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Impact of the Brink-Axel hypothesis on unique first-forbidden
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Abstract: Key nuclear inputs for the astrophysical r-process simulations are the weak interaction rates. Con-
sequently, the accuracy of these inputs directly affects the reliability of nucleosynthesis modeling. The majority of
the stellar rates, used in simulation studies are calculated by invoking the Brink-Axel (BA) hypothesis. The BA hy-
pothesis assumes that the strength functions of all parent excited states are the same as for the ground state, only shif-
ted in energies. However, the BA hypothesis has to be tested against microscopically calculated state-by-state rates.
In this project, we study the impact of the BA hypothesis on calculated stellar 8~ -decay and electron capture rates.
Our investigation include both unique first forbidden (U1F) and allowed transitions for 106 neutron-rich trans-iron
nuclei ([27, 77] < [Z, A] < [82, 208]). The calculations were performed using the deformed proton-neutron quasi-
particle random-phase approximation (pn-QRPA) model with a simple plus quadrupole separable and schematic in-
teraction. Waiting-point and several key r-process nuclei lie within the considered mass region of the nuclear chart.
We computed electron capture and S~ -decay rates using two different prescriptions for strength functions. One was
based on invoking the BA hypothesis and the other was the state-by-state calculation of strength functions, under
stellar density and temperature conditions ([10, 1] < [pYe(g/ecm?), T(GK)] < [10", 30]). Our results show that the
BA hypothesis invoked UlF B~ rates are overestimated by 4-5 orders of magnitude as compared to microscopic
rates. For capture rates, more than two orders of magnitude differences were noted when applying the BA hypothes-
is. It was concluded that the BA hypothesis is not a reliable approximation, especially for 5~ -decay forbidden trans-
itions.
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I. INTRODUCTION

In astrophysical measures, forbidden transitions are
the key elements to study the weak nuclear processes (5 -
decays and electron captures), in addition to the allowed
transitions [1—4]. When the electron chemical potential of
the stellar interior approaches ~30 [MeV], first-forbidden
(FF) transitions become important relative to the allowed
Gamow-Teller (GT) rates. The B~ -decay half-lives of
nuclei having large Z numbers and with Z and N beyond
closed shells have sizable contributions from FF decays
[5, 6]. Reliable calculation of weak rates, including 8- -
decay (BD) and electron capture (EC), on heavy trans-
iron neutron-rich nuclei (70 < 4 < 208) are a prerequisite
to studying the rapid neutron-capture (r-) process [7-9].
Particularly, the weak rates associated with FF BD trans-
itions on closed-shell waiting-point (WP) nuclei, with N

numbers 50, 82, and 126, can potentially affect the pro-
gression of matter in the r-process pathway. The ob-
served peaks in the abundance pattern of r-process ele-
ments arise due to the deceleration of matter flow at these
WPs. Thus, matter assembles at the WP, and nuclei un-
dergo a series of BDs before the r-process recommences
[2, 10-16]. The high temperature (> 1 GK) and high neut-
ron density (> 10%° g/cm?) conditions associated with the
neutron-star to neutron-star collisions [17] and core-col-
lapse supernovae (CCSNe)[11] establish a site for creat-
ing the r-process elements.

The weak rates are calculated based on charge-chan-
ging strength functions or transition probabilities. The
charge-exchange reactions provide GT strength distribu-
tion data from the ground states of high mass nuclei (e.g.,
[18-23]). However, measurements can provide informa-
tion only for a limited number of nuclei. In addition, in an
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exotic stellar environment, states can be thermally popu-
lated, and transitions from the excited states, which gen-
erally are not measurable under lab conditions, contrib-
ute significantly [7, 24]. Despite the improved measure-
ment facilities on new heavy-ion accelerators (e.g.,
[25-29]), obtaining satisfactory and accurate information
from high-lying excited states using experiments seems
daunting. Consequently, astrophysical simulations rely
heavily on theoretical estimations. However, it is still
challenging for nuclear models to perform rate calcula-
tions near neutron (proton) drip lines and regions of high-
er mass nuclei, owing to the complex structures of correl-
ated many-body nuclear systems. The majority of the pre-
viously calculated set of weak rate calculations [24,
30-33] used an approximate method invoking the so-
called Brink-Axel (BA) hypothesis [34, 35]. Several stud-
ies have investigated the accuracy of the BA hypothesis
[36-47]. Most of these works have shown that the BA
hypothesis is a poor approximation for usage in calcula-
tions related to stellar weak rates. The test of the effect-
iveness of the BA hypothesis is crucial for reliable estim-
ation of stellar weak rates. To the best of our knowledge,
earlier studies did not cover the r-process nuclei nor the
validity of the BA hypothesis for computing forbidden
transitions. The present investigation reports the effect-
iveness of the BA hypothesis for calculating the stellar
(EC and BD) weak rate. We selected 106 r-process nuc-
lei (27 < Z <82 and 70 < 4 <208) and studied their al-
lowed and UIF transitions under stellar conditions. The
calculation of terrestrial BD half-lives and f-delayed
neutron-emission probabilities of the nuclei has remained
the focus of many past investigations. These include ex-
perimental [25-27, 29, 48] and theoretical studies based
on the shell model [3, 32, 49], QRPA +Gross theory [2],
density functional + continuum QRPA [16, 50], empiric-
al calculations [51], machine learning [52], relativistic
Hatree-Bogoliubov + QRPA [15], pn-QRPA [53, 54], and
relativistic QRPA [55].

The current manuscript is structured as follows. Sec-
tion II briefly describes the pn-QRPA formalism calculat-
ing the strength functions and decay rates for the U1F and
allowed (GT) transitions. The results are discussed in
Sec. III. Finally, Sec. IV highlights the findings of the
current investigation.

II. THEORETICAL FORMALISM

A simple and microscopic theoretical framework
based on the pn-QRPA theory was employed to check the
reliability of the BA hypothesis for weak rate calcula-
tions, including U1F and allowed GT transitions. Using a
separable and schematic interaction made access to up to
7 major oscillatory shells model space possible in the cur-
rent calculation. This enabled us to calculate strength
functions in a state-by-state fashion for high-mass nuclei

considered in this project. This simple yet effective mi-
croscopic approach has wide applications in astrophysic-
al studies [4, 6, 56, 57].

The pn-QRPA theory deals with the quasiparticle
states of proton-neutron systems and correlations between
them. The ground state is a vacuum for the QRPA phon-
on, [,|QRPA>=0, with the phonon creation operator
defined by

U = X wajal - Y5 (wias, (1

v

where v and =z, respectively, denote the neutron and pro-
ton single quasiparticle states, and (a',a) are the creation
and annihilation operators of these states. The sum runs
over all possible mv-pairs which satisfy u =m, —m,, with
m,(m,) being the third component of angular momentum.
The forward-going (X,) and backward-going (Y,) amp-
litudes and energy (w) are the eigenvectors and eigenval-
ues, respectively, of the famous (Q)RPA equation

M N
-N -M

X
Y

X
Y

=w

2)

The solution of the RPA equation (Eq. (2)) was ob-
tained for each projection value (u =0, +1 for allowed
and ¢ =0, 1, £2 for UIF transitions). The M and N mat-
rix elements are given by

Mirv,zr’ v :67rv,7r’ v (87r + 8)/)

PP
+ VM”,V,(V,,VVV”/ Vyr + Uy Uy Uy )
ph
+ Voyrry Wrly Vi Uy + UgVy U V), 3)
_\/PP
Ny _Vzrv,n’v’(uﬂuvvﬂ’ Vy VeV U Uy )

_yh

nv,n’v’(vnuvun' Vy + unvvvn'uv’), (4)
where the quasiparticle energies (&,,¢,) and the occupa-
tion amplitudes (i), Vxtr) ), Which satisfy u”+1v? = 1, were
obtained from the BCS calculations. In the first step, the
quasiparticle basis was constructed in terms of nucleon
states and defined by Bogoliubov transformation with
pairing correlations. Later, in the quasiparticle proton-
neutron pairs, the computation of the RPA equation (Eq.
(2)) was performed with separable GT residual forces,
namely particle-hole (ph) and particle-particle (pp)
forces. We took the pp GT force as [58]

Vo) = —2KGt Z(_l)#P;P*H? Q)

i

where
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Pr= > (o) ame) (=Dl @ (6)

Jntz jymy

and the ph GT force is [59]

Vonar) = 2xer Z(—l)" R.R',. 7
u

where

Ri= )" (Gomaloutljum)e . ¢jom,- ®)

itz jyimy

Introducing positive values of force -constants
(xor.kar), ensured the attractive and repulsive nature of
the pp and ph GT forces, respectively. Using the separ-
able GT forces in the calculation, the RPA matrix equa-
tion is reduced to a 4™ order algebraic equation. The
method to determine the roots of these equations can be
seen in [60]. This saves the computational time relative to
the full diagonalization of the nuclear Hamiltonian.

