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Abstract: General relativity has been very successful since its proposal more than a century ago. However, various

cosmological observations and theoretical consistency still motivate us to explore extended gravity theories.

Horndeski gravity stands out as one attractive theory by introducing only one scalar field. Here we formulate the

post-Newtonian effective field theory of Horndeski gravity and investigate the conservative dynamics of inspiral

compact binary systems. We calculate the leading effective Lagrangian for a compact binary and obtain the peri-

astron advance per period. In particular, we apply our analytical calculation to two binary systems, PSR B 1534+12
and PSR J0737-3039, and constrain the relevant model parameters. This theoretical framework can also be systemat-

ically extended to higher orders.
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I. INTRODUCTION

General relativity (GR) has been the most successful
theory of gravitation since its proposal by Einstein. It has
been tested by various precision experiments and
provides an essential theoretical framework for cosmo-
logy. However, there are still several cosmological
puzzles that GR cannot provide satisfactory explanations
for, including the observed small cosmological constant,
dark energy, the nature of dark matter, the beginning of
our universe, etc. Partly motivated by these observational
puzzles and theoretical issues, various modified gravity
theories have been proposed and offered as alternative
frameworks for the currently well-accepted ACDM
paradigm.

One of the simplest ways to modify GR is to add a
new degree of freedom [1-6], for instance, the Jordan-
Brans-Dicke scalar-tensor theory [7], k-essence theory
[8—10], Galileon theory [11—13], gauge theories of grav-
ity [14—17], Starobinsky model [18] and its extension
with Weyl symmetry [19-21], etc. To be theoretically
consistent, such models should satisfy well-definedness
conditions. For example, the equation of motion should
be of second order in derivatives to avoid instabilities or

so-called "ghosts" [22]. With these -considerations,
Horndeski gravity stands out as a well-formulated and
highly general theory [23—25]. It is constructed by simply
adding one scalar degree of freedom to GR. Therefore, it
serves as a good starting point for exploring the paramet-
er space of modified gravity theories [25—30].

Since 2015 the observation of gravitational waves
(GW) from compact binaries has provided a new plat-
form for testing gravitation theories [31]. For example,
the merger of neutron stars GW170817 has shown that
the speed of a GW is very close to the speed of light [32].
In general, compact binaries are canonical objects for
gravitating systems. Besides the GW signals, the emis-
sion of electromagnetic pulse signals has provided useful
information about their orbital dynamics as well, and
such binary pulsars can be used to test gravity theories
[33, 34]. For our purpose, we take the precession of the
orbital motion to test Horndeski gravity due to the relat-
ively high precision. We compare our theoretical predic-
tions with the values observed for two binary pulsar sys-
tems, PSR B 1534+12 [35] and PSR J0737-3039 [36].
Formulating the post-Newtonian (PN) dynamics of a bin-
ary system in Horndeski gravity, we provide a self-con-
tained approach to constrain the parameter space of such
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a theory.

Concretely, we investigate the dynamics of an inspir-
al compact binary system in Horndeski gravity. We ex-
tend a PN effective field theoretical (EFT) approach in
GR [37-39] in the perturbative regime. By taking the or-
bital velocity as an expansion parameter, we calculate the
leading contributions and integrate out the potential mode
to get an effective action for the binary system. This for-
mulation gives us a systematic way to analytically evalu-
ate the effective dynamics of any order of orbital velo-
city. In particular, we can include the contribution from
the self-interaction of the scalar field and give a bound
for the coupling constant from the observation of binary
pulsars. This approach can be systematically extended to
include higher-order dynamics.

This paper is organized as follows. In section II, we
introduce the formalism of Horndeski gravity for a gravit-
ating compact binary system and build up the full Lag-
rangian. Then, in section III, we introduce the post-New-
tonian EFT approach for calculating the binary dynamics
and give the detailed Feynman rules from the expansion.
In section 1V, we obtain the orbital precession in conser-
vative dynamics of a binary system at first PN (1PN) or-
der by calculating a series of the Feynman diagrams
needed for the 2-body dynamics in Horndeski gravity. In
section V, we compare our results with the observations
of binary pulsars and constrain the model's parameters.
Finally, we summarize the results and give our conclu-
sion.

