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Fully-light vector tetraquark states with explicit P-wave via QCD sum rules”
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Abstract: In this study, we apply the QCD sum rules to investigate the vector fully-light tetraquark states with an

explicit P-wave between the diquark and antidiquark pairs. We observed that the Cyo® §,®y*C (or

Ld
Cyo® Dy ®y*C) type current with fully-strange quarks couples potentially to a tetraquark state with a mass

2.16 £0.14GeV, which supports assigning Y(2175)/¢(2170) as the diquark-antidiquark type tetraquark state with
L Ld

JP€ =177, The ¢sG5 and ss55 vector tetraquark states with the structure Cyu® 0q ®YC+Cy*® do ®yy (or

Cyu® Ba Y*C +Cy*® Ba ®yy) are consistent with X(2200) and X(2400), respectively, which lie in the region
from 2.20 to 2.40GeV. The central values of the masses of the fully-strange vector tetraquark states with an explicit
P-wave are approximately 2.16 —3.13GeV (or 2.16-3.16GeV). Predictions for other fully-light vector tetraquark

states with and without hidden-strange are also presented.
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I. INTRODUCTION

In 2006, the BaBar collaboration studied the cross
section ete” — ¢f,(980) and discovered a structure near
the threshold compatible with quantum numbers
JP€ =17~ for the first time; its mass is M = 2.175+0.010+
0.015 GeV, and its decay width is I'=58+16+20 MeV
[1]. This structure was named as Y(2175) [2]. It is a suit-
able fully-light tetraquark candidate [2], and experiment-
al results have attracted extensive interest given that there
are alternative interpretations beyond the tetraquark state
[3]. Later, the BESII collaboration confirmed the pres-
ence of Y(2175) and reported its Breit-Wigner mass and
width, M =2.186+0.010£0.006 GeV and I =65+23+
17MeV, respectively [4]. The Belle collaboration also
confirmed the existence of Y(2175), in addition to a
cluster of events near 2.4GeV [5]. Shen and Yuan stud-
ied combined data from the Belle and BaBar collabora-
tions and observed evidence for the structure X(2400)
with a mass 2.436+0.026GeV and width 121 +35MeV
[6].

In 2019, the BESIII collaboration measured the cross
section of the process e*e” —» K*K~ (K*K~K*K~) and ob-
served a resonance structure, X(2240), with a Breit-Wign-

er mass M =22392+7.1+x11.3MeV (2.232GeV) and
width I'=139.8+12.3+£20.6 MeV [7] ([8]). Its resonant
parameters differ from the world average parameters of
p(2150) and ¢(2170) by more than 30 in mass and more
than 20~ in width [7]. Furthermore, the isovector reson-
ance p(2150) is not well established [9]. In 2020, the
BaBar collaboration measured the same cross section in
conjunction with previous BaBar results for the relevant
processes, and obtained a similar Breit-Wigner mass and
width for the isovector resonance p(2230): M =2232+
8+9MeV and I'=133+14+4MeV, respectively [10].
Recently, the BESIII collaboration measured the cross
section e*e” — AAn and observed a resonance structure,
X(2400), with J¥¢ = 177, a Breit-Wigner mass M = 2356+
7+17MeV, and a width I' =304 +28 + 54 MeV[11].

To date, an increasing number of potential fully-light
exotic hadron candidates have been discovered. In partic-
ular, X (1835), previously observed by the BESII collabor-
ation [12], was verified with a statistical significance
greater than 200 [13]. Additionally, X(2120) and X(2370)
were observed in the 7777’ invariant mass spectrum in
the decays J/y — yr*n~ny [13]. In 2016, pseudoscalar
states 7(2100) and X(2500) were detected. In addition, the
scalar state f,(2100) and tensor states f,(2010), f>(2300),
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and f,(2340) were detected in the process J/¢ — yo¢d
[14]. As the pieces of evidence began to accumulate, the-
oretical physicists were obliged to investigate the fully-
light tetraquark states. In short, several possible theoretic-
al interpretations have been proposed for Y(2175)/
#(2170), such as the tetraquark state [2, 15-22], AA bary-
onium [23, 24], conventional s3 state [25, 26], #KK res-
onance state [27, 28], and strangeonium hybrid [29].

In previous works, the QCD sum rules were used to
explore the tetraquark states ss55 with quantum numbers
JE=0", 177, 17, 2**, efc. [2, 15-18, 30]. In Refs. [2,
15, 16, 18], Y(2175)/¢(2170) was interpreted as the ss55
vector tetraquark state (or as the s¢5g state [19]) with an
implicit P-wave (or with an explicit P-wave in the
(anti)diquark constituent [17]), according to the calcula-
tions via QCD sum rules. The mass spectrum and strong
decays of the ss55 states with S-wave and P-wave are
studied in the relativized quark model, and the assign-
ment of Y (2175)/¢(2170) as a ss55 candidate cannot be
excluded [20, 21]. In the flux-tube, 3P,, modified GI
quark, and quark pair creation (QPC) models, the state
Y(2175)/¢(2170) is assigned as the hidden strange ss55
tetraquark state [22], AA baryonium [23, 24], and 2°D; s§
meson [25, 26], respectively. For further details and liter-
ature, please refer to [3].

Diquarks &7*¢7CI'q; in the color antitriplet have five
structures in the Dirac spinor space, CT" = Cys, C, Cy,ys,
Cy,, and Co,,, for the scalar, pseudoscalar, vector, axi-
alvector, and tensor diquarks, respectively, where i, j, and
k are color indexes. The favored or stable configurations
are the scalar £/¢]Cysq; and axialvector £/q]Cy,q;
diquark states based on the QCD sum rules [31]; for the
diquarks containing the same flavor, £7¢]Cysq, =0, we
give priority to axialvector diquarks £7¢’Cy,q; as the
basic constituents. However, diquarks ¢; TCysqy in the col-
or sextet can exist, according to Fermi-Dirac statistics, al-
though the attractive (repulsive) force from the one-gluon
exchange favors (disfavors) the formation of the diquarks
in the color antitriplet (sextet) [32—34].

