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Study of bending angle and shadow in a new Schwarzschild-like black hole
affected by plasma and non-plasma mediums*
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Abstract: In this study, we analyze the models of the deflection angle of a new Schwarzschild-like black hole (BH)
and employ the optical metric of the BH. To achieve this, we use the Gaussian curvature of the optical metric and the

Gauss-Bonnet theorem, known as the Gibbons-Werner technique, to determine the deflection angle. Furthermore, we
examine the deflection angle in the presence of a plasma medium and the effect of the plasma medium on the deflec-
tion angle. The deflection angle of the BH solution in the gauged super-gravity is computed using the Keeton-Pet-
ters approach. Utilizing the ray-tracing technique, we investigate the shadow of the corresponding BH and analyze
the plots of the deflection angle and shadow to verify the influence of the plasma and algebraic thermodynamic para-

meters on the deflection angle and shadow.
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I. INTRODUCTION

Black holes (BHs), as predicted by Einstein's theory
of general relativity (GR), are significant objects that are
thought to originate as a result of the gravitational col-
lapse of enormous astronomical objects. Numerous ex-
perimental and observational studies support GR [1].
These investigations have revealed that experimental
data, including those on gravity waves, wormholes, and
gravitational lensing on BHs, are consistent with the the-
oretical predictions of this theory. Gravitational waves
are ripples in the structure of the universe, which are cre-
ated by the collision of enormous objects such as BHs.
Gravitational waves are induced by the curvature of
space-time. A distribution of matter between a source and
an observer that can bend light from the source to the ob-
server is known as the deflection angle (DA). The DA is
useful in studying the universe's dark matter distribution
and imaging the furthest galaxies. In GR, the expectation
that light will bend as it approaches big objects is met.
The DA phenomenon is highly useful for detecting BHs
in the cosmos because it implies that light beams are bent
owing to the curvature of spacetime. The DA is classi-

fied as a weak field in literature and helps determine the
position of BH geometry.

Gibbon and Werner [2] adopted the Gauss-Bonnet
theorem (GBT) to derive the DA of light beams. The in-
tegral in a finite domain defined by a light ray was calcu-
lated using this method. Werner then developed this
formalism further by applying Nazim's method with the
Randers-Finsler metric [3] to determine the DA by a
Kerr-Newman BH. Recently, the DA in a static, spheric-
al, symmetrical, and asymptotically flat region [4—7] was
calculated using the finite distance between an observer
and a light source. Moreover, the GBT has topological
implications when applied to the geometries of worm-
holes and non-asymptotically flat spacetime [8, 9]. Jusufi
and Ovgiin [10] recently made a significant contribution
by discussing the quantum correction effects on light de-
flection caused by quantum-expanding Kerr BHs in a
cosmic string. The DA in spacetimes with topological de-
fects was calculated using both cosmic strings and global
monopoles [11-14]. This strategy has been used in sever-
al studies for various spacetimes [15, 16].

Javed et al. [17] employed the light DA resulting
from a Brane-Dicke wormhole in the weak field limit ap-
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proximation and examined the effect of the Brane-Dicke
coupling parameter on weak gravitational lensing. Their
findings offer a useful tool for immediately identifying
the wormhole and naked singularity types and searching
for evidence supporting the Brane-Dicke theory. They
also used the GBT to determine the weak DA of light in
the frame of an Einstein-Maxwell-Dilaton-axion BH [18§]
and investigated the effect of a plasma medium when
light is deflected around a particular BH.