Throughtout our discussion, we use mostly-minus
signature (+,—,—,—) for the metric 7,,.

II. HORNDESKI GRAVITY

Horndeski theory is the class of modified theories of
gravity that introduce an extra scalar degree of freedom ¢
while having a second-order equation of motion for the
fields. Thus, it avoids the Ostrogradski instability caused
by higher derivatives. Its action has the general form

595+ [ {X+G:(0.0+ 66,086
+Gy(@, XOR+Gux [(O9) - $,,9"]
G
+Gs($.X)G" ¢~ ~ X [(09)’ = 3000, 0"

+2,,0" ] } (1)

where the spacetime integration is defined as
[.= [d*x=g, g is the determinant of the metric field
8uvs SEH = —2m[2, fXR is the Einstein-Hilbert action of the
Ricci scalar R determined by g, m;z =32nG, G is re-
lated to Newton's constant, G*” is the Einstein tensor, and
G,(¢,X) are functions of ¢ and X with notations

fa=04f forany function f of A.

We impose that the speed of the GW propagation is
the same as the speed of light, then only the G.(¢,X),
G5(¢,X) , and G4(¢) terms remain [25]. To calculate the
leading PN effective Lagrangian, we only need to ex-
pand the full Lagrangian for 3-point vertices. In addition,
the linear ¢ or X terms in G, can be shifted away by re-
definition of ¢. Furthermore, we consider massless scal-
ars so that ¢* terms are not included. The 3-point vertex
20X term can be combined with the kinematic term of X
and redefine 1+ g,¢d¢p — d® to canonically normalize
the kinetic term. Therefore, the leading term in G»(¢,X) ,
for our interest, is ¢*. For a detailed discussion about the
removal of the g,¢X term, see Appendix A.

Let us consider the following action

S 5 S+ [ {X+Ga4.X)+G3(¢. X)0p+ Gu(®R} . (2)

In particular, we consider the following case to illustrate
the dynamics

G, =gm,$*/6, Gs= gzm,‘fX, Gy =2gsmpo, 3)

where g,g3, and g, are normalized dimensionless con-
stants that are to be determined or constrained by obser-
vations. Note that g; is parameterized to be dimension-
less by introducing the inverse of Planck mass which is
large compared to the energy scales of the typical pro-
cess in a binary pulsar system. This suggests that the vi-
able g; can be a big number, still allowed by the bound of
binary pulsars, as we shall see in later discussions.

In addition, we should add the gauge-fixing (GF) term
associated with the gauge invariant action Sgu, Scr,
which in harmonic gauge is given by

Scr = mi fx gﬂvr‘#r‘v’ " = gPoT* €))

po?

where I%,, is the connection determined by the metric
8uy-

As we only consider the inspiral phase of the com-
pact binary in which the stars are moving much slower
than light, we can treat the binary system classically.
Each star of the binary system is regarded as a point
particle with mass m,, located at x%(¢), and interacting
with the gravitational field which is described by a world-
line Lagrangian S ,,:
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Sppz—Zma/d‘ra

a=1,2
dx; dx,
==X Ja eSS

To summarize, the full action is
v 8
S = / {mi (g 1"T" —2R) + X + ém,,¢3

+ %Xudb— 2g4m, ¢R} - Z /mad‘ra. (6)

P a=12

We can observe that the scalar field does not couple
with the worldline Lagrangian (that is, matter) directly,
but only indirectly through gravity, which shall simplify
the calculations, unlike previous investigations on scalar-
tensor theories in which the scalar field couples directly
to matter [40—43].