In case of negative-parity, the relative P-waves in the
diquarks can be implied in the underlined ys for the
Cysys®y,C-type and Cys®ysy,C-type currents, in the
underlined y* for the Cy,y*®vy,C-type currents [35], or
in the vector components for the Co,, and Co,,ys type
diquarks [36]. In Refs. [15, 16], Chen et al. selected the
diquarks both in the color antitriplet and sextet as the ba-
sic constituents to construct two vector currents to inter-
polateY(2175); the P-wave was implied in the diquarks.
The mixing effects between the two currents were taken
into account, and the lowest masses of 2.41+0.25GeV
and 2.34 +0.17GeV were obtained for the vector ss535 tet-
raquark states. The central values were larger than those
of the experimental data. In Ref. [30], we chose the
Cy,®v,C-Cy,®y,C-type current without introducing an

explicit or implicit P-wave to interpolate Y(2175). The P-
wave was only implicitly embodied in the non-vanishing
couplings to the vector tetraquark states. The calculations
also led to a larger mass for the vector ss55 tetraquark
configuration having an implicit P-wave than the experi-
mental mass of Y(2175)/¢(2170). In Ref. [2], we chose
the y, ® ysys-type current in the color octet-octet to inter-
polate Y(2175); the P-wave was implied in the under-
lined ys, and the experimental mass of Y(2175) was re-
produced. However, the pole contribution was not large
enough.

Thus, we propose to introduce the explicit P-wave to
study the fully light vector tetraquark states and con-
struct the (9# Cvys ®y5C type, Cys® 6,4 vsC-type, ay Cy.®
v*C -type, and Cy,® 6,1 v*C-type four-quark vector cur-
rents, where Bﬂzgﬂ - Bﬂ [37, 38]. The additional P-wave
in the non-relativistic quark model can alter the parity by
adding a factor (-)* = —, where L =1 is the angular mo-
mentum.

By comparing Ref. [38] with Ref. [39], we found that
the masses of the C®y,C+Cy,®C-type, Cys®7ysy,C+
Cy,ys®ysC-type, and Cy,®v,C—-Cy,®y,C-type vector
hidden-charm tetraquark states are notably different from
the masses of the Cys 8# vsC-type, Cy.® 6,1 ®y”C type,

Cy,® 8(1 ®y*C+Cy” ® 60 ®y,C-type and Cys® 0# ®y,C

+Cvy, 8# v5C —Cys® 6y ®y,C-Cy,® av ®ysC -type  vec-
tor hidden-charm tetraquark states. Thus, Y(2175)/
#(2170) could be viewed as an s5 analogue of Y(4260) or
as an s3s3 state that decays primarily to ¢£,(980).

In this study, we extend our previous work on
Y(4220/4260), Y(4320/4360), Y(4390), and Y(4660) re-
ported in Ref. [38]. In particular, we study the hidden-
charm vector tetraquark states with an explicit P-wave
between the diquark and antidiquark using the QCD sum
rules in a systematic way to explore the fully-light tetra-
quark states. More explicitly, we extend the doubly-heavy
and doubly-light quarks to the case where the four
valence quarks are all light quarks, and study the ss55,
5q5q, and gqqq tetraquark states with an explicit P-wave
via QCD sum rules. We also compare the predictions
with the corresponding results without an explicit P-wave
[15, 16, 30].

Generally speaking, we can choose either the partial
or covariant derivatives to construct the interpolating cur-
rents. The currents with covariant derivative D, are
gauge invariant; however, this does not favor interpreting

D=0, —ig,G,— 5# -ig,G, as angular momentum. The
currents with partial derivative ¢, are not gauge covarl—
ant; however, this does favor interpreting 6,4 (9,4 - a# as

angular momentum. Furthermore, the covariant derivat-
ive D, leads to some hybrid components in the hadron
states due to the gluon field G,. In this paper, we present
the results with both partial derivatives 9, and covariant
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derivatives D, for completeness.

The paper is organized as follows. In Section II, we
derive the QCD sum rules for the vector tetraquark states
with explicit P-waves. In Section III, we report the nu-
merical results and discuss them. Finally, in Section IV,
we draw conclusions.

II. QCD SUM RULES FOR THE FULLY-LIGHT
VECTOR TETRAQUARK STATES

In the following, we show the two-point correlation
functions I1,,(p) and I1,,,5(p) in the QCD sum rules:

kun=g/dH€”«mT{ﬁmmJRm}mx (1)

vap(p) =1 / d*xe”(OIT {J,/(x)J35(0) } 0, 2

J(X) J12’54

where 1,5555/q5q c/qqqq(x)’

6
J,uv,qxqﬁ(x) H

qu&‘q;('x)j Juv(x) =

L(2) =M ST () Cyy 5 (x) 8, 7 (X)y CF (),

[J S35

0= glikgimn sTI(x)Cy,s*(x) Ba F"(x)y*C3™(x)
SS55 x . «
z V2 |+ sTICY S (X) B §(x)y, C5T(x)

wm(x) =glkgimn g T/(X)CO'aﬁS (%) 6” F(x)oPCF (%),

J4 ( ) _ gijkgimn STj (X)CO'HVSk()C) Ba Em(X)O'DNCET” ()C) |
1,555 \/E + STJ(X)CO'm'Sk(x) O E"I(X)O'WCET”()C)
3)

