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Abstract: Decay constants of pseudoscalar mesons D, Dy, 1. and vector mesons D*, D}, J/¢ are determined from
the Ny =2 +1 lattice QCD at a lattice spacing a ~ 0.08 fm. For vector mesons, the decay constants defined by tensor

currents are given in the MS scheme at 2 GeV. The calculation is performed on domain wall fermion configurations

generated by the RBC-UKQCD collaborations and the overlap fermion action is used for the valence quarks. Com-

paring the current results with our previous results at a coarser lattice spacing a ~ 0.11 fm provides a better under-
standing of the discretization error. We obtain fDT* MS, 2 GeV)/ fp: =0.909(18) with a better precision than our pre-
vious result. Combining our fp: =277(11) MeV with the total width of D} determined in a recent study gives a

branching fraction 4.26(52) x 1073 for Dy leptonic decay.
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I. INTRODUCTION

Charm physics provides a rich phenomenology and
offers a valuable platform for precisely testing the Stand-
ard Model and understanding low-energy quantum chro-
modynamics (QCD). The decay constants of charmed
pseudoscalar mesons combined with the experimental
data of the relevant leptonic decays can be used to ex-
tract the Cabibbo-Kobayashi-Maskawa (CKM) matrix
elements V., and V. (see [1]), or serve as probes for new
particles of new physics, such as charged Higgs bosons
(see [2]). However, perturbative theory and heavy quark
expansion are rather precarious in the charm sector, and

our most reliable theoretical tool is lattice QCD. An over-
view of the decay constants of charmed pseudoscalar
mesons can be found in Ref. [3] for lattice QCD calcula-
tions before 2022. Two recent 2 + 1-flavor calculations of
these decay constants appeared in Refs. [4, 5].

For the pseudoscalar meson D or Dy, its pure lepton-
ic decay D, — v, of which the decay width is propor-
tional to f7|V,,I* (¢ =d or s with f» the decay constant of
D or Dy, respectively), provides a clean channel to de-
termine the CKM matrix elements. Moreover, the
semileptonic processes D, — hlv,, with h representing a
pion or kaon, are induced by the vector current gy*c,
while the pure leptonic processes are induced by the axi-
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al-vector current gy*ysc. Comparing the CKM matrix ele-
ments extracted from these two kinds of processes allows
us to test the V—A structure of weak interactions. The
vector mesons Df, show approximately 100% decay in
relation to the corresponding charmed pseudoscalar
mesons, with relatively small leptonic decay branching
ratios. The first measurement of f;. from the leptonic de-
cay Dt — e*v, was recently reported by BESIII [6]. In the
phenomenological analysis of the nonleptonic weak de-
cays of charmed vector mesons, the decay constants de-
noted by f, are necessary inputs [7, 8]. In each of the
b — ¢ induced semileptonic or nonleptonic decays of bot-
tom mesons, the decay constant f;, of the charmed meson
in the final state, as well as the decay constant f7 defined
by the tensor current, appears as nonperturbative inputs
[9, 10]. Furthermore, the ratio of the decay constants of
vector and pseudoscalar mesons fy/fp approaches 1 in
the heavy quark limit, which can be used to study the
breaking of heavy quark symmetry. Currently, un-
quenched lattice QCD calculations of decay constants of
charmed vector mesons are relatively sparse [11—-15]. The
results from sum rules can be found in, for example, Refs.
[16, 17].

For the charmonium system, the leptonic decay con-
stant of J/y can be directly determined experimentally
[18]. In this study, we calculated the ratios of decay con-
stants fy,,/f,. and f],,/f;,, where the former can be dir-
ectly used in the amplitude analysis of B meson decays
into charmonium states, and the latter appears in b — ¢
decays induced by specific new physics operators. By
combining the decay width I'(J/y — e*e”) measured ex-
perimentally with the ratio fj,/f,. , we can determine the
decay constant f;, , which is used for calculating decay
amplitudes I'(5. — y*y) and form factors appearing in
v'y* = n. processes [19—21]. Theoretically, the decay
constants fy,, and f, were calculated in quenched lattice
QCD in [22]. Two-flavor lattice QCD calculations of f;,,
and f, are given in [23, 24]. The HPQCD collaboration
obtains fj, and/or f, in 2+1-flavor [25, 26] and
2+ 1+ 1-flavor simulations [27]. The latter work also
considers the quenched quantum electrodynamics (QED)
effects of charm quarks.

Our previous 2+ 1-flavor calculation [28] of the de-
cay constants of charmed mesons were performed at an
inverse lattice spacing a™! = 1.730(4) GeV. The discretiza-
tion error was estimated to be approximately 2%. We

Table 1.

now present the results on a finer lattice with a™!' =
2.383(9) GeV to better understand the lattice cutoff ef-
fects.

In the following, we present the details of our calcula-
tion framework in Sec. 11, which includes the lattice setup
and the computation of two-point correlation functions.
Sec. III.A and Sec. III.B show the analyses of the meson
masses and decay constants, respectively. The discus-
sions and summary can be found in Sec. IV.

