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Abstract: We obtain an exact solution for spherically symmetric Letelier AdS black holes immersed in perfect flu-
id dark matter (PFDM). Considering the cosmological constant as the positive pressure of the system and volume as
its conjugate variable, we analyze the thermodynamics of our black holes in the extended phase space. Owing to the
background clouds of strings parameter (a) and the parameter endowed with PFDM (f), we analyze the Hawking
temperature, entropy, and specific heat. Furthermore, we investigate the relationship between the photon sphere radi-
us and phase transition for the Letelier AdS black holes immersed in PFDM. Through the analysis, with a particular
condition, non-monotonic behaviors are found between the photon sphere radius, impact parameter, PFDM paramet-
er, temperature, and pressure. We can regard the changes in both the photon sphere radius and impact parameter be-
fore and after phase transition as the order parameter; their critical exponents near the critical point are equal to the
same value, 1/2, similar to that in ordinary thermal systems. This indicates that a universal relation of gravity may
exist near the critical point for a black hole thermodynamic system.
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I. INTRODUCTION

Black holes are among the strangest objects in the
universe, and they primarily reside at the heart of the
galaxies. A well-defined boundary called the event hori-
zon specifies them, separates the black hole's interior and
exterior regions and is causally disconnected [1, 2]. The
event horizon is also a null hypersurface. The thermody-
namics of any generic black holes are studied in terms of
the event horizon radius [3]. The thermodynamics of
black holes connect several interdisciplinary branches of
theoretical physics, e.g., general relativity, quantum
mechanics, statistical mechanics, and information theory.
The first study that revolutionized black hole thermody-
namics was that of Bardeen et al. [4]. They formulated

the laws of black hole mechanics in analogy with the or-
dinary thermodynamic system in their pioneering work.
The continued interest led Bekenstein to propose that the
entropy of the black holes must have a direct correspond-
ence to the horizon area itself [5, 6]. Hawking and Page
[7] proposed that the black holes in anti-de Sitter (AdS)
spacetime must exhibit a phase transition between the
pure thermal AdS bath and the Schwarzschild-AdS space-
times, which is familiarly known as the Hawking-Page
phase transition. This placed the study of black hole ther-
modynamics in AdS spacetimes at the forefront of mod-
ern scientific research because of its relevance to
AdS/CFT correspondence [8-10]. The AdS/CFT corres-
pondence tremendously affects the thermodynamics and
phase structure of various AdS black holes. The Reissner-
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Nordstrom-AdS black holes exhibit a van der Waals-like
phase transition [11-13]. When we model the charged-
AdS black holes as a canonical ensemble, we find a first-
order phase transition that terminates at the second order
where critical parameters are determined through the
P —v criticality [13]. Such black holes also show a Hawk-
ing-Page-like phase transition when considered a grand
canonical ensemble. A zeroth-order phase transition, the
reentrant one, also seems to exist for specific AdS black
hole systems, e.g., the Born-Infeld-AdS black holes [14,
15]. In all such analyses, one considers the cosmological
constant as a thermodynamic pressure P = (—A/87) and
its conjugate quantity as a thermodynamic volume. We
have also observed multiple exotic phenomena, includ-
ing the coexistence lines in the P—T diagrams, terminat-
ing at the finite critical points and the P—v criticality
mimicking the van der Waals type phase transition [16].
Despite such vivid descriptions, the thermodynamics of
AdS black holes remains puzzling. We expose the phase
structure from various perspectives. For example, some
researchers have probed the microstructure of the black
holes by investigating the related Ruppeiner geometry
[15-18]. We can construct the repulsive or attractive
nature of the micro-molecules through the formalism re-
ported in [19-24]. The thermodynamic phase structure of
the black holes in AdS spacetimes has been exposed to
probe some of the observational signatures, such as the
geodesics structure of the circular photon orbits [25, 26],
the black hole shadow radius [27-29], and the quasinor-
mal modes [30-34]. The discontinuous changes in the
phase transition behavior between the small black hole
(SBH) and large black hole (LBH) may help determine
the order parameter of various thermodynamic quantities
of physical interest.

Motivated by the correlation of dynamics and thermo-
dynamics, in the context of the AdS black hole geometry,
a well-posed attempt was recently made in the analysis
related to gravity and thermodynamics. The phase trans-
ition behavior between the SBH-LBH stable phases was
probed through the unstable photon orbit radius. The
phase transition behavior of the unstable photon orbit ra-
dius and the minimum impact parameter have an oscillat-
ory behavior similar to that of the 7—r, and T-S dia-
grams of the usual vdW-like fluids. Another motivation
comes from the discontinuous changes in the photon or-
bit radius and the minimum impact parameter between
the SBH-LBH phases, with a critical exponent of 1/2.
Therefore, the phase transition behavior was scrutinized
for many AdS black hole spacetimes. The connection of
the unstable photon circular orbits in several other con-
texts has also been significantly studied. Maintaining the
utility of the phase transition behavior, we probed them
through the photon orbit radius and the minimum impact
parameter. In the present paper, we propose a possible
correlation connecting the unstable circular null