T} gs(®) =656 I () Cy (%) B, G (xyy"C5™ (),

ghem | gTINCY,s'(x) da (0" CT ()

)= o
YTV g (x)CY"*s5(x) da §"(x)7,C5""(x)

Hs qsqs(

B 1200 =856 g1 () Craps (%) 8, " (X) P CF (),

& ijk simn

4 () CT 55 (X) B G ()T CF(x)
s qqu(x) \2

+qTI(X)CT X) Do §(X)T 0 C5T(x)

T3 s =R Mg () Cys s () B, " (x)ysC5 (),

7" ()Cys5 () 8, 7" (07, C5(x)
+ MOy ) B T (YsCF(x)
— T (OCYs8(0) By ()Y, CF(x)
— g (0CYs () 8y F(X)ysCF(x)

@)

&l i jk 81mn

ﬂV qsqs('x) =

"y Cq" (%),

G(X)CY, G (x) 8o ()Y CT(x)
+ g7 IOCY' G (%) Ba 3" (07, CTT(x)

ﬂqqqq(x) =" q" () CYaq (x) a/ﬂ

&l ijk gtmn

Hs qqqq(x) \/E

ijk .imn

B i) =856 g1 Cropg (6) 8, " ()™ CF" (),

&l ]’kgimn qu()C)CO'#VSk()C) 3(1 qm(x)o.aquTn ()C)

(x) = -
#qqqq X ﬁ +qu(X)CO'mqk(X) O c_]m(X)O'WCqT"()C)
)

where i, j, k, m, and n are color indexes; C is the charge
conjugation matrix; and ‘5“:5# - BH. The tensor diquark
operators &’ s"i(x)Co sk (x), &%*q"(x)Co,s(x), and
g% q"i(x)Co,,q"(x) beyond the axialvector diquark operat-
ors are chosen to construct the four-quark currents, as
they also exist, according to Fermi-Dirac statistics.

Applying the simple replacement BH—>B,, in Egs.
(3)—(5), the corresponding gauge invariant currents are
obtained:

B3 = L) b

J(%) =

‘I/IV(-x) |‘3H1‘—‘) H] (6)

as already done in Refs. [40, 41]. In this work, the cur-
rents with both partial and covariant derivatives are
chosen to interpolate the vector tetraquark states.

Under parity transform p and charge conjugation
transform ¢, the currents J,(x) and J,,(x) have the fol-
lowing properties:

PL(O)P =+ J*(%),

Pl ()P == (%), (7)
éju(x)éfl =-J,(0),
6J#V(x)é\_l = ,uv(x)v (8)

where x* = (t,X) and ¥ = (t,-%).
On the hadron side, we obtain the hadronic represent-
ation by inserting a complete set of intermediate hadron-
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ic states with the same quantum numbers as the current
operators J,(x) and J,(x) into the correlation functions
I,,(p) and I1,,.5(p) [42, 43]. The following results are
obtained by separating the ground state contributions of
the vector tetraquark states:

ﬂz pPul
”v —71/(_ ,+ H V)+...’
,u(p) M}z{ 2 8u B

:HY(pZ) (_g/LV + p;fv) +eey (9)

2

Hva :711 : adSVB T ’ va
wap(P) M%(M%—pZ)(p 8ua8vp — D" 8up8

— 8uaPvPp — 8vpPulo + 8upPvPa + EvaPulp)
+ B (=8uaPvPp = 8vpPuPla
M (Mz—p?)" ™" !
+8upPvDa + 8vaPulp) + 7+
=Ty (PP)(P* a8 — P 8up8va — GuaPrPs
— &pPuPa + 8upPvPa + &valPulp)
+T12(P*)(~8yuaPvDp = 85 PuPec + 8usPPa
+&valulp)
(10)

where the pole residues Ay and A are defined as

O, ONY () =Ay &y

A
(017,,(0)Y(p)) =ﬁyysmﬁa"pﬂ,

IL,(p) =- 4ighkgimn gl JK gi'm'n / d*xelr?

Az

<O|Juv(0)|Z(p)> =ﬁz (gupv_gvpu) s (11)

wheree, denotes the polarization vectors of the vector
and axialvector tetraquark states Y and Z with J7¢ =1—~
and 1%, respectively. Now, the components Ily(p?) and
[1,(p?) are projected out by introducing the operators
Py and PP

Iy (p?) =p*Ty (p?) = Py P ap(p),

I(p®) =p"TIz(p*) = Py Tup(p). (12)
where
vag | Pp° P’
B _ o VB

Py "6 (g" B P2 )(g B pr /)’

vop 1 P'p” 12202
P 5:,(1401_ )( VB _ _ _oHe B 13

z = \8 P g P c8'8 (13)

In this paper, the components Ily(p*)are chosen to
study the fully-light tetraquark states with JP¢ =1,
thereby obtaining the hadronic spectral representation
through the dispersion relation,

Hy(pZ) — 1 /00 ImHY(S) .
0

ﬂ P (14)
On the QCD side, if we take the current J,(x) =

J,,ss55(x) with partial derivatives as an example, the cor-
relation function I1,,,(p) can be expressed as

+Tr{y.S* (xX)ysCS 7T (x)C} 6,0, Tr{¥*S""(—x)y*CS™ ™ (—-x)C}

=0, Tr{yaS™ (xX)ysCS VT (x)C} 8, Tr{¥*S" " (—x)y*CS™ ™ (-x)C}
=0, Tr{yaS* (x)ysCS T (x)C} 8, Tr{7#S""(=x)y"CS"" (—x)C}
+0,0,Tr{yo 8™ (X)ysCS 7T (x)C } Tr{y*S""(—x)y*CS™ ™ (-x)C}