In the RPA formalism, excitations from the ground
state (J* =0") of an even-even nucleus are considered.
The ground-state of an odd-odd (odd-A4) parent nucleus is
expressed as a proton-neutron quasiparticle pair (one qua-
siparticle) state of the smallest energy. Then, the two pos-
sible transitions are the phonon excitations (in which qua-
siparticle merely plays the role of a spectator) and the
transition of the quasiparticle. In the latter case, correla-
tions of phonon to the quasiparticle transitions were
treated in first-order perturbation [61, 62]. Next, we
present quasiparticle transitions, construction of phonon-
related multi-quasiparticle states (representing nuclear ex-
cited levels of even-even, odd-4, and odd-odd nuclei) and

formulae of GT transitions within the current model us-
ing the recipe given by [60]. The phonon-correlated one
quasiparticle states are defined by

o) = all=)+ > alAL(wI=) (~llal Al ()] Hs all-)

XE]T(V’w)g
&)
Vear) = al=)+ > @l AL (1) (—llaf AL ()] Hsya]l-)
XEV(”?"-)),
(10)
with
1
E(bw)=————. ab=nv, (1n)
€ —€— W

where the terms E,(b,w) can be modified to prevent the
singularity in the transition amplitude caused by the first-
order perturbation of the odd-particle wave function. The
first term in Eq. (9) and Eq. (10) denotes the proton (neut-
ron) quasiparticle state, while the second term denotes
RPA correlated phonons admixed with quasiparticle
phonon coupled Hamiltonian Hj;, which was accom-
plished by Bogoliubov transformation from separable pp
and ph GT interaction forces. The summation applies to
all phonon states and neutron (proton) quasiparticle
states, satisfying m, —m, = u with n,7, = 1. The calcula-
tion of the quasiparticle transition amplitudes for correl-
ated states can be seen in [63]. The amplitudes of GT
transitions in terms of separable forces are

< ﬂ'corr|T—o-,u|Vcorr >=q;[rlv + 2)(GT [q;lrjv Z(Z;ZEH(Vv (,4)) + ZZ)ZEV(H7 (1)))

~ a8 ZoZ A En(,0) + By, )] + 261 G D (2 Zo Env,0) = 2525 By, )

~ G Y (2,25 En(v,0) = 23 2, E (T, )], (12)

< Mool TeTulVeorr >=%, +2xar1q0, Y (23 Ex(v,w) + Z,E, (1, w))

w

~4% > ZZEr(v,w) + E (. )] + 267 [Gny Y (232 E(v,00) = Z,Z, . (7, )

—an Y (Z3ZoEn(v,0) = Z,Z5 Ey(m, w)], (13)

< Veorr|Ta Ol Teon >= (=1 < Meonl Tz 0 ulVeor >

(14)
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In Egs. (12), (13), and (14), o, and 7. are spin and
iso-spin type operators, respectively, and the other sym-
b0l Gy (Gmv), 4y (an,), Z5; (Z3) and Z; (Z7") are defined
as

— U _
q7rv - fnvunvv» C]m/ - fnvunuvs

~ _ 1% _
Grv = JrvVallys 3y = frvVaVy

Z,=Y (X0 =YD,

my

Z5 =3 (XD G = Y2 ),
Y

Z,=) (XDqp+Yqy),
my

Z5 = (X5 gy, + YD), (15)

The terms X7’ and Y?" were defined earlier, and other
symbols have usual meanings. The idea of quasiparticle
transitions with first-order phonon correlations can be ex-
tended to an odd-odd parent nucleus. The ground state is
assumed to be a proton-neutron quasiparticle pair state of
the smallest energy. The GT transitions of the quasi-
particle lead to two-proton or two-neutron quasiparticle
states in the even-even daughter nucleus. The two quasi-
particle states were constructed with phonon correlations
and given by

1 .
Ve > = ayall-> ) Z Ay aj,éAZ)(—y)|— >

;o
7l .w

oot
X < =llay ay Al(~0) Hyayall= > Ex (7,7, w)

x < ~|la}, a}, AL, Hz ajal|~ > Ex/( v, w),

(16)
< Mol = alall->+ > alal Al (|- >
Vv .w
x < ~llapa, AL ] Hyaj, af, |- >
X Ep (Y, w), 17
<ViVaonl =l all->+ Y atal Al (-pl->
VW
x < —|[a}al, Al (=) Hyd! af |-
< [aﬂ’av’ w( /.l)] 31avl ayz >
XE, @V, w), (18)

where,

1
Ea(cd,w) = (e, +€)—(e.+€,+w) (19)

where subscript index a (b) denotes x, 7y, and v, (v, m,
and v,), and ¢ (d) denotes n’, 7}, and v; (', 7, and v}).
The GT transition amplitudes between these states were
reduced to those of one quasiparticle states

< 7T17T200rr|7-10-;4|7rvc0rr >
= 6(71-1,71') < 772c0rr|710_p|vcorr >

- 6(”2’ ﬂ) < ﬁlcorrlTiO-ulvcorr >, (20)

< VlVZCorrITio-—,ulﬂvcorr >
= 5("2, V) < VlcorrlTirO-—ylﬂ-corr >

- 6(V1 5 V) < V2c0rr|710-—;4|7rcorr >, (2 1)

by ignoring the terms of second order in the correlated
phonons. QRPA phonon excitations are also possible for
the odd-odd parent nuclei, where the quasiparticle pair
acts as spectators in the same single quasiparticle shells.
The nuclear excited states can be constructed as phonon
correlated multi quasiparticle states. The transition amp-
litudes between the multi quasiparticle states can be re-
duced to those of one quasiparticle states, as described
below.

The excited levels of an even-even nucleus are the
two-proton and two-neutron quasiparticle states. Trans-
itions from these initial states to final neutron-proton qua-
siparticle pair states are possible in the odd-odd daughter
nuclei. The transition amplitudes can be reduced to cor-
related quasiparticle states by taking the Hermitian con-
jugate of Egs. (20) and (21)

< ﬂ-VCOI‘I‘|T:tO——ﬂ|7T17r2COI‘I‘ >

= _6(71'9772) < Vcorr|TrO-—,u|7Tlcorr >

+ 6(7(9 7T1) < Vcorr|Tia——y|772corr >, (22)

< MWVeonr| T O ulV1Vacorn >
=0(v,») < ﬂcorrl‘rio_ylvlcorr >

- 5()/, Vl) < ﬂcorrlTiO—plvkorr > (23)

When a nucleus has an odd nucleon (a proton and/or a
neutron), low-lying states are obtained by lifting the qua-
siparticle in the orbit of the smallest energy to higher-ly-
ing orbits. States of an odd-proton even-neutron nucleus
were expressed by three-proton states or one proton two-
neutron states, corresponding to the excitation of a pro-
ton or neutron
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- + 1 P,
|71 T2 T3 c0re ) =ama;2am|—)+§ Z aﬂ,lajr;ai,Aw(uﬂ—)
n/l,lr'z,v/,w
X<_|[aZ]a;;a:’AL(H)]'H31ajn“;za;3|_>

X Er ryms (7r’17r’2v', w),
(24)

' 1 + .
¥ .
TVIVacon) = aj,l ail a,|-)+ 5 E ai‘r, a;zav,AL(—,u)|—)
1

vy
ﬂl,ﬂ'z,V LW

x(=lla, “Z;“l’AL(_ﬂ)]THslaZI aj a,|-)
X Eq vy, (M7 ,0)

1 b
- Pt AT _
+ E aV; ay,zav;Aw(,u)l )

x{-|la’ ', a’, Al ()]"Hs,a! al a |-)
Vl V2 V3 1 1 2
XEH]V]Vz(V]V2V37w)’

(25)

with the energy denominators of first order perturbation,

1

E . (def,w) = ,
ate ) (a+e+e—€—€—€—w)

(26)

where the subscripts represent 7, m,, 73, vi, and v, (7},
n, v, vy, v4 and v5). These equations can be used to gen-
erate the three quasiparticle states of odd-proton and
even-neutron by swapping the neutron and proton states,
ve—n and A (u) «— Al (-u). The amplitudes of the
quasiparticle transitions between the three quasiparticle
states were reduced to those for correlated one quasi-
particle states. For parent nuclei with an odd proton,

<7r1ﬂzvlcorrlTio-—u|7r17r27T3corr>
’ , ’
= 6(”1 ’ﬂ2)6(7r2v7T3)<Vlcon—|Tia-—;1|7rlcorr>
, , ’
- 5(7T1 7T )6(7T2’”3)<Vlcorr|TiO-7y|7r2corr>

+6(7T11,71'1)6(71"2,7T2)<V’100“|Tt0',#|7r3c0“>’ (27)

(m, ﬂ’2vllcorr|Tia—ﬂ|7T1 V1 Vacorr)
= 6V}, V)OI T ) Mg T2 TV 1c0re)
= O T )T o T OV 10
— SV VDI, ) M T OV e

_6(7[’2777])(ﬂ/lcorr|7-ia-y|v2corr>]7 (28)

<V1 v2V3c0rr|Tir 0-*,14 |7T1 Vi VZcorr)
= 6(v, V)O(V3, Va )V 1 conel T 0l 1c0me)
, , ,
- 6(V1 V1 )6(V3’ V2)<V2corr|Ti‘T—;l |7rlcorr>