III. POST-NEWTONIAN EXPANSION AND
EFFECTIVE FIELD THEORY

To work out Horndeski theory for a compact binary
system in the inspiral phase, we use an effective field the-
oretical approach based on PN expansion [37], which is
often also called the non-relativistic GR (NRGR) method.
In the inspiral phase of a compact binary system, the or-
bital velocity v is in a non-relativistic regime and much
lower than the speed of light. Hence, it is meaningful to
separate the scales of energy with respect to the post-
Newtonian expansion parameter v. In particular, we have
3 relevant physical scales in the system: the Schwarz-
schild radius of the system, r, = 2Gm, the radius of the or-
bit, », and the wavelength of the gravitational wave, /.

In a non-relativistic regime, the system satisfies the
virial theorem V> ~Gm/r, thus we have ry/r~Vv> < 1.
While from A ~ r/v, we have r/1~v < 1. So these scales
are separated in the non-relativistic limit v << 1. The phys-
ics at the scale r;, is only relevant in strong field regime
and contained in the effective mass of point particles. The
main physics in the system is carried by gravitons with 4
wave-vector of order (w,lk|) ~(v/r,1/r) in the potential
region and of order (w,|Kk|) ~ (v/r,v/r) in the radiation re-
gion. Furthermore, by integrating the potential gravitons,
we will get the effective potential and the effective coup-
ling of the radiation of the systems.

To perform the calculations in effective field theory,
we have to expand a field in different modes for different
energy scales. For the Horndeski theory, apart from the
metric field whose expansion yields two tensor modes of
gravitons, we will have an extra scalar field. Both the
scalar and tensor degrees of freedom have their potential

and radiation modes. Expanding the metric tensor and
scalar fields in different regions, we have

8y —Muv = (H/zv + huv)/mps ¢ =0+ ¢pots (7)

where H,, and O are referred to as radiation modes, while
h,, and ¢, are referred to as potential modes. In the fol-
lowing discussion, we will use ¢ without subscription to
refer to the potential part of the scalar field in order to
avoid confusion.

In the gravitating binary system, our goal is to calcu-
late the effective Lagrangian for the two stars and to give
observable quantities. We consider the amplitude of two
classically moving point particles scattering by exchan-
ging potential modes. After integrating these potential
modes, the amplitude will yield the effective Lagrangian
of the classical motion of the 2 binary stars. Thus we can
use the agreement of the calculated quantities of the ef-
fective motion with the observed values to determine a
bound for our model parameters.

A. Feynman rules of post-Newtonian EFT for the bin-
ary system

To perform the post-Newtonian EFT calculations, we
need to derive the Feynman rules from an expansion of
the full Lagrangian and collect the relevant Feynman dia-
grams for a binary system. To calculate the effective Lag-
rangian of the compact stars up to 1PN order in an EFT
approach, we derive the propagators of tensor and scalar
modes, and relevant three-point vertices between these
modes and the worldline. Here we only show the propag-
ators, and leave the vertices in Appendix B.

To obtain the propagators, we expand the action up to
#*,¢h and h* order, and turn to momentum space repres-
entation,

R (x) = / e " h(p), 8)
P

where f,, stands for integration over momentum space
Jd*p/2m)*. Then the relevant action can be written as
follows

. i p2 Ao byv hp(r
1S¢2,¢h,h2 = /7 h v ¢ ) (9)
» 2 ( H > o 1 ¢

where we have defined the following quantities

. 1
AHVPT — E (nupr]wr + ny(rnvp _ nyvnp(r) ,
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P = —2g, (nw_ P;fv) . (10)

The inverse of the kinetic terms then gives the tensor and
scalar propagators as displayed in Fig. 1,

<<hw<p)hm(—p>> <h,w(p)¢<—p>>>
BDhe(=p))  (S(P)S(—p))

L ATBTA e (ATD),
:% uvipo Tl ileA*'b 1-bTA-'b L an
P C(OTAY,, 1
1-bTA-1p 1-bTA-1b

where we can calculate

- 1 Vo o VP V. g ppV
Asvpr = 5 @041 07 =117) G (P) = o +2 ;2 :

(12)

(A7'B) = 84qu(P), (AT'DL"A™) 00 = 8360 (D)o (D),
(13)

bTA'b=—6g2, 1-b"A"'b=1+6g. (14)