geodesics and the minimum impact parameter for the
Letelier black holes in the AdS spacetime in the presence
of perfect fluid dark matter (PFDM). The PFDM space-
time in the AdS background has been studied in different
contexts in order to investigate, e.g., the topological
classes of thermodynamic phase transitions and the justi-
fication of the weak censorship conjecture [35-37]. The
criticality and thermal phase transition behavior was ex-
plored in the string cloud background in the presence of
an additional field [38]. Another study was also devoted
to the shadow analysis for the Letelier spacetime [39, 40],
whereas the others were studied in another contexts
[41-53]. The Letelier spacetime in a spherically symmet-
ric case is obtained with a gauge invariant model of an ar-
ray of a cloud of strings coupled to gravity in the frame-
work of Einstein's general relativity. The enigmatic phe-
nomenon of Letelier AdS black holes in PFDM may find
its origin in the presence of a surrounding fluid-like dark
matter, a pivotal and unanswered inquiry within the realm
of physics. Dark matter is 25% of the universe's energy
density. Our investigation might offer illuminating
glimpses into the elusive properties of dark matter.

After obtaining the exact solution, we investigate the
Hawking temperature, P —v criticality, Gibbs free energy,
and other thermodynamic quantities of physical interest
for the Letelier black holes in AdS spacetime surrounded
by PFDM. We also explicitly show the effects of the
cloud of strings parameter and the parameter characteriz-
ing the PFDM on the photon orbits and related quantities
by plotting them numerically.

We organized the paper as follows. In Section I, we
briefly review the Letelier black holes in the AdS space-
times surrounded by PFDM. Section II discusses the
black holes' usual phase transition phenomena, compares
them with the typical van der Waals-like fluid, and distin-
guishes the SBH and LBH phases. In the next section, we
investigate the unstable photon orbit radius and the min-
imum impact parameter using the effective potential. We
also examine the discontinuous changes in photon orbits
and the impact parameter at the point where SBH-LBH
phase transitions occur, acting as an order parameter, in
Section IV. Section V deals with the null geodesics and
phase transition behavior near the critical points. Finally,
we conclude the paper in Sec. VL.

II. BLACK HOLE SOLUTION IMMERSED IN
PFDM SURROUNDED BY CLOUDS
OF STRINGS

The action for (3+ 1) dimensional gravity with cos-
mological constant is

1
Ton d*x V=g [R+ 617+ Lopm] +1s, (1)
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where R is the Ricci scalar, g is the determinant of the
metric tensor g,,, Lpm gives the Lagrangian density of
PFDM, and [54]

Ig= / £dA%dAa!
z

is the Nambu-Gotu action of a string characterized by
timelike and spacelike parameters (2°,4'), respectively.
The Lagrangian density of a string cloud is £ =m(y)™'/2,
where m is a dimensionless positive constant represent-
ing each string. The worldsheet of the string has an in-
duced metric [55, 56]

Yab = g,uvdxa dx”
with |y| = det y,. The bivector associated with the string
worldsheet has the form

ab — ab dx' dx”

dae dad’
where €' = —€'=1 is the two dimensional Levi-Civita
tensor. Hence, the Lagrangian density becomes L =

m[-1/20"c,,]. Since T* =8L/0g", the energy mo-
mentum  tensor for clouds of  strings s
T = pa*®ay. /(—=y'/?), where p is the proper density of the
string cloud.

Extremizing the action leads to the Einstein field
equation [57]

3
Gab - ﬁgal7 = SH(TSI) + TDM (2)

where 75, and TZM, respectively, are the energy-mo-

mentum tensors of the cloud of strings and PFDM. In the
rest frame associated with the observer, p = a/r* and the
components of the energy-momentum tensor for clouds
of strings are [58, 59]

(T = dlag< Ex 2,O O) (3)

where a is some real constant. The energy-momentum of
PFDM [60] reads

(T{)"" = diag (=€, P, Py, Py), @)
with

e=-P,=—=  Pj=Py=——t— (5

where € is the energy density and P, is the radial and Py,
P, are the tangential pressures of the PFDM. Using Eq.
(2) with Egs. (3) and (4), and the static spherically sym-
metric metric [59]

For this system, the Letelier black hole immersed in PF-
DM with a negative cosmological constant for the metric
(6) reads

f(r)—l—z—M—a+’81 <|Lr?|) r 7

Here, M arising from integration is related to black hole
mass, and S is the PFDM parameter. Henceforth, we shall
refer to our solution (7) as a Letelier AdS black hole in
PFDM. Our solution extends the Letelier black holes in
AdS spacetime (8 =0) to include PFDM. When 8 =a =0,
we obtain Schwarzchild AdS black holes.