+ 6071, VD02 V) V3o T2 0l T1come) (29)
and for the parent nuclei with an odd neutron

P
<7rlV1V2corr|Tia_y|V1V2V3corr>
= 6(v1,v2)0(V2, V3T gore [ T2 OV icOrr)
, / ,
- 6(V1 4 )6(V2’ V3)<7T1corr|TiO-u|V200rr>

+ 3V, V1)V, VoK conl T2 TulVacoms (30)

(VY rcore | T2 Ol 702V o)
= 6(7r’1,7r2)[6(v’1,vl)(v;conlria,#lﬂlcon)
=60 VDV ol T2 Tl o]
= 8@, TDIOV VI Ve T2l acone)

= 00V3. VIV 1eonl T 0 -l acore)], G1)

<7r|7T27T3c0rr|Ti0-;1|7T17r2V1corr>
= 0(7y, 711 )0 (703, T2 )T o [T 20 Vicor)
_6(7r1’7T1)6(7r3’7r2)<7rzcorr|TiO—ﬂ|V1corr>

+6(7T/1’ﬂl)6(77/277T2)<7Tl3¢0rr|710-/1|vlcorr>~ (32)

Low-lying states in an odd-odd nucleus were ex-
pressed in the quasiparticle picture by proton-neutron pair
states (two quasiparticle states) or by states that were ob-
tained by adding two proton or two-neutron quasi-
particles (four quasiparticle states). Transitions from the
former states were described earlier. Phonon-correlated
four quasiparticle states can be constructed similarly to
the two and three quasiparticle states. Also, in this case,
transition amplitudes for the four quasiparticle states were
reduced into those for the correlated one quasiparticle
states

< 7T/17T/2V/1 V'ZCOHI‘ria'_#|7r17127r3v1Corr >

= 6(Va, VOIS, )O3, 73) < Vieore o0l 1come >
- 6(71/1 ,nl)é(n;,n3) < v/lconlria,#lﬂzcm >

+0(7 )00 702) < Vi eore T2 Tl T3c0m >]
—6(1/1,vl)[6(7r'1,7r2)6(7r’2,7r3) < V'ZCOHITia'_HIﬁICOrr >
— 5(7T/1,7T1)(5(71"2,7T3) < V’2¢Q"|Tio-—,u|7r2(:orr >

+(S(7T/1,7T1)6(7T/2,7T2) < V’ZcorrITio_—plﬂiﬁcorr >], (33)
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< ﬂ;n;ﬂ;ﬂ;coaniaﬂ|7T17r27r3v10m >

= —6(7r/2,771)6(7r’3,7r2)6(7r;,713) < 7T'IC(MTITJ_,0'”Ivlcorr >
+ (5(7r’l ,7T1)(5(7T/3,7T2)5(7T;,7T3) < 7T/2c0rr|TiO',J|V1corr >
- 6(71'/1 ,7T1)6(7T’2,7T2)5(7T;1,7T3) < ﬂ;mrrlrioijlcm >

+ 801y, )My, T2)S(73, 713) < Moot T TulViconr >, (34)

< 71/1 7T/2V’1 v;cmlri(rﬂ [T V1VaVacorm >

= (5(7r'1,711)[(5(1/1,1/2)6(1/2,1/3) < ﬂ;COH|Tin|V1con >
- 6(1/’1,1/1)6(1/’2,1/3) < 7r'2cm|‘ria'u|v2Corr >

+ 00/, v1)8(V3,v2) < Moo T Tl Vacor >]

= 50, T[6(V1,v2)8(02,V3) < Mo T V1o >
- 6(1/] ,vl)é(v;,m) < ﬂ/lcorr|Ti0'”|Vzc(m >

+6(V’1,V1)(5(V/2,V2) < ﬂ;corrlTio-ylykorr >]’ (35)

<YYo T20 _dmvivavaeon >

= +6(v;,vl)é(v;,vz)é(vi‘,w) < vllcorrlrio_ulﬂlcm >
=60/, V1)8(V3,V2)8(V4,V3) < Vaeonl Tl icom >
+5(1//1,1/1)5(\//2,1/2)6(1/;,1/3) < vgcml‘rio’,},|7Tlcorr >

=81, v)E(V2, v2)O(V3,V3) < Vol Te 0Tl icon > . (36)

The antisymmetrization of the quasi-particles was
duly considered for each of these amplitudes.

Ty STy > My >y, Vy>Vs>Vy >V, Tu>"3>m>7,
V4> V3> V) > V.

The GT transitions were considered for each phonon's
excited state. It was assumed that the quasiparticle in the
parent nucleus occupies the same orbit as the excited
phonons.

The form of the Hamiltonian for a many-particle
QRPA system is

HQRPA = Hsp + Vpairing + Vpp(GT) + Vph(GT)’ (37)

where Hj, is the single-particle Hamiltonian whose ener-
gies and wave-vectors were calculated using the de-
formed Nilsson model [64]. Vpp(GT) (Eq. (5)) and Vph(GT)
(Eq. (7)) were introduced earlier in this section. The pair-
ing correlations (Vpairing) were considered within the BCS
formalism with fixed pairing gaps between proton-proton
(Azz) and neutron-neutron (A,,) systems. The values of
pairing gaps were calculated using empirical formulae
[65] between neutron-neutron (4,,) and proton-proton
(Azr) systems. The expressions for these gaps were given

by

_(—1)"Z+A[SV(A -1,2)-2S,(A,2)+ S ,(A+1,2)]

= 1 ,
_(—1)'*Z[S,T(A— 1,Z-1)-2S,(A,2)+S,(A+1,Z+1)]
= 1 ,

A,y

Aﬂﬂ
(3%)

where the proton and neutron separation energies, S, and
S,, respectively, were taken from [66] for cases where
the latest experimental data [67] were not available. The
nuclear deformation values were taken from [68], and the
mass excess values were adopted from [67], The Nilsson
oscillatory constant was chosen as

45 25
= m - m, (39)
with the same values for neutrons and protons, and the
Nilsson potential parameters were used to compute the
weak rates.

We calculated both UIF and allowed transitions in
this work. The allowed transitions depend only on spin
(o) and iso-spin (7.) type operators, while forbidden
transitions also contain rY;, where Y, are the associated
spherical harmonics.

The matrix elements of the UIF transitions in the pp
and ph directions were given by

VIflf,)n'v’ = _2KUlFfﬂv(/1)f7r’v’ (ll)7 (40)

V}:l‘:ﬂ"v’ = 2XUlFfﬂv(ﬂ)f7r’v’ (ﬂ)7 (41)

where the ph and pp interaction constants are respect-
ively referred to as xyir and kyir, and the single-particle
amplitude (f;, (1)) of the U1F transition is given by

Jo() = (lT_r[o Y1 ]olv), (42)

where the parities of the neutron (|v)) and proton (|7))
states are opposite to each other [1], and u takes the val-
ues 0,+1, and +2. The parametrization of the ph and pp
strength interaction constants, for both the allowed and
UIF transitions, were adopted from [1].

The partial decay rate (4;7) for any transition between
the parent (i) and the daughter (f) states was calculated
using

54,2

m,c'g
/li = < < ) (Di E ermi» T’ Bi ’ 43
1=\ ) PirEx p)Bis (43)

depending on the g (weak coupling constant) involving
both vector (gy) and axial-vector (g4) type constants, B;;
(reduced transition probabilities) and ®;, (phase-space in-
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tegrals). For the continuum (allowed) EC, these integrals
were computed using

(I)iEjC - / ww? = D2, +WA(G)F(+Z,w) dw,  (44)
while the allowed BD was calculated as follows:
DR = / mw(w2— D2, = w)2(1 = G)F(+Z,w) dw, (45)
1

For the U1F transition, the expression of phase-space
integrals (®'") is given below

05 = [ 2 1), w1 = GO Zow)
1

(Wi —W)? + Fo(Z,w)(W? — 1]} dw. (46)

In Egs. (44)—(46), we used natural units (& =m, =
¢=1). w denotes the total electron energy, which in-
cludes the kinetic and rest mass energies, and w; signifies
the energy threshold for EC, while w,, represents the total
BD energy. The symbol G_ denotes the Fermi Dirac dis-
tribution function for electrons. The Fermi functions (F,
F, and F),) used in this study were adopted from [69].

The reduced transition probability (Bis) is given as

2
Bif = (?) B(GT:)if + B(Fi)if, (47)
14

where B(GT.);r and B(F.);s are the GT and Fermi trans-
ition probabilities, respectively. In Eq. (47), the value of

8A
o =-1.2694 (taken from [70]). The expressions for
these probabilities are
|01 A !
B(F.)y = 2 =S4, 4
Far =5 o XI:T- %)
and
[Sil<hls A .
B T+i =—Q], = + ’ 4
(GTy = =5 0= 7o (49)

1

where the symbols have their usual meanings. For the
UTF transition, the reduced probability is

1 1 1
B(UIF);, = 8n2w2 - 8nzwmw+ 7w =D,  (50)

where

0 =2gaQJ;+ D)2 nlCx TP ),
1

47 \'?
Ckk':(ﬁ> Y (51)

The partial rates were summed over all states in the
parent and daughter nuclei to obtain the required conver-
gence in the rates. The expression for the total rate is giv-
en by

A=) Py, (52)
if

where the excited state occupation probability (P;) of the
parent nuclei is determined by applying the normal
Boltzmann distribution.

