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Abstract: In this study, the strong coupling constants of vertices BBY, BB*Y, B*B*Y, BB*n; , and B*B*n;, are
analyzed in the framework of QCD sum rules. All possible off-shell cases and the contributions of vacuum condens-
ate terms including (qq), (qgs0Gq), (g%Gz), (f3G3) , and (Eq)(g%Gz) are considered. The momentum dependent

strong coupling constants are first calculated and then fitted into the analytical function g(Q?), which is extrapolated

+7.55

to time-like regions to obtain the final values of strong coupling constants. The final results are gppy = 40.677,757,

gppr = 11.587300 GeV™!', gppy =57.027332, gppey,

=23.39%37% | and gp-py, = 12497312 GeV™!. These

strong coupling constants are important input parameters that reflect the dynamic properties of the interactions

among the mesons and quarkonia.

Keywords: bottom meson, strong coupling constants, QCD sum rules

DOI: 10.1088/1674-1137/ad061d

I. INTRODUCTION

The suppression of J/¢ production in relativistic
heavy ion collisions is an important signature to identify
the quark-gluon plasma [1]. Because of the color screen-
ing, the dissociation of J/y in the quark-gluon plasma
would lead to a reduction of its production. The bot-
tomonia are also sensitive to the color screening; there-
fore, the Y suppression in heavy ion collisions can also
be considered as a signature to identify the quark-gluon
plasma [2, 3]. Some attempts to analyze the heavy
quarkonium absorptions using the effective Lagrangians
in meson exchange models have been successful [4—§].
Further, the absorption cross sections can be calculated
based on the interactions among the mesons and quarko-
nia, where the strong coupling constants are taken as an
important input parameter. Meanwhile, accurate determ-
ination of the strong coupling constants plays an import-
ant role in understanding the effects of heavy quarkoni-
um absorptions in hadronic matter [9]. Besides, the coup-
ling constants among heavy quarkonia and heavy mesons
are valuable for us to understand the final-state interac-
tions in heavy quarkonium decays [9, 10].

The QCD sum rules and the light-cone QCD sum
rules are powerful nonperturbative approaches in analyz-

ing the strong coupling constants among the hadrons. In
recent years, the strong vertices DD*n, D*D,K, DDK,
BB*n, B*B,K, BB'K, DDp, DDK*, BB,K*, DD'p,
DD'K*, BB:K*, D*'D*p, B*B*p, BB, K, B'By K, DD'K |,
BBK,, D:D,¢, D;D*n, D' D*K, D;Dp, DsDw, D% Do,
DDJy, DD*J/y, D*D*J)y, DD*n., D*D'n. , and
D;Dn. have been analyzed with the three-point QCD
sum rules (QCDSR) [11-29], and the coupling constants
of vertices DD*r, D*D,K, DD*K,BB*n, DDp, DD,K",
D,D$, BBp, DD*p, D,D'K*, D,D'¢, BB'p, D*D'r,
D*D*K, B*B*m, D*D*p, DDyrr, BByrr, DoDiK, DD, K,
BB, K, D\D*n, B|B'n, D, D*K, B, B'K, ByBx, BBy,
B,B*r, B1B*p, BBip, B,B*p, and B1Byp have been stud-
ied with the light-cone QCD sum rules (LCSR) [30—45].
In the early QCDSR and LCSR calculations, only the
leading order contributions are considered, and the high-
er-order QCD corrections and subleading order contribu-
tions are often omitted. In recent years, some strong
coupling constants were analyzed with the method of LC-
SR considering the higher-order QCD corrections and
next leading power contributions [45, 46] or with the
method of QCDSR considering higher dimension con-
densate terms [25—29]. These studies indicate the import-
ance of considering the higher-order contributions for
achieving accurate final results.
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In our previous studies, the strong vertices B.B.J/y,
B.B.Y, B.B:J/y, and B.B;YT were examined using the
three-point QCD sum rules, and the operator product ex-
pansion (OPE) was truncated at the dimension of 4 [47].
Recently, a systematic analysis of the strong vertices of
charmed mesons D and D* as well as charmonia J/y and
n. was performed [29], and the OPE was truncated at di-
mension 7. As a continuation of these studies, the strong
vertices of the bottom mesons B and B* and the bot-
tomonia Y and 7, are systematically analyzed in the
present study.