Then we can read the propagator for the tensor modes,

h

[ LA

<hyv(p)hp(r(_p)> = épflv;p(r(p)»

283
1+6g7

_ K
Pyv;pu’ = A#yl;po- - ECIW(P)QW(P), K= (15)

The scalar-tensor mixing term is given by the off-diagon-
al term

<hyv(p)¢(—p)> = _L 84

22 (). 16
p21+6giq,1 (») (16)

For off-shell potential modes, p = (w,p), w ~ |p|lv. Hence
at the leading order, we can estimate that

1
Poo,00 = 5(1 +K),

PiP;
o (17)

1
Poosij = 5(1 —K)Oi;j —K

Poioj = — 5 0ij.

For the off-diagonal term, the components of g, are

go=1, qoi=0, g;= _6ij_2% (18)

at the leading order. To perform the integration in poten-
tial modes, we turn to three-dimensional Fourier-trans-
formed configuration space in which the propagators are
written as

9 ¢ ¢

Fig. 1. Tensor and scalar propagators. The solid line represents the scalar mode, and the dashed line represents the tensor mode.

ho:

I N ISR . A
hOO hOO

kT - vz - 03
hog h[)i

h hi;
LI ij
hgg hOl hOO
o< - s
hOO hO] if

Fig. 2. Worldline-graviton vertices. Double lines represent the particle worldline while the dashed lines represent (tensor mode) grav-

itons.
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<hpv(p’ L )hp(r(_p9t2)> <huv(p7t1)¢(_p,t2)>
<¢(p’tl)hp(r(_p’ t2)> <¢(p’ tl)¢(_p7 t2)>

+(P)
i Pﬂv;pa'(p) - gf_q:6g[j2‘
=— Ezﬂ'é(h - tz) _g4qpo'(p) 1 . (19)
1+6g2 1+6g2

Note that we could diagonalize this propagator mat-
rix, which then will induce coupling between matter and
scalar field. However, in the basis without diagonaliza-
tion, the contributing diagrams would be simpler due to
the absence of direct coupling between matter and scalar
field, although the two bases are equivalent.

B. Extraction of the classical contribution

As we need the classical dynamics of the system, we
have to extract the pure classical part (leading in %) from
the EFT calculations. In other words, this means that we
should limit the exchanged graviton modes to the poten-
tial modes. Such contributions involve the diagrams satis-
fying 2 criteria:

1. Every loop must include an edge on one of the
worldlines, otherwise, the integration of loop momenta at
a large energy scale will introduce radiative contribu-
tions.

2. No internal edge must start and end on the same
worldline, otherwise there will be internal energy contri-
bution for the particle on the worldline.

With these restrictions, the number of relevant dia-
grams can be considerably reduced.

When integrating internal momenta in loop diagrams,
we have to regularize and renormalize the divergences in
the divergent integrals. We choose dimensional regulariz-
ation and minimal subtraction scheme in our EFT ap-
proach [37]. So the dimensionless integrals vanish and
can be dropped. For 1PN calculations, the most general
integrals can be written as follows

f(n17n2’n3an4,n5;r)

_ [ A (e o)
@m Cmy (p3)" (p3)" [(p1+p2)?]"

eip] ~r+ip2-r. (20)

We set the dimension d = 3 and drop the scaleless in-
tegrals. Among integrals with different n;, there are lin-
ear relations generated from the integration of full
derivatives or integration by part. Using these relations,
all the integrals are reduced to f(1,1,0,0,0;r) multiplied

by a factor. After integration, f(1,1,0,0,0;r) yields
simply

d d ip1-r Lipar 1 2
70,1000 = [ LS (L) as

Q2m)d 2myd pr p3 4y
21
For example, we have
f(11—100~)——3f(11000-)——ii (22)
s Ly ”7r_r2 ’397’r_87r2r4’
FOLL=2,0,0:0) = 22 £(1,1,0,0,0:7) = — & (23)
sy 577r_r4 7”’,”_271'2}"6'

IV. BINARY DYNAMICS IN HORNDESKI
THEORY

In this section, we discuss the classical binary dynam-
ics in Horndeski gravity up to 1PN and show the leading
contributions in diagrammatic pictures. By calculating the
scattering amplitude, we can obtain the corresponding
Lagrangian and Hamiltonian, which determine the clas-
sical dynamics.