In Eq. (52), total rates (1) have been determined us-
ing the pn-QRPA formalism, where state-by-state trans-
itions between excited and ground states of the parent and
daughter nuclei were considered when calculating the
strength functions in a totally microscopic fashion. The
rates based on the BA hypothesis were estimated by rep-
licating the strength functions for all parent excited states
with ground level strengths [30]. Hereafter, microscopic
(Full) pn-QRPA rates and those based on the BA hypo-
thesis would be referred to as Ar and Aga, respectively.

To compare the Ar and Aga rates, we introduce two
new parameters. These are the ratios and average devi-
ations of the calculated rates. The algebraic expressions
for the ratio (R;) and the average deviation (R) are

Ap/Aga  if Ap > Apa

R, = (53)
/lBA//lF if /lF < /lBA7

o SR

R= T (54)

where & denotes the total count of temperature-density
points considered in the analysis.

III. RESULTS AND DISCUSSIONS

As stated earlier, this study aims to present a quantit-
ative analysis of the reliability of BA rates, especially for
UIF transitions. Our work builds on our previous re-
search, which focused only on allowed transitions [47].
For the current study, we selected a specific region com-
prising 106 nuclei with 4 and Z ranging from (70 — 208)
and (27 — 82), respectively. This region is particularly
sensitive to the r-process. The selected nuclei have been
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reported in theoretical [2—4, 6, 12, 14-16, 32, 49-52, 55]
and experimental [25-27, 29, 48] works. To check the re-
liability of the current model, we first present a comparis-
on between the pn-QRPA calculated strength distribu-
tions for allowed GT transitions and measured data. For
this purpose, we applied a smearing technique involving
Lorentzian fitting to the theoretical strength distributions
with an artificial width based on the calculated spectrum.

0.2 78ge

& Exp
pn-QRPA

This technique has been commonly used [21-23, 71] to
compare the experimental (measured in MeV™" units) and
theoretical strength distributions. A decent comparison
between theory and experiment can be seen from Figs.
1-2 in (GT), and (GT). directions, respectively. In both
of these figures, the GT strengths [MeV '] are plotted as a
function of excitation energies [MeV] of the correspond-
ing daughter nuclei (along the abscissa). It is noted that

0.1 4
X
0.0 , :

B(GT), (MeV™)

Fig. 1.
taken from [72], [71], and [22], respectively.

E,('*Pm) (MeV)

(color online) Comparison of the pn-QRPA calculated GT, strength distributions of "*Se, *Nb, and '**Sm with measured data

B(GT). (MeV")

Fig. 2.
taken from the [21- 23], respectively.

16 18 20 22 24 26 28 30

E,("*°Pm) (MeV)

E,(***Bi) (MeV)

(color online) Comparison of the pn-QRPA calculated GT. strength distributions of **Sn, **Nd, and **Pb with measured data
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the strength is well fragmented. After establishing the re-
liability of current model, we next proceed to further our
investigation using the pn-QRPA model.

The current and Homma et al. [1] calculations used
the same nuclear Hamiltonian in the framework of pn-
QRPA with a schematic GT residual interaction. Addi-
tionally, incorporating the U1F transitions in our model
was done per the recipe given in [1]. The reliability of the
current model for calculating the U1F transitions was dis-
cussed earlier in [1]. Table 1 reproduces the data shown
in [1] with the latest measured half-lives [67]. A decent
agreement between the calculated and measured half-
lives is obtained for *’Ar and *'Ca, for which f-decay is
known experimentally to be dominated by U1F trans-
itions. It may be seen from Table 1 that, for certain cases,
taking only the allowed and UIF transitions into account
overestimates the f-decay half-lives. This suggests that
rank 0 and 1 FF transitions significantly contribute to
these nuclei. Work on the code to include non-unique FF
transitions in the stellar rate calculations is currently in
progress, and we plan to report our findings in the near
future.

As mentioned earlier, previous works focused only on
the calculations and measurements of half-lives and beta-
delayed neutron-emission probabilities for the nuclei cur-

Table 1.
selected nuclei. 71/} is the partial half-life for the allowed /-
decay. T{‘;‘z‘" is the total half-life, including both the allowed
and UIF decays. Measured half-lives were taken from [67].
The dash indicates that the calculation predicts no allowed
transition. The table was adopted from [1].

Contribution of UIF transition to total f-decay for

Nuclei Decay TT?I; T?/"z T‘l"/‘g‘l Contribution
mode Js s Is 1%
s6p B 5.60x10°°  1.38x10"  1.36x10"* 1.7
78 B 3.03x10°%  1.48x10"  1.46x10"? 1.6
3¢l B 2.23x107% - 4.36%10® 100.0
Ar B 8.46x10"" - 7.60x10°% 100.0
“Ca Bt 3.14x1072 - 7.40x10"" 100.0
1338n B~ 1.46x10°°  5.07x10°"  4.50x10° 11.4
1348h B~ 7.80x10"  3.71x10%  3.40x107? 8.1
135Te B 1.90x10%"  2.89x10"  1.26x10"* 56.3
1361 B 8.34x10™  9.57x10™"  4.96x10°" 48.2
37Xe B 229x10°%  4.51x10"  3.72x10" 17.4
13Cs B~ 1.95x10°®  6.83x10°*  3.74x107 452
1%Ba B 4.98x10""  3.74x107*  3.55x10"* 5.0
1404 B 1.45x10°°  8.79x107  8.59x10™* 23
4lce B 2.81x107° - 1.31x10°% 100.0
142py B 6.88x10* 9.53x10"!! 100.0
14pm Bt 3.14x10 - 7.56x10"1° 100.0

rently under investigation. However, evaluating the reli-
ability of the BA hypothesis in calculating the stellar rates
for the selected pool of nuclei is of utmost importance.
With this consideration, two sets of calculations (one
each for the allowed and U1F rates) were performed sep-
arately for the EC and BD decays.

In order to analyze the validity of the BA hypothesis
for calculating the BD rates under stellar conditions, we
chose three waiting point nuclei (**Ge, **Te, and *"'Re).
The selected nuclei have N =50, N =82 and N = 126, re-
spectively. Accurate determination of the BD rates of
these waiting point nuclei bears significance for the r-
process nucleosynthesis. A comparison between the Ar
and Ap, rates of the allowed and UIF transitions is
presented in Figs. 3—5 in the BD direction. The effective-
ness of applying the BA hypothesis for the EC nuclei is
displayed in Figs. 6—8. Here, we selected *Kr, **Sm, and
27T as study cases. The values of the rates are given in
per-second units. For these figures, the three left panels
(in the vertical direction) show both (Full) and BA U1F
rates, whereas, the allowed rates are compared in the right
panels. In these figures, 452 and ABD: (155 and AES:) rep-
resent the allowed and U1F rates of the BD (EC) trans-
itions, respectively. In this current study, we have calcu-
lated the rates for temperature range 7= (1 — 30) GK and
density range pY, = (10° — 10"") g/cm’, roughly corres-
ponding to the physical conditions pertinent to the »-pro-
cess environment. Because of space consideration, the
results have been reported at selected density snapshots:
pY, = (10% 10% 10" and 10"") g/cm’. Rates smaller than
107"* 57" are not shown in the figures.

A careful analysis of Figs. 3—5 shows that Az of the
UIF BD transitions are much bigger than Ar. Table 2
shows the ratios (R;) between BA and Full BD rates, cal-
culated according to Eq. (53), for both the allowed GT
and UIF transitions at predetermined physical conditions
of the stellar core for three more nuclei. No entries are
shown for ratios at core density pY, = 10" g/cm® as the
calculated rates are less than 107'% s7!. It is noted that, at
times, the calculated rates are very small (1 < 107 s™").
These very small numbers can change by orders of mag-
nitude by a mere change of 0.5 MeV, or less, in parent or
daughter excitation energies and are more reflective of
the uncertainties in calculating the energies [7]. Con-
sequently, we show two different average deviation val-
ues towards the end of Table 2. The first entry is the one
defined by Eq. (54). The second entry (marked with an *)
is the one excluding entries where the calculated rates are
less than 107 s'. Table 3 depicts similar data for EC
rates. Our results show that the U1F BD rates, calculated
by incorporating the BA hypothesis, are largely overes-
timated relative to the microscopic (Full) rates by up to
4-5 orders of magnitude. On the other hand, Tables 2 — 3
show that for the EC (U1F and allowed) and allowed BD,
the BA rates are, on average, lower than the Full rates.
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Fig. 3.

0 5 10 15 20 25 30 35
T(GK)

(color online) Calculated Full (microscopic) and BA (based on BA hypothesis) BD rates [s™'] for the UIF (4BD.) and allowed

(ABP) transitions on ¥'Ge at selected stellar densities (pY, [g/cm’]) and temperatures.

