( 9)

The corrected entropy equation can be expressed using

1 8*S () :
SC_S—zan 5 )MJ . (20)

The square of the energy fluctuation is expressed through
the second derivative of entropy. This expression can be
simplified by utilizing the connection between the con-
formal field theory and microscopic degrees of freedom
of a BH [84]. Consequently, the entropy is given by
S =my™ + myuy™™, where my, my, ny, and n, are positive
constants [85].
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This  entropy  reaches its maximum  at
mny e — . . .
o = o =Ty, with T); being the Hawking tem-
1741

perature defined in Eq. (11). Expanding the entropy
around this peak leads to the results presented in
[172-173]:

A revised expression for entropy obtained by excluding
higher-order corrections is given by:

3*S ()
oy?

) = Sy5”.

Y=o

21)

1
Se=S8-5InSTj, (22)

The prevalence of quantum fluctuations in the shape of
BHs raises important questions about thermal fluctu-
ations generated in the case of BH thermodynamics.
These fluctuations play an important role when the BH is
small and has a high temperature. For larger BHs,
quantum fluctuations may be neglected. Thermal fluctu-
ations are only significant in BHs with high temperatures,
and its temperature increases as the BH becomes smaller.
Consequently, it can be concluded that these adjustment
factors are relevant for very small BHs with high temper-
atures [164]. Afterward, we can derive the general for-
mula for entropy by neglecting higher-order correction
terms:

Sc

g=0.7

2.0

ro

1 se

S.=S—yInST% (23)

In this context, we define y as a fixed parameter that
incorporates logarithmic correction terms associated with
thermal fluctuations. When y is set to zero, the entropy
expression is obtained without any correction terms. As
mentioned earlier, for large BHs with very low temperat-
ures, we take y — 0, and for small BHs with high temper-
atures, we take y — 1. Using Egs. (11) and (23), we can
derive the corrected entropy formula:

3 log (JTKré + 1)

S —ylog(A), (24)
where
r? M (rg - 2g3) 1 ’
_ Ty 2 _
A= o= log (ﬂ'K}’O + 1) (g3 . rg)z + ) (25)

The value of S¢ is plotted for the different values of the
correction parameter in Fig. (6), where y =0 for large
BHs, and y=0.1,04,0.7, and 1.0 for small BHs
(0<y<1).0ne can see that, for large BHs, no fluctu-
ations are observed. Moreover, corrected entropy in-
creases by increasing parameters g, L, k, y, whereas no
variations are observed for increasing values of a as the
expression is independent of a.

2.5
201
— L=050 1
80r [\
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Fig. 6.

(color online) Thermal fluctuations S..
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III. KLEIN-GORDON EQUATION AND
EFFECTIVE POTENTIAL

In this section, we compute the GBF analytically.
First, we examine the equation of motion (EoM) to study
the propagation of a massless scalar field, assuming that
particles are only weakly coupled to gravity and do not
exhibit additional interactions. Next, the EoM results in

Vs VAW = 0 V=g 0,W] = 0, (26)

in which the massless scalar field is presented by
Y =Y¥(@,r,0,4). From Eq. (26), it is found that

—r?sinf
———0,¥Y +sinb0, <r2 (r)a,‘P)
f( ) 11 f
. 1
+ (99 ( smé?ag‘l’) + ﬁaqw\l‘ =0, (27)

and through the separation of variables technique, one
can get

¥ = exp(—twt) exp(tme)R () Q] (0, aw), (28)

in which the angular spheroidal function is displayed by
07'(6,aw). Equation (13) enables us to calculate the radi-
al and angular components of the EoM as [174—175]

{ 2o )aRMm} {;2 (“r’)z - Aﬂ Run()=0.  (29)
and
20 sm@aaQem} + {Sl—z + 47 sme} Q/'@,aw)=0, (30)

respectively. It is important to note that, in the following
discussion, we use a =a in equation 3. The connection
between decoupled equations is defined by the separa-
tion constant A'. Although A" cannot typically be ex-
pressed in a closed form, its analytical expression can be
approximated in a series [174—175]. Now, we derive the
precise solutions to the radial EoM (29). The obtained
solution yields the GBF for a massless scalar field. We
can examine the effective potential profile that describes
the GBF by solving the radial equation. A new radial
transformation is introduced as

lem(r )