A. Post-Newtonian results

For classical binary dynamics, at the Newtonian or-
der, we have only one diagram, as shown in Fig. 3. The
amplitude of the diagram in Fig. 3 is calculated as

mymy

iﬂozi/dtG
p

At the first post-Newtonian (1PN) order, we have the
following diagrams to calculate. The diagrams in Fig. 4
have the same topology as the leading order one but with
higher order O(v*) vertices, thus they scale as O(Gv*). We
calculate the amplitude as

(1 +x). (24)

Fig. 3. Leading-order diagram for binary dynamics.
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hoi ho; hoo . hoo

Fig. 4. Next-to-leading diagrams at tree level with tensor modes only. (a)

hij  he hoo  hoo
e vE == - ==
hop - - 00 o - | o0
<2 hoo -—QO<OG
hoo ™=~ | hog ][ oo

Fig. 5. Next-to-leading diagrams at one-loop level with tensor modes only. (b)

¢~ | Foo
hoo %
~{| To0

The next-to-leading diagram at one-loop level with

Fig. 6.
scalar self-interaction. (c)

. . Gmym; [ 3 K
1Ajq =1/dt 2 b (1+§> (V%+V%)

r

—z(1+3—K>V v
) 7 1°v2

1
= 5(1=30m-v)(n-v2)

v rmnr) | n=me @)

N =

The diagrams in Fig. 5 are one-loop ones with leading-or-
der vertices and scale as O(G?). We obtain

2 |
iﬂ1b=i/dtw (—§>(1—7K+5K2—5K3).
(26)

Because of the ¢ vertex (spatial derivatives are al-
lowed), we also have the diagram shown in Fig. 6. As we
are working in the base with ¢ —h mixing-type propagat-
ors, only / gravitons are interacting with matter world-
line directly. Therefore, this diagram does not vanish
when the mixing is present. We obtain

kL7 hOU kl,// hOO
hoo——y-<: hoo-—u*:
007~ | hgo "=~ || hoo

- hOO

0 0
hoo-———§ I -

~ h()() hyp ~ hOO

Fig. 7. Next-to-leading diagrams at one-loop level with
graviton-scalar mixing. (d)

hy .| h A h
pv - 00 0} 00
oo || -2 - hoo - 4= —\/

hp; ~J| oo h “~ | oo

Fig. 8.  Next-to-leading diagrams at one-loop level with
graviton-scalar mixing. (e)

G mymy(my +my) L ( 84 )3
1 c= i d[— —4 £ s
A l/ r2 & 72 1+6g4

Gh
lp: ?

27

This contribution is proportional to 1/7* and comes
from the scalar self-coupling with the derivatives g;X0O¢.
Note that the presence of the Planck scale I does not
mean it is a quantum correction. This term appears be-
cause our parameterization of g; in Eq. (3) introduces
such a length scale for such a coupling. Moreover, the
coupling g,¢> does not contribute at this leading order,
since it is proportional to the integral

d*p; dp, 1

eip1~r+ip2~r. 28
(27m)> (2n)° pip3(p1 +P2)? @8

035101-6



Post-Newtonian binary dynamics in the effective field theory of Horndeski gravity

Chin. Phys. C 48, 035101 (2024)

This is scaling as p° , hence the result is a constant in r
and does not affect the dynamics.