10° @/2/@/@/@

107

T(GK)
Fig. 4.

The total (allowed plus U1F) BA rates (Aga[All+U1F]),
in both EC and BD directions, deviate from total Full
(Ar[All + U1F]) rates, on average, by an order of mag-
nitude or more. This difference can be seen from Table 4
and Table 5 for BD and EC, respectively. These tables
show the total BA and Full rates and the ratios (R))

134-|-e N 134|

-1
o

0 5 10 15 20 25 30 35
T(GK)

(color online) Same as Fig. 3 but for **Te.

between them.

There are three main causes of an increase in the cal-
culated weak rate: (1) enlarged phase space; (2) bigger
total GT strength distribution values; and (3) lower place-
ment of the computed GT centroid. The calculated phase
space and total GT strength distributions (along with
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201 201
—&— Full Re —» “"'Os
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10° 102
=108 10
e
- )
(") 10 !’r 6
QE1205 10 8 i 10
25 S
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1010 @/Q?/W@ 107
107 10712
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T(GK) T(GK)
Fig. 5. (color online) Same as Fig. 3 but for **'Re.
86 86
—&— Full Kr — ""Br
10°
0 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35
T(GK) T(GK)

Fig. 6. (color online) Same as Fig. 3 but for the EC rates of the UIF (155;,) and allowed (A55) transitions on *Kr.

centroid placement) are shown in Tables 68, respect-
ively. The enhancement of Aga relative to the A in U1F
BD case is due to enlarged available phase spaces intro-
duced by applying the BA hypothesis. Table 6 shows that
the UIF computed phase spaces by invoking BA hypo-
thesis are up to three orders of magnitude bigger for high
core temperatures,. For low temperature and high density

regions, the calculated BD rates approach zero because of
choked phase spaces. In contrast, for the allowed GT
rates in the BD direction, and for the UIF and allowed
rates in the EC direction, the computed phase spaces
(Full and BA) are comparable in magnitude (see Table 7
for three EC nuclei: *Kr, °Sm, and **’T1). Consequently,
we note only a slight variation, typically of a few factors,
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—&— Full

—o—BA
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T(GK)

Fig. 7.

—&— Full

—o—BA

0 5 10 15 20 25 30 35
T(GK)

Fig. 8.

in the values of BA and Full rates other than UlF BD
rates. Besides the available phase space values, another
reason for the enhancement of the UlF BD Ag, rates is
the larger magnitude of the total GT strength. Table &
shows the computed cumulative GT strength and place-
ment of the GT centroid for the six selected nuclei. This

1503m N 15°Pm

10°F—

0 5 10 15 20 25 30 35
T(GK)

color online) Same as Fig. 6 but for the EC rates on *Sm.
( g

207T| N 207Hg

= 4
pY, =10

0

T(GK)

(color online) Same as Fig. 6 but for EC rates on **'TL.

table depicts the GT strength distribution data for the first
10 parent excited states. The cut-off energy in the daugh-
ter states is 15 MeV. Overall, larger dissimilarities in the
available phase spaces between the microscopic and BA
recipes for the U1F BD transitions and bigger values of
total strength distributions result in a much larger devi-
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Table 2.

Comparison of the BA (Aga) and Full (Ar) f-decay rates for three selected nuclei as a function of core temperature (7

(GK)) and density (oY, (g/cm®)). The ratios (R;) and average deviation (%) are defined in Eq. (53) and Eq. (54), respectively. The
computed R; values, where Ar and/or Apa rates are less than 107 s, are marked with *. g are the computed average deviations ex-

cluding ratios marked with *.

82Ge 134Te WIRe

T pYe R; [All] R; [UIF] R; [All] R; [UIF] R; [All] R; [U1F]

A 2ABA ABA> A Ap2ABA ABA>AFr A 2ABA ABA>AF  Ap2ABa ABa > A Ap2Aga ABA>Ap  Ap 2 Aga  ABa > AF
1 10 1.0 1.0 1.0 1.0 1.3 1.5
5 100 25 12 3.7 12.2 12 264.9
10 100 99 17.3 33 1840.8 1.5 15452.5
20 10* 3.8 86.7 1.4 5821.0 1.7 39355.0
30 10 1.1 272.3 1.0 5164.2 1.8 46025.7
1 108 1.0 1.0 1.0" 1.0 1.1 1.1
5 10° 5.3 1.8 6.5 139.0 1.8 824.1
10 10° 107 252 3.6 3698.3 1.6 22335.7
20 10° 3.8 93.1 1.4 6295.1 1.7 41115.0
30 10° 1.1 279.3 1.0 5284.5 1.8 46558.6
1 10" _ — — _ _ — — — — — _ _
5 10" 2410 40457.6" 6.1 53210.8 1.5% 17418.19
10 10" 149 58210.3%) 3.80 199067.3% 3.40 133967.77
20 10" 4.7 15417.0 1.6 45081.70 2.1 97949.0)
30 10" 12.0 8609.9 12 17458.2 2.0 78343.07

R 5.9 8819.6 2.6 24505.4 1.7 38543.7
R® 4.7 2067.2 2.3 4571.4 1.6 23548.1
Table 3. Same as Table 2 but for three r-process EC nuclei.
$Kr 1508 m 2077

T pYe R; [All] R; [UIF] R; [All] R; [UIF] R; [All] R; [UIF]

Ap =g Aa>Ar  Ap=dpa Aa>Ar  Ap2Apa Apa>Ar  Ap=Apa Apa>Ar  Ap2Apa Apa>Ap  Ap = Apa Apa > A
1 10* 1.2x107%) 2.1 320 1.2 5.0x10%1" 6.0
5 100 259 240 2.99 1.20 1.2x107%40) 410
10 10* 1.1 2.4 5.9 2.0 485.3 1.5
20 10 1.6 1.5 11.6 43 37.5 32
30 10* 2.8 1.3 12.7 11.5 19.3 6.0
1 10° 5.1x10"") 210 1.0 119 4.7x10"'") 6.0
5 10° 2.4 240 29 12 1.2x10"% 410
10 10° 1.1 2.4 6.0 2.0 479.7 1.5
20 10° 1.6 1.5 11.6 43 37.4 32
30 10° 2.8 1.3 12.7 11.5 19.3 6.0
1 10" 1.0 1.0 1.0 1.0 1.1 12
5 10" 1.0 1.0 1.1 1.0 1.3 1.4
10 10" 1.1 1.1 3.7 22 4.0 2.5
20 10" 2.6 1.6 13.9 11.1 12.0 5.4
30 10" 4.8 2.4 18.9 20.7 17.5 7.6

R 1.1x10™ 1.8 7.3 5.1 6.4x10% 4.0
R® 2.0 1.6 8.5 6.1 101.3 3.6
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Table 4. Comparison of the total BA (Agal[All+U1F]) and Full (1r[All+U1F]) B-decay rates for three selected nuclei as a function of
core temperature (7 ( GK)) and density (pY, (g/cm?®)). The ratios (R,) and average deviation (%) are defined in Eq. (53) and Eq. (54),
respectively. The computed R; values, where Ay > Apa, are marked with *.

_— 2Ge 134T 20IRe
Ap[All+ UIF] Aps[All+U1F] R; (s = Ar) Ap[All+UIF] Apa[All+UIF] R, (Apa 2 Ar) Ap[All+ULF] Apa[All+UIF] R, (Apa = Ar)

1 10°  2.47x10" 2.47x10" 1.0 6.66x10% 6.66x10 1.0 7.61x10° 5.71x10 139
5 10°  3.29x10 3.02x10™! 119 8.51x10 6.80x102 8.0 7.75%10°? 1.49x10° 1.9
10 10*  1.85x10™ 8.33x10"" 2.2 1.18x10" 1.10x10"" 9.3 5.05%x10 6.78x10" 13.4
20 10°  1.89x107" 3.79x107 2.0 5.76x10™" 3.98x10? 6.9 2.62x107° 5.45x10" 20.8
30 10*  2.82x10"? 2.80x10" 10.0 2.47x10"* 1.18x10"% 4.8 4.06x10"° 8.31x10™" 20.5
1 10°  6.02x10% 6.02x10 1.0 1.48x107"° 1.48x1071° 1.0 1.96x10°% 1.83x10°% 110
5 108 1.19x10" 9.85x10 1.2 1.94x10° 3.44x10 17.8 1.57x10 5.31x10™ 3.4
10 10°  1.65x107" 7.41x107% 2.20 1.00x10" 9.63x10"° 9.6 3.18x10" 5.27x10" 16.6
20 10°  1.83x107? 3.73x107? 2.0 5.58x10"! 3.87x107 6.9 2.42x10% 5.17x10" 213
30 10°  2.78x107" 2.79%107 10.1 2.44x107* 1.17x10% 4.8 3.95x107%° 8.14x10™! 20.6
1 10" — — — — — — — — —
5 10" 1.81x10™" 4.15x10" 2.3 1.98x1022 1.79%102! 9.1 1.26x102 2.70x1022 2.1
10 10" 1.44x10® 2.00x10"7 13.9 8.95x107° 4.37x10% 4.9 1.05x10" 3.39x1071° 32.2
20 10" 5.05x10% 2.83x10™! 55.9 3.78x10 1.14x10°2 3.0 1.41x10°% 4.97x10% 352
30 10" 3.19x10 3.58x10™" 112.1 6.01x10™" 1.57x10"° 2.6 1.79x10% 5.04x10™ 28.1

R 15.5 6.4 15.6

Table 5. Same as Table 4 but for the three r-process EC nuclei. The computed R; values, where Aga > Ar, are marked with *.

