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Abstract: Black holes (BHs) exhibiting coordinate singularities but lacking essential singularities throughout the

spacetime are referred to as regular black holes (RBHs). The initial formulation of RBHs was presented by Bardeen,

who considered the Einstein equation coupled with a nonlinear electromagnetic field. In this study, we investigate

the gravitational perturbations, including the axial and polar sectors, of the Bardeen (Anti-) de Sitter black holes. We
derive the master equations with source terms for both axial and polar perturbations and subsequently compute the
quasinormal modes (QNMs) through numerical methods. For the Bardeen de Sitter black hole, we employ the 6th-
order WKB approach. The numerical results reveal that the isospectrality is broken in this case. Conversely, the
QNM frequencies are calculated using the HH method for the Bardeen Anti-de Sitter black hole.
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I. INTRODUCTION

Over the years, the gravitational wave searches for the
coalescence of compact binaries [1] and the shadow im-
ages captured by the Event Horizon Telescope [2, 3] ex-
plicitly provide evidence of the existence of BHs. In gen-
eral relativity, essential singularities, which cannot be
eliminated by coordinate transformation, are present in
BHs. Modern physics tries to construct a complete the-
ory of quantum gravity and understand the microscopic
mechanism of BHs. However, the description of the es-
sential singularity has encountered enormous difficulties.
To overcome this problem, one can consider that the BHs
without essential singularities are known as regular black
holes. Compared with those of singular black holes, regu-
lar black holes exhibit some new phenomena, which have
recently attracted significant attention [4]. This kind of
solution was first proposed by Bardeen [5]. Ayon-Beato
and Garcia found that, to obtain a regular black hole solu-
tion, the energy-momentum tensor should be the gravita-
tional field of some magnetic monopole generated by a
specific form of nonlinear electrodynamics [6—8]. Since
then, numerous researchers have contributed various sin-
gularity-free solutions [9—14], which have attracted in-

creasing attention in recent years [15—17].

In the context of binary black hole coalescence, the
process can be divided into three distinct stages: inspiral,
merge, and ringdown, each calculated using different
methods. The inspiral can be discussed by the post-New-
tonian approximation, and the merge is always calculated
using numerical calculation. The final stage is equivalent
to making a perturbation to the equilibrium state of the
black hole. This stage corresponds to damped oscilla-
tions with complex frequencies, which always depend
only on the black hole properties, such as mass, charge,
and angular momentum. These modes are called quas-
inormal modes (QNMs). The gravitational perturbation
equations for the axial sector of Schwarzschild spacetime
were initially formulated by Regge and Wheeler [18] and
later extended to the polar sector by Zerilli [19, 20]. Ex-
tensive research has been dedicated to numerically de-
termining the quasinormal frequencies (w) for various
scenarios. It is well-established that the axial and polar
gravitational perturbations of asymptotically flat space-
time, such as those associated with Schwarzschild or Re-
issner-Nordstrém BHs, exhibit isospectrality [21]. Con-
versely, the investigation of quasinormal modes in
asymptotically Anti-de Sitter (AdS) spacetime has attrac-
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ted significant interest owing to the AdS/CFT duality [22,
23]. Numerical investigations have revealed a distinct
parity splitting phenomenon for Schwarzschild-AdS BHs
[24]. Furthermore, in addition to their classical properties,
quasinormal modes also exhibit intriguing quantum char-
acteristics inherent to BHs [25, 26].

After the Bardeen solution was presented, many stud-
ies focused on the perturbation problem of the Bardeen
BHs. The QNMs due to the neutral or charged scalar field
perturbation for regular black holes have been discussed
in Refs. [27, 28]. Ulhoa investigated the axial gravitation-
al perturbations of a regular black hole [29]. To investig-
ate the stability of nonlinear electrodynamic black holes,
Moreno and Sarbach derived the perturbation equations
[30]. Based on this result, Chaverra et al. calculated the
QNMs of black holes in nonlinear electrodynamics and
discovered that parity splitting exists for the alternative
model to the Bardeen black hole [31]. Further, Toshmato
et al. studied the electromagnetic perturbation of black
holes coupled with nonlinear electrodynamics, and their
results show a correspondence between the axial and po-
lar parts of electromagnetic perturbations of electrically
charged or magnetically charged black holes [32, 33].
The Dirac QNMs of regular black holes were also invest-
igated in [34].