Additionaly, other contributing diagrams are shown in
Fig. 7 and Fig. 8. Their results are respectively

2
iﬂldzi/dtwg(l—m, (29)

and

G 7
iﬂ1e=i/dtwk(l—6k+ikz>. (30)

72

B. Reduced hamiltonian and periastron advance

In the amplitudes we have calculated, we should
make the substitution G(1+«) — G, so that the Newtoni-
an-order effective Lagrangian is the same as Einstein's ef-
fective Lagrangian for two particles. The effective Lag-
rangian is extracted from the matching relation

iA=i [ Ldr. 31)

Exploiting the matching relation at each PN order, we
have

1 G
Lopx = Z Emavi + @, (32)

1 G2mimy(m, +my) B
Llezzgmavz+—l 2r21 2 a+ar—z

Gm1m2
+

p {ﬂ(v% +V§) +yvi-va+0(m-vy)(n-vy)

+e[m-v)’+m-vy)’] },

(33)
where we have defined the following quantities
_1-10«+206% = 126
2(1 +«)?
3
< 84 2
@ = 4g3(1+6g3) /(1+K)7
= (3+3¢) a0
F=\7%2* -
7 3
Y= <—§ - EK) /(1 +x),
1 3 K
5—(—§+§K) /(1+K),6—2(1+K). (34)

After a Legendre transformation of the 1PN two-body
effective Lagrangian, we can get the Hamiltonian. In the
meantime, the two-body motion can be reduced to the
motion of a reduced mass u =mm,/(m; +m,). After res-
caling the following quantities

r—r/(GM), E—-E/u, t—t/(GM),

(35)

p—plu,

we have the Hamiltonian for the motion of the reduced
mass

1
(B8P e~ Ceromm ] (6)

where

mny
— M=m+m,;,, v=

B

- my +n ’
According to Damour and Schafer [44], we can use
Hamilton-Jacobi Formalism to derive the periastron ad-

vance A® per period from the reduced Hamiltonian,
k=A®/(2n),

k=%{{(%+a+2ﬁ+e)

1
- <%+4,B+27+6+26) v} —

2
L+ 2} @
where
. Jo_ (l—ez)a’ E:_lGM,u:_%'
uGM GM u 2a 2a

Rewriting these with observable parameters, eccentricity
e, orbital period P,, and inferred total mass M, and con-
sidering the following relations

2
3

o 1 GM 1 L [P\~
W= - a l—ez(GM)g (27?') ’
1GM 1 P,\"} (%)
2_20M 2 ()
Ele™ =3~ 2(GM)3(2 ) ’

we obtain the periastron advance in the discussed
Horndeski theory
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Observables fitted from pulsar timing data of PSR B 1534+12 [35] and PSR J0737-3039 [36].

PSR J0737-3039A/B

Table 1.
Quantity PSR B 1534+12
Period Py, = 0.420737299122(10)d

Eccentricity
Pulsar Mass
Companion Mass
Total Mass

Precession Rate

e =0.2736775(3)
my = 1.3332(10) Mo
my = 1.3452(10) Mo
M =2.678428(18) Mo,
@ = 1.755789(9) deg/yr

Py, =0.1022515592973(10)d
e =0.087777023(61)
my = 1.338185(*13) Mo
mp = 1.248868(*13) My
M =2.587052(*7) Mo
@ = 16.899323(13) deg/yr

_ {3+21K/2—8K2+6K3

T2 (1+«k)?

.\ alct 6(1+e2/4) <27rGM)2
(GM)* (1-e?)? P, '

3KV}
1+«

(39)

V. CONSTRAINTS ON MODEL PARAMETERS
FROM OBSERVATION

Now we can use the observation data from several
binary systems to constrain the model's parameters. Here,
we choose two typical pulsar binary systems, PSR B
1534+12 [35] and PSR J0737-3039 A/B [36], which have
a rather high observation precision of periastron advance.
The observed data for the two systems are shown in Ta-
ble 1. We use the observed values of periastron advance
and their error to obtain a bound for physical values in the
g3 — g4 plane. In principle, the total radiation power is an-
other observable that can test the 1PN dynamics of the
model. However, the precision is much lower than that of
periastron advance, therefore here we only use informa-

tion from the latter.