a. Energy Conditions: We examine the status of the
energy conditions [61-63] and assess their applicability
to our solution (6). The components of the stress-energy
tensor T, calculated using Eq. (2), are then

ar—p8
p= 3 =-P,,
73
B
P9=P¢:—ﬁ. (8)

e The weak energy condition (WEC) requires that for
any timelike vector 79, T,t°t" >0 everywhere, that is
p >0 and p+ Py > 0. It turns out that

)

which implies that p + P, is always positive for r >0 and
0<a<1. The WEC is satisfied when (ar—p)/r* >0 for
O<a<l.

e The null energy condition (NEC) requires that
T 11" > 0 holds throughout the entire space-time for any
null vector . Consequently, note that p+ P, >0 is inher-
ently zero. Additionally, p+ Py (Ps) >0 is consistently
satisfied for 0 <a <1 and r > 0.

e The strong energy condition (SEC) states that
Ttt? > 1/2Tt, globally, for any timelike vector ¢,
that is

(2ar—5p)

+Pr+2Py =
prEr o 2r3

(10)
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Thus, it can be observed from Eq. (10) that the SEC is
satisfied.

b. Extremal Black Holes: The horizons are determ-
ined by the points where the metric's singularity occurs,
characterized by f(r) =0, indicating coordinate singular-
ities. As illustrated in Fig. 2, solving the equation f(x) =0
numerically reveals the possible existence of two roots.
Corresponding to specific values of a and y=p/I, we
identify the mass parameter's critical point (M,.). Con-
sequently, for mass values (M > M,), we encounter two
zeros representing the Cauchy and event horizons (refer
to Fig. 2). The plot in Fig. 2 illustrates the Cauchy and
event horizons for a =0.4 and y=-0.02(-0.04). Addi-
tionally, the plot indicates the absence of a horizon (na-
ked singularity) for M < M.. However, when M = M., an
extremal black hole with a degenerate horizon emerges.
The expression for extremal black holes is derived from
the equation

of(r
f(rn=0= J;(), (11)
r
which yields the values of r, and M. as
1 [—2(1-a)P+Q U
. ( a)l+(] Uu?) 12)
3 22 U)s
and
M, ! { 23(a-12=-38U +2U?
= 1 —23(a— —_ 3 3
18Us
2 L 25U =2(a-DP
Caabaroputn(ALHI 2@ DET gy
25 Us 36|
where
U=-9PB+\/-4(—1+a)ylo+811B (14)
04F
03r
021
5
S~ 0lfp
0.0
0.00 0.65 0.‘10 O.‘15 0.‘20 0.‘25 0.30
X
Fig. 2.

In Fig. 1, we present the parametric space for the val-
ues of a and y while keeping the mass constant. The solid
black curve in the figure signifies the extremal black
hole, and the blue region denotes the presence of black
holes with two horizons. Conversely, the white region
represents the absence of a black hole. The thermody-
namic analysis of the Letelier spacetime immersed in PF-
DM pertains to values of the CS and PFDM parameters, a
and y, falling within the region associated with a black
hole.

III. THERMODYNAMICS AND P-V
CRITICALITY

Next, we try to connect the Letelier black holes in PF-
DM with the concept of black hole chemistry [60], which
requires the study of the thermodynamic properties of
Letelier in PFDM in AdS background. To investigate
chemical aspects, we must discuss all thermodynamic
variables [64]. The relation f(r.)=0 gives the ADM
mass of the black hole solution and reads

r?

1 r ;
M+:§ (l—a)r++ﬁlnﬁ|+l—;' . (15)

NoBH

0.6r

0.4

0.2

00 1 1 1 1
-0.10 -0.08 -0.06 -0.04 -0.02 0.00

14
Fig. 1. (color online) Parameter space for the Letelier black
holes in PFDM showing the possible values of a and y = /1.

a=04,y =-0.04

0.4

0.3

021

F)

0.1F

0.0
—0.1} \/
s

I I
0.0 0.1 0.2 0.3 0.4
X

M> M,

(color online) Plot of the metric function f(x) vs x=r/l. In the degenerate cases, we obtain an extremal black hole for

m= M, =0.004910 (left) and M = M, = 0.009926 (right). A naked singularity is evident for M < M..
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The identification of mass as chemical enthalpy, which is
also the system's total energy, originates from considera-
tion of the cosmological constant (A) as the system's
pressure. The temperature of the black hole is viewed as
radiation emitted by a black body satisfying the relation
[65] T = «/2n, where k is the surface gravity of the black
hole. The expression for the temperature is obtained as

13 (-ayr,+28

T, =—
T axlp r

(16)