1)

Rwlm(r) =

By employing the tortoise constituent x,, we get

drx. 1

a7 (32)
which yields
d d
o =0 (33)
d
- —f (r ) ff — (34)

As r approaches r;,, x, = —oo0, and as r — oo, x, — co. The
tortoise coordinates x, transform the range of the model
from —oco to +o0, in contrast to Eq. (29), which is restric-
ted to regions far from the BH horizon. Equation (29) can
be recognized as a Schrédinger wave equation expressed
as

(dd; V) U =0. (33)

The associated form of the effective potential leads to

Veﬁ‘ =-

L g + /l;”f(r). (36)

72

The profile of the effective potential in view of the
varying values of BH charge as a function of BH cloud of
strings parameter is shown in Fig. 7. The potential de-
creases by increasing the cloud of strings parameters. Ad-
ditionally, the effective potential decreases with increas-
ing g. Furthermore, we observe the effect of BH mass on
the effective potential by varying the cloud of strings
parameter as shown inFig. 8. The effective potential in-
creases for massive BHs.

IV. GREYBODY FACTOR

This section suggests analytical solutions to GBF,
which results from the equation explaining the radial mo-
tion (29). We find two asymptotic solutions for distinct
modes, e.g., close to and far away from the BH event ho-
rizon. To arrive at the solutions for the entire area, we
contrast these solutions uniformly in an intermediate do-
main. We apply the following transformation to obtain
the analytical solution for the near horizon region r ~ r,

2Mr? +r2
2 v =
3, ,3 12
r—S = g +tr - , (37
l—a+ﬁ

which yields
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Fig. 7. (color online) V,¢; versus r, by varying a and g.
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Fig. 8. (color online) V. versus r, by varying a and M.
ry d 2
_ A= ————(§-57),
as _ M’ (38) (1-8)U(ry) dr
dr I )
S d r
B= - = — (U 1-a+— ||,
r* ] dr L?
U*(ry) |1 —a+ -
and therefore, we have
W2V2 Pl
Xn = hr2 2 /lh: 71’_2 (41)
2rr 2g3-r° { r? }
JE— + _—
12 g3 + 73 12 . .
U(ry) = p : (39) We re-express the function in Eq. (40) as
1- a—+ E
Run(S) =S (1=8)"E(S). (42)

Based on these results, the radial equation (29) can be ex-
Thus, the following expression of Eq. (40) is obtained.

pressed as
2 E(S dF (S
S(1-5) dS(2 ) + {251 +A—-(Q2e +2m +B)S} %
S(l _S)dszlm "r‘(A _BS)delm + |:<612 — €] +AEI + LZ) l + (77% —m —T]1A+7]13
ds? ds N v/
Xh h 2
1 {Xh } +———) —}F(S)zo. (43)
+ o | e = Ay | Ryt = 0, 40 v ur)1-§
(1-sHoxls (40)

where The power coefficients €, n; can be found, for example,

by
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Xh

612—61+A€1+ﬁ =O
) Xi (44)
nl—nl—n1A+mB+ﬁ—ﬁ =0.

Finally, Eq. (43) is solved to attain the HG of the differ-
ential equation provided by

d2F(S)

S(1-8)——— dF(S)

by +1)S a,b,F(S)=0,
—(@ +b,+1) as $)

(45)
with

a=m+e+B-1, b =n+¢€, ¢ =2¢+A. (46)

For NH, its general solution can be displayed as

Ruim)vu(S) =AS9(1=S)"F(ay,by,¢,;S)
+AST (1 =SY"F(1-¢) +ay,
1+l_)1—51,—51+2;S), (47)

with A, and A, as constants having

—%{(I—A)i \J(1=A)2 - Uz}

% {(1+A—B)J_r (1+A—B)2+4(*_7>]

(48)