BHs are massive objects that are studied by GR at the
center of our galaxy. It is commonly known that photons
from a light source behind a BH cause the observer's sky
in the dark area to appear as the "BH shadow." The BH
shadow, which is an impose of the BH, provides essen-
tial information about the BH. To illustrate, from the BH
shadow, one may extract the charge and spin of the BH
[19-24] and limit certain additional parameters produced
by changing gravities for the BH shadow [25-29]. Synge
[30] and Luminet [31] investigated the shadow cast by an
ideal circle, or BH, with spherical symmetry. They also
provided formulas for the shadow's size and angular radi-
us. Bardeen [32] was the first to investigate the shadow
generated by a Kerr BH, and the dragging effect was
found to distort the shape of the shadow. The BH shad-
ow has been widely studied in literature. For instance, the
BH shadow and photon sphere were investigated in dy-
namically shifting spacetimes in Ref. [33], and in Ref.
[34], the implications of the cosmological constant on the
BH shadow were examined. The shadow of a normal ro-
tating BH was studied in Ref. [35], the shadow of a mod-
el-independent parameterized axisymmetric BH was
computed in Ref. [36], and the quasinormal modes in the
eikonal limit and the radius of the BH shadow were found
to be related in [37, 38]. Additional important examina-
tions of the BH shadow and DA were performed in
[39—41]. The shadow cast by a dyon BH, also known as
Kerr-Newman-Kasuya spacetime, was studied in [42],
where it was concluded that the shadow image is af-
fected by both its rotational momentum and dyon charge.
Ovgiin et al. studied [43, 44] the DA for spacetime solu-
tions, such as the generalized FEinstein-Cartan-Kibble-
Sciama and null aether theories, using the GBT and veri-
fied that weak deflection of BHs is effected in these the-
ories. An extensive review of quasinormal modes, analyt-
ic greybody factors, and gravitational lensing in rotating
BH spacetime, such as bumblebees, is presented in [45].
Using GR combined with the bumblebee theory, the in-
vestigation produced impressive results in four dimen-
sions. This was demonstrated to be the more physically
accurate metric form of a rotating bumblebee-like BH
after presenting some of its physical characteristics. The
light deflection in the spacetime of a rotating BH that is
electrically charged was examined in [46] and con-
sidered in terms of its impact on the cosmological con-
stant. The deflection for a Kerr-Newman anti-Sitter BH

was also computed by exploiting the Rindler-Ishak tech-
nique extension.

A significant astrophysical BH is produced with BH
mass and algebraic thermodynamic parameters. Further-
more, to obtain a thorough understanding of the features
of a modified BH, the BH geometry under the impacts of
the DA and BH shadow modifications must be analyzed.
In addition, a BH is typically surrounded by plasma;
therefore, the effects of plasma, BH mass, and algebraic
thermodynamic parameters on the BH DA and shadow
must also be investigated.

This paper is organized as follows. In Sec. II, we ex-
plore the DA of light for a new type of Schwarzschild BH
in a non-plasma medium. In Section III, we investigate
the DA for the new type of Schwarzschild BH in a
plasma medium. In Sec. IV, we verify our results using
the Keeton and Petter technique, Section V comprises the
equation of motion for light rays under the influence of
non-magnetized plasma to compute the shadow of the
corresponding BH, and in Sec. VI, we discuss the results
of our study.

II. DEFLECTION ANGLE IN A NON-PLASMA
MEDIUM FOR A NEW TYPE OF SCHWARZ-
SCHILD BLACK HOLE

The study of the DA in a non-plasma medium for a
novel type of Schwarzschild BH forms the basis of this
section. For this purpose, we consider the four-dimen-
sional space-time metric of this new Schwarzschild BH,
given as [47, 48]

ds® = —=G(r)df* + U(r)dr* + r*dQ?, (D)

u

1
where dQ?=d#* +sin’6d¢p and G(r)= —— = (1-"+

) U (
%) . Moreover, the parameters M and p represent the BH

mass and algebraic thermodynamic parameters, respect-
ively. The parameter u is associated with the BH mass

defined by the relation M = ® By considering the metric

function G(r) =0, we can obtain the inner (r_) and outer
(r,) horizons via

1 1
re =Sk V2 =4ph), ro= S(u= Ve —4p?). 2

Figure 1 shows the behavior of the metric function
G(r,). The left plot indicates this behavior for different
choices of the algebraic parameter, whereas the right plot
represents this behavior for different 4. In both plots, the
metric function negatively increases and decreases, which
indicates an unstable form.