The Bardeen BH with cosmological constant was ini-
tially introduced by Fernando [35]. In this study, we de-
rive the master variables and corresponding master equa-
tions for the gravitational perturbations of Bardeen
(Anti-) de Sitter BHs, employing the so-called A-K nota-
tion. Our analysis encompasses both the axial (odd-par-
ity) and polar (even-parity) sectors. Subsequently, we nu-
merically compute the QNMs with the necessary analys-
is. The structure of the paper is outlined as follows: In the
subsequent section, we provide a brief overview of the
Bardeen BH solutions and the construction of master
equations for (axial and polar) gravitational perturbations.
Section III focuses on the study of QNMs for the Bardeen
de Sitter BH utilizing the 6th-order WKB approach. Ad-
ditionally, we present a comparative discussion regard-
ing the quasinormal frequency splitting phenomenon.
Moving on to Section IV, we employ the HH method to
calculate the QNMs of the Bardeen Anti-de Sitter BH. Fi-
nally, Section V is dedicated to summarizes our findings
and provides a comprehensive discussion. Throughout
our study, we chose c=G=1 and ignored the factor
k = 87 in gravitational equations.

II. GRAVITATIONAL PERTURBATION OF
BARDEEN (ANTI-) DE SITTER BLACK HOLE

First, we briefly introduce the Bardeen de Sitter BH
following the work in Ref. [35]. The action is given by

(R-2A) 1

= | d*rr= _
s= [anvmg | 20 Lon]. o
_ 3 V242 F >5/2 . .
where L(F) = 20 (1+ o is the Lagrangian of the

nonlinear electromagnetic field strength F, and R and A

are the scalar curvature and cosmological constant, re-
spectively. The parameter a in L(F) is related to the mag-
netic charge ¢ and the mass M of the space time as fol-
lows: @ = g/2M. The field strength F' can be written as

1
F= Fub", @

where F,, =V,A,-V,A,. The only non-vanishing com-
ponent of F,, for spherically symmetric spacetime is
Fy; = gsin@, and then F = ¢*/2r.

Taking the variation of the action, the equation of mo-
tion can be expressed as

1 O0L(F)
Ry = SRy + Agyy =2 (TF‘”FVA _g‘”L(F))
L))
Vi < aF T )70 )

The static spherically symmetric solution is given by [35]
ds? = —f(Ndf? + f(r)'dr? + 2 (d6? +sin’0dg?),  (4)

2 2
where f(r)=1- ZL}"} - A—r Here, M and ¢ are the
(rP+g>? 3

total mass and the magnetic charge of the Bardeen de Sit-
ter BH. The A >0 case represents the Bardeen de Sitter
BH, and the A <0 case represents the Bardeen Anti-de
Sitter BH.

The decomposition of perturbed metric was first
presented by Regge and Wheeler. The perturbed metric
can be written as

8ab = 8ab +hap, (5)

where g, denotes the metric of the background space-
time. For spherically symmetric spacetime, /,, can be de-
composed to the axial part and polar part under the
Regge-Wheeler gauge. In this study, we use the A-K
notation to decompose h,, [36], which helps to give the
perturbed source terms. Note that when calculating the
QNMs, we do not need the source term. However, here,
we present the master equation with the source term to
provide some basis for studying the self-force or extreme
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mass ratio inspiral problems for Bardeen (Anti-)de Sitter
black holes. As such, the complete basis on the two-
sphere is constructed by a 1-scalar spherical harmonic,
Yin = Yu(6,¢), three pure-spin vector harmonics, and six
tensor harmonics [37]. The vector harmonics are defined
as

YEm = v, Y,

B,lm __ c. b Im
Y " =reyp,n’V YT,

YRIm =y, (6)
and the tensor harmonics are defined as
TaTbO,Im — Qab Ylm’ Tlfb(),lm = nny, Ylm’
bel’l'" =rn,Vp ym
bel’lm =r n(an)CnCVle’",

B2im _ 2m~yc _d e Im
T, " =r Qe n V.V, Y™,

1
TEH" = 2 (Q;QZ - Ega,,gfd) LA LN @)

where v, =(-1,0,0,0) and n,=(0,1,0,0) are two ortho-
gonal co-vectors, €, is the projection operator defined as
Q. = r*diag(0,0, 1,sin?6), €4 represents the spatial Levi-
Civita tensor €. = V'€, and €4, = r*sind. Now, hg,
can be decomposed as

B =A v Y™+ 2B v Yy +2C v Yo" + 2D v Y

+E T(Z)O,lm +F T:;)Z,lm + G beZ,lm + 2H T:;l,lm
+2J T L R TE, ®)
where the coefficients of each term in the above equation

are all scalar functions of ¢# and . Hence, the polar and
axial parts of h,, can be written as