This article is organized as follows. After the intro-
duction in Sec. I, the strong vertices BBY, BB*J/y,
B*B*Y, BB*np, and B*B*n, are analyzed with the QCD-
SR in Sec. II, in which all off-shell cases of the interme-
diate mesons are considered. In the QCD side, the per-
turbative contribution and vacuum condensate terms are
considered including (gq), (Gg;0Gq), (g2G*), (f*G?), and
(9q){g>G*). Section III presents the numerical results and
discussions, while our conclusions are summarized in
Sec. IV.

II. QCD SUM RULES

First, the following three-point correlation function is
introduced:

(p,p") =iz/d4xd4yeiprxei(P—P’)y
X OIT {J 1, ()T p1, ()37, (0)}10), )

where T is the time ordered product, J is the meson inter-
polating current, and the subscripts M, M>, and M3 de-
note the mesons in each vertex. Here, M, represents the
intermediate meson, which is off-shell. The assignments
of the mesons for each vertex are listed in Table 1.

The bottom meson and bottomonium interpolating
currents are taken as follows:

Jp(x) =u(x)iysb(x),
I (x) =(x)yub(x),
Jr(x) =b(x)y,b(x),
I, (%) =b(x)iysb(x). ()

The correlation function is calculated on two sides, called
the phenomenological side and the QCD side. According
to the quark hadron duality, calculations of these two
sides are coordinated, and the QCD sum rules about the
properties of hadrons can be obtained.

A. Phenomenological side
On the phenomenological side, a complete set of had-

Table 1.
vertex, where M, denotes the off-shell meson.

Assignments of mesons M, M,, and M; for each

Vertices M, M, (oft-shell) M;
T B
BBY

B T
B* T B
BB*T B* B Y
B B* T
B* T B*

B*B*Y
B* B* T
B b B*
BB*n, B* B s
B B* b
B Nb B*

B*B*n
B* B* Ul

ronic states with the same quantum numbers as the inter-
polating currents Jy; , Ju, , and Jy, is inserted into the
correlation function. Then, the correlation function can be
written as follows using the dispersion relation [24]:

_{0lm, (O)IM3(p"))01Jp1,(0) [ M2(q))
(m3; — pH(miy, — p)miy —q?)
X (M1 (p)|T 37, (0)0OXMa(q)M3(p")| M1 (p))
+o 3)

I(p, p")

where the ellipsis denotes the contributions of higher res-
onances and continuum states. The meson vacuum mat-
rix elements in Eq. (3) are expressed as follows:

2
(Op0)By =L2"B
mp
(O (OB =fz Lo,
O (O)T) = femré,

2
f B m7]h
2 b

O, (O)lmp) = 4)

where fz, fp, fr , and f;, are the meson decay constants,
and ¢, and ¢, are the polarization vectors of 1 and B*,
respectively. All meson vertex matrix elements in Eq. (3)
can be obtained using the following effective Lagrangian:

z ZigBB'yTa(aaBB - B@”B)
—&B By, gﬂﬁpTaaBzapB:nb
- gB*Brre"ﬁpTa(,Tﬁ(aijB + BapB:)
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+igp gr[T*(0.B* By — B*0,B})
+ (0o YpB™* — Y30, BF)B*

+ B (1?0, By — 0, TsB")]
+1gp gy, [B* (Oany B — 1500 B)

+(0amyB—1p0,B)B™]. Q)