>

(15)
after performing the Wick's contractions, where S ;(x) is the full s-quark propagator [43—45],
S0 = i6ij £ Siyms  6ii(Ss) . i6i; Am(5s) 6,;x*(5g,0Gs) . i6;;x* fmy(5g,0Gs)
T A 12 48 192 1152
ig,Gogti(kcP + P £) 1 _
- /32”2)(:2 —§<SJ(T# S[>O'I“,+“‘, (16)

n

A . . .
and " = ?; A" is the Gell-Mann matrix. We retain the

term (5,05, which originates from the Fierz re-ar-

rangement of (s;5;), to absorb the gluons emitted from
other quark lines to extract the mixed condensate
(5g;0Gs) [45]. Then, it is straightforward to carry out the
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integrals d*x in the coordinate space by setting d*x — d”x
and using the basic integral,

. _on. D
/duxelw - i(_l)nHW (17)
X Fo(-pH*™

to obtain the correlation function II,,(p). Thus, the spec-
tral representation at the quark-gluon level is obtained
through the dispersion relation,

1 [ ImITy(s)
Iy (p?) = */ ds——-, (18)
7w Jo s—p
where the QCD spectral density is obtained as
pacp(s) = ™) uging the formula

1I [(e-a) p™

T (—p) ol

: (19)

D=4+4+2¢,a=n-2.

Nogv, we apply the simple replacement 6,0, — 6;;0,—
igSG/‘jg in the vertexes in Eq. (15) to account for addi-
tional terms originating from the covariant derivatives.
Thus, we obtain the corresponding correlation function
for the gauge invariant current; the calculation is straight-
forward via the same procedure. The mass of the s-quark
is assumed to be a small quantity and treated perturbat-
ively in Eq. (16), which requires the lower bound of the
integral dsto be zero.

Now, we obtain the analytical expressions of QCD
spectral densities pocp(s). We first apply the quark-had-
ron duality below the continuum thresholds sy by setting

50
1/ ImHY(2S) :/ ds pQCD(j) ’ 20)
n)o s-p 0 s—p

and implement the Borel transform with respect to the
variable P? = —p?* to obtain the QCD sum rules,

A;j) = /050 dspqcp(s) exp (—%) , 21)

the explicit expressions of the spectral densities pocp(s)
for the currents with both partial and covariant derivat-
ives are all provided in the Appendix. The vacuum con-
densates (Gq)* make no contribution owing to the special
structures of the currents, where ¢ = u, d, or s.

We calculate the vacuum condensates with dimen-
sions up to 11 in the operator product expansion, and con-
sider the impact of the vacuum condensates which are va-
cuum expectations of the quark-gluon operators of the or-
ders O(a*) with k<1, as in previous works of ours

/12 exp (

[45—47]. Vacuum condensates (g;f“*G.G,G.), (2GG)?,
and (gg,0Gq){(**GG) are the vacuum expectations of the
quark-gluon operators of orders O(as ), O(@?), and O(as ),
respectively, where ¢ =u, d, or s; these condensates are
neglected. Direct calculations indicate that these contribu-
tions are extremely small in the QCD sum rules for the
multiquark states [48]. The vacuum condensates (gq)* are
accompanied by the strong coupling constant g, whose
contribution is also extremely small; these condensates
are also neglected for simplicity.

. . . 1
We differentiate Eq. (21) with respect to 7= T2

eliminate pole residues Ay, and obtain QCD sum rules for
the masses of the fully-light vector tetraquark states,

50 d
/ ds QCD(s) exp(—7s)
Mi=-20 . (22)

50
/ dspqcep(s)exp (—1s)
0

III. NUMERICAL RESULTS AND DISCUSSION

We take the standard values of the vacuum condens-
ates  (gq) =—(0.24+0.01GeV)*,  (Gg,0Gq) = m¥{qq),
m(z) =(0.8+0.1)GeV?, (55)=(0.8 +0.1¢qq), (5g,0Gs)=

=(0.012+0.004)GeV* at the energy

scale u= 1GeVﬂ[42, 43, 49] and choose the MS mass
my(u=2GeV) =0.095+£0.005GeV from the Particle Data
Group [9]. We also choose the square, cube, and Nth
powers of the s quark mass mY =0(N =2, 3, 4,...) and
neglect the small ¥ and d quark masses. We usually
choose the energy scale p=1GeV for the QCD spectral
densities of the fully-light mesons and baryons [30, 50,
51] and evolve the s-quark mass to the energy scale
1 =1GeV accordingly.

According to the experimental values of mass gaps
between the ground states and first radial excited states of
the mesons, we constrain the central values of the fully-
light vector tetraquark masses M, and continuum
threshold parameters +/so, to the range

0.50 GeV < +/so, — M. < 0.60 GeV, (23)

in order to ensure uniformity and reliability of the results.
For the conventional pseudoscalar and vector mesons
with valence quarks s, ¢, and b, the mass gaps between
the ground states and the first radial excited states are
approximately 0.55-0.75 GeV, according to the Particle
Data Group [9]. We borrow some ideas from the experi-
mental data and add an uncertainty /sy = +0.10 GeV.
Thus, the continuum threshold parameters are approxim-
ately VS0 = /50, £0.10 GeV = M. +0.40 ~ 0.70 GeV;
therefore, the aforementioned strict constraint is reason-
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able.