AY™ —-DY™ —rBayY"™ —rBd, ym
v [ Som KY" —rHo, Y™  rHO, Y™
Sym  Sym r?Zim r*EX™™
Sym  Sym Sym r?sin? 0 Z"
©)
0 0 rcscHCHY™  —r sinfChY™
s 0 0  —rcscdldsY™  rsinlo,Y™
¢ Sym Sym —r*cscGX™  r’sindGW™
Sym Sym Sym r? sin G X™
(10)

where
Im __ 2 ] Im
W = 69+El(l+1) Y

X[m = [(996¢ — C0t06¢] Ylm

Z'" = (EY" +FW™). (11)

Assuming that the value of charge ¢ is fixed, taking
the variation of Eq. (3), we obtain

E, =Ohgy + YV, VuhS. — 2V Vhye + 2R hey

- (Rachbc + Rbchac) + gab(vcvdhcd - thd)

— 8avR N + Rhyy, — 2Ny + 26T 500, (12)
where
0L(F )
6T(§3bardeen =25 (%Fach‘ — gab_E(F)) . (13)

Projecting the above equations to the A-K directions,
one can get the projection equations Ea — Ex. The expli-
cit expression of E, — Ex will be placed in Appendix A.

For spherically symmetric spacetimes, there are sev-
eral gauge choices [18]. In this study, we choose the RW
gauge, i.e., the gauge vector &, , as

2
£ = (rB + %%F) v Y™

ro
+(rH- ,71:) yRim
<r 20r )
FYEim 4 %GYf’l’", (14)

r

+
2

which yields B=F =H =G =0. Then, the polar and axi-
al sectors of A, become

AYm™ Dy 0 0
o -Dym  Kym 0 0
‘ 0 0  rPEY™ 0
0 0 0  rsingEY™
(15)
0 0  rcscHCH, Y™  —r sinfCHY'™
i = 0 0  —rcscHldsY™ 1 sinflg Y™
¢ Sym Sym 0 0
Sym Sym 0 0

(16)
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Then, we construct the master variables and master
equations for the axial or polar part, respectively. For the
axial part, let

Y= fI (17)
and ¢ be satisfied

o & .0 ) - -
(2ﬁ_ﬁ+ff5_v())¢():s() (18)

with
Vo = riz (242427 A+2f +rf + 7 +4r’kL). (19)

and
s =f2EJ—%rf (f%EG+f’EG>. (20)

where 1 =[(I+1).
For the polar part, we choose the gauge invariants y
and ¢, defined as [38]

1 oa
=— —e"E,
X=73

11
p=3K- SN (r)+ e E- %eZM%E. 1)

Note that here, A(r) is the metric function mentioned in
[38], rather than the cosmological constant. Then, the
master variable ™ can be constructed as

(+)=)£_ 2¢ 22
4 f 2+ A+2PPA+2f +2rf" +4rk L’ 22)

which satisfies the polar sector equation as

& NP 9
2 +) —_ ¢(+)
(5~ e e ren)p=s 09
with
o . Mpd
sw="_9p g NAEx+NeE
2o or AT 2 gr T NARATAREE
rN (r 0 1 >
L v Eut ~Ex ). 24
+20'T<f0'6t ¥ H+2 K @4)

where the parameters N, o, 7, ¢;, and ¢ as well as Mg,

Na, and Ng are all the functions of background. The ex-
plicit expression of these functions can be found in Ap-
pendix B. It is easy to check that the above results can be
reduce to those of GR when g = 0.

Calculating the QNM, we set the source term to van-
ish and consider the variable y® =y®(r)rme . The
axial sector Eq. (18) can be directly written as the
Schrodinger-like equation with an effective potential,

AR U) 2 O O —
an + [ = VOO =0, (25)
with
dr
P f(), (26)

where o is the quasinormal frequency, which indicates
that the black hole will oscillate under gravitational per-
turbations. However, for the polar sector, Eq. (23) can be
denoted as

0’ 0 ( 0’ )} O
U1ﬁ+nza+ _@"‘Th ') =0, 27)

where

- pdT
m=lN
oT
=C|—
2 er’
oT
773=Com (28)

and following the standard steps presented in [39], the
standard Schrodinger-like equation is given by

d’z )
dizz + [LL) - V(+)] Z= 0, (29)
where
_1 1
Z=n, 1 exp (7 / @dr) y(r) (30)
2/ m
and
dr 1
— = 31
dz UR (31

meanwhile the potential in Eq. (29) reads as
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V(+>=_ﬂﬁ (d‘/m_’h)