The local extrema of Hawking temperature are identified
from the expression Z(r,) = 8T, /dr,. Numerically, Z(r,)
yields a pair of complex roots and one real root as the
solution of Z(r,) = 0, which corresponds to the extrema of
the Hawking temperature. Figure 3 shows the plot of tem-
perature vs horizon radius varying the values of the dark
parameter y = /1. For decreasing values of the ratio 8//
the extremal values of the temperature curve gradually
merge to become monotonically increasing. In addition,
the temperature becomes zero (cf. Fig. 3) at horizon radi-
us r. =0.09562 for a=0.4 and y=-0.06. Further, the
plot also indicates a positive slope for large and small
black holes and a negative slope for intermediate black
holes (IBHs). This behavior of the Hawking temperature
is indicative of van der Waals-like first-order phase trans-
ition [10, 64, 66—70]. The entropy of the black hole is cal-
culated from the Bekenstein area law [60]

A 2 2
s.=4=| | vewgwawss=mi  an
0 0

for Letelier AdS black holes in PFDM. The mass may be
a function of three thermodynamic variables, e.g., the en-
tropy S, pressure P, and PFDM parameter . Considering
pressure in terms of the cosmological constant A, the first
law of black hole thermodynamics is derived as the total
derivative of the mass M, [64, 65]

0.4 B

0.2F

RT 0.0
-0.2 .
[ y =-0.08
-0.4 ; ; :
0.0 0.1 0.2 0.3 0.4
Xt
Fig. 3. (color online) Hawking temperature 7., vs horizon

x4 = ry /I for a = 0.4 and different values of y = /1.

oM oM oM
dM+=( *> dS++< *) dP+< *) B
A B.P oP BS+ B /s.p
(18)
This identification of the black hole first law with that of
the classical thermodynamics is possible after mass is
viewed as enthalpy and a pressure term is accounted with

the relation [71] P =—-A/8n. The conjugate quantities are
defined as

(). v (). oo (5. oo

giving the expression for the first law as [72]

dM, = T,dS., - PdV, +rdg. (20)

The Smarr formula can be realized from the first law with
the help of a small scaling argument and Euler's theorem.
In the asymptotically flat case, the first law and Smarr re-
lation are found out by geometrical means [8, 73]. Scal-
ing of the cosmological constant by (length)=2, mass M,
by (length)!, and area 4 by (length)? in conjunction with
Euler's theorem give the following expression for the
Smarr relation [10]

oM, oM,
n()a()s e

where Area A is perceived as entropy and A as pressure
in black hole thermodynamics. The presence of the PF-
DM parameter in our black hole configuration modifies
the Smarr relation to [10, 74]

M, =2T,S,-2PV, +1I8 (22)

The analytical expressions for the conjugate quantities I1
and volume of the black hole system are [60]

1 4
== {—1+lnr—+}, V+=*7Tri,

3
5 g 3 P=—"01 (23)

8nl?

In the limit 8 — 0, the above quantities reduce to the cor-
responding expressions for the Letelier AdS black holes
[58].

The local stability is determined by the specific heat
Cy. and Cp, computed from the expressions Cy, =
T.(08+/0T.)y, s and Cp, =T, (0S./0T.)pp [33, 55]. It is
well known that a positive value of the heat capacity sig-
nifies a locally stable black hole spacetime. In contrast, a
negative value means a locally unstable black hole solu-
tion. The specific heat at constant volume, Cy., comes
out to be zero since entropy S . is interdependent on the
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volume V, [64] for the solution under investigation. The
specific heat at constant pressure, Cp,, is

Co = 272 (3 + (1—a)ry +)
PRSP (1—a) -2B)

24)

Figure 4 (left) shows the behavior of Cp, for various val-
ues of the PFDM parameter y =g/l. The plot in Fig. 4
shows that a second order phase transition is obtained at
two critical points, r.; and r., for y = —0.02(-0.04). The
critical points indicate the divergence of the specific heat
as the values of y = /I decrease. These points of inflex-
ion are the points of extrema for the temperature. For
v =-0.06(-0.08), the plot positively increases, signify-
ing a stable black hole region. The global stability of the
black hole system is measured by Gibbs free energy [57].
The expression for free energy is computed from
G, =M,-T.S,.,whichis

2

1 r
G, = 1 r+(1—a)—l—;—ﬂ+2,81n

ry
ik (25)
Figures 4 (right) and 6 determine the behavior of the free
energy G in the G—x plane as the ratio 8// decreases.
The right panel in Fig. 4 shows that the free energy be-
comes negative, which signifies the presence of a Hawk-
ing-Page phase transition. The free energy curve be-
comes “0”, transitioning from pure radiation to a stable
black hole configuration. Next, we show the plot of the
Gibbs free energy vs temperature to highlight the small-
to-large black hole transition. Figure 6 shows a swallow-
tail-like structure for pressures below the critical pres-
sure. The plot shows the existence of three states, i.e.,
SBH, LBH, and IBH, and the transitions between them.
The red curve in the plot represents two first-order phase
transitions, from a stable SBH to a less stable IBH and
from an IBH to a stable LBH, which can be observed
where the Gibbs free energy intersects with itself. The
figure indicates a swallowtail for values of pressure be-
low the critical pressure P., and the behavior of the free

a=04
LOpr 0 v p e

0.5 J
0.0 -
-0.5F (\

, , , , ,
0.0 0.1 0.2 0.3 04
Xt

-0.02
- 0.04
- 0.06
- 0.08

Fig. 4.
for decreasing values of ).

energy at the critical pressure is denoted by the green
curve, which shows a cusp, meaning a second-order
phase transition. Further, for P> P., the plot indicates
monotonic behavior.