The pole contributions (PC) are controlled to range
from 35% to 75% to ensure pole dominance at the phe-
nomenological side whenever possible. Thus, the PC are

defined as
50 s
/0 dspqep (s)exp (_ﬁ>

/000 dspqcp () exp (—%)

The contributions of the vacuum condensates D(n) in the
operator product expansion are defined as

/0‘YO dsp,(s)exp (—%)

| aspecotens (~75)

where the subscript # in the QCD spectral densities p,(s)
denotes the dimension of the vacuum condensates:

PC=

(24)

D(n) = ; (25)

a,GG
n

03(8) < {qq), 04(8) o< Y,

ps(s) < (Gg,0Gq),  pe(s) < (qq)’,
a,GG

T

) 038(8) x{qq){qg;0Gq),

GG
p1o(s) « (Gg,0Gg)’, <qq>2<“7>,

p7(8) o< {gq){
0o(s) < (Gq)*,
p11(s) «(Gq)y(gg,0Gq), (26)

Table 1.
vector tetraquark states (partial derivatives).

where g = u, d, or s. We require the criterion D(11) ~ 0%
to assess the convergent behaviors. Thus, we obtain suit-
able Borel parameters and continuum threshold paramet-
ers via trial and error. Table 1 shows the numerical res-
ults for the fully-light vector tetraquark states in the case
of partial derivatives.

According to the analytical expressions of the QCD
spectral densities shown in the Appendix, the currents
with partial and covariant derivatives make no difference
on the tetraquark states Y, 13 quﬁ,;fs and Y;,gq. By contrast,
for the tetraquark states Y2, Y2, Y20, Y4, Y,/ and
quqq’ the currents with covariant derivatives lead to
slightly different masses or pole residues compared with
the corresponding ones with partial derivatives. All the
numerical results for covariant derivatives are presented
in Table 2.

In the calculations, taking the currents with partial de-
rivatives as an example, we observe that the perturbative
terms D(0), D(3), D(6), D(8), and D(10)constitute the
most significant contributions, as shown in Fig. 1. In gen-
eral, although the contributions vary (remarkably) with
the vacuum condensates of increasing dimensions, the
contributions D(0) or D(8) serve as milestones. The high-
er dimensional vacuum condensates play a less important
(or decreasing) role, and D(11) ~ 0%. More explicitly, for
the curves C, D, G, H, M, and N, the dominant contribu-
tions come from D(0). For the curves 4, B, F, and J, the
largest contributions come from D(0); the contributions
from D(8) are also significant; the higher vacuum con-
densate contributions decrease quickly to zero. For the
curves E, I, K, and L, the largest contributions come from
D(8); the higher vacuum condensate contributions de-

Borel parameters, continuum threshold parameters, pole contributions, masses, and pole residues of the P-wave fully-light

Y T2/GeV? V50 /GeV pole(%) M/GeV 1/GeV®
g 1.30—1.60 2.75+0.10 (37-170) 2.16+0.14 (2.67+0.50)x 1072
Y2 1.45-1.75 2.95£0.10 (35-66) 2.35£0.17 (3.67+0.89)x 1072
Y3 1.75-2.15 3.50+0.10 (42-171) 2.98+0.10 (2.86+0.43)x 107!
Y 1.80-2.20 3.65+0.10 (46—-74) 3.13+0.11 (1.58£0.22) x 10!
Yigs 1.25-1.55 2.65+0.10 (38-71) 2.06+0.13 (1.19+£0.23)x 1072
Y25 1.40-1.70 2.85+0.10 (35-67) 2.24+0.17 (1.90£0.46) x 1072
Y2 1.70-2.10 3.40+0.10 (41-71) 2.87+0.10 (1.24+0.19)x 107!
Yo s 1.75-2.15 3.55+0.10 (46-175) 3.00+0.11 (6.77+1.01)x 1072
Y2us 1.30-1.70 2.60+0.10 (37-73) 2.05+0.10 (5.79+0.64)x 1073
Yg_wﬁ 2.50-3.40 4.05+0.10 (44-174) 3.52+0.11 (3.89+0.85)x 1072
Y, 1.20-1.50 2.55+0.10 (39-72) 1.98+0.11 (2.15+£0.33)x 1072
Y2 1.35-1.65 2.75+0.10 (36-68) 2.13+0.16 (2.84+0.58)x 1072
Y2 5 1.65-2.05 3.30+0.10 (40-71) 2.77+0.11 (2.18+£0.33)x 10!
Yaa 1.70-2.10 3.45+0.10 (46-175) 2.89+0.10 (1.21£0.17)x 107!
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Table 2. Borel parameters, continuum threshold parameters, pole contributions, masses, and pole residues of the P-wave fully-light
vector tetraquark states (covariant derivatives).

Y T2/GeV? V50 /GeV pole(%) M/GeV 1/GeV®
Yl 1.30 - 1.60 2.75+0.10 (37-10) 2.16+0.14 (2.67+0.50)x 1072
Y2 145-1.75 2.95+0.10 (35-65) 2.35+0.17 (3.64+£0.83)x 1072
Y3 1.75-2.15 3.50+0.10 42-71) 2.98+0.10 (2.86+£0.43)x 107!
Y4 1.80-2.20 3.65+0.10 (45-173) 3.16+0.10 (1.60+0.22)x 107!
Y5 1.25-1.55 2.65+0.10 (38-171) 2.06+0.13 (1.19+0.23)x 102
- 1.40-1.70 2.85+0.10 (35-67) 2.24+0.17 (1.88+0.38)x 102
Yous 1.70-2.10 3.40+0.10 41-71) 2.87+0.10 (1.24+0.19)x 10"
Yous 1.75-2.15 3.55+0.10 (45-74) 3.02+0.11 (6.89£0.95)x 10~
Y 1.30-1.70 2.60+0.10 (37-73) 2.05+0.10 (5.79+0.64)x 10~
Yous 2.50-3.40 4.05+0.10 (44-74) 3.54+0.09 (3.93+0.74)x 10~
Yl 1.20-1.50 2.55+0.10 (39-72) 1.98+0.11 (2.15£0.33)x 1072
Y2 1.35-1.65 2.75+0.10 (35-67) 2.13+0.16 (2.78+0.51) x 1072
Y 1.65-2.05 3.30+0.10 (40-71) 277+0.11 (2.18£0.33)x 107!
Y 1.70-2.10 3.45+0.10 (45-175) 2.90+0.10 (1.21£0.16)x 107!
16— . . . . . 16 — . . . . .
14} v - s A 141 o = E|
a $SSS o B qsgs o F
1.2} 2ol 1~2'x 4 g ]
— 100, v D] 4 _ Lor V|H~
£ osf . £ o8t o s
(a] . o °
0.6 . . 4 — 06} . J
04} 2 - 0.4+ . B
02f et "] 02r s . ]
|} [ ]
00} $ 2 4 g1t 00} $38 & o1 % 8]
0 2 4 6 8 10 12 0 2 4 6 8 10 12
n n
1.6 T T T T T T
14} __ K| A
Ll aqaq o L]
A M
— 10} x v N| A
£ osf ] ]
o
- 06} [ ] 4
04} = 4
[ ] L ]
02} o 1
v v
0.0} 1 ; & 8 & A & A 8 A
0 2 4 6 8 10 12
n