2 or\ dr v
2
1 /d
LY (TR U R (32)
A\ ar T um

III. THE QUASINORMAL MODES FOR
BARDEEN DE SITTER BLACK HOLE

A. 6th-order WKB approach

In this section, we calculate the QNMs of the gravita-
tional perturbation of the Bardeen de Sitter spacetime as a
function of the magnetic charge ¢ and the cosmological
constant by applying the sixth-order WKB approach. The
WKB approximation is one of the most widely used
methods for calculating the QNMs of BHs. This method,
which employs a semianalytic technique, is designed to
solve the problem of scattered waves near the peak of the
potential barrier V(rp) in quantum mechanics [40—45].
Since the complete expression of the potential V* in Eq.
(29) is too complex, we expand the wave equations up to
the fourth order of ¢ in the following calculations. Hence,
f(r) and £ can be rewritten as

2M A 3Mg* 15Mg*
—1-==_2 _
f r 3 " r 4r (33)
3Mg* 15Mqg*
L= 27 (34

In the following subsection, the numerical results
show that the 4th order expansion of ¢ has enough accur-
acy for our discussion. However, in order to improve the
computational accuracy, we expand f(r) and L to the
10th order of g in our calculation program.

Here, we use the sixth-order WKB approach to calcu-
late the QNMs for the Bardeen de Sitter BH. For general
potential V(r), the sixth order formula is given by

. a)z—V()

NE

1
—AZ—A3—A4—A5—A6=I’1+E, (35)

where

d’v
Vi="5 (36)

Vo = Vlizrmeo ,
0 l max dl"g F=Fmax

T'max, corresponding to the maximum value of the poten-
tial V, n, is the overtone number, which can be set as
n=0,1,2.... The explicit expressions of A, and A; can be
found in [41, 42], and A4, As, and A¢ can be found in
[43].

0.28221
*
0.28220}
0.28219}
3
T 0.28218f
o
0.28217¢
0.28216} . . . .
qZ qll qﬁ q8 q10
A A A A
0.068355(
3 [
= 0.068350
T
0.068345
A
qZ q4 q6 q8 q10
Fig. 1. (color online) QNMs of axial gravitational perturba-

tion for varying the expanding order of ¢. Here, we set =2,
n=0,¢=02,and A =0.05.

B. Numerical results

The gravitational modes exist for />2. In de Sitter
spacetime, we set M = 1. Figure 1 describes the QNMs of
axial gravitational perturbation when expanding to vari-
ous orders of g. For polar gravitational perturbation, the
results also indicate similar convergent behavior. It shows
that expanding to the fourth order of ¢ is sufficient, i.e.,
Egs. (33) and (34) are valid in our calculation.

Figure 2 and Fig. 3 show the QNMs of the axial and
the polar parts of the gravitational perturbation for /=2
and n =0, respectively. The figures reveal that, when ¢
increases, the real part increases, but the magnitude of the
imaginary part decreases first and then increases. The
specific data for the QNM frequencies are presented in
Appendix C. The data in Table 2 indicate that the break-
ing of isospectrality of QNMs exists in the Bardeen de
Sitter BH.

One should confirm that the WKB approach does not
cause this breaking of isospectrality. We calculate the
QNMs using various orders of the WKB approach and
find that the error due to considering various orders of the
WKB approach is much smaller than the breaking of iso-
spectrality when ¢ = 0.6. Therefore, we consider that the
axial and the polar gravitational perturbations of Bardeen
de Sitter BHs are not isospectral.

In Fig. 4, we show the relative gap between the axial
gravitational and the polar gravitational QNM frequen-
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0.00 0.02 0.04 0.06 0.08 0.10

A
Fig. 2. (color online) QNM frequencies of the axial gravita-
tional perturbation of the Bardeen de Sitter BHs for /=2,n=0.

cies, where Aw is defined as

wodd —tven

Aw = X 100%. (37)
wO

This result clearly shows that isospectrality will break
in Bardeen de Sitter spacetime as charge ¢ increases.
However, when / is sufficiently large, our numerical res-
ults show that the frequency spectra for the axial and po-
lar gravitational perturbations converge. This implies that
isospectrality will tend to be preserved for large /'s.