In the limit y — 0, the specific heat and free energy
reduce to those of nonsingular AdS black holes endowed
with clouds of strings [58] and for a =0, we retrieve the
heat capacity and Gibbs free energy for Schwarzschild
AdS black holes [64]. Next, we investigate the P—V crit-
icality of our solution via the equation of state

(26)

The various isotherms of Eq. (26) are shown in Fig. 5,
which is indicative of a liquid-to-gas-like phase trans-
ition for values of temperature below the critical temper-
ature (T.). The plot shows ideal gas behavior for iso-
therms with temperature values above the critical temper-
ature T.. The isotherms with high pressures correspond to
an LBH, and low-pressure isotherms show the SBH. The
first-order phase transition corresponding to the Van der
Waals theory is represented by the oscillating branch
between the SBH and LBH [64]. The point of inflection
is a solution of the equation

oP

o*P
_— =0 =
or,

2
T+ 6r+

@27

T,

The expression for critical temperature and pressure can
be computed using Eq. (27)

_ 38+2r,(1—a)

T. 28
: 4nr? (28)
p- 3B[ri(1-a)+p] + 2 (1-a)’ 29)
12713
a=04
0.10 T
I y=-002
0051 —v =-004 E
L _y =-006
__y =-008

Gy

0.00

=0.051- J
I I I I
0.0 0.2 0.4 0.6 0.8

X4

(color online) Plot of specific heat (a) Cp; vs horizon x, = r, /I (left) and (b) Gibbs free energy G vs horizon x; =r./l (right)
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a=048=-02

0.06 1 _T-0IT B
[ —T=T. ]
0.04 __T=14T. i
H T= 1.9T. 1
0.02} B}
Q.‘ L
0.00" ]
0.02\\//’
)
Vi
Fig. 5.

Letelier spacetime immersed in perfect fluid dark matter.

0.0025 ————
0.0020

0.0015

QO
0.0010 I
0.0005 :
0.0000 [ T R T R Lo L L1 b T VERE)
0.7 08 0.9 1.0 1.1 1.2
T
Fig. 6. (color online) Plot of Gibbs free energy ¢ vs temper-

ature 7 showing a swallowtail for P < P.. The curve attains a
cusp at P=P., which is also a point of second-order phase
transition, and further becomes monotonically increasing for
P>P..

Inserting the expression for critical radius, we obtain the
expressions for temperature, pressure, and volume

3 _ (-ap
T T T g
_(-ay _ 36np°
‘T216m8" ¢ (1-ap’ 30)

and the universal constant € = P.V!3/T, for Letelier AdS
black holes in PFDM is 0.28. In comparison to the value
of € for van der Waals gas, which is 0.375 [59], the value
of the universal constant is corrected for the solution un-
der investigation. The critical value of the horizon radius
r. depends on the cloud of strings parameter and the PF-
DM parameter, and so do the other critical values.

0.020

_ T=0IT.
0.015F _T=T 1
__T=14T,
0.010F T= 19T, ]
a, 0005F ]
0.000
~0.005F \\/—’_’_’/
~0.01002 P e
0 10 20 30 40

(color online) Pressure P vs volume V. plot for a =04, g=-0.2 (left) and g=-0.4 (right), showing the isotherms for the

IV. PHASE TRANSITION BEHAVIOR OF

BLACK HOLES
In this section, we study the phase structure of the
Letelier AdS black hole endowed with PFDM during the
first-order phase transition between the SBH and LBH.
The entire study will be in the reduced parameter space.
The coexistence curve in the p_ 7§ plane may be para-
metrized in the dimensionless way

P = —28.2377T7"° +159.8357° —392.3097® + 549.0597"
—483.738T° +279.524T° = 106.737T* + 26.7808 T
—3.5148972+0.349711T - 0.0126105

(31)
where we define the dimensionless variables as
. T -~ G . P . \%

T=— =— P=— V=—. 32

. %G P, V. (32)

The reduced forms of these variables, along with the oth-
er variables, determine the phase transition behavior. As
is evident from the first law itself (20), the mass of the
black hole in AdS spacetime has a unique prescription,
namely, the enthalpy designated as H. This prescription
leads us to define the Gibbs free energy, G = y7, - 7.5,
which is defined in Eq. (25).