We found that no outward modes exist at the BH horizon
when applying the boundary conditions. We can choose
to set A, =0; if this is not the case, then A, =0. This
choice depends on the selection of ¢ . Since A, and A,
are constants for both values of ¢, we can conclude that
€ =€ by setting A, = 0. Another approach to determine
the signs of 7, is using the convergence condition of the
HG function, which holds when 5} =1#;. Therefore, the
analytic form of the near-horizon (NH) solution is ex-
pressed as

Run)vi($) = AiS1(1=8)" F(a,by.e:S).  (49)

We use the same approach as for the near-horizon
solution to obtain the solution of the radial equation for
the far BH horizon, which replaces f(r) with T(r) as

}’2
l a—+ 7
T(r)= —L. (50)

2

This yields the change in the radial equation as

r(1-1)° ”””+(c ey Buin

dT
1 X
+———— | = 2| R =0, (51)
4(a-1) (1_T){T }
where
wT(1-T)\> A'T(1-T)>
=), A=t
o ( G ) e

r2
l-a+—

12 2((1 1)
| o).
@Dy "

2
l—a+%

D T (52)

It is necessary to redefine the field in the differential
equation mentioned above as

Ryw(T) = T(1=TY" F(T), (53)
and we get
2
T - T)d F( ) {262 +C—-Qe&+2m+D" )T} i;T)
+ Kez -6+6C+ Xif) (nz -1, —1,C+mD*
? 4a—12 J\"
r4
Xf _ /lf > 1 :| F AT _
T da1y  da-1p)1or) D=
rt r (54)
We obtain the power coefficients ¢, and 7, as
(1= _ X
(1-Oe+ 72 =0,
r4
-1-D"+C)mp + XA =0. 69
4a-1)? 4a-1)7
r# r

Hence, the HG-based equation computed as

a2262+7]2+D*—1, 1_72:624'7]23 52:262+C, (56)
becomes
d*F(r _ JdF(T o
T(l—T) d;z )+ 52—(1+6_12+b2) %—lesz(T):O

(57)
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Its general solution is

Ruim)/(T) = BiT2(1 = T)" F(a3,b,8,;T) + B, T2 (=T + 1)

XI:"(I—62+Ez2,1—62+l_92,—62+2;T), (58)

with

1
G=yl0-0n fa-or-ag ]

r4

m =

k—m+0

N =

H+

. 3 Xr A
(1=D+Cy 4(4(61—1)2 4(a—1)2>] (59)

” ﬁ

Constants B, and B, are selected arbitrarily. Similar to
the near-horizon case, we solve the equations using the
HG convergence condition where €; = € and 3 =175 .

V. MATCHING WITH INTERMEDIATE ZONE

In this section, our objective is matching NH and far-
away solutions in the intermediate region for every value
of r. To extend the results, we modify the HG function
parameter S in Eq. (49)to 1-S as

L(@)I(E —a, —by)

Ruamdyr ) = =S + D | 2 e S G —By)

x E(@,,by,¢1;1-8)+(1—8)7—ah

L@)I(=¢; + by +ay)
I'(b)(ay)

XI:"(+61—511,+51—151,1—511

—Bﬁfgl—SﬂAdﬂ. (60)

Through Eq. (37), we get
2Mr?

34,3 ry
(g +r)(1—a+§>

1-S =

(61)

For f(r)=0, in the limit r> r, and with S — 1, where
the value of 2M is considered, the horizon is computed as
follows. This leads to the stretched NH solution as

2 3 2y
r,, rh(1+g*)(1+L*)}
1-5)n :|:——
( ) "

N {Qrﬁ(l +g)( +Lz>} -
L r2 ’

r2
(62)

and
Lr r2 |
[rr g L]

Lr 72

a _S)’]]*&I*ZH*Z'] ~

(7, rp(1+gH(1+12)]"
2 b

Lr r

L
with L. = - and g* = ré’ respectively. In an intermedi-
I

h h
ate era, the NH solution can be expressed as

A i
(szm)NH(S)=A1(*) +A2(*) , (64)
I'n I'n
with

Al =A1|:

r(1+g5)(1+ Li)} “T@E)(=a; - by +¢)
@ -b)re —a)’
Fa {rﬁ(1+gi>(1+LE>}“’r<al+Bl—a>r(a>
2 T(@)l(by)