The BH becomes an extreme BH at the condition
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Fig. 1.

r. = r_. The relationship between the algebraic paramet-
ers and x4 and the horizons is given as follows:

pr=rr,.

3)

H=r_+ry,
02

The condition p* < y is always satisfied, except for the
naked singularity at »=0. Here, we investigate the BH
bending angle in a non-plasma medium using the GBT.
In the event that the tropical region is linked to the ob-
server, source, and null photon, we can investigate
(0= g). By setting ds? = 0 in Eq. (1), we derive the optic-
al metric via

2
a7 = %drz + %dgb. @)

The following formula yields the non-zero Christoffel
symbols for the given metric:

U™ G0

T2UGr) 26
.60 _ G0
T T

. PG T
2720(nG(ry U

)

where 1 and 2 indicate the » and ¢ coordinates, respect-
ively, and the Ricci scalar for the given metric is com-
puted as follows:

R 2G" (NUG(r) -G (r)U' (nNG(r) - G*(r)U(r)

2U0%(r)G*(r) ©

To calculate the Gaussian curvature, we use the for-
mula

R
K==,

: ™

Inserting Eq. (6) into Eq. (7), the Gaussian curvature can

(color online) Metric function G(r,) with respect to the ADM mass x and algebraic parameter p.

be computed via

®)

ro

This formula is helpful in calculating the DA for a new
type of Schwarzschild BH solution utilizing the GBT in
the region of the non-singular domain M, :

/ / KdS + j'{ kdt+) " € = 2my(K).
M, oM i

In the above expression, k=g(V;{,l) denotes the
geodesic curvature. The unit acceleration vector 7 is de-
noted by g(£,£) = 1, whereas the exterior angle of the ith
vertex is e;T(pressed as €i. The associated jump angles de-

)

crease to 5 as e — oo, yielding 8o+ 6, —» 7 , and {(K) =1
is the Euler characteristic. Therefore, the above equation
can be rewritten as

// KdS +f{ kdt+ € = 27L(S,).
M, oM,

To obtain the geodesic curvature, we use the following
relation:

(10)

k(W) =| Vi, W, | an

The radial component of geodesic curvature can be
defined as

(Vi W) = WEA,W, + o, (W), (12)

Therefore, following result can be computed for a large
value of e, such that W, := r(¢) = e = constant as

. I
(Vi W) = . (13)
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Because there is no topological flaw in the geodesic
curvature, k(W,) — e~!. Nevertheless, it can be stated as
dt =ed¢ by applying the optical metric Eq. (4). Con-
sequently, we have

k(W,)dt = dg. (14)

Now, the following equation may be obtained by utiliz-
ing the previous expression:

T+
// de*}'{ kdth—)oo// de+/ dg. (15)
M. oM, Too 0

In the weak field limitations, the Otk order light ray is
b

computed as r(f) = prmont Equations (9) and (15) can be

used to obtain the bending angle as

v~ _/ / K \/detgdrd, (16)
0 Vi
where \/detg is computed as
2\ 7
\/detg’=r<1—'g+p—2) . (17)
r r

The DA is computed using the Gaussian curvature up to
the leading order terms:

_2u 3pPn 3uPm 4up?

4
v~ 1602 T 3 TOP)

b 4p

(18)

The above DA depends on the impact parameter b, algeb-
raic parameter p, and ADM mass u. We can also observe
that the impact parameter has an inverse relationship with
the DA. It is important to note that our results are similar
to the Reissner—Nordstrém BH given in [49, 50] without

higher order magnetic correction terms. Moreover, by set-
ting 4 =2M and p =0, that is, an improved relationship
for the trajectory of a light ray in the integration domain,
our expected first-order DAs are reduced to the standard

Schwarzschild BH DA, o, = M , found in [51].