II. SIMULATION DETAILS

The 2+ 1-flavor gauge configurations used in this
study were generated by the RBC-UKQCD collabora-
tions [29]. The dynamical quarks are domain-wall fermi-
ons with degenerate light (up and down) quark masses
am;® =0.004, 0.006, 0.008 and strange quark mass
am® = 0.03 in lattice units. The inverse lattice spacing
a”' determined in Ref. [30] and the other parameters of
the configurations are listed in Table 1. The spatial exten-
sion of the lattice is approximately La ~ 2.7 fm. The light
sea quark masses am;® mentioned above correspond to
pion masses m:™* at approximately 302, 360, and 412
MeV, respectively [29]. More information about the con-
figurations can be found in Ref. [29].

The valence quarks used in this study are overlap fer-
mions. The massless overlap Dirac operator [31] is
defined as

Dov(p) =1 +758(75Dw(p))a (1)

where ¢ is the matrix sign function and D,,(p) is the usual
Wilson fermion operator, except for a negative mass
parameter —p = 1/2x—4 with k. <k <0.25 and «. corres-
ponding to a massless Wilson operator. In practice, we
use k =0.2, which corresponds to p = 1.5. The massive
overlap Dirac operator is defined as

D,, = pDoy(p) +m (1 - D"VZ("))
=p+ 5+ (=75 ) v5£0sDulo) @)

To accommodate the SU(3) chiral symmetry, it is
usually convenient to use the chirally regulated field

Configurations used in this study. The residual mass of the dynamical fermion amy. is in the two-flavor chiral limit from

Ref. [1]. Neons is the number of configurations, and Ny the number of point sources on each configuration.

a™'/GeV Label ami® Jam* Volume Neont X Nere ANtyes
2.383(9) £004 0.004/0.03 323 x 64 628 x 1 0.0006664(76)
£006 0.006/0.03 323 %64 42%16
£008 0.008/0.03 323 % 64 49% 16
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n 1
Y= (1 - EDOV) ¥ in lieu of y in the interpolation field

and the currents. This is equivalent to leaving the cur-
rents unmodified and adopting the effective propagator
instead

D 1
GED"E(l— °V)D":7, 3
eff m Dc+m ()

PDoy .
1Dy, /2 satisfies {ys,D.} =0 [32].

The decay constant f» of a pseudoscalar meson P is
defined through the following matrix element of the axi-

al-vector current A,(x) = g1 (X)y,¥sq2(x),

where D, =

(0|4, ()| P(p)) = ip.fre ™", “4)

where p,, is the four-momentum of the meson P, with ¢, ,
referring to the spinor fields of the constituent quarks
present. For charmed mesons D, the two quarks are
charm and light (strange) quarks, and for charmonium 7,
both of the constituent quarks are charm quarks. In lat-
tice QCD, the matrix element in Eq. (4) can be extracted
by calculating the two-point function involving A, (x),

€)= (00, x)0' (3. 50)10), )

where 1 = xy— sy is the time displacement in lattice units
between the source point s and sink point x. The interpol-
ating operators are O = §;I'q,, where I' =y, ys for O=A4,.
Only the connected quark contractions are considered for
two-point functions of charmonia.

In addition, one needs to determine a normalization
constant Z, for A,(x), because with finite lattice spacings,
A, is no longer a conserved current in the chiral limit.
The numerical determination of Z, introduces additional
uncertainties.

For chiral lattice fermions, such as domain-wall and
overlap fermions, one can use the partially conserved axi-
al vector current (PCAC) relation to avoid the computa-
tion of Z,. One can get f» from the matrix element of the
pseudoscalar density as

(1m1 +m>)(0131(0)ysq2(0)| P(p)) = mip fo, (6)

where m; , are the quark masses and mp is the mass of the
pseudoscalar meson. For overlap fermions the renormal-
ization constants of the quark mass and pseudoscalar
density P = g,ysq, cancel each other (Z,' = Z), of which
the numerical verification can be found in, for example,
Ref. [33]. Then, we can use I' =5 to calculate the two-
point function in Eq. (5) and obtain f» from Eq. (6).

Vector mesons have two decay constants f, and f7,
which are defined by the matrix element of the vector and
tensor currents, respectively, between the vacuum and a
vector meson V as

(0121 (0)y. 02OV (p, )) = my fve.(p, ),

017100, @20V (p, ) = ify [€(p, Dpy —&(p, D] »
(M

where €,(p,A) is the polarization vector of meson V" with
helicity A, and o, = 1[y,,7]. T = {y;,00;} are used in Eq.
(5) to extract the decay constants f, and f!, respectively.

The local vector and tensor currents on the lattice
should be renormalized by the constants Z, and Z7, re-
spectively. For overlap fermions, we have Z, = Z,, which
was verified numerically in Refs. [34—36] on various
gauge ensembles. The renormalization constants Z, and
Zy for this study have been calculated in Ref. [37] as

Z, = 1.0789(10), ZYS(2 GeV)/Z, = 1.0721(97),
ZV5(2 GeV) = 1.157(11), (8)

where we give values of Z; in the commonly used MS
scheme and at a scale of u =2 GeV.

To obtain the two-point functions for various mesons,
we calculate quark propagators with a range of masses
from the light to charm quark on three ensembles by us-
ing Z3-random point sources. The spatial locations of the
point sources on ensembles £006 and £008 are randomly
chosen to reduce correlation. On each of these two en-
sembles, 16 equally-distributed time slices per configura-
tion are used to set the point sources. On ensemble £004,
one source at the origin of the lattice on each configura-
tion is used. In total, more than six hundred measure-
ments are done on every ensemble (see Table 1). The
valence quark masses am; . in lattice units are given in
Table 2.