We have the critical horizon radius at the critical
point, r... Then, the reduced horizon radius is expressed
as 7. =r./r,.. The reduced horizon radius 7, is plotted as
a function of the reduced temperature (left of Fig. 7), re-
flecting two phases of the black holes, the green dotted
line corresponds to the LBH while the red solid line to
that of the SBH phases. The differences of the reduced
horizon radius as function of the reduced Hawking tem-
perature (right of Fig. 7) is plotted to show the concavity
of the graph. 7, is a function of (P,T) as can be observed
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s LBH

Fig. 7.

(color online) Plot showing the variation of the reduced horizon radius 7, vs the Hawking temperature 7 (left) and the differ-

ences of the reduced horizon radius A7 vs the Hawking temperature (right). We can observe that the plot at the right has the value

AF =0 exactly at 7 = 1, mimicking the critical point, and beyond it, there is a second-order phase transition.

from the equation of state itself. We show the phase dia-
gram in the (P—T) plane in Fig. 8. The black dot in the
figure denotes the critical point [18]. In Fig. &, in the
P — T plane, the metastable curve (the blue dotted line) is
depicted for the small and large black hole phases. Such a
scenario dictates the fact that the phase transition termin-
ates at the critical point, and just above it the phases are
supercritical. In particular, for the coexistence curves, we
have (AG)p7 =0, whereas for the metastable curves we
have the following conditions:

(OvP)r =0, (0vT)p =0. (33)
Therefore, the metastable curves are the locus of the ex-
tremal points. The region between the coexistence and
metastable curves is the metastable phase as is depicted in
the (T —S) or (P-V) diagrams [18]. In the above analys-
is of the phase transition diagrams, we find that a connec-
tion should exist between the black hole horizon geomet-
ries and the phase transition behavior of the black holes.
Such distinction hints us to link the behavior of the null
geodesics or the photon orbits to the thermodynamic
phase transition behavior of the black holes. It can be ob-
served from Fig. 8 that the coexistence of small and large
black holes shows the same behavior in the(P—T) dia-

gram, which for the metastable curves acts differently.
Therefore, the thermodynamic notion for the metastable
and coexistence curves is not the same.

V. NULL GEODESICS OF LETELIER ADS
BLACK HOLES IN PFDM

This section considers a free photon orbiting a black
hole in the equatorial plane (6 =n/2). The Lagrangian
takes the form

",.2

f(r)

2L=—f(Ni*+ +r7¢7, (34)

where the dots over the coordinates are meant for differ-
entiation with respect to the proper time. For the Letelier
AdS black holes endowed with PFDM, there are two
killing vectors 9, and 8, such that

pi=—f(Ni=E, (35)
pe=r¢=L, (36)
pr=7/f(r). (37)

Fig. 8.

(color online) Phase structure of Letelier AdS black holes in PFDM.

N
<t @
~
o
o

In the p_ 7 and 7 — iy diagrams, the coexistence curve is

shown in a solid line and the spinodal curves are shown in a dashed line.
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which correspond to the conserved quantities £ and L
along the geodesics. The quantities £ and L are the
photon's energy and orbital angular momentum, respect-
ively, denoting the constants of motion. The equations of
motion for the 7 and ¢ coordinates read

. E
f=——, 38
G (38)
L
-—— 39
r2sin’ 6 (39)
The Hamiltonian for the black holes is
2H = —Ei+Lp+i*/f(r) = 0. (40)

We are interested only in the radial motion. The radial
equation of motion is obtained as

i"2+Veff=O, (41)

where Vg is the effective potential. We define the dimen-
sionless effective potential ¥, = v,/E?, which has the
following explicit form:

o~ Mz
Ve = ﬁf(") -1 (42)

The quantity u = L/E in the above equation is called the
impact parameter. We plotted the behavior of the effect-
ive potential ¥ with the radial coordinate, as shown in
Fig. 9, for different values of the impact parameter u, for
three different cases:

a. u > u., the unbounded motion

b. u = u,, the critically bounded
and
¢c. u < u,, for the impingingone

The only accessible region for the photon is V., <0 be-
cause i >0 there. As is evident from Fig. 9, the photon
falls into the black hole for u < u., whereas for u > u,, it is
reflected off the black hole. Between these two cases,
there is a critical case u = u. =5.78298, which is shown
by a red thick line (see Fig. 9). The condition ¢ is meant
for the unstable photon orbits, and they are circular. The
angular momentum of the photon becomes critical at the
point where ¥, = ( (red solid curve) as is shown in Fig.
9. Because the effective potential is zero, the radial velo-
city of the photon also vanishes there. The value of the
radial coordinate at the point where the radial velocity is
zero is called the photon orbit radius. The unstable circu-
lar orbits are determined through the following relations:

sy

- u=4.

—u=15.78298

—-u=65

05:

~05-

Fig. 9. (color online) Effective potential for Letelier AdS
black holes in PFDM.