A=-2 ----- A=0 ——— A=2
4x10%F | g
1
1
I
1
2x10% | ! :
1
2
1 ool
1 //’
(5] / ya
[} 0 S ;
.__.—’/ /
1
.. 1
1
-2x10% 1 C 1
|
1
1
I
-4x10%¢t ! :

-0.004 -0.002 0.000 0.002 0.004
94
(a) PSR B 1534+12

Fig. 9.

From the observed pulsar timing data of the system,
people usually extract a set of Kepler parameters from the

data

{w,xae9 T()’Pb}? (40)

to represent the dynamics at the leading order of relativ-

istic expansion[45]. Here w is the angle between the line

from the orbital center to the point of the periastron and

the nodal line, x = asini is the apparent semi-axis, and 7

is the observation time. The higher-order dynamics which
is relevant in our model can be expressed as the rate of
these experimental parameters. This so-called post-Kep-
lerian includes the periastron advance wo as well as the
changing rate of the orbital period T, which is related to
the radiated power and other parameters. we will make
use of the observation data of @o, which has a high preci-
sion, to constrain our model parameters..

We implement the constraints from the observed val-

ues for fractional periastron advance per period &:

A=-2 ----- A=0 ——— A=2
1x10%F ; .
1
I
I
I
5)(1089, : 4
I RN
1 1 S<Sn
1 1 T
- L
S3 0 H f
- I I
e 1 I
LS./ 1
oS ]
-5x10%F H 1
1
I
I
I
-1x10%L ! :

-0.004 -0.002 0.000 0.002 0.004
94
(b) PSR J0737-3039 A/B

Constraint of g3 and g4 for the two systems. The solid lines represent the trajectory of (gs,g3) values which give

kmodel = kobs —2Z, the dotted lines represent the trajectory of kmodel = kobs, and the dashed lines represent the trajectory of kmodel = kobs +2Z.
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kobs — wﬂ, A= kmodel - kobs

/ 2 2
2m O nodel + T obs

s 1Al <2, (41)

where kmode 18 given by Eq. (39), and should lie within
20 around the observed value k.

The bound of g; and g4 is showed in Fig. 9(a) and
Fig. 9(b) for the two systems, respectively. Here we use
Y= /0?2 4 t0%, to represent the total standard error.
As the observed values can be greater or smaller than the
predicted ones, we see the dotted lines have different
shapes in these two systems. The reason is that in Fig.
9(a) we have kmodel.ar < kobs, While in Fig. 9(b) we have
Kkmodel.GR > Kobs- Here kmodergr 18 the predicted value if there
are no corrections for general relativity. Despite this dif-
ference, the predicted and observed values in the two ex-
amples both lie within the 20 range. Note that the large
value of g; is again due to our parametrization of the g;
term in Eq. (3).

VI. CONCLUSION

We have investigated the conservative dynamics of a
binary system up to the first-order post-Newtonian in
Horndeski gravity by formulating its effective field the-
ory. From the effective Lagrangian or Hamiltonian, we
have computed the periastron advance of a binary system
in its inspiral phase. Comparing the theoretical predic-
tions of periastron advance for two binary systems with
their observations, PSR B 1534+12 and PSR J0737-3039,
we have obtained the constraints on the model paramet-
ers: g3 and g4 in Eq. (3). The contours of the available
parameter space are shown in Fig. 9. As the precision of
these observations will improve in the future, we expect
the bound of these parameters to become more restrictive.
Also, the formalism developed here can also be systemat-
ically extended to higher orders by summing higher-loop
diagrams and applying it to other binary systems, includ-
ing binary black holes. Effects on the gravitational waves
of such an inspiral system would also be interesting
[46—50], which we shall explore for future work.