Fig. 1. (color online) Absolute contributions of the vacuum condensates of dimension # for the central values of the input parameters

for the ss55 and ¢sgs P-wave (with partial derivatives) fully-light vector tetraquark states, where 4, B, C, and D denote Y., Y2 .,
3 4 . 1 2 3 5 6 . 1 2 3

Vi and Yi s E, F, G, H, I, and J denote Y .o, Y7 oo, Yoo, Yoo, Yoo, and Yo, o; and K, L, M, and N denote Y, .., Yz zas Yozz, and
" .

Y5> respectively.

crease quickly to zero. All in all, for the curves 4, B, C, product expansion converges.
D, F, G, H, J, M, and N, the operator product expansion It is straightforward to obtain the masses and pole
converges well; for the curves E, /, K, and L, the operator residues of the vector tetraquark states, which are listed in
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Tables 1-2; the uncertainties ¢ are calculated with the
formula

5o \/ > (jj: ) s =R 27)

where f denotes the tetraquark masses My and pole
residues Ay;x; denote all the input parameters m;, (Gq),
(§s), ---. Given that the partial derivatives ;Lf are diffi-
cult go obtain analytically, we use the approximation
(2) (=50 ~ [F(E £ 0x) - f(3)] .

Note in the calculations that if we choose the con-
tinuum threshold parameter +/so=2.75+0.10GeV and
Borel parameter 72 = (1.3 - 1.6)GeV?, then the pole con-
tribution is approximately (37% —70%) for the vector tet-
raquark state Y., and the predicted mass is
M =2.16+0.14GeV, as shown in Tables 1-2. This value
matches the experimental one, My =2.175+0.010+
0.015GeV, for Y(2175)/¢(2170) [1], and supports assign-
ing Y(2175)/#(2170) as a vector ss55 tetraquark state.

In this paper, the pole contributions are approxim-
ately (35% —75%) consistently. This is the largest pole
contributions to date, as reported in a previous work of
ours [30], where the S-wave diquark-antidiquark type
ss55 and gqqq states were explored using the QCD sum

3.9 . ; ; : T
36}
33f A
30}

STt

8 24}

Sup-=o==--=-=c - =-T—— ;

18}
15}

—— Central value| ]
— — Error bounds| 7

121

09 1 1 1 1 1
130 135 1.40 1.45 1.50 1.55 1.60

T2(GeV?)

4.5 T T T T T T T

42}
39+ C

36

— Central value| ]

— — Error bounds| 7

—

>33
8 W= == = = = = = = = = = = = = ]

Sa7t

24+
2.1+

181

1.5
175 180 185 190 1.95 200 205 210 215
T2(GeV?)

Fig. 2.

(color online) Masses with variations of the Borel parameters 72, where 4, B, C, and D denote the Y!

rules. In these rules, we extract the masses in the Borel
windows, which depend on the pole contributions and
convergent behaviors of the operator product expansion.
Thus, the predicted masses change with variations of the
Borel windows. There are two choices when it comes to
defining the contributions of the vacuum condensates
D(n). The definition in Eq. (25) is chosen in the present
work and Refs. [15, 16, 30], while in Ref. [17], D(n) is
defined by setting sy — 0. It was expected that the exist-
ing predictions were compatible or slightly different. In
Refs. [15, 16], Chen et al. obtained masses of 2.41+
0.25GeV and 2.34+0.17GeV for the two lowest vector
tetraquark states ss55. The central values were larger than
those of the present calculation 2.16+0.14GeV. Further-
more, note that the interpolating currents have the same
quantum numbers J¢ but different structures, which cor-
respond to several tetraquark states or a tetraquark state
with several Fock components. Therefore, different pre-
dictions were expected.

Another noteworthy point is that the masses of Y},
and Y2, shown in Tables 1-2, are M =2.24+0.17GeV
and 2.35+0.17GeV, respectively, which fit the experi-
mentally observed states X(2240) and X(2400) with
masses in the range (2.20-2.40)GeV [7, 8, 10, 11]. It is
possible that X(2240) and X(2400) correspond to the gsgs
and ss35 states, respectively, with structure Cy,®

39 . i . . .
36f
33t B
30f

<27t

SufF----------- -

18}
15}

—— Central value| ]
— — Error bounds| ]

121

09 1 1 1 1 1
1.45 1.50 1.55 1.60 1.65 1.70 175

T(GeV?)