Figure 2 indicates the behavior of the DA y with the
impact parameter b for different choices of i and p. From
both plots, we graphically observe that the impact para-
meter has an inverse relationship with the DA. The DA
decreases as the impact parameter increases in the region
1 <b<10. Moreover, the ADM mass has a direct rela-
tionship with the angle, whereas the algebraic parameter
has an inverse relationship. We can also conclude that the
light bends with a maximum angle for small values of the
impact parameter.

III. DEFLECTION ANGLE IN A PLASMA MEDI-
UM FOR A NEW TYPE OF SCHWARZ-
SCHILD BLACK HOLE

Next, the DA in a plasma medium is calculated. Let v
be the speed of light through hot ionized gas, represent-
ing the effects of plasma. The refractive index, n(r) = c¢/v,
for the given BH is defined as [52]

1-—<—,
wt G

0

n=

(19)

where w? represents electron plasma frequency, and w?
represents the photon frequency determined at infinity by
the observer. The associated optical metric is defined as

do? = gPdxidx’ = n? <gdr2 + r—zdgb) (20)
gl] G G *

The optical Gaussian curvature for the new type of

(I) p=0.1 (II) p=0.1

r ‘ — u=0.5 ‘
1.2 — p=0.6
1.0F — =07

[ — [l=0.8
0.81 =

s p=0.9
0.6
0.4
0.2
2 4 6 8 10 2 4 6 8 10
b b
Fig. 2. (color online) Deflection angle y with respect to the impact parameter b. The left plot shows the behavior for various x with

fixed p=0.1, and the right plot shows the behavior for different p with fixed x=0.1.
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Schwarzschild BH can be calculated as

K K330 et e
o4t r 2r3w?,
3/12602 5p2 2 13#]720)2
Wl r*w? rw? @

We calculate the bending angle using the GBT. To

achieve this, we use the approximation r(r) =

b
—— at the
sin¢
Oth order, and the DA is obtained as

—lim / / K /detgdrdg. (22)
b/sing

R—0

For the leading order terms of the new form of
Schwarzschild BH under the impacts of a plasma medi-
um and using the values of Gaussian curvature obtained
by inserting Eq. (21) into Eq. (22), the DA is computed as

" 2u 3p’m 3w . 4up? . qw;  3pPnw;
Y T ap T 16k T 30 wib | Abal
3ulnw?  Aup’e? 4
- £ £+0 . 23
T6b2ar. * 3bign, T oW @3)

The above expression for the DA in a plasma medium is
dependent on the impact parameter b, ADM mass y, al-
gebraic parameter p, and electron and photon frequencies
w, and w., respectively. It is important to note that when

w, ]
o — 0, the above equation reduces to Eq. (18).

Figure 3 represents the graphical behavior of the DA
w with b for different choices of u and p. From both plots,
we note that the impact parameter also has a inverse rela-
tionship with the angle in the presence of a plasma medi-
um. The DA decreases when the impact parameter in-
creases in the region 1 <b < 15. Moreover, the algebraic

(i) we?w,,2=0.5, p=0.1

parameter has an inverse relationship with the angle,
whereas the ADM mass has a direct relationship with the
angle in the presence of plasma. We observe a strong de-
flection at small values of the impact parameter.

IV. DEFLECTION ANGLE ANALYSIS USING

THE KEETON AND PETTERS METHOD
The DA of the novel Schwarzschild BH solution is
determined using the Keeton and Petters approach. Kee-
ton and Petters modified the original approach to make it
more in line with their methodology and obtain outcomes
[53, 54]. Post-post Newtonian (PPN) theory provides a
straightforward method for handling any gravity theories,
where the weak deflection limit is expressed as a single
variable m series expansion. For this purpose, we can take

space-time in the form

ds? = YdP2 + Zdr? + r2dQ>. (24)

The metric functions Y and Z can be written in a PPN
series as

0% 3
v=1+21 (%) 2 (2 2) +2i (Z)
n

—1-2s, (n )+4s2 (,2/2)2—8& (%)3+ (25)

where y represents the Newtonian potential in three-di-
mensions and can be defined as

(26)

The DA ¢, is expressed in a series expansion form as fol-
lows:

(i) we?w,2=0.1, y=0.5

— p=0.1

0.6
r — p=0.2
0.5 — p=0.3
E — p=0.4
04¢ p=0.5

[ p=0.5

1.0 — =07

[ — u=0.8

EY 08: p=09
0.6
04f
0.2}

2 4 6 8 10 12 14
b

Fig. 3.
the right plot shows the behavior for different p.

o.3§
o.2§
o.1§
2 4 & 8 10 12 14
b

(color online) Deflection angle y with respect to the impact parameter b. The left plot shows the behavior for various x, and
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O A A R

Here,

2
J2=(2l%—lz+llsl+%+52)ﬂ" (28)

Jl = 2([1 + Sl),
2

Jy= 3 (350 + 1561 +30(100 + 57 ~ 45,
+613+s?—61251 —45I52+s3)' (29)

Now, we compare Y with G(r) and Z with U(r) given in
Eq. (1) and compute the PPN coefficients as follows:

2

)4 M

— T A 5 l :Oa =5 >
om2’ 51 2m

K
4m2 0 7 8m>

(30)

After inserting all of the above co-efficients into Eqgs.
(28) and (29), we obtain

2 17u*n 3p°n
D= P e T a2

_9pu
T omd

1)

After substituting the values from Eq. (27) into Eq. (31),
we obtain the DA as

02 () (e + ) (5
() () +0 (5)" 62

The values of m, p, b, and u have an impact on the re-
quired DA.

V. STUDY OF LIGHT RAYS IN A NON
MAGNETIZED PLASMA

To obtain the conditions of null geodesics, we can de-
rive the equations of motion and consider the impact of
an electron plasma frequency w.(r) on a non-magnetized
cold plasma through the Hamiltonian [55] of the moving
photon to study the shadow of the new type of Schwarz-
schild BH:

A 1
(€% jije+wp()) = (

_1 f;2+f;2
2

H= —
G@r) Ur)

+f; + we(r2)> )
(33)

N =

The Hamiltonian in Eq. (33) for a two-fluid source is de-

rived from Maxwell's equations, and the quantities of
continuous motion f; and f; connected to the energy
—fi = E and angular momentum f; = L can be defined to
obtain the equations of motion for photons:

. O0H - OH
e i T 34
which imply that
. OH
fr==>,=0 (35)
. 0H
fu==55 =0 (36)
. OH
j=-2 o, 37)
or

where f. gives the radial momentum and can be defined
as

. OH 1( f}G'(r) fUw d, d )
J=r =2 (‘ cor T oee tart T e ))‘
(38)
Moreover,
._0H
{= 3 - Gy (39)
. OH
¢= , —fe> (40)
. _OH _ f,
7= ar. =TTy (41)
with H =0, such that
I 2
= _G(r) + uo + fi T we(r7), (42)

In this case, the prime denotes differentiation with re-
spect to r, whereas the dot denotes differentiation with re-
spect to an affine parameter 4.

It is evident from Eqgs. (35) and (36) that f; and f, are
motion constants. The formula converts the frequency w
observed by a static observer into a function of » as fol-
lows:

(43)
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We use Egs. (40) and (41) to obtain the orbit equation

dr 7 I

— == . 44
dy o Uy 49
After substituting for f, in Eq. (43),
2
dr:i 1 p(r) , (45)

dp ~ VOO f}

where wy denotes the frequency measured by a static ob-
server, and we define the function

oo L (g
P = oo (1 G(r)w(z)). (46)

Given that X denotes the turning point of the trajectory,
dr

dglx

. o
stant of motion ~— as
wo

=0 must hold. This formula connects X to the con-

2 Jo

(47)

It is anticipated that a stationary observer at point r, will
release light beams into the past with an angular radius f
[55] relative to the radial direction:

VErr dr 1 dr
t8 ==+ — =+ — . 48
o ﬁ + Vg@// d¢ r=ry + \/ U(r) d¢ r=ry ( )