2

(65)

r2

The HG function parameters are stretched by repla-
cing T with 1 —T and constrained for smaller values of a
and Q by setting T'(r;) — 0. The solution is now obtained

at a large distance from the BH event horizon. Therefore,
Eq. (4) yields the result as

u—TW:{Q—Q—JﬁJ(iy, (66)

and

e ik rf rf 1 1+1 r (14D
(1-Tyrreth o | DL — (2 . (67)
ry

The solution of Eq. (58) corresponding to the far-field ho-
rizon leads to

where
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~ @)l (@ —ar— by) V/' rp 1 } !
VT@—a)@-bylr By
»  T@)(=8,+by+ ) {”f rp 1 } .
2T T@) ’
- TQ-&)I(E—a b)) {rf rp 1 }_l
ST T =) (=D ’
- TQ-0)l(@+by—c) [ry rp 1 "
4_r(1+a2—52)r(1+l32—62){ } '

(69)

rororry

We match two asymptotic solutions via the corres-
ponding powers of 1+/ and / as

A~1=ﬁ332+glgl, QZEI 2+ My Ds. (70)

Furthermore, the integrating constants B, and B, can be
determined as

B‘:ﬁ, B:%. 71
1 : S D

To compute the emission rate corresponding to a mass-
less scalar field, we can formulate GBF as

B’ 2
Al =1-]% (72)
1

The absorption rate of the scalar field varies along the ra-
dial direction, as shown in Figs. 9—11. After the fluctu-
ations, the absorption rate decreases with an increase in
the cloud of strings parameter. In addition, the charge of
the geometry affects the absorption rate with a decrease
observed with an increase in the BH charge , as shown in
Fig. 10. For larger values of L, the absorption rate fluctu-
ates initially and then exhibits smooth behavior as the fre-
quency rises. It is important to note that the absorption
rate is affected by the parameters a and g (Fig. 11). For
smaller values of g, the fluctuation is less pronounced at
lower frequencies. The absorption rate decreases with in-

a=0.05
1.0[- ‘ ‘ ]
f o 3 g=0.5
08 [ ~\ = g=0.55
0.6} : N g=0e
Asm? A N 9068
0.4) ]
0.2} ‘\ ]
\
0.0, ‘ ‘ Y J
0.0 0.5 1.0 1.5 2.0

wrp
Fig. 9.

creasing frequency and is further affected by the paramet-
ers of the BH.

The factor of massless scalar particles extracted from
a BH (particle flux) in connection with frequency and
time is evaluated as

AH,-AH, |
_ (1_‘3 RER T )
o 2H3;—AHy 2me T
and
>N , W
drd :Z|Alm| 1+ X
Lm
AH,-AH, |
- (1—‘3 22 ) )
2H3—AHy| / 2ne™ T

Furthermore, the differential equation for the angular
momentum emission rate can be displayed in the same
manner. Utilizing the following equation, the absorption
cross-section of any partial wave can be determined as

_ T 2 T A~1 2-1&2[‘71
O'—ZW|A1M| _ZW(1—‘M

Lm Lm

VI. CONCLUSION AND SUMMARY

In this paper, we study the dynamics of Hayward-
Letelier BHs in AdS spacetime and discuss the analysis
of the properties of these regular BHs and cosmological
constant that characterizes AdS spacetime models. The
metric, as presented in Eq. (49), encapsulates several im-
portant physical features: the regularity ensured by the
Hayward parameter g, the mass contribution M, the cos-
mological constant encoded in L, and an additional para-

a=0.1
1.0 ‘ ‘ ‘ ]
0.8/ [ W\\ ]
0.6 \‘ ]
0 \ ]
|Al,m|2 g=0.5 AN ]
0.4} - ]
—— g=0.55 \ 1
0.2} 9=06 -]
]
—_— g=0.65 1
0.0} | | \ \
0.0 0.5 1.0 1.5 2.0
wry

(color online) GBF versus wr, with different values of a by varying g.
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Fig. 11.

meter a that introduces further modifications to the geo-
metry of the BH.