45 T T T T T T T

42
391 D

36

—— Central value| ]

— — Error bounds| ]

—_

>3.3-________________—_

& 30F
St
241
211

181

1.5
180 185 190 195 200 205 210 215 220
T(GeV?)

and Y*

5855

2 3
S555° Yssff? Yssﬁ’

P-wave (with partial derivatives) fully-light vector tetraquark states, respectively.
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Fig. 3.
4 5
Yxsif H quqs b qsqs

Ba/ ®y*'C+Cy'® 30 ®y, or Cy,® B(, ®y'C+ Cy'® Ba ®Yu .
The assignments are consistent with the observation of
X(2240) in the K*K~ invariant mass spectrum [7], as the
decay Y], — K"K~ can occur through the Okubo-Zweig-
lizuka super-allowed fall-apart mechanism. Meanwhile,
the decay Y%, — AA can occur through annihilation of
an s5 pair and creation of a uii pair and a dd pair, which
is not Okubo-Zweig-lizuka favored. Thus, we can search
for the two-body strong decays Y2 . —¢/,(980), ¢ to
diagnose the nature of X(2400).

In a previous work of ours [30], the predicted mass of
the vector tetraquark state without an explicit P-wave
between the diquark and antidiquark pair, My =3.08+

0.11GeV, was much larger than the experimental value of

(color online) Masses with variations of the Borel parameters 72, where E, F, G, H, I, and J denote the Y,
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F
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Saal - ]
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21t E
18} B

1.5
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J
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42t .
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Y2 y3
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and Y8 _. P-wave (with partial derivatives) fully-light vector tetraquark states, respectively.

the mass of Y(2175)/¢(2170). This is not consistent with
assigning Y(2175)/¢(2170) as a hidden-strange partner of
the Y states without an explicit P-wave. Most of the vec-
tor tetraquark states with an explicit P-wave have lower
masses than the corresponding vector tetraquark states
with an implicit P-wave studied previously [30], as
shown in Tables 1-2. If we allow the pole contributions
(37% —70%) to take smaller values, we can obtain even
smaller masses than those presented in Tables 1-2; this is
the case of the values obtained in Refs. [2, 51].

The predicted masses are stable with variations of the
Borel parameters, as shown in Figs. 2—4 for the currents
with partial derivatives as an example. The uncertainties
come from the fact that the Borel parameters are small,
but the predictions are robust. Furthermore, according to
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(color online) Masses with variations of the Borel parameters 72, where K, L, M, and N denote the ¥/ Y2 . y3
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P-wave (with partial derivatives) fully-light vector tetraquark states, respectively.

Tables 1-2, it is clear that the currents with both covari-
ant and partial derivatives present only small differences.
We prefer covariant derivatives when it comes to con-
structing the interpolating currents if gauge invariance is
emphasized. If only final numerical results are concerned,
either covariant derivatives or partial derivatives can be
chosen.

Given that the currents J, with same quantum num-
bers could mix with each other under renormalization, we
introduce the mixing matrixes U to obtain the diagonal
currents, J/, = UJ,, which couple potentially to (more)
physical states, as the physical states have several Fock
components. The matrixes U can be determined by dir-
ectly calculating anomalous dimensions of all the cur-
rents. It is difficult to obtain a diagonal current, because it
is a special superposition of several non-trial currents that
match with all the considerable Fock states. For the vec-
tor tetraquark state ss55, if we want to obtain a more
physical state, we have to account for the mixing effects
of currents J! J? J and J¢ . at least, and in-

M,5555> * 11,5555° ¥ 1,5555 H,S55S

troduce three mixing angles, namely 8, 6,, and 64,

1 : 2
J 5555 =COS 6O (cos 012J, - +SInbrJ, ’m-,i)

14,5555 i
+sin6 (cosOsu o5 +sinbsaJ; o) (28)
34, 5555 34 5555 )

Currents J! Jr 55> Jnssss and Ji (o may potentially

M,SS55°

couple to four different tetraquark states or a tetraquark
state with four different Fock components. Without fur-
ther exploring the mixing effects and strong decays in
combination with precise experimental data, we cannot
assign Y(2175)/$(2170), X(2240), andX(2400) in a rigor-
ous manner. At the present time, we just assign those
exotic states tentatively and approximately. According to
BESIII and BaBar data, Y(2175)/¢(2170) and X(2240) are
two different states [7, 10], and their valence quark con-
stituents are favored to be ss55 and ¢sgs, respectively.
The mixing effects between currents J} - and J: .. are
expected to be small; thus, the proposed assignments
make sense. We expect that these vector tetraquark states
can be experimentally verified in the future and the pre-
dictions can be confronted with experimental data from
BESIII, LHCDb, Belle II, etc.

IV. CONCLUSION

In this study, we construct fully-light vector/tensor
four-quark currents and introduce an explicit P-wave
between the diquark and antidiquark pairs. We analyze
the contributions of the vacuum condensates up to dimen-
sion 11 in the operator product expansion and obtain the
QCD sum rules for the masses and pole residues of the
vector tetraquark states. For one of the ss35 structures,
the predicted mass M =2.16+0.14GeV is in great agree-
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ment with the experimental value of Y(2175)/¢(2170)
from the BaBar/BESIII/Belle collaborations, which sup-
ports assigning Y(2175)/¢(2170) as the Cy,® 9, ®Y.C-
type (or Cy,® Bﬂ ®y*C-type) fully-strange vector tetra-
quark state with an explicit P-wave. The Cy,® Bw Ry*'C+
CY'®9,®y, (or Cy® Ba ®y*'C+Cy*"® Ba ®y.) type
gsqs and ss55 vector tetraquark states have masses com-
patible with the experimental values of X(2240) and
X(2400), respectively, in the region from 2.20 to
2.40 GeV from the BaBar/BESIII collaborations. All in
all, we predict that the central values of the masses of the

318 s my(5s) s a,GG

2552 m(35g,0Gs)

vector ss55 tetraquark states with an explicit P-wave lie
at the region 2.16-3.13GeV (or 2.16-3.16GeV). We
also obtain masses and pole residues of the sg5q and
qqqq vector tetraquark states and expect that these fully-
light vector tetraquark states can be observed in the fu-
ture.