The physical mass points of light, strange, and charm
quarks are fixed by using the meson masses mS®, myg™,
and mi’;ﬂl, measured experimentally. However, the correc-
tions from the difference m,—m, and the electromagnet-

Table 2.
ical mass point of the valence charm quark is estimated to be

Valence quark masses used in this work. The phys-

approximately 0.492 in lattice units (see below).

amy 0.00460, 0.00585, 0.00677, 0.00765, 0.00885
0.01120, 0.01290, 0.01520, 0.01800, 0.02400

my ~ 220 — 500 MeV
am 0.037, 0.040, 0.043, 0.046, 0.049, 0.052
am, 0.450, 0.492, 0.500, 0.550
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ic effects should be removed from the experimental val-
ues. The corresponding yalues are defined to be
mi"s = m’" and (i) = 5[("11,?? >+ (m)*] in isospin-
symmetric QCD with m}! = 491.405 MeV and m!% =
497.567 MeV [38—40]. We then use m2™* =134.98 MeV,
m™ = 494 49 MeV, and m‘}?f =3.0969 GeV to determ-
ine the physical mass points. Note that at the physical pi-
on mass, D* decays into the P-wave Dr state through the
strong interaction. In Table 3, we have listed some
masses of D™, with different valence pion masses on our
lattice. At each valence pion mass, the mass of the vector
meson D* is below the Dr threshold. Therefore, in this
study, D* is stable on our lattice. Similarly, D is also a
stable particle.

Table 3. Masses of D™ in units of GeV, with the correspond-
ing valence pion masses listed, at different valence quark
masses.

am;  0.00460 0.00585 0.00677 0.00765 0.00885  am.
Mp- 1.937 1.940 1.941 1.943 1.945 0.450
Mp 1.767 1.769 1.770 1.772 1.774 0.450

s 0.221 0.250 0.269 0.285 0.307

III. DATA ANALYSES AND RESULTS

As mentioned earlier, 16 sources separated by four
time slices are used on each configuration of ensembles
£006 and £008. We check the autocorrelations among the
measurements by computing the normalized autocorrela-
tion function of two-point functions C(¢#) at several
chosen ¢. For example, we compute the autocorrelation
function p(i;f) of the two-point function C(¢) calculated
on the f008 ensemble with O=3ysc and am,/am. =
0.037/0.450

_ 2IMC@O-COICH(D - CD]

where i,j label the measurements. We choose ¢ =0,16,
and the variation of p(i;¢) with i is shown in Fig. 1. It is
observed that p(i;7) decays very rapidly with the measure-
ment separation i, indicating little correlation among the
measurements of the two-point function. When estimat-
ing the statistical errors in our data analyses using the
Jackknife resampling method, removing 16 measure-
ments from the same configuration on ensemble f006
and £008 for each resampling is sufficiently safe.

We now turn to fitting the two-point function in Eq.
(5), of which the numerical result can be obtained by us-
ing the quark propagators. After the intermediate state in-
sertion, the spectral expression of the two-point function
under the temporal boundary condition reads

No-1
O<xt<T
Cty=Y A, (e +eT0) 257 Ay (e +e7m 1),
n=0

(10)

where Ny denotes the number of all hadron states with
the same quantum numbers as the operator O. At large ¢,
the contribution from the ground state dominates the two-
point function. Thus, by fitting C(¢) through the function
form on the right hand side of Eq. (10), we can extract the
mass my of the ground state and the decay constant that is
encoded in A, by the relation A= KOIO|H) /(2mp). In
doing so, we perform a correlated minimal-y? fit, and the
statistical errors are estimated through the Jackknife ana-
lysis. Practically, we fold the data along 7/2 =32 before
the fitting and have taken the following steps to ensure
the stability of the fitting result:

1. Vary t,;, for the fitting range [, T/2] to select a
stable fitting result.

2. Ensure that y?/d.o.f < 1.0.

ois1) - , ) 3. Use a constrained multi-state fit [41] to obtain the
2lCi(0=C@)] ground state mass mj, again, ensuring that it does not
change with the increase of states in the fitting function.
1.0f 1.0
0.8} 0.8}
= 06} < 06}
= 04 \:\/ 0.4}
0.2 0.2k
0.0f vetvwepent e et Wt e feeee i o] gof e Nttt e et e
0 10 20 30 40 50 0 10 20 30 40 50

Fig. 1.
tial functions e™'.

(color online) The behavior of autocorrelation functions with measurement interval i. The gray lines are schematic exponen-
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4. Verify that the plateau of the effective mass mes
obtained from C(¢) is consistent with the fitted m, from
both the one-state and multi-state fit.