Equation (45) can be used to rewrite the orbit equation
(Eq. (47)) in the event that the light beam disappears after
reaching a minimal radius R:

2
L [ "(r)z—l. (49)
do vU(@r)  pR)
For the angle f, we obtain
p(r)?
cot’ = -1 50
B DX (50)
By utilizing the identity, we have
) 1
l+cot"f=—— S

sin” 8

Inserting Eq. (51) into Eq. (50), we obtain

p(r)?

sin’B = PRE

(52)

Light rays traveling asymptotically toward a circular light
orbit at radius r,, define the boundary of the shadow p.
For this reason, R — r,;, in Eq. (52) yields the angular ra-
dius of the shadow as follows:

p(rph)2

.2
sin” 8 = s
p(ro)?

(53)

where p(r) is obtained using Eq. (46). In numerous in-
stances, it is possible to presume that the observer is loc-
ated in an area with a negligibly small plasma density.
Therefore, Eq. (46) gives

1
2 _
p(r)” = G (54

and Eq. (54) implies that

sin?3 =

G(ro) ( . G(rph)we(r,%h)) 55)

G(rpn) w?

After substituting all values, we obtain

2 2

w w

20 o 2 e 2 2 2

Slnﬁ_ ( 2 )(rph+ 2(p +rphlu+rph))
P I’Orph/l wy

(P=p'rn+ PP 1o = rou (P*p= p*ron+rym)
+ré (pzlu— pzrph +rih,u)) .
(56)

The shadow f depends on the algebraic parameter p,
ADM mass u, plasma frequencies wy & w,, photon radi-
us r,,, and observer radius 7.

Figure 4 illustrates the variations in the shadow £ in
terms of the photon r,, and observer r, radii. In plot (1),
the shadow exponentially increases with variations in ry
with fixed p=0.1, u=10, w,=0.2 , and wy=0.3 in the
region 0 <r,, <2.5. The shadow is noticeably smaller for
larger values of ry. This inverse proportionality between
the shadow and photon radius can account for the reduc-
tion in the shadow f as ry increases.

Plot (ii) illustrates the behavior of the shadow f in
terms of the observer radius r, with variations in r,, with
fixed p=5, u=10, w,=0.2 , and wp =0.3 in the region
3<ry<7. Symmetry can be observed in the shadow,
along with a sharp edge at 8= 0.

The contour plots of the new type of Schwarzschild
BH shadow can be plotted in the form of the celestial co-
ordinates a and .
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(i) u=10, p=0.1, w,=0.2, wy=0.3

(i) u=10, p=5, W=0.2, wy=0.3

1.5 k 1 1.5 k 1
1.0 L 1 1.0 k 1
- I
[ ro=10.0 rph=2
0.5- =101 | o5 — Ipn=3
I ro=10.2 [ — ron=d
[ ro=10.3 — I'ph=5
0.0 L L , ,—— =104 7 o0 S = Tph=6 ]
0.5 1.0 1.5 2.0 25 3 4 5 6 7
roh ro
Fig. 4. (color online) Shadow in terms of the radii r,, and ro. The left plot shows the behavior for various ry , and the right plot

shows the behavior for different ;.

Figure 5 (i) shows the contour plots of the shadow for
different choices of photon radius, that is, r, =1
(purple), 2 (yellow), 3 (green), 4 (orange), 5 (blue), and 6
(red). The size of shadow radius increases with increas-
ing photon radius.

Figure 5 (ii) shows the contour plots of the shadow
with variations in radius ro = S(purple), 5.5 (yellow), 6
(green), 6.5 (orange), 7 (blue), and 7.5 (red). The shadow
radius increases with increasing observer radiusr, and is
larger than the photon radius. Figure 6 (i) depicts the con-
tour plots of the shadow for different choices of ADM
mass u = 1(purple), 1.5 (yellow), 2 (green), 2.5 (orange),
3 (blue), and 3.5 (red). The inverse relationship between
the shadow radius and ADM mass u suggests that the ra-
dius decreases with increasing mass influence.