APPENDIX

The analytical expressions of the QCD spectral dens-
ities for the P-wave fully-light vector tetraquark states in
the case of the partial derivatives are as follows:

smy(ss) a,GG

L _
PosiS) = Ro6a00m T dort 7680 1

576m* On2 by
. 75(55)(58,0Gs) 7(§s>2<aSGG B 5(5g,0Gs)? ~ 142ms(§s)2(§gs0'Gs)6

)

2 18 T 1272

s s> my(5s) 4953  a,GG

1095 my(5g,0Gs) B s2(5s)?

77 (5), (AD)

sm(ss) a,GG

( )=

2 —
psxii(s) - 9216074 T

2304076 | 2drt

115274 Or2
N 175(55)(58,0Gs) (§s)2<a'sGG B 13(5g,0Gs)? ~ 25m(5s)*(5g,0Gs)

1728#%2 "« )

1872 9 bis 4872

53¢’ 353 my(5s) s

9 6(s), (A2)

Piass(8) =

2016007 107t 1927 x

5

a,GG, 3552 m(35g,0Gs) _smy(5s) @,GG 128m(35)*(5g,0Gs)
288r* 5472 bd 3

s 353 my(5s) s a,GG . 55*m(5g,0Gs)

o(s),
(A3)

19sm(5s) a,GG +s<§s)(§gs(er)

( )

4
Pssss(S) 230407\ 7

= +
201607 4074

1287*
B (55 a,GG ~ (5g,0Gs)? ~ 146m(55)*(5g,0Gs)

86472 n 372

2<7r> 2m? 9

318 s> m(5(5s) —2{qq)) $3

6(s), (A4)

a,GG

Plllsz,s-(s ) (

~ 32256007 9607* 30727
_ *my(18(4g,0Gq) +7(58,0Gs))

)

smy(13{gq) + 11{55)) a,GG

460874

1728n2 b

)
_ 5(38.0G)38.0Gs)

N 15((55)(98,0Gq) +(qq)58,0Gs)) 7(qq){5s) ;GG

7272 72

) 4872
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538 N 353 my(5s) . s <oL/SGG>_ 3552 m(35g,0Gs)
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_smlss) GGy 8m,((39)*(58,0Gs) +(4q)(55)(q8,0G))
43272 b/ 3

Pras(5)

(), (AT)

$ . s> m(2(Gq) + T(5s)) . s3 <a/yGG> ~ 552 m(35g,0Gs)
8064070 96074 92160* " ~« 10247
sm(11{qq) + 27<§S>)<C¥sGG> N s((5sXqg,0Gq) +(qq){58,05Gs))
138242 by 2472
_$qq){ss) <asGG>_ (980G q)(58,0Gs)
8 P 8?2
3 m(192(gq)*(38,0Gs) +22(55)*(G8,0Gq) + 192(Gq)(5s)(Gg,0Gq) + 32<QQ><5S>(58AYO'GS>)6(S)
216 | (AB)

me—,g-(s) =

$ N s> my(2(Gq) + (5s)) . s3 <a/sGG> ~ 75°my(5g,0Gs)

6916007° 9604 46080m* " « 184327*

smy(8(gq) + 3(3s)) <asGG> . s((35)(q8s0Gq) +(qq)(58,0Gs))

691272 bis 2472
_ 29qq){5s) mGG> _ {q8,0Gq)(58,0Gs)
576 b 1672

my(24(Gq)*(58,0Gs)y — 12(55)*(Gg,0Gq) + 24(Gq)(55)(q8,0Gq) — 13(gq)(5s)(58,0Gs))

- 216 6(s). (A9)

Pf,sqs(s) =

195° . s> m(9(5s) — 5(3q)) N 753 a,GG s*m(467(Gg,0cGq) — 230(5g,0Gs))
387072007 1152074 221184n* " n« 11059274
55%(gg)ssy  smy(227(gq) - 20{5s)) a,GG
2160 414727 x )
_ 5(qg)Xqg:0Gq) +(55)(58,0Gs) +353(55)q8,0Gq) +353(qq)(58,05Gs))
51842
N (qq){5s) (CYSGG - (qg,0Gq)* +(58,0Gs)* — 82(4g,0Gq)(58,0Gs))
24 bg 153672
m(48(Gq)*(58,0G sy — 17(55)(Gg,0Gq) +47(Gq)(55){G8,0Gq) — 25(qq)(5s)(58,0Gs))
* 216 6(s). (A10)

Pas(5) =

31s° s aGG  1s(qq)dg.cGqy)  1(qq)’ <asGG _ 5(gg,0Gq)’

8064007 T 7680 & T o2 13\ x 22

péqqq(s) = (All)

° 4953 (GGG, _ a9’ | 175(49)(ag,0Gq) _ <Qq>2<aSGG _ 1X(g8,0Gq)*

s
= + Al2
2304070  921607* " « o2 1872 9 g 4872 ’ ( )

pczzqzﬂi(s )

53s° s a,GG
- : Al3
3016007 T 1920 1 (AL3)

p;qqq(s)

° s? (0GG, | %qa)a8.0Gq) (49)* (GGG, _ (48,0Gq)’

s
= + Al4
2016070  230407* " = 372 2 n 22 ( )

piqlﬁ(s )

With simple replacements
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