A. Meson masses

Taking the fit for Mp, on ensemble £f004 asan ex-
ample, the left panel of Fig. 2 shows the fitted mass aMp,
in lattice units obtained by varying t,;, for the fitting
range [fmim,T/2]. Here, as t,;, decreases, the contamina-
tion from excited states becomes more and more signific-
ant. It can be seen that aMp, shifts upwards when 1z, is
less than 14. We have chosen the fitting range as
15 <t<32, with the corresponding x?/d.o.f=0.9. The
blue points on the middle panel of Fig. 2 represent the ef-
fective mass defined by

Ct+1)+C(t-1)
M= A h|—————~=
aMgr rcCos 2C0) ,

n
while the orange band represents aMp, obtained from the
single-state fit with the fitting range 15 <t < 32. It can be
observed that the two are consistent within the margin of
error. The right panel of Fig. 2 shows aMp, from the
multi-state fits as a function of the number of states » in
the fitting function [41]. After n exceeds 4, the fitting res-
ults stabilize and agree with that from the one-state fit.
For the other charmed mesons and charmonia, we
have adopted similar procedures to determine their fit-
ting ranges. We found that different valence quark masses
do not significantly affect the behavior of the effective
mass with respect to the lattice time ¢. Therefore, for the

same meson with different valence quark masses, we
have chosen the same value of t,;,. The fitted results for
aMp, from one-state fits on ensemble £004 and the stat-
istical errors obtained by Jackknife analyses are listed in
Table 4. These 24 different meson masses are not the fi-
nal physical results, as the aim is to obtain the meson
masses and decay constants at the physical mass point of
valence quarks.

We also obtained the masses of pion and kaon. Then,
we used the aforementioned mPh, (mP™*)2 = 2(mi™")2—
(mPv)2, and m}}%s as inputs to determine the physical
meson masses and decay constants. From Table 5, (am,)?
shows a linear dependence on the light quark mass, while
(amy,)? is independent of it but shows a linear depend-
ence on the strange quark mass, which are consistent with
the expectations of the chiral perturbation theory. Not-
ably, another method exists for determining the physical
mass point of the strange quark, which is conducted by
calculating m, directly, instead of m,,. Here 7; is a ficti-
tious s5 pseudoscalar meson whose two-point functions
are calculated by considering only the contributions from
the QCD-connected contraction. By using ms?ys =689.89
MeV as an input [42, 43], we obtained ryny = (m2"™*)?/
(mPh*)? = 1.004(16) and f,, = 179.6(4.1) MeV, which are
consistent with the previous results [40, 44, 45], and
found that the final results of the decay constants of
charmed mesons change by less than 0.2%. Table 6 lists
some fitted results of am, and r on ensemble £004 as ex-
amples.

After obtaining the meson masses and decay con-
stants at different valence quark masses on ensemble
£004, we used linear interpolation (extrapolation) to ob-

tnax = 32
0.790 ! ! 0.790 0.790
0.785 0.785 0.785
, 0.780 & 0.780F { | , 0.780 3

290‘775 Tigg 200775 Hm‘.HH T < o775

S o770 HIHHHHHH S o770 I T‘WTT“THHT £ 0.770 ; ¢ ¢
0.765 0.765f 0.765
0.760f : i i i 0.760f 0.760

10 15 20 25 30 15 20 25 30 2 3 4 5

tmin t n
Fig. 2. (color online) Left: fitted aMp, as a function of £y, with fixed fmax = 32. Middle: effective masses (blue points) from the two-

point function, compared with aMp; from the fit (orange band) with fitting range 15 << 32. Right: fitted aMp, as a function of the

number of states from the multi-state fit.

Table 4. Fitted masses of D; at various valence quark masses, with statistical uncertainties estimated by Jackknife analyses.

amg 0.037 0.040 0.043 0.046 0.049 0.052 am,
aMp; 0.7733(9) 0.7763(9) 0.7793(8) 0.7824(8) 0.7854(8) 0.7884(8) 0.450
0.8179(10) 0.8208(9) 0.8238(9) 0.8267(9) 0.8297(8) 0.8327(8) 0.492
0.8263(10) 0.8293(9) 0.8322(9) 0.8352(9) 0.8381(9) 0.8411(8) 0.500
0.8791(11) 0.8820(10) 0.8849(10) 0.8878(10) 0.8907(9) 0.8935(9) 0.550
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Table 5. Fitted results of m2 and m2; at various valence quark masses, with statistical uncertainties estimated by Jackknife analyses.

amy 0.0046 0.0585 0.0677 0.0152 0.018 0.024 am
(amy)? 0.0086(2) 0.0110(2) 0.0127(2) 0.0282(2) 0.0333(3) 0.0442(3)

(amgy)? 0.0696(10) 0.0696(9) 0.0696(9) 0.0697(8) 0.0698(8) 0.0700(8) 0.037
(amy;)? 0.0751(10) 0.0751(9) 0.0751(9) 0.0753(8) 0.0754(8) 0.0757(8) 0.040
(amys)? 0.0807(10) 0.0807(10) 0.0807(9) 0.0809(9) 0.0810(8) 0.0814(8) 0.043
(amy;)? 0.0862(10) 0.0863(9) 0.0863(9) 0.0866(9) 0.0867(9) 0.0871(8) 0.046
(amys)? 0.0918(11) 0.0919(10) 0.0919(10) 0.0922(9) 0.0924(9) 0.0928(9) 0.049
(amgy)? 0.0974(11) 0.0975(11) 0.0975(10) 0.0979(9) 0.0981(9) 0.0986(9) 0.052

Table 6. Fitted results of r =m2_/(2m% —m2) and am,, at various strange quark masses on ensemble £004, with statistical uncertainties

estimated by Jackknife analyses.

am 0.037 0.040 0.043 0.046 0.049 0.052
r 0.996(8) 0.999(8) 1.002(8) 1.005(8) 1.008(7) 1.011(7)
army, 0.2632(7) 0.2739(7) 0.2844(7) 0.2945(7) 0.3043(7) 0.3140(7)

tain the results at the physical mass point. The Particle
Data Group [1] and Fermilab Lattice and MILC collabor-
ations [39] give

m™s = 13498 MeV,  mb* = 494.49 MeV,

mh)* =3.0969 GeV.