— $Kr 1598 m 20771
Ap[All+ UIF] Aps[All+ULF] R; (AF = As) Ap[All+UIF] Aa[All+UIF] R, (Ap > Apa) Ap[All+UIF] Aps[All+ULF] R; (AF = Aps)

1 10 — — — — — — — — —
5 10*  3.49x10 6.33x10"% 1.80 1.63x10°% 7.13x10° 23 6.81x10 7.30x101° 93.3
10 104 5.10x10% 1.11x10° 220 1.27x10" 3.96x10™ 32 7.00x10 2.06x10 3.4
20 10*  4.04x10™ 5.60x10""! 1.40 5.75x10"2 1.28x10"? 45 6.16x10™" 1.70x10"! 3.6
30 104 2.55x107% 1.81x10"" 1.4 6.53x107% 5.67x10%% 11.5 5.72x107% 9.30x10"? 6.2
1 10 - — — — — — — — —
5 10°  5.50x10"’ 1.02x10% 1.99 2.28x10 1.03x10°% 22 1.07x10°% 1.18x10" 90.9
10 108 2.88x10™ 6.28x10 220 7.09x10°! 2.20x10™ 32 3.92x10 1.16x10" 3.4
20 10°  5.31x10™ 7.34x10"! 1.40 7.56x10%" 1.68x10™? 4.5 8.10x10"! 2.24x10"! 3.6
30 10°  2.77x10'% 1.96x10"% 1.4 7.08x10"% 6.14x10"% 11.5 6.20x10"% 1.01x10% 6.2
1 10" 1.77x10%% 1.77x10"% 1.0 3.72x10%% 3.72x10% 1.0 1.32x10%% 1.13x10"% 12
5 10" 1.80x10" 1.80x10 1.0 3.92x10"% 3.81x10" 1.0 1.70x10 1.24x10%% 1.4
10 10" 2.14x10% 1.99x10"% 1.1 9.70x10%% 4.29x10"% 2.3 461107 1.84x10"% 25
20 10" 4.61x107° 2.88x10"% 1.6 7.77x10°" 6.98x10" 11.1 1.61x10"7 2.94x10"% 5.5
30 10" 9.50x107° 3.87x10% 25 2.31x10%% 1.12x10"7 20.7 2.77x10% 3.60x10"% 7.7

R 1.6 6.1 17.6
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Table 6. Computed phase spaces of Full (microscopic) and BA rates for the allowed and U1F transitions at selected densities (pY.
(g/em?®)) and temperatures (7 (GK)) in a stellar environment for three r-process BD nuclei.
82Ge 134Te VIRe
T oYe Full BA Full BA Full BA
UIF
1 10 4.30x10" 9.60x10"" 1.80x10"® 2.00x107 1.40x10°"! 3.40x10""
5 10* 1.90x10*1° 1.20x10"" 7.60x10"% 1.60x10"1° 1.40x10"" 3.40x10""!
10 10* 1.90x10"1° 1.20x10™"! 7.50x10" 1.60x10"1° 1.40x10°"! 3.40x10""
20 10* 1.80x10*1° 1.20x10"" 7.30x10"% 1.60x10"1° 1.30x10""! 3.30x10""!
30 10* 1.80x10"1° 1.20x10™"! 7.00x10" 1.50x10"1° 1.30x10°"! 3.10x10""
1 10® 4.10x10" 9.40x10" 1.70x10"% 1.90x10"% 1.40x10"" 3.30x10""!
5 10 1.80x10"1° 1.20x10™"! 7.30x10" 1.60x10"1° 1.40x10°"! 3.30x10""
10 10® 1.80x10*1° 1.20x10"" 7.40x10"% 1.60x10"1° 1.40x10"" 3.30x10""!
20 108 1.80x10"1° 1.20x10™"! 7.20x10" 1.60x10"1° 1.30x10°" 3.20x10""
30 10® 1.70x10*1° 1.20x10"" 7.00x10"% 1.50x10"1° 1.30x10""! 3.10x10""!
1 10" 6.60x10"% 3.60x10"% 1.60x10 4.10x10"2 1.70x10°7 2.80x10*
5 10" 3.80x10"7 9.10x10"” 6.80x10"* 3.30x10""’ 1.90x10! 8.10x10™
10 10" 6.30x10" 9.70x10"* 1.20x10%° 5.20x10™ 3.50x10"* 4.70x10"*
20 10" 1.90x10"%® 1.20x101° 1.90x10"" 1.60x10"% 4.00x10"7 8.20x10""7
30 10" 4.90x10"% 1.60x10™1 9.00x10™ 4.20x10"% 5.90x10"® 1.30x10"%"
Allowed

1 10* 1.80x10 2.70x10™" 2.80x10° 3.00x1071° 9.60x107"" 7.30x10™""
5 10* 1.10x10""3 1.10x10""3 6.90x10""! 6.90x10""! 9.50x10""’ 7.20x10"7
10 10* 1.10x10™" 1.10x10"" 6.90x10™" 6.90x10™"! 9.10x10™"" 6.90x10™""
20 10* 1.10x10""3 1.10x10""3 6.90x10""! 6.90x10""! 8.20x10"7 6.20x10"""
30 10* 1.10x10™" 1.10x10"" 6.80x107"! 6.80x10™"! 7.40x107" 5.70x10"7
1 10® 1.80x10"" 2.70x10"" 2.80x10"1° 3.00x10"1° 6.70x10""’ 5.10x10"7
5 108 1.10x10™" 1.10x10"" 6.90x10™" 6.90x10™"! 7.10x107" 5.40x10"7
10 10® 1.10x10""3 1.10x10""3 6.90x10""! 6.90x10""! 7.80x10""’ 5.90x10"7
20 108 1.10x10™" 1.10x10"" 6.80x107"! 6.90x10™"! 7.80x107" 6.00x10™""
30 10® 1.10x10""3 1.10x10""3 6.80x10""! 6.80x10""! 7.30x10""’ 5.60x10"7
1 10" 1.00x10"1° 1.00x10*° 6.50x10" 6.50x107° 3.30x10°% 5.60x107°
5 10" 4.50x10""? 4.50x10""? 1.40x10""" 1.40x10""" 2.60x107° 1.20x10°
10 10" 4.60x10""? 4.60x10""? 1.50x10™" 1.50x10""" 3.90x10™ 2.60x10"%
20 10" 4.80x10""? 4.80x10""? 1.60x10"" 1.60x10*"" 1.40x10"% 1.00x10"%
30 10" 5.00x10*"2 5.00x10"12 1.80x10*"! 1.80x10"" 6.20x10"%* 4.60x10"%*

ation of Ags from Ar. This later translated to larger mag-
nitudes of R; and R values. In the Appendix (Tables
A1—A6), we show ratios and average ratios of nine new
BD and EC nuclei, separately, for the allowed GT and
UIF transitions.

For the BD rates (UIF and allowed) of N = 50 and
N = 82 nuclei (Table 2), the calculated value of R; equals
1.00 at 7= 1 GK. This implies that at this temperature,

both Ay and Ap, are identical. This core temperature cor-
responds roughly to the neon burning phases of the star.
Consequently, we conclude that the BA hypothesis may
be safely applied to stellar BD rates until the neon burn-
ing phases of massive stars. For heavy nuclei (e.g., **'Re),
the BA fails even at 7= 1 GK. Table 3 computes much
smaller values of p for the EC rates. This means that the
EC rates are less affected by the usage of the BA hypo-
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Table 7. Same as Table 6 but for the three r-process EC nuclei.
Ky 150Sm 27T]
T oYe Full BA Full BA Full BA
UIF
1 10 4.60x1071° 4.60x1071° 5.30x10""! 1.70x10*1° 2.80x10"1° 2.80x1071°
5 10* 1.70x10*12 1.70x10""? 3.60x10""? 3.80x10""? 2.80x1071° 2.80x1071°
10 10* 1.70x10"12 1.70x10* 3.60x10"" 3.80x10™" 2.80x10"1° 2.80x1071°
20 10* 1.70x10*12 1.70x10""? 3.60x10""? 3.80x10""? 2.60x1071° 2.60x1071°
30 10* 1.70x10"12 1.70x10* 3.60x10"" 3.80x10™" 2.50x10%1° 2.50x10%1°
1 108 4.60x10""° 4.60x10""° 1.80x10" 1.60x10*1° 2.70x10%1° 2.70x1071°
5 108 1.70x10"12 1.70x10* 3.60x10"" 3.80x10™" 2.70x10*1° 2.70x10%1
10 108 1.70x10*12 1.70x10""? 3.60x10""? 3.80x10""? 2.70x10%1° 2.70x1071°
20 108 1.70x10"12 1.70x10* 3.60x10"" 3.80x10™" 2.60x10%1° 2.60x1071
30 108 1.70x10*12 1.70x10""? 3.60x10""? 3.80x10""? 2.40x1071° 2.40x1071°
1 10" 1.10x10"2 1.10x10"? 8.20x107'¢ 3.80x107"3 2.60%107% 2.60x10%
5 10" 5.90x10"" 5.90x10"" 9.60x10*!"! 9.60x10*!" 2.10x10% 2.10x10%
10 10" 5.90x10™" 5.90x10"" 9.80x10*! 9.80x10"! 2.40%x10"? 2.40x10"*
20 10" 6.30x10"" 6.30x10"" 1.10x10*"? 1.10x10*" 1.90x10%% 1.90x10%%
30 10" 6.80x10™" 6.80x10"" 1.20x10" 1.20x10*"? 4.90x10*7 4.90x10"""
Allowed