IV. THE QUASINORMAL MODES FOR
BARDEEN ANTI-DE SITTER BLACK HOLE

A. HH method

For the Bardeen Anti-de Sitter BH, we use the HH
method to calculate the QNMs [23, 24]. A brief introduc-
tion to this method is as follows: In the HH method, the
condition M =1 no longer holds. For the axial sector, we
write ¢ for a generic wavefunction as

0.40
0.35
0.30

0.25

Re(w)

0.20

0.15} N

0.02 0.04 0.06 0.08 0.10

o
o
S

0.09F_ ]
0.08
0.07

0.06

-Im(w)

0.05

0.04

0.03f ‘ ‘ ‘ ‘

0.00 0.02 0.04 0.06 0.08 0.10
A

Fig. 3. (color online) QNM frequencies of the polar gravita-

tional perturbation of the Bardeen de Sitter BHs for /=2,n=0.

.
= o //// 1
"""" Aw (%) )
47 'l/’ 4
— ,/
Q\i 37 ,,,' /A’
3 . |
< //
2 7 ’,‘, e 4
/’/’ <
1F P - ]
Of ermamnrme= ESRELL e DO ]
0.0 0.1 0.2 0.3 0.4 os T
q

Fig. 4. (color online) The relative gap between the axial and
polar QNMs of Bardeen de Sitter BHs with A =0.02 and
[=2,n=0.

S LY S 174
O+ [0 -2iw] 2

Y 1 G R
rald =0. (39

For the polar sector, from Eq. (29), we consider that ¢

can be written as

¢(*) — glwr: l//(f), (38)

the Schrodinger-like equation becomes

¢(+) — eiwzz
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and satisfied by
PO eV
g(r)w + [g (r)—21a)] or g(r)¢ (41)
where
or oT _
o= 0T = s, (“2)

Then, introducing a transformation x = 1/r to restrict
the studied region r, <r < oo to a finite region 0 < x < x,
and expanding Egs. (39) and (41) at the horizon x;,, we
obtain

(X) u(x)

¢( )® + )2¢< 0*=0. (43)
Xn

S(X)ffb( )+ e

The coefficient functions s(x), #(x), and u(x) can be ex-
panded at horizon x = x;,

S =) s(x—x)" (44)

n=0

and similarly for #(x) and u(x). Note that u(x,) =0 yields
up = 0. After that, we consider the solution for Egs. (39)
and (41),

¢ = an(w)(x-x,)", (45)

n=0

and Eq. (43) gives

n—1

(@) =~ SRk Dtk las, (@46)

"ko

where
P, =n(n—-1)sy+nto. (47)

Using the boundary condition ¢ = 0 at infinity, i.e., x =0,

> (W) (=x)" =0. (43)

n=0

The problem is now reduced to that of finding a nu-
merical solution of Eq. (48). Since one cannot get a full
sum from O to infinity, the summation should be cut off
at an appropriate position N. Taking a partial sum from 0
to N, the numerical roots for wy of Eq. (48) can be evalu-

ated by some numerical method. Then, we move on to the
case that takes a partial sum from 0 to N+1, and simil-
arly determine wy.,. Comparing wy and wy,; can help us
determine N to achieve a certain computational accuracy.
It shows that when N =50 for axial perturbation or
N =150 for polar perturbation, the calculation accuracy
has three significant digits. Note that in Bardeen Anti-de
Sitter spacetime, we set A = —3.

B. Numerical results of QNMs

Here, we use the HH method to calculate the QNMs
of the Bardeen Anti-de Sitter BH and study the influence
of magnetic charge ¢ on QNMs. The range of r, is lim-
ited to r, € [1,100]. The specific data are placed in Ap-
pendix C. Figure 5 and Fig. 6 show the axial and polar
parts of the gravitational QNM frequencies for Bardeen
Anti-de Sitter spacetime. For the axial gravitational per-
turbation, we only consider the range logr, € [0.4,0.7] to
obviously show that as the charge ¢ increases, the real
part of @ will decrease, and the magnitude of imaginary
part of w will increase. However, for the polar gravita-
tional perturbation, we only consider the range
logr, € [1.5,2.0], where the deviations due to the pres-
ence of charge ¢ can be clearly seen.