Combining the above with the inverse lattice spacing
a ' =2.383(9) GeV, we have

(@my)y, = 0.00321(2),

(am g )pnys = 1.2996(49).

(@), = 0.0829(7),

Here, we regard the error from hadron masses as tiny and
negligible, compared with that from our lattice spacing.
The form of the linear interpolation function is as fol-
lows:

aMp, — aMg‘x = biAamy,, + byA(amy,)?, (12)

with Aamy,, = amyy, — (amy)pnys and A(amg)* = (amy)*—
(amy)y, as inputs, and by, b, and aM} as fitting para-
meters. On ensemble £004, we can then obtain

aMjy =0.8258(10), (13)

where the statistical error also comes from Jackknife ana-
lyses, considering the correlation between different
valence quark masses. An illustrative plot of the interpol-
ation for the 24 data points of aMp, in Table 4 is shown
in Fig. 3. The four rows of blue points in the figure cor-

respond to the variation of aMp_ with respect to (am;)?
for the four different charm quark masses. The red point
represents the result of the interpolation at the physical
mass point. Eq. (12) describes the data well, and the
physical mass point of the valence charm quark is ap-
proximately am, = 0.492.

The computed D™ masses on configuration £004 are
listed in Table 7. Similarly, we used linear interpolation
and extrapolation methods to calculate the D™ mass at
the physical mass point. The fitting function for the inter-
polation and extrapolation is given by

aMpe —aMy., = biAamy, + by A(am,)*. (14)

Here, the mass of D™ depends on the light quark mass,
so we included b;A(am,)* in Eq. (14), where A(am,)? =

% .. The fitting results are

(a"nzr)2 - (amlr)phys .

aM®™ =0.7837(30), aM®™ =0.8522(57). (15)

The relative error of aM®, is larger than that of aMp.
because our valence pion masses ranging from 220 to 500
MeV are larger than the physical one, and thus an extra-
polation in (am,)? is needed.

We repeated the previous steps on ensemble £006 and
£008, and combined the results at the physical mass
points with those from £004, all of which are listed in
Table 8. For the mass of 7., an interpolation only on
amyy, is performed.

The sea quark masses m;** for none of the three en-
sembles are at the physical mass point. Therefore, we
need to perform another round of linear extrapolations to
obtain the final physical results (taking aMp, asan ex-
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lines) to the physical point (red dot).

(color online) Distribution of aMp, (blue dots) with respect to A(am,,)> and/or Aamyy, and linear interpolation of aMp, (gray

Table 7. M. with statistical uncertainties estimated by Jackknife analyses.
am 0.0046 0.0585 0.0677 0.0152 0.018 0.024 ame
aMp 0.7417(28) 0.7423(24) 0.7429(22) 0.7507(14) 0.7535(13) 0.7595(11) 0.450
0.7867(31) 0.7873(27) 0.7879(25) 0.7955(15) 0.7982(14) 0.8042(12) 0.492
0.7953(31) 0.7958(27) 0.7964(25) 0.8040(16) 0.8067(14) 0.8126(12) 0.500
0.8484(35) 0.8489(30) 0.8495(28) 0.8570(17) 0.8596(16) 0.8655(13) 0.550
aMp+ 0.8129(56) 0.8140(49) 0.8147(46) 0.8211(28) 0.8236(25) 0.8292(21) 0.450
0.8541(58) 0.8553(51) 0.8560(47) 0.8625(29) 0.8650(26) 0.8706(22) 0.492
0.8620(59) 0.8631(52) 0.8639(48) 0.8704(29) 0.8729(26) 0.8785(22) 0.500
0.9112(62) 0.9125(54) 0.9133(50) 0.9199(31) 0.9223 (28) 0.9279(23) 0.550
Table 8. Fitted masses of charmed mesons and charmonia on ensembles £004, £006, and £008 at physical mass point of valence

quarks, with m5** representing the pion masses corresponding to the light sea quark masses [29].

Label ame aM aMb, aMypy GM?,[: amft

£004 0.1269(4) 0.7837(30) 0.8521(57) 0.8258(10) 0.8914(13) 1.24967(59)

£006 0.1512(3) 0.7836(27) 0.8644(34) 0.8261(9) 0.8951(12) 1.24796(59)

£008 0.1727(4) 0.7843(25) 0.8684(32) 0.8264(8) 0.8964(18) 1.24884(52)
ample), refers to the pion masses co}fresponding to the light sea
quark masses [29], and aM)”" is a fitting parameter. In

: o Eq. (16), aMp_ can be replaced by other observables.

h; sea > D.S
aMjy —aM}” = bs [(am™) — (amq)s. ] (16) 4 p Y

where aM}} and (am*)* are taken from Table 8, m}*

Figure 4 shows the extrapolation of aMp, with re-
spect to the sea quark masses by using Eq. (16). Meson
masses do not get corrections from renormalization, so
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<
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0.815f. , , ,
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(amy)* (sea)
Fig. 4.  (color online) Extrapolations of aMf (blue) to the

physical mass point of light sea quarks (red) with uncertain-
ties (gray band). The horizontal coordinates are the pion
masses squared (ami)? in lattice units corresponding to the
sea quark masses on ensembles £004, £006, and £008.

we can multiply the results in lattice units by the inverse

lattice spacing a~! =2.383(9) GeV to obtain the physical

results,

MY =2.007(24)(8)GeV,
MB?* =2.1133(71)(80)GeV,

MY = 1.866(14)(7)GeV,

M = 1.9666(46)(75)GeV,

MP™* =2.978(3)(12) GeV.
(17)

Here, the first error is statistical and the second one is
from the uncertainty of the lattice spacing. The statistical
errors for D™ are much larger than those for D be-
cause the physical mass point of the light valence quark is
implemented by extrapolation rather than interpolation.