APPENDIX A: ¢X TERM AND REDEFINITION

The g,¢X term can be removed by field redefinition
¢ — © with

(1+¢)X, = Xo. (A1)

Here we use the notation X, = %g‘”V,,AVVA and unit
m, = 1. In differential form, we demand that

V1+g¢dp — do. (A2)

To integrate the equation, we set the zero point of ® so

that ® =0 when ¢ =0, then

¢:g£l {<1+;g2®>3—1}, (A3)
3\
Xy = (1 + Egzq)) Xo, (A4)

3 3
od-g (1 + Egzq)) Xo,

1 4
3 3

)
=(1+2g0
o¢ (+282

(A5)

3 -l 3 -2

X¢,D¢= (1 + Egzq)) X@Dq)—gz (1 + Egz(D) Xé

(A6)

Assuming that this correction to kinematic term is small
g¢ <1,

1
p=0— 1 22D +0(D?). (A7)
Then the correction to G; is of higher order

X,0¢ = (1 - %gzcb + o(d))) XoO® — g (1 —3g:® + 0(P)) X2.
(A)

APPENDIX B: FEYNMAN RULES

Similarly to the derivation of graviton propagators,
we expand the worldline action S ,, to find the couplings
of gravitons and the point mass source at each order. To
calculate an effective Lagrangian up to 1PN order, we
need worldline vertices with at most two gravitons and up
to the O(v?) order. We expand the Lagrangian to get

[ dxtdx
Spp :_Z/madTa = _Z/ma guvggdt

Z hoo h%o hOinl hoohOiVi,
= dtma 1+27—872+7—272
- m, 8m;  m, m,
2 2 i i 2 2 i i
Va , hoova | hijvave  3hogve  hoohivivy

2 4m, 2m,, 16m§ 4m§
tahind )
me,

(B1)

The Lagrangian of particle worldlines in Eq. (B1) are
expanded up to the O(v?) terms. Terms without A, con-
tribute to the kinetic energy of the binary. At 1PN order,
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this yields the kinetic energy tices as in Fig. 2, these vertices are summarized in Table
Al.
Eyy = Z % mev? + Z é mav. (B2) For the three-point gra.viton self-interaction vertices,
=12 =12 we need to expand the action up to the O(h*) order. The
action is then Fourier transformed and symmetrized in
Up to the v?*h* order, we have the worldline-graviton ver-  py, pa, ps:

.21

1
i) =—1——/ o0 [ HPOH P 0P +(1 5253 141 53525 1)
pi

|
my, 3!

1 1 1
+ {Rh(Pl)h(Pz)h(Pa) = gMPOR (P2l (p3) + ihyy(pl)h‘j,(pz)hi,(m)} Z v

+

—_ N =N =

where & without indices stands for traces h(p) = h//(p) and

8y = 2m)*6(p1 + p2 + p3), /("') =
Di

(O P2y (P PP = PhpD +(1 5253 5 D+ (153525 1]
[hﬂv(pl)hp(r(pZ)hpa'(p3)p,2lp; +(1 -2-53- 1)+(1 —-3-52-> 1)]

+ 5 e (PORE PR (o) PPy = Pip) +(1 2253 = D+ (1 =352 - 1)]} : (B3)

d*p, d'p, d*ps
(2my* (2my* (2m)*

().

Similarly, we have symmetrized the 3-point vertices in the expanded action at O(¢?). For instance,

ig‘;

iSp = W / Op [(Pl P25+ (p1-pa)p3 +(p 'Pz)P%] d(p)P(P)P(p3). (B4)
pi

'

Table Al. Worldline-graviton couplings up to O(h%), O(?).

) oY o(?)
2
. _iMaVa ikx,()
. hoo © — a . ikx,
. Ma kx 0) MgVl 00 l4m ¢
A hoo : —im—e™ hoj © _jMaVa Jikx(r) p ;
- )
2my mp i _jMaVaVa ikxa(n)
4 2my,
2
2 . 3Mmavg i(kq +K3)-Xa (1)
00 i 2" €
P
2 s Ma ik ko) xg mgvl _ mgvivl _
2 hOO- 1ﬁe‘( 1+K2)Xq (1) hoohos : lﬁel(kld—kz))(a(f) h()ih()_j3 l%el(kﬁkz)xa(t)
p mp, my
i)
hoohi; i Ma¥a¥a it +io)xa(r)
J 4m§
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