9,
8,
3
gt
6,
5p7
0.40 0.45 0.50 0.55 0.60 0.65 0.70
log(rn)
Y
—————— q=0 s
13¢ q=0.2
12F - 9=0.4
77777 q=0.6
11
3
£ 10f
1
9, -
8 -~ 4
7L

0.‘40 0.;15 O.gO 0.‘55 0.é0 O.éS O.‘70
log(rh)

Fig. 5. (color online) QNM frequencies of the axial gravita-

tional perturbation of the Bardeen Anti-de Sitter BHs with

I=2and n=1.
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200 PE Table 1. QNM frequencies of the gravitational perturba-
180l Zig R tions calculated using the WKB approach with different / and
160F ===+ q=0: 4 e n in Badeen de Sitter spacetime. The parameters are chosen as
] ¢=0.1 and A =0.02.
~ 140 ; ; : —
3 o odd parity even parity relative deviation
o R 1 I n
e 120 i Re(w) -Im(@) Re(®) -Im@@)  Re(@) -Im(o)
100 - - ] 0 0.3396 0.0816 0.3392  0.0817 0.1178%  0.1225%
i 2
80 PP ] 1 0.3201 0.2485 0.3196  0.2490 0.1562% 0.2012%
o[ = 0 0.5446 0.0844 0.5443  0.0844 0.0551% 0%
L5 1.6 L7 18 19 20 3 1 05323 02551 05320 02552 0.0564% 0.0392%
|
loglrn) ‘ 2 05087 04316 05083 04316  0.0786% 0%
250k - g=0 /"‘/ i 0 0.7348 0.0855 0.7346  0.0855 0.0272% 0%
=0.2 X
- g=0.4 L e 4 1 0.7256 0.2577 0.7253  0.2577 0.0413% 0%
200 o ’ L7 g 4 2 0.7076  0.4331 0.7073  0.4331 0.0424% 0%
3 306818 06142 06816 06142  0.0293% 0%
v 150 ’,"':/’/ E 0 0.9190 0.0861 0.9188 0.0861 0.0218% 0%
o 1 09116 02589 09114 02589  0.0219% 0%
100 .. —-:‘:':': f 5 2 0.8970 0.4339 0.8968  0.4339 0.0223% 0%
= ‘ ‘ ‘ ‘ 3 08758 06126 08756 06126  0.0228% 0%
15 16 17 18 19 20 4 08488 07964  0.8485 07964  0.0353% 0%
log(rn)
Fig. 6. (color online) QNM frequencies of the polar gravita-
tional perturbation of the Bardeen Anti-de Sitter BHs with
1=2,n=0. Table 2. QNM frequencies of the gravitational perturba-

V. CONCLUSION AND DISCUSSION

In this study, we investigate the gravitational perturb-
ations of the Bardeen BH in the presence of a cosmolo-
gical constant. Both the axial (odd-parity) and polar
(even-parity) sectors are considered, and we provide the
detailed construction process for the decoupled equations
with source terms. Then, we derive Schrddinger-type
equations with effective potentials given by equations
(25) and (29). Subsequently, we apply the WKB ap-
proach to analyze the quasinormal modes (QNMs) for the
Bardeen de Sitter spacetime. The obtained QNM frequen-
cies are presented in Tables 1 and 2. We explore various
combinations of values for ¢ and A while fixing / and n,
and vice versa. The results reveal deviations between the
QNM frequencies in the polar sector and those in the axi-
al sector. We conduct additional calculations using differ-
ent orders of g and the WKB approach to ensure that
these deviations are not due to numerical errors, . Our
findings demonstrate convergence, suggesting that the de-
viations are not due to the order of ¢ or the WKB ap-
proach (and the currently used orders are sufficiently high
to ensure the required accuracy of our conclusions).
Moreover, numerical analysis indicates that the errors
arising from different choices of the orders of ¢ and the

tions calculated using the WKB approach with different ¢ and
A in Badeen de Sitter spacetime. Here, /=2 and n=0.