Var=0 , V=0 , Vj§i<O, (43)

where the prime denotes the differentiation with respect
to the radial coordinate . From the second equation
V/# =0, we find that the photon orbit radius r,, satisfies

Zf(rps) - rp.varf(rp.v) =0, (44)

which gives the radius of photon sphere r,, as

1

3pW (2a—1)e*5)
=T 2a-1) ’

(45)

whose peak approaches zero where the radial velocity of
the photon vanishes and "W" is the Lambert W function.
Given the parametric values a >0 and 8 < 0, we must re-
strict ourselves to the output of the Lambert  function to
be negative as r,, > 0 always.

The above photon orbit radius is used to calculate the
minimum impact parameter. Solving (V. = 0), we obtain

Uy = % - ﬁ N (46)
The explicit form of this can be obtained as
w. = (3BY)” 23
(1-a)* [-4M +3BY +2Blog (3 £ + 18Pnp Y7
with
y=W(§(a—1)e%*%>. (47)

For a photon coming from a distant source, it encoun-
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ters strong gravity effects while passing by the black
holes. The photon would experience a maximum deflec-
tion as u — u,,, where the deflection angle is infinitely
large. Such a phenomenon is described by the black hole
lensing observables. Therefore, for the photon with a
large u, the deflection angle is smaller, but it will become
more deflected as u decreases, and the deflection be-
comes maximum at u = u,,, where the photons are un-
bounded. Therefore, the quantities r,, and u,, play essen-
tial roles in describing the photon spheres. In the sub-
sequent discussion, we investigate the behavior using the
photon sphere parameters r,, and u,, and find that there
should exist a correlation to the small-large black hole
phase transition. The critical quantity that plays a vital
role in such a connection is the mass parameter M. We
determine the mass in terms of the lensing variables r,,
and u,, and use them to express it in terms of the re-
duced pressure p and reduced horizon radius §. In this
way, we can find the correlation of the lensing observ-
ables to the thermodynamic variables, as shown in Fig.
10.

A. Critical behavior of the photosphere radius and the
minimum impact parameter

Our main concern is to study the behavior of the r,
and u,, along the isobars and isotherms. A straightfor-
ward analysis leads us to study the reduced temperature
Tnumerically, as a function of the reduced photon orbit
radius r,, and the reduced minimum factor u,,. Figures
10 and 11 show that for smaller values of the temperat-
ures, we have smaller values of both the quantities r,,
and u,,, which at larger temperatures become larger.
However, the behavior for the reduced pressure P < 1 has
interesting features. In such cases, we have similar beha-
viors of the isobaric curves as in the usual vdW-like
fields in the 7—§ plane in the ordinary thermodynamic
systems. If one continues increasing the P values and
reaches P =1, the extrema of the curves in the 7 -7,
plane coincide. As an obvious conclusion, for 2 > 1, the
isobars increase monotonically. Similar phenomena are
observed in the numerical analysis of the 7 -i,, dia-

grams. We also plotted the diagrams in the P—7, and
P—ii,, planes. All such plots for 7 < 1 correspond to the
thermal phase transition of the first order, whereas at
T =1, we have the critical points, thereby representing a
second-order phase transition. We have no phase trans-
itions for 7 > 1. However, whether such phase trans-
itions would emerge from Maxwell's equal area law is not
clear in the case of photon orbits or minimum impact
parameters. One should not forget to mention that such
curves depict the isothermal curves in the pP—V plane of
the ordinary thermodynamic system, which is certainly a
case study. Having experienced such features of the usu-
al vdW-like fields, the mimickers of the isothermal or
isobaric curves in the T —7,.(ii,,) or P—F,(ii,,) planes
must have some connections to the thermodynamic phase
transitions via the small-large black hole phases.

We show the plot for 7,, or i, as a function of phase
transition temperature 7 (for reference, see Fig. 11). As
we increase the temperature 7, the value in the photon
orbit radius 7,, decreases for the coexistence of LBHs.
On the contrary, for the increase in the values of the
quantity 7, the radius 7,, increases for the coexistence of
SBHs. For the phase transition temperature, 7 = 1, the ra-
dius 7,, approaches the same value for the coexistence of
small and large black holes. We plot the reduced Hawk-
ing temperature reduced as a function photon orbit radius
(left of Fig. 12) and as a function of reduced minimum
impact parameter (right of Fig. 12) for different values of
the reduced Hawking temperatures.