As shown in Fig. 5, our meson masses are consistent
with the values in the Particle Data Group within 1o de-
viation:

MEP =1.86965(5)GeV,  MET =2.01026(5)GeV

Mp™ =1.96835(7)GeV,  Mp™ =2.1122(4)GeV,

M =2.9839(5)GeV.

3000 —

2500
2000 —_——
1500 )
1000

M[MeV]
o
.}

o input
500 . = QCD
AN
0

N

—— experiment

r = AJQCD/A'[Exp

Fig. S.

expt
and m T

agreement with the experimental measurements.

The right panel of Fig. 5 shows the ratios of our
meson masses to their experimental values, which are
consistent with one. Compared to the results at a coarse
lattice spacing a~' = 1.730(4) GeV [28]:

M =1.873(5)GeV,
M =2.116(6)GeV.

M} =2.026(5)GeV,

Our current results are also consistent within 1o devi-
ation. The largest difference in the center values between
the current and previous results is in the mass of D,
which is approximately 1%. Therefore, we estimate the
discretization error of our masses of charmed mesons and
charmonia to be approximately 1%. This confirms the es-
timation of the discretization error given in the previous
work [28].

B. Decay constants

Before analyzing the decay constants, we first provide
the renormalization constants for the vector and tensor
currents. As mentioned before, we use chiral lattice fer-
mions in this study. Thus, the decay constants fp ob-
tained from the two-point functions of pseudoscalar oper-
ators do not get corrections from renormalization. The
tensor current is renormalized by Z; in the MS scheme at
the scale of 2GeV, and the renormalization constant for
the vector current is the same as that of the axial-vector,
viz. Zy =Z,, of which the numerical results are copied
from Ref. [37] in Eq. (8).

Following the fitting procedure introduced in the pre-
vious section, we use single-state fits, as in Eq. (10), for
two-point correction functions C(¢). The decay constant
can be obtained from the amplitude A,. For pseudoscalar
mesons, the decay constant is given by

my, +m
fe= W vV 24, (18)

where ¢g; and ¢, represent the quark components in the
pseudoscalar operator. For vector mesons, the decay con-

1.02

1.01

1.00 5 . {D“ }): %-

0.99

0.98

expt expt

(color online) Comparisons of our meson masses with experimental values. The experimentally measured masses mj "~ , mg" ,
are used as inputs. The right panel shows the ratios of our meson masses to their experimental values. Our results are in good
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stant (before renormalization) is given by

1
~ (mg)'?

fv 24, (19)

from fits to the correlation functions with the vector cur-
rent inserted.

In addition to calculating the decay constants them-
selves, we also performed joint fits of two-point func-
tions and obtained the ratio of decay constants f,/f» and
1.

The subsequent steps for going to the physical mass
point are similar to those in the previous section. First, we
collected decay constants and their ratios on different en-
sembles at different valence quark masses. Some of the
results are listed in Table 9. We then performed a linear
interpolation (extrapolation) of the results on each en-
semble. Taking fp on £004 as an example, the interpola-
tion function takes the form similar to Eq. (12)

afp, — (afp)m = by Aamyy, + byA(am,,)*. (20)

The corresponding figure is shown in Fig. 6, where
the abscissa values are of Aam,, +A(am,,)*. The figure
shows that the linear fitting function describes our data
well. Some decay constants and ratios fitted at the physic-
al mass point are collected in Table 10.

f004

0.110f

{ ]

Ds

] 3

S 0.105} I

0.100¢

—OI.1O —01.05 0.60 0.65 0.I10
Aamyy + Aamss)?
Fig. 6.  (color online) Distribution of afp, (blue dots) with
respect to Aamyyy +A(ams)?, with linear interpolation to the
physical mass point (red dot).

Finally, we performed a linear extrapolation for the
sea quark mass m)** to obtain the decay constants at the
physical sea quark mass point, as shown in Fig. 7. We
converted the decay constants in lattice units to physical
units and multiplied them by the appropriate renormaliza-
tion constants. The physical results are as follows (in
units of MeV):

fi=215.3(9.1)(0.8), fp = 223.7(16.2)(0.9),
£ =190.8(12.6)(1.9)(0.8),  f, = 255.7(4.3)(1.0),
for =276 8(6.4)(1.1),  fi =251.9(6.0)2.4)(1.0).  (21)

Here, for each of the decay constants, the first error
includes statistical and extrapolation/interpolation uncer-
tainties, the last error is from the uncertainty of the lat-
tice spacing, and the error in the middle, if there is one, is
due to the uncertainty in the renormalization constant. It
is seen in Eq. (8) that the uncertainty of Zy(=Z,) can be
regarded as negligible. The uncertainty of Z; is approx-
imately 1% and is much smaller than the first error.