1 10 9.40x10"% 9.50x10"% 1.80x10"! 1.80x10*!! 5.80x10"” 5.90x10"%
5 10* 4.70x10"" 4.70x10™" 4.00x10""? 4.00x10*" 5.70x10% 5.80x10°%
10 10* 4.70x10™" 4.70x10"" 4.00x10"12 4.00x10""2 5.60x10%%” 5.70x10"%
20 10* 4.70x10"" 4.70x10™" 4.00x10""? 4.00x10*" 5.20x10%" 5.30x10°%
30 10* 4.60x10™" 4.60x10"! 4.00x10"12 4.00x10""2 4.80x10"” 4.90x10"”
1 108 9.30x10"* 9.30x10"" 1.80x10*!" 1.80x10*!"! 4.90x10%” 5.00x10°%
5 108 4.70x10™" 4.70x10"" 4.00x10"12 4.00x10""2 5.00x10%%” 5.10x10"%
10 108 4.70x10"" 4.70x10™" 4.00x10""? 4.00x10*" 5.20x10% 5.20x10°%
20 108 4.70x10™" 4.70x10"" 4.00x10"12 4.00x10""2 5.10x10%%” 5.10x10"%
30 108 4.60x10"" 4.60x10™"! 4.00x10""? 4.00x10*" 4.80x10%” 4.80x10"”
1 10" 8.00x107% 8.00x107% 1.20x10"% 1.20x10"%® 1.40%x10°7 1.40%x10”7
5 10" 1.20x10*"! 1.20x10""! 1.40x10"" 1.40x10" 1.50%107% 1.50x10
10 10" 1.20x10*" 1.20x10"" 1.40x10*"? 1.40x10*"? 2.20x10™ 2.20%x10™
20 10" 1.30x10*"! 1.30x10""! 1.50x10"" 1.50x10*" 2.30x10™ 2.30x10%
30 10" 1.50x10*"! 1.50x10""! 1.60x10"" 1.60x10"2 6.80x10%%° 6.90x10%%

thesis than the BD rates.

Figures 3—8 show that the BD and EC rates increase
as the core temperature rises due to a rise in the occupa-
tion probability of parent excited states. Consequently,
the contribution of the partial rates to the total weak rates
becomes significant. The magnitude of the BD rates de-
creases as the density rises owing to decreased available
phase space. The EC rates are enhanced when the elec-
tron chemical potential increases with the increase in
density.

IV. CONCLUSIONS

The effectiveness of applying the BA hypothesis to
calculate the allowed weak rates of heavy nuclei, in gen-
eral, and forbidden rates, in particular, was missing in the
literature. This study investigated the impact of applying
the BA hypothesis to calculate the stellar rates. The
chosen range of nuclei, having 4 = 70 — 208 and Z =27 —
82, has vast applications in the r-process nucleosynthesis.
The pn-QRPA model was employed to evaluate the Full
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Table 8. Computed total GT strength (B in arbitrary units) and centroid (£ in MeV units) values for selected nuclei in the EC (left
panel) and BD (right panel) directions of the U1F and allowed GT transitions for 10 parent excited states. The energy cutoff in the
daughter states is 15 MeV.

EC BD
8K r 82Ge
TBUIF), 2B(GT). E,[U1F] E.[GT] SB(UIF)_ TB(GT)_ E_[U1F] E_[GT]
13.95 9.57 3.31 2.24 52.30 49.53 9.09 11.64
41.83 29.66 6.02 5.11 88.73 49.58 2431 6.00
42.28 28.33 10.00 6.24 158.59 51.28 12.60 6.42
40.74 34.48 7.16 4.50 114.55 49.49 11.20 4.08
42.99 47.55 11.32 5.20 184.16 96.27 11.17 4.67
50.49 48.33 10.81 3.77 551.94 96.41 11.39 6.63
52.75 51.71 12.79 9.41 315.25 126.68 9.40 8.50
38.32 38.16 12.19 9.56 173.40 165.13 12.89 6.07
57.27 31.24 11.35 10.51 227.86 135.00 11.52 3.05
54.70 48.41 12.76 7.86 469.73 148.15 10.87 3.49
150Sm 134Te
2B(UIF)+ 2B(GT)+ E.[UIF] E.[GT] EB(UIF)_ SB(GT)_ E_[UIF] E_[GT)
30.33 17.46 8.56 10.86 249.29 81.30 6.81 8.95
35.89 36.49 8.63 3.66 361.76 318.58 8.78 12.47
37.43 56.22 9.03 6.31 997.63 582.70 8.81 11.31
50.19 62.18 9.14 5.08 1060.19 480.44 8.98 9.08
47.50 41.00 9.49 5.50 1299.62 245.19 13.07 8.81
52.89 67.49 10.07 6.22 3441.34 323.53 10.08 9.84
54.93 62.45 9.58 6.97 1223.27 514.90 10.70 10.01
55.25 55.47 10.84 7.32 1569.68 1621.17 9.45 10.29
67.34 60.42 10.68 7.61 1829.43 1807.52 9.40 10.52
63.47 88.16 11.21 8.57 3165.09 469.26 10.14 10.28
277 P'Re
TBUIF). 2B(GT). E,[U1F] E.[GT] SB(UIF)_ TB(GT)_ E_[U1F] E_[GT]
2991 28.72 13.02 12.60 171.66 138.16 11.87 8.57
39.78 27.45 12.92 13.23 205.79 142.55 10.09 8.73
46.08 32.14 13.83 14.20 207.82 137.39 10.12 11.69
3.53 40.29 9.31 11.75 279.69 138.29 9.34 10.84
6.69 43.60 9.93 9.34 172.59 138.23 9.26 12.90
4.80 50.39 9.81 13.17 171.55 138.15 10.91 13.04
7.19 51.26 10.34 11.63 172.55 138.29 12.31 11.75
5.60 53.59 9.70 12.95 172.66 138.13 12.55 13.17
11.22 46.21 9.76 12.40 172.50 137.27 12.53 12.14
3.55 51.44 10.07 12.69 208.95 138.13 11.13 13.24

and BA rates over a wide temperature range (1-30) GK hypothesis indicates a sizeable change in both rate values,
and density (10—10'"") g/cm? for the allowed GT and U1F particularly for the U1F BD rates. Here, the BA hypo-
rates. The comparison of the microscopic state-to-state thesis is found to have the strongest effect, with devi-
calculated rates with those obtained by applying the BA ations exceeding four to five orders of magnitude. Mean-
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while, the deviation was rather small for other rates, in-
cluding the BD and EC rates of the allowed transitions
and EC rates of U1F transitions. According to our invest-
igation, the total BA rates (including the allowed and
UIF contributions) deviate from the total Full rates by an
order of magnitude or more. This order of magnitude de-
viation was recorded for both the EC and BD rates. Core-
collapse simulators might find this information useful for
modeling purposes. Our findings indicate that the BA hy-
pothesis may be safely applied for BD rates until the core
temperature reaches 7= 1 GK for all density regions. The
weak rates based on the BA hypothesis generally begin to
deviate from the microscopically calculated rates when
the core densities and temperatures exceed 10* g/cm® and
5 GK, respectively.

Noticeable mentions of the current investigation in-
clude:

© For BD rates, a difference of more than one (5) or-
der of magnitude in the allowed (U1F) rates is noted by
using BA. Forbidden transitions are more affected by us-
ing the BA hypothesis when compared with the allowed
GT transitions.

© For small BD rates (A < 107 s7"), at high core tem-
peratures (7 > 10 GK) and densities (pY. > 10° g/cm’), a
difference of more than five orders of magnitude was re-
ported between the Full and BA rates. These temperature-
density conditions correspond roughly to the silicon burn-
ing phase of the star [73].

O For EC rates, a difference of more than two (1) or-
ders of magnitude in the allowed (U1F) rates is noted by
using the BA hypothesis.

© For small EC rates (A < 107 s™"), at low core tem-
peratures (7 < 1 GK) and densities (pY. < 10* g/cm’), a
difference of more than 20 orders of magnitude was re-
ported between the Full and BA rates. These physical
conditions correspond roughly to the C-burning and pre-
C-burning phases of the star [73].