odd parity even parity relative deviation
1 Re(w) -Im(@) Re(@) -Im(@) Re(®) -Im(o)
0.00 0.3784 0.0883  0.3766 0.0886  0.4757% 0.3238%
0.02 03432 0.0813  0.3415 0.0815  0.4953% 0.2472%
0.04 03039 0.0731  0.3023 0.0732  0.5265% 0.1752%
02 0.06 02586 0.0631  0.2572 0.0632  0.5414% 0.1220%
0.08 0.2035 0.0504 0.2024 0.0505  0.5405% 0.1646%
0.10 0.1265 0.0318  0.1258 0.0318  0.5534% 0%
0.00 0.3935 0.0868  0.3859 0.0873  1.9314% 0.5760%
0.02 03588 0.0801  0.3515 0.0800  2.0346% 0.1248%
0.04 03202 0.0724 03134 0.0728  2.1237% 0.5525%
04 0.06 02760 0.0633  0.2699 0.0636  2.2101% 0.4739%
0.08 0.2230 0.0519 0.2179 0.0520  2.2870% 0.1927%
0.10 0.1527 0.0360  0.1491 0.0361  2.3576% 0.2778%
0.00 0.4282 0.0815 0.4049 0.0839  5.4414% 2.9448%
0.02 03927 0.0765 0.3718 0.0780  5.3221% 1.9608%
0.04 03542 0.0703  0.3355 0.0711  5.2795% 1.1380%
00 0.06 03113 0.0628  0.2947 0.0632  5.3325% 0.6369%
0.08 0.2616 0.0535 0.2475 0.0537  5.3899% 0.3738%
0.10 0.1999 0.0414 0.1890 0.0414  5.4527% 0%
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WKB approach are significantly smaller than the ob-
served deviations. This provides evidence that the devi-
ations are due to the inherent differences in odd and even
parities rather than the order of ¢ or the WKB approach.

The results unequivocally demonstrate that, for a
fixed nonlinear electromagnetic charge ¢, the axial and
polar gravitational perturbations exhibit distinct QNM
frequencies. This observation indicates a violation of iso-
spectrality in the case of Bardeen de Sitter BHs. Unlike
linear electromagnetic fields, the presence of nonlinear
electromagnetic fields disrupts the isospectrality of grav-
itational perturbations.

Furthermore, we compute the QNMs of the Bardeen
Anti-de Sitter spacetime. To gain a clearer understanding
of the impact of varying ¢ on the QNMs, we consider dif-
ferent ranges for the parameter r,. Our results show the
influence of the parameter ¢ on the real and imaginary
parts of the QNMs.

Notably, the master equations derived in this study
contain source terms. However, owing to the QNM calcu-
lations in this study, we impose that the source terms van-
ish. However, if we consider the extreme mass ratio in-
spiral model, i.e., a point particle moving around the
Bardeen BH, one can calculate the energy flux at infinity
or the gravitational wave of inspiral phase using our mas-
ter equations. In contrast, the Bardeen BH considered in
this study is a simple RBH solution. The ABG solution
seems to be a more reasonable choice as it approaches the
Reissner-Nordstrom solution at asymptotic infinity [6].
Whether the breaking of isospectrality occurs in all non-
linear electromagnetic theories is worth further explora-
tion. With the improvement of detection sensitivity, the
LIGO/Virgo/KAGRA cooperation is expected to accur-
ately measure the QNMs of the BH ringdown phase and
confirm/deny the breaking of isospectrality from the
QNM signal in the near future.

APPENDIX A: EXPLICIT EXPRESSIONS FOR
E.-Ex

By projecting the perturbed metric 4" onto these or-
thogonal tensor bases, the expressions for coefficients A-
K can be obtained.

A=f* f{ R Y;)dQ,

f j{ I b
- oYy, dQ,
l(l+ 1) abV E,im
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APPENDIX B: EXPRESSIONS FOR PARAMET-
ERS IN EQS. (23) AND (24)

Here, we present the explicit expressions of the para-
meters in Eq. (23), which are given by

N =—=4fu—o(—po+2f)+2f (yo—vo+d’), (B1)
o=-2+4A+2° A+ 2f +2rf +4r’k L, (B2)
T=-2+A+2°A+3rf +4r’«L, (B3)

1
{— 2f*MNu— M,No f’

=2 NG
+f[o-NM{—o-MlN’+M2N(—v0'+o")}}, (B4)
1
a :M{MIN—f[N2+2fo-N’
+2N(2f2,u+fvo-—a'f’—2fa")]}, (BS)

and the parameters appearing in the source term Eq. (24)
are given by

MF=£(77+/10'—2f0'+rf’0'), (B6)

Ny rN*+2rfoN’

1
:4f2N0'2{
+2N[2rf2,u+2r0'f’+f(—0'+rv0'—ro")}}, (B7)

Ny {err] +2fMpoTN' +2N7 | 2f* My

1
T 4fNo?t
+Mpo'f,—f(0'M;—,~—VO'MF+0'/MF)]}, (BY)

Here, we have

M, = f[po® + f (—2ve+207) (B9)

My =2f (2f°u-fyo+of’), (B10)
n=4-2C-8rA+4r* A’ +4f + 16r L2
—Srf’—rf'/l+8r3f’A+4-r2f'2
+16r°«L (r2A+rf'—1)
+2f (-4 +A+4r A+ 87k L+4rf"), (B11)
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1