For chiral fermions as used in this study, the discretiz-
ation effects are proportional to the squared lattice spa-
cing a*. With three or more lattice spacings we would be
able to do linear fittings in a*> and obtain results in the
continuum limit. The lattice spacing squared, correspond-
ing to our current study (a4 ~ 0.007 fm?), happens to lie
close to the middle point between the continuum limit
and the previous work [28] (a* ~0.013 fm?). A simple
linear extrapolation in @* using the results at the two lat-
tice spacings has no degree of freedom and will shift our
current result by an amount almost equal to the differ-
ence between the two lattice spacings. Therefore, we
think the discretization errors can be estimated by simply
comparing the results of these two works. For f,«, our
results are consistent within 1o deviation with the Sprevi—
ous results, respectively, where fp =249(5)MeV and
fo: = 274(5) MeV [28] and we have dropped the discret-
ization error assigned to the previous work. For fpw, our
results are also consistent within 1o~ deviation with the
previous results, respectively, where fp=213(2)MeV
and fp- = 234(3) MeV. The differences in the central val-
ues are approximately from 1%—4%. Therefore, we take
an average value of 3% as the estimate of the discretiza-

Table 9. Decay constants of D, extracted from y?-fit on ensemble £004, with statistical uncertainties estimated by Jackknife ana-
lyses.
am 0.037 0.040 0.043 0.046 0.049 0.052 ame
afp, 0.1030(9) 0.1040(9) 0.1050 (9) 0.1059 (9) 0.1067 (9) 0.1076 (9) 0.45
0.1041(9) 0.1050(9) 0.1060(9) 0.1069(9) 0.1078 (9) 0.1087 (9) 0.492
0.1042(9) 0.1052(9) 0.1062(9) 0.1071(9) 0.1080(9) 0.1089(9) 0.50
0.1054(10) 0.1064(10) 0.1073(10) 0.1083(10) 0.1092(9) 0.1102(9) 0.55
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Table 10. Decay constants before renormalization and their ratios on ensembles £004, £006, and £008 of charmed mesons and char-
monia fitted at the physical mass point of valence quarks, with m5* representing the pion masses corresponding to the sea quark masses
[29].
Label am;® (afp)sit (afp)sit (afpn (for 1 fp)sit 1.1 for(fit)
£004 0.1269(4) 0.0907(18) 0.0944(38) 0.0797(24) 1.041(41) 0.845(28)
£006 0.1512(3) 0.0920(18) 0.1049(22) 0.0870(25) 1.139(26) 0.829(17)
£008 0.1727(4) 0.0915(18) 0.1079(19) 0.0918(15) 1.179(29) 0.850(9)
Label ams (afp, )it (afp?)sit (af, 5; it (fp:/ fpsie (; 5; 1 fp)sie
£004 0.1269(4) 0.1063(10) 0.1103(11) 0.0937(10) 1.038(12) 0.8492(43)
£006 0.1512(3) 0.1061(9) 0.1126(12) 0.0963(11) 1.061(14) 0.8550(63)
£008 0.1727(4) 0.1054(8) 0.1131(16) 0.0962(14) 1.073(17) 0.8505(71)
Label am;? (afp )it (afi)fit @f},,)n a1y Fa it A
£004 0.1269(4) 0.1748(12) 0.1704(11) 0.1527(11) 0.9754(70) 0.8960(14)
£006 0.1512(3) 0.1753(9) 0.1760(10) 0.1573(10) 1.004(66) 0.8935(14)
£008 0.1727(4) 0.1731(8) 0.1699(11) 0.1521(10) 0.9818(57) 0.8950(16)
1.20 0.90F
1.15 0.88l
, 1.10 o
8 Lo
~ 1.05 ~
S 820
= 1.00 =
0.82
0.95
0.90L, . . . 0.80(, : . ;
0.00 0.01 0.02 0.03 0.00 0.01 0.02 0.03
(amy)?(sea) (am)?(sea)
0.120F
0.115¢
0.110¢f ]
2 0105-::%::::::::::;==EEE§EEE§35555555'
3
0.100f
0.095¢
0.090. , , :
0.00 0.01 0.02 0.03
(amy)?(sea)
Fig. 7.  (color online) Examples of extrapolations of decay constants or ratios (blue) to the physical mass point (red) of light sea

quarks with uncertainties (gray band). The abscissa values are of pion masses squared (am®*)? in lattice units corresponding to the light

sea quark masses on ensembles £004, £006, and £008.

tion errors in our decay constants and get (in units of

MeV),

f» =215.3(9.1)(6.5),

1A =190.8(12.8)(5.8),
fo; =276.8(6.5)8.3),  fh. =251.9(6.6)(7.6),

Jfp- =223.7(16.3)(6.8),

= 255.7(4.4)(7.7),

(22)

where the first error is the square root of the quadratic
sum of the errors in Eq. (21), and the second error is the
3% discretization error, for each of the decay constants.
The decay constant ratios of the charmed mesons are
collected in Table 11 and Table 12, which are consistent
with those obtained in our previous work on a coarser lat-
tice. The first error in the table considers the contribu-
tions from statistics, interpolation/extrapolation, and
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Table 11. Ratios of decay constants. The discretization errors of the results from [28] were estimated to be 2%.
This work D*/D D?/D; T/ /e [28] D*/D D*/D,

fvlfe 1.045(83)(55) 1.097(30)(3) 1.060(15) folfe 1.10Q2)(2) 1.10(3)(2)