© The total BA rates, including the allowed and U1F
contributions, deviate by an order of magnitude or more
from the total Full rates.

These results show that the BA hypothesis signific-
antly impacts the accuracy and reliability of nuclear phys-
ics inputs used for »-process nucleosynthesis simulations,
where the contributions of forbidden transitions to the
total rates become large. The current investigation merits
due consideration before applying the BA hypothesis to
weak rate calculations. In the Appendix, we show the ra-
tios and average deviations of nine new BD and EC nuc-
lei. Detailed data on these and the remaining nuclei may
be requested from the corresponding author.

APPENDIX: RATIOS AND AVERAGED RATIOS
BETWEEN Full AND BA RATES

Comparison of the BA (Ags) and Full (1r) BD rates
for three selected nuclei as a function of core temperat-
ure (T GK) and density (oY, g/cm?). The ratios (R;) and
average deviation (R)are given separately for the al-
lowed (All) and forbidden (UIF) transitions, and are
defined in Eq. (53) and Eq. (54), respectively. The com-
puted R; values, where the A and/or Aga rates are less
than 107 s, are marked with *. g are the computed av-
erage deviations excluding ratios marked with *.

Table Al. R;[All] and R; [U1F] for three BD nuclei. See text for explanation of symbols.
79Zn 80Zn %Zr
T pY. R; [All] R; [UIF] R; [All] R; [UIF] R; [All] R; [UIF]
Ap2Apa Aa>Ar  Ap>Aa Aa>Ar  Ap>Aga Aa>Ar  Ap>dpa Apa>Ar  Ap>Apa Apa>Ar A2 Apa  Apa > AF
1 10 1.0 1.0 1.0 1.0 1.0% 1.0
10 10° 1.9 21.6 1.4 11.7 3.7 11272.0
30 10 6.6 3459 32 373.3 6.8 158489.3
1 108 1.0 6.6 1.0 10.0 259 2.4
10 10 2.1 77.8 1.5 32.3 33 23173.9
30 105 66 701.5 32 379.3 6.9 130017.0
1 10" — — — — — — — — — — — —
10 10" 689 15995.6" 5.00 35892.20 30.10 70957.8%
30 10" 6.3 31260.8 23.0 67920.4 95.1 65917.4
R 4.1 6051.4 49 13077.5 18.7 57478.9
R® 3.7 4630.8 49 9818.3 23.2 80738.0

034107-18



Impact of the Brink-Axel hypothesis on unique first-forbidden S-transitions for 7-process nuclei

Chin. Phys. C 48, 034107 (2024)

Table A2. R;[All] and R; [U1F] for three BD nuclei. See text for explanation of symbols.
190\ 12481 130T
T pYe R; [All] R; [UIF] R; [All] R; [UIF] R; [All] R; [UIF]
Ap2Aga ABA>Ar  Ap2AdBa ABa>Ar  Ap2Aga ABA>Ar  Ap2ABa ABa>Ar  Ap2Aga ABa>Ar  Ap 2ABA Aa > AF
1 10" 479 1.0% 1.0 1.0 146.6" 12.30
10 10* 3.6 2041.77 38.2 76.2 41.2 25.5
30 10° 7.8 56623.9 11.4 1419.1 16.6 8953.6
1 108 570 33.30 1.0 1.0 263.6" 8.20
10 10 33 1798.9" 40.0 1205.0 38.5 28119.0"
30 10 7.9 58479.0 11.4 9311.1 16.6 85113.8
1 10" — — — — — — — — — — — —
10 10" 28.30) 14060.5") 1470 47643.10 2040 54075.4%)
30 10" 98.9 240990.5 10.9 36728.2 13.6 67764.2
R 20.0 46753.6 16.1 12048.1 69.6 30509.0
R® 24.3 57551.5 16.3 6963.1 253 40464.3
Table A3. R, [All] and R; [U1F] for three BD nuclei. See text for explanation of symbols.
36X e 150N 2205
T pYe R; [All] R; [UIF] R; [All] R; [UIF] R; [All] R; [UIF]
Ap>Apa Aa>Ap  Ap>dpa Aga>Ar  Ap2dpa Aga>Ar  Ap>Apa Apa>Ar  Ap=Apa Apa > Ar  Ap2Apa  Apa > Ap
1 10* 133.0 7.20) 9.0 1.00 1.0 1.0
10 10 46.7 13091.8 24 251.20 21.9 14723
30 104 287 130017.0 1.6 20844.9 193 2454.7
1 10° 15000 120 11.50 1.00 1.00 1.0
10 10° 443 8260.4 2.0 7620.8 223 26977.40
30 108 286 314050.9 1.7 135831.3 19.3 62517.3
1 10" — — — — — — — — — — —
10 10" 29.90 68706.8") 320 33728.7%) 19.10 16943.40
30 10" 265 135207.3% 2.8 113501.1" 19.1 344349.9"
R 61.0 83667.8 43 38972.5 15.4 56839.6
R® 35.0 116355.0 2.1 78338.1 17.1 18684.5
Table A4. R;[All] and R, [U1F] for three EC nuclei. See text for explanation of symbols.
%Ge %Se 82Ge
T pYe R; [All] R; [UIF] R; [All] R; [UIF] R; [All] R; [UIF]
Ap>2Apa Apa>Ar  Ap=dpa Apa>Ar  Ap>dpa Apa>Ar  Ap>Aga Aa>Ar  Ap>Aga Aa>Ar  Ap>Apa Apa > Ap
1 10 77.6" 1.6 1.00 1.0% 66069.3") 1.99
10 10* 1.5 1.9 2.9 1.1 1.9 2.1
30 10* 3.8 4.0 5.5 45 4.0 43
1 10°  69.50 1.50 1.00 1.00 64416.9" 1.99
10 10° 1.5 1.9 2.9 1.1 1.9 2.1
30 10° 3.8 4.0 5.5 4.5 4.0 43
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Table A4-continued from previous page

76GC 7GSe

SZSe

T pYe R, [All] R, [U1F] R, [All] R, [U1F]

R, [All] R, [U1F]

Ap > Aga  ABa > Ap Ap > Aga  ABa > Af Ap > Aga  ABA > Af Ap > Aga  ABa > Af

Ap > ABa  ABA > AF Ap > ABa  ABA > AF

1 10" 1.0 1.0 1.0 1.0
10 10" 1.4 1.4 1.5 1.4
30 10" 7.7 6.5 8.8 6.7
R 18.7 2.6 33 25
R® 3.0 3.0 4.0 2.9

1.0 1.0

1.4 1.4

8.2 7.2
14501.0 2.9
32 32

Table AS. R;[All] and R, [U1F] for three EC nuclei. See text for explanation of symbols.

8SSr 9OZr

128'1-'e

T pYe R [All] R, [U1F] R, [All] R, [UIF]

R [All] R, [U1F]

Ap > Aga  Aa > AF Ap > ABa  ABaA > AF Ap > Aga  Aa > AF Ap > Aga  ABa > AF

Ap > Apa  ABa > Ap Ap > ABa ABaA > AF

1 10* 1.9x107° 1.59 274789.4% 1.00
10 10* 10.0 1.8 74.1 1.1
30 10* 6.7 3.9 55.0 7.1

1108 1.7x10"% 1.5 1.1 1.0
10 10° 9.9 1.8 70.6 1.1
30 10° 6.7 3.9 55.0 7.1

1 10" 1.0 1.0 1.0 1.0
10 10" 1.8 1.3 5.4 1.3
30 10" 9.8 53 53.8 9.3

R 4.0x107% 2.4 30567.3 3.3
R® 6.6 2.7 45.0 4.0

1517.10 1.59
6.6 12
6.1 7.7
95.1™ 1.3
6.6 12
6.1 7.7
1.0 1.0
3.0 2.9
12.4 12.6
183.8 4.1
6.0 49

Table A6. R;[All] and R, [U1F] for three EC nuclei. See text for explanation of symbols.

16N 195Tm 204pg
T pYe R; [All] R; [UIF] R; [All] R; [UIF] R; [All] R; [UIF]
Ap=Aga ABA>Ar  Ap=Apa Apa>Ar  Ap=Apa Aa>Ar  Ap=dpa Apa>Ar  Ap2Apa Apa>Ar Ap =>Apa Apa > A
1 10 — — - - 1.1x10%0°C) 12.07 31.8" 8.5"
10 10* 5579 510 1.3 1.2 1.6 3.5
30 10° 149 2.6 15.4 12.1 3.3 3.7
1 10 — — — — 1.1x10796) 12.00 31.80 8.6"
10 10° 5570 510 1.3 12 1.6 3.5
30 105 149 2.6 15.4 12.1 33 3.7
1 10" 1.00 1.00 1.1 1.1 1.0 1.0
10 10" 504 2.9 5.5 42 2.0 2.0
30 10" 144 2.7 26.2 15.8 52 52
R 29.6 32 2.4x10% 8.0 9.1 4.4
R® 23.6 2.7 9.5 6.8 2.6 32
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