Figure 6 (ii) represents the contour plots of the shad-

(i) u=5, p=0.5,, ro=5, we=0.1, wy=0.5
e —

ow with variations in the algebraic parameter p=0.1
(purple), 0.5 (yellow), 1 (green), 1.5 (orange), 2 (blue),
and 2.5 (red). The size of shadow radius increases with
increasing p.

VI. CONCLUSION

This study uses mathematical calculations to analyze
the weak DA and shadow of a novel type of Schwarz-
schild BH in the background of a non-plasma/plasma
framework. The weak DA of this BH is then obtained us-
ing the GBT and Gibbons and Werner method to invest-
igate the gravitational field of the BH and its fundament-
al properties, including the mass and algebraic paramet-
ers, the type of light bending, and the underlying validity
of Einstein's theory. These help us understand the dynam-

(i) p=5, p=0.5,, rph=1.5, We=0.1, wWe=0.5
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(color online) Shadow of the new type of Schwarzschild BH for different choices of radius r,; and ro and fixed values of
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(i) rph=1.5, p=0.5,, ro=5, we=0.1, wW(=0.5

(i) u=5=rg, rph=1.5, We=0.1, We=0.5

N
LA B s e e s s

-2

-3

Fig. 6.
er p and fixed values of ro =35, rpp = 1.5, w, =0.1 , and wp =0.5.

ics of BHs and guide observational astronomers in terms
of what and what not to expect. The DA for the new type
of Schwarzschild BH is found to vary greatly, with an in-
crease caused by its regulating parameters.

First, we investigate the new type of Schwarzschild
BH solution in a non-plasma frame and determine that the
DA depends on the impact parameter b, ADM mass u,
and algebraic parameter p. It is worth noting that our res-
ult in Eq. (18) is similar to the Reissner—Nordstrom BH
result given in [49, 50], without higher order magnetic
correction terms. Moreover, by setting 4 =2M and p=0

in Eq. (18), our result for the DA is reduced to the DA of

the standard Schwarzschild BH, s, = 47M

We also graphically conclude that the impact para-
meter has an inverse relationship with the DA. Moreover,
the ADM mass has a direct relationship with the angle,
whereas the algebraic parameter has an inverse relation-
ship. We also conclude that for small values of the im-
pact parameter, the light bends with a maximum angle.

Furthermore, we investigate the DA in a plasma
frame and find that it is dependent on the impact paramet-
er b, ADM mass p, algebraic parameter p, and plasma fre-
quencies w., and w,. We also conclude that when

w,
o 0, the results of the DA in a plasma medium (Eq.

(23)) reduce to the results in a non-plasma medium (Eq.
(18)). From our graphical analysis in the plasma medium,
the ADM mass has an inverse relationship with the angle,
whereas the algebraic parameter has a direct relationship
with the angle. We observe a strong deflection in the
plasma frame compared to the non-plasma medium.

(color online) Shadow of the new type of Schwarzschild BH for different choices of the ADM mass u and algebraic paramet-

Additionally, we apply the Keeton and Petters meth-
od to calculate and verify the results of the DA. We ex-
amine the dependence of the DA of the Keeton and Pet-
ters technique on the impact parameter, algebraic para-
meter, and ADM mass.

Finally, we study the shadow of the new type of
Schwarzschild BH using an equation of motion for light
rays under the impact of non-magnetized plasma. The
magnitude of the shadow is dependent on a variety of
parameters. The shadow f depends on the algebraic para-
meter p, ADM mass u, plasma frequencies wy & w,,
photon radius r,,, and observer radius r,. We also plot
contour graphs for the shadow of the new type of
Schwarzschild BH and analyze the effects of the photon
and observer radii, algebraic parameter, and ADM mass
on the BH shadow. We conclude that the size of the shad-
ow increases with increasing algebraic parameter and
photon and observer radii. Moreover, we observe the in-
verse relationship between the shadow radius and ADM
mass u, suggesting that the radius decreases with increas-
ing mass influence.
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