X {4f(rA+2rKL+f’)+f/ (/1—2+2r2/\+4r2/<£+4rf’)},
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P T A2 2P A AL B
1
T X 12f (A=24 27 A+ 472K L+ 4rf’
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+rf/[_rf/+5(ﬁ_2+2r2/\+4r2/<£+3rf/)]},
1
) X 1812 (1=2+PA+2 L+ 2rf
g (A= 2+ 27A+ 42k L+ 3rf7) {f( r rPkL+2rf")
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APPENDIX C: QUASINORMAL MODE FREQUENCIES

(B12)

(B13)

(B14)

(B15)

Table C1. Axial gravitational QNM frequencies of the Bardeen Anti-de Sitter spacetime calculated using the HH method with differ-
ent ¢ and r,;, where the cosmological constant is set as A = -3, and the cutoff number of the summation is determined as N = 50.

[=2,n=0 [=2,n=1 [=3,n=0 [=3,n=1
1 ' Re(w) -Im(w) Re(w) -Im(w) Re(w) -Im(w) Re(w) -Im(w)
2 0~ 0.816839 4.36465 5.38995 0~ 2.38847 447733 5.22429
4 0~ 0.369257 7.76816 10.6822 0~ 0.913702 7.93976 10.6235
6 0~ 0.242054 11.3485 16.0005 0~ 0.587737 11.4762 15.9616
0.2 8 0~ 0.180492 14.9857 21.3237 0~ 0.435592 15.0850 21.2945
10 0~ 0.144009 18.6470 26.6488 0~ 0.346595 18.7277 26.6254
50 0~ 0.028672 92.5018 133.195 0~ 0.068692 92.5184 133.190
100 0~ 0.014334 184.957 266.386 0~ 0.034337 184.966 266.384
2 0~ 1.10090 4.10727 5.91645 0~ 3.29842 3.88143 6.03826
4 0~ 0.455923 7.65404 10.8665 0~ 1.01260 7.82060 10.8118
6 0~ 0.295336 11.2736 16.1174 0~ 0.643960 11.4004 16.0793
0.4 8 0~ 0.219352 14.9298 21.4100 0~ 0.475610 15.0288 21.3810
10 0~ 0.174700 18.6023 26.7173 0~ 0.377861 18.6829 26.6940
50 0~ 0.034677 92.4929 133.208 0~ 0.074702 92.5095 133.204
100 0~ 0.017335 184.953 266.393 0~ 0.037338 184.961 266.391
2 0~ 1.64729 434131 7.41637 0~ ~ 5.19887 7.46867
4 0~ 0.601735 7.45796 11.2095 0~ 1.18029 7.61522 11.1654
6 0~ 0.384439 11.1468 16.3213 0~ 0.738091 11.2720 16.2847
0.6 8 0~ 0.284234 14.8357 21.5573 0~ 0.542447 14.9342 21.5289
10 0~ 0.225908 18.5275 26.8332 0~ 0.430034 18.6079 26.8102
50 0~ 0.044687 92.4781 133.231 0~ 0.084719 92.4947 133.226
100 0~ 0.022336 184.946 266.404 0~ 0.042340 184.954 266.402

035102-11



Ying Zhao, Wentao Liu, Chao Zhang et al. Chin. Phys. C 48, 035102 (2024)

B. P. Abbott et al. (LIGO Scientific and Virgo

Table C2. Polar gravitational QNM frequencies of the Bardeen Anti-de Sitter spacetime calculated using the HH method with differ-
ent ¢ and r;, where the cosmological constant is set as A = -3, and the cutoff number of the summation is determined as N = 150.
[=2,n=0 [=3,n=0
1 " Re() -Im(e) Re() -Im(e)
2 4.48199 3.95046 4.58341 3.30879
4 8.03115 9.55387 8.32398 8.57327
6 11.5906 14.9412 11.9309 14.3709
0.2 8 15.2177 20.2144 15.4865 19.9298
10 18.8806 25.4391 19.0817 25.3612
50 93.1610 128.669 92.8456 130.662
100 186.243 257.431 185.524 261.567
2 4.39016 3.82357 4.53669 3.32935
4 8.20505 8.94905 8.20260 8.38047
6 12.0580 13.9709 11.8863 13.8573
0.4 8 15.9442 18.9028 15.5437 19.1484
10 19.8492 23.7920 19.2304 24.3338
50 98.5247 120.387 94.3123 125.134
100 197.003 240.864 188.5045 250.488
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