We tested how trajectories behave when using the ef-
fective potential V.¢ theory, which tests the effects of
spacetime curvature and particle-specific parameters such
as energy & and angular momentum £. The examination
uncovers important occurrences like the ISCO model,
which defines the limit of stable and unstable particles
and the photon sphere radius r,;,, which controls the be-
havior of zero geodesics. One can observe from Figs. 1-5
that horizon radius r, parameters, ISCO radius risco,
photon radius r,,, and shadow radius R, increase «a, L
while decreasing with an increase in g.

The examination uncovers important observations
about the thermodynamic characteristics of BHs, espe-
cially in the AdS spacetime context. The thermodynamic
temperature Ty determined based on the radial coordin-
ate », BH mass M, AdS parameter L, and parameter g rep-
resents the energy condition of the BH and its relation-
ship with the surrounding spacetime. The AdS parameter
L has a noticeable effect that depends on curvature, and it
shows how cosmological constants considerably affect
the thermal behavior of BHs. Increased temperatures are
frequently associated with stronger radiation and en-
hanced dynamic interactions, which provides insight into
the emission processes controlled by Hawking radiation.
The formula for entropy considers the parameter y, which

L=9
0= 05 ]
0.9, — o055
0.8; 1 g=06 |
0.7¢ — g-065 ]
|Al,m|2 3 1 ]
0.6; \‘”\1 — = = _t
0.5/ —
04F |
0.3}, ‘ ‘ ‘ ‘
0.0 0.2 0.4 0.6 0.8 1.0

wry

(color online) GBF versus wr;, with different values of L by varying g.
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— =008 \
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(color online) GBF versus wr;, with different values of g by varying a.

indicates how it is affected by both the size and temperat-
ure of the BH. Classical thermodynamic behavior is pre-
valent for large BHs (y — 0), whereas corrections are sig-
nificant for small BHs (0 <y < 1). The value of S, para-
meters is illustrated for various correction parameter val-
ues in Fig. 6, where y =0 pertains to massive BHs, and
v=0.1,04, 0.7, and 1.0 corresponds to small BHs (0 <
v <1). It is evident that no fluctuations are detected for
massive BHs. In addition, an increase in the parameters
g, L, k, y results in an increase in corrected entropy, whe-
reas no changes are noted with increasing values of a.
Our analytical computations of the GBF for a mass-
less scalar field in the context of a BH framework reveal
significant insights into the effect of various parameters,
which include the BH mass, charge, and cloud of strings.
The effective potential exhibits the maximum value at
higher mass and lower charge values, as illustrated in
Figs. 7 and 8. The presence of the cloud of strings para-
meter decreases the effective potential of the Hayward-
AdS BH. The radial behavior of the absorption rate de-
picted in Figs. 9—11 illustrates a complex interplay dom-
inated by fluctuations that decrease with increasing string
cloud parameters and BH charge. The trends observed in
Fig. 10 underscore the diminishing effect of the effective
potential and absorption rate in the presence of stronger
gravitational fields or enhanced BH parameters. In addi-
tion, increased angular momentum leads to a smoother
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absorption pattern at higher frequencies, as suggested in
Fig. 11.

Future studies can test the noncommutative algebra
model and test corrections to the Hayward-Letelier BH
solution in AdS spacetime. We can add a minimal length
scale via noncommutative geometry, which would modi-
fy the BH metric at small scales, introducing new correc-
tions to the BH effective potential, photon sphere radius,
and BH shadow size. Moreover, testing the analysis to in-
clude the greybody factors under noncommutative al-
gebra would refine our illustration of scalar field absorp-

tion and emission spectra. Moreover, another promising
direction is the estimation of quasinormal modes of scal-
ar perturbations in the noncommutative Hayward-Leteli-
er-AdS background, providing insights into BH stability
and gravitational wave signatures.
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