L1y 0.872(47)(38) 0.909(14)(11) 0.961(10) 7T fv 0.91(3)(2) 0.92(3)(2)
Table 12. ‘Ratios of decay constants for SU(3) flavor sym- MeV [25], fJT/l// = 392.7(2.7) MeV and fJT/lp/fJ/:// —
metry breaking effects. 0.9569(52) [46] from the HPQCD collaboration obtained
This work [28] in the continuum limit. The better agreement in the ratio
o/ fo 1.185(45)(23) 1.163(14)(23) demonstrates that the discretization effects shrunk by the
foul > 1 231(73)61) L170)Q) cancellation between the numerator and the denominator.

renormalization. The second error is our estimate of the
discretization error from the center value differences of
this work and the previous work. The ratios involving
D™ have larger errors than those from our previous work
because of the extrapolation with respect to the light
quark mass (both valence and sea). The result of f5./fp:
from this work has a smaller error because the uncer-
tainty from the renormalization factor Z)* (2 GeV)/Z, is
now smaller.

In addition, we calculated the decay constants and
their ratios for . and J/¥. We used the renormalization
constants, as shown in Eq. (8). The decay constants them-
selves are 6%—9% higher than the values in the con-
tinuum limit obtained by other lattice groups, such as the
HPQCD collaboration [27]. We think this is due to large
discretization effects in the decay constants of charmonia,
which comprise two heavy quarks. In the work of
HPQCD [27], sizable discretization effects were also
spotted in those decay constants at non-zero lattice spa-
cings.

We observed smaller discretization effects in ratios of
decay constants for charmonia. The physical results are

Frul foo = 1.060(15),  f7,,/ 1 = 0.961(10). (23)

Here, the error includes statistical uncertainty and the one
in renormalization constants. Combining these values
with the experimental measured fj), =407(4)MeV,
which is obtained from its pure leptonic decay width
I'(J/y — e*e™) [27], we can derive f, =383.8(6.7) MeV
and f_,T/l,,=391.1(5.4) MeV. These results are consistent
within 1.50 deviation with the results f, = 394.7(2.4)

Because we do not have the results of decay constants of
charmonia from the previous work to compare, we do not
include discretization errors for those constants and ra-
tios in this work.

IV. SUMMARY

In the study of heavy flavor physics, decay constants
of mesons are fundamental and important quantities.
They are essential input parameters of theoretical calcula-
tions of semileptonic decays, such as B, — D,7., as well
as pure or non-leptonic decays of D mesons, by using
either the QCD-based factorization theory or phenomeno-
logical models, such as topological diagram methods.
Such decay constants are also crucial for extraction of
CKM matrix elements and precise tests of the Standard
Model. Theoretical calculations of decay constants are es-
sential and lattice QCD provides a systematic way to im-
prove their precision. Depending on only fundamental
parameters of QCD without any modelling assumptions,
lattice QCD is considered the best method for computing
decay constants.

In this study, we have computed decay constants and
their ratios for D, D*, Dy, D;, n., and J/y, using 2+ 1-
flavor configurations. We have also calculated the decay
constants with tensor currents of vector mesons and
provided estimates of discretization errors. Our final res-
ults for the decay constants adding up all errors are given
in Table 13 (in units of MeV), of which the ratios are giv-
en in Tables 11 and 12 for charmed mesons, and in Eq.
(23) for charmonia. The ratios in Tables 11 and 12 re-
flect the magnitudes of heavy quark symmetry breaking
and SU(3) flavor symmetry breaking, respectively. The
precision of fy./fp; is improved compared with that from
our previous study [28]. We compare the Joy, in this
study and other lattice QCD calculations in Table 14.

Table 13. Decay constants in units of MeV, among which the f, and fJTM require fy, as an additional input. The ones with tensor

currents are renormalized in the MS scheme at the scale of 2 GeV.

D D D, D: Me I
ferv 215(11) 224(18) 255.7(8.9) 277(11) 383.8(6.7) -
/7 - 191(14) - 252(10) - 391.1(5.4)
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Table 14. Comparisons of fov) (in MeV).

This work [28] [11] [13] [14] [12]
for 224(18) 234(6) - - 223.5(8.4) 278(17)
fo: 277(11) 274(7) 274(6) 264(15) 268.8(6.6) 311(9)

By using our result of fp: =277(11) MeV, one can
obtain the decay width of the pure leptonic decay of D,
which is T(D; = €)=, = 2.5(2) x 107 keV, as HPQCD
did in [11]. Combining this result with the total decay
width of D*, which is T, (D*) =0.0587(54) keV [47], we
then find the branching ratio

Br(D" — v)|pme, = 4.26(52)x 107, (24)

This value can be confirmed with future experiments.

Discretization effects in the decay constants of
charmed mesons are found to be larger than those in the
meson masses. As for the decay constants of charmonia,
the discretization effects are even larger. However, the
lattice artefacts are much smaller for the decay constant
rat1os.

Currently, our estimation of discretization errors are
based on the analyses of results from two sets of lattices
with inverse lattice spacings of 1.730 GeV and 2.383
GeV. To remove the discretization errors, we need to re-
peat our calculations on other sets of lattice with differ-
ent spacings. Additionally, QED corrections and contri-
butions from the QCD-disconnected contractions for
charmonia are necessary for high-precision studies in the
future.
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