We also plot the relative differences AF, /7, or
Aii,/ii,s with respect to the phase transition temperature
(see Fig. 13, for your reference ) in the left and right fig-
ures, resepctively. As expected, the differences decrease
with increasing values of the phase transition temperat-
ure, and ultimately they vanish at the critical point. The
interesting thing that may be a consequence of such res-
ults is that the quantity A7, /7, or Aii,/ii,, behaves as
the order parameters. They correspond to the non-vanish-
ing contribution for the first-order phase transition and
become zero at the critical point, and the phase transition
is second order. The critical exponent around the critical

o2l LBH
2l
SBH K
Ofzoo-r P o e rommrae = pemlT
0.4 0.5 0.6 0.7 0.8 0.9 1.0
T T
Fig. 10. (color online) Reduced photon orbit radius vs the Hawking temperature
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Fig. 11. (color online) Reduced Hawking temperature (7) : (a) 7 vs s (left), (b) 7 vs i1, (right).
20
i ceee T=12
—_—T=1
-=T=09
cmeeT=08
161
oy
14
12-
1.0
Fos fips
Fig. 12. (color online) Reduced pressure (p) : (a) p vs 7ps (left), (b) p vs iy, (right).
. 100 i
uk 2 : : : — e
12F o:,,, 1 80+ 1of 14
10 oer 1] o:s £
) o4 J R 0af ElR
m& 8r oz 14 x§' o2
< ook <« 00k

0992 X X 0998 o 40 0.990 0.992 0.994 0.996 0.998 4

201

1.2 0.2 0.4
T T
Fig. 13. (color online) Variation in reduced photon orbit radius 7,, (left) and minimum impact factor i, (right) vs the Hawking tem-
perature 7.
points will simply follow the relation In ( AFyg /;ps) . In ( Al /am) ~Ina+sln (1 _ T) . (49)
~ ~ ~ ~ ~\ 0

AFps[Fps, Altys/itys ~ a (1 - T) (48) The logarithmic variation of A7, /7,, or Af, /7, is linear
with respect to 1 -7 (see Fig. 14, for your renference), in
which is also written as the left and right figures, respectively, which helps us in
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Tps)

In(A

In(A it,s)

-2

_‘9 -‘8 _‘7 -‘6 —‘5
In(1-T)

Fig. 14.
temperature 7.

determining the critical exponents. A numerical fit to the
logarithmic variation yields that the output J for A7, /7,
is 6 =0.500918203, or for A7,/7,s & =0.490567809. As
for a wide class of black holes in the asymptotically AdS
spacetime in four as well as in higher dimensions, for our
black hole the approximate value of the critical exponent
also turns out to be ¢ ~ 1/2 at the critical points.

VI. CONCLUSION

We examined the thermodynamics P—V criticality
and the relationship between the photon orbit radius and
thermodynamic phase transition for Letelier AdS black
holes in PFDM, which may be useful to link the gravity
and thermodynamics of black holes. First, we obtained an
exact Letelier AdS black hole solution in PFDM with ad-
ditional clouds of strings parameter (@) and PFDM para-
meter () and discussed the energy conditions. Next, we
analyzed the extended phase space thermodynamics of
Letelier AdS black holes in PFDM, showing an interest-
ing phase transition. We showed that the thermodynamic
ansatz viz, ADM mass, Hawking temperature, specific
heat, and free energy are corrected overall by the addi-
tional parameters a and . The behavior of Letelier AdS
black holes with PFDM is consistent with that of the van
der Waals fluid. The G vs T analysis confers first-order
phase transition. The analysis of heat capacity dictates a
second-order phase transition. We also used the mass
term as a function of the thermodynamic variables in the
reduced parameter space.

We examined the relationship between the photon
sphere radius and thermodynamic phase transition for the
Letelier AdS black hole immersed in PFDM. This will
provide a new way to realize the link between the gravity

In(1-7)

(color online) Fitting curves of reduced photon orbit radius 7, (left) and minimum impact factor i, (right) vs the Hawking

and thermodynamics of black holes. We found that the
isobaric and isothermal curves concerning the photon or-
bit radius #,,, and also with the minimum impact para-
meter il,,, in the reduced parameter space, signify the
same thermal phase transition behavior of the usual van
der Waals like fluids. This means that the curves in the
T —Fpy(iips) OF in the p_ Fos (il ps) planes show the oscillat-
ory behaviors confirming the first order phase transition
of the van der Waals fluids. The oscillatory behavior con-
firms that two extrema should exist. When the two ex-
trema coincide, we have the second-order phase trans-
ition. For other parameters above the second-order phase
transition values, we do not have any such curves with a
higher-order phase. We also plotted the relative differ-
ences Ar,,/r,, and Au,,/u,, to show that they may serve
as the order parameters near the critical points. We have
the critical exponent § ~ 1/2 at the critical points. This
value of the critical exponent is the universal feature of
many black hole systems in four and higher dimensional
spacetimes in asymptotically AdS spaces.

A groundbreaking development has emerged wherein
the AdS black hole is depicted dually as a thermal sys-
tem, specifically through the holographic counterpart of
the extended phase space thermodynamics. This break-
through stems from the perturbation of the conformal
factor within the dual CFT metric, as outlined in [75].
Our aspiration is to expand our research within the realm
of holographic thermodynamics. It holds substantial
promise to explore analogous analyses within different
spacetime geometries, including but not limited to the de
Sitter black hole, the black hole solution within alternat-
ive gravitational frameworks, or those arising from high-
er curvature theories.
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