According to this Lagrangian, all vertex matrix elements
can be written as

(BYY@IB(P)) = gpr(q s (p+p')",
(B@)Y(P)B(P)) = gpr(qealp +q)",
(B)YY@IB () = =gpr(d e Ealpppp,s
(B@)Y(PB () = =85pr(q)eP Ealsppps
(B (@)(p")B(p)) = gppr(q )™ Eualpp)ypr
(B (P)YQIB (D) = 8551l (0" + P ELP L
— (P + g G = (P = 4P,

(B (@)T(p")B"(p)) = g5 gl (p” +qM)és Pe
=P+ PG — (@ = PVt P LS,

(B p(@)|B"(p)) = —&hgn, (@ )alg— )"
(B@ns(P B (D)) = =8 py, (a0 — D)™

(B @ (PB(P)) = —ghpn, (@ )alp + D),
(B* (P @IB (D)) = =& oy, (@) Lals oDy

(B (@np(P)B (D)) = =85y, (I Lo lpppdr  (6)

where &, and £ are the polarization vectors of ' and
B*, respectively; g = p—p’; and %7 is the 4-dimension
Levi-Civita tensor. The subscript of g in Eq. (6) denotes
the type of strong vertex, and the superscript denotes the
intermediate meson, which is off-shell. From Eqgs.
(3)—(6), the expressions of the correlation function on the
phenomenological side can be obtained and divided into
different tensor structures. In general, different tensor
structures for a correlation function lead to the same res-
ult; thus, choosing an appropriate structure to analyze the
strong vertex is acceptable.

B. The QCD side

On the QCD side, we contract the quark fields with
Wick's theorem, followed by the operator product expan-
sion (OPE). After the first process, the correlation func-
tions for vertices BBY, BB*Y, B*B*Y, BB*n,,, and B*B*n,
can be written as

HZ(P»P,) :/d4xd4yeip'xei(P*P')y
X Tr{B™ (y)ys UM (=x)ys B" (x = )Yy
M (p.p") = / d* xd*yelP *ei(P=ry

X Tr{y, B™ (x)ys U (=y)ys B™ (y — x)}, (7)

HZv(P»P’) =—i / d*xd*yelP *ei(P=Py

X Tr{B™ (), U (=x)ysB™ (x = »)7,),
M,(p.p)) =i / d* xdtyelP xeip=ry

X TrlyB™ 0y, U (=y)ysB™ (= )},
Hf;(P,P') =—i / d*xd*yel? ¥elPP

X Tr{y, B™ (x)ys U (=y)y, B™(y — x)}, (8)

Wy (p.p) = / d*xd*yel? elP=ry
XTeB™ (5 U (=) B (6= 3,
Hﬁ;o-(l?ap') =/d4xd4yeipfxei(l’*ﬂ')y

X Tr{y, B™ (x)yo U (=), B" (v = %)}, (9)

I (p,p') = / d* xd*yel? el =Py

X Tr(B" (), UM (=x)ysB™" (x = y)ys),
Hﬁ (p,p) = / d*xd*yel? ¥l PPy

X TrlysB"™ ()7, U (=)ysB™ (y= 1)},
I (p.p') = / d*xd*yelr <elp=ry

X Tr{ys B™ (x)ys U (=y)y, B™(y-x)},  (10)

I(p, p') = =i / d*xd*yeir *elP=ry

X Tr(B™ )y, U (=x)y, B™" (x = y)ys),
n5(p,p") =~i / d* xdtyelP xeip=ry

X Triys B ()y, U (=0, B™ (-0} (11)

The superscripts of II in the above equations denote the
intermediate mesons. U%(x) and BY(x) are the full
propagators of u(d) and b quarks, respectively, which
have the following forms [48]:
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16" ¥ 3 §m, 3 §(qq) N 16" ¥my(qq)

2m2xt Am2xt 12 48

3 6 x*(Ggs0Gq) N 16" x2¥my(qg,0cGq)
192 1152

1g Goptt (Yo + P y) 16”x2)/g (Gg)*
3272 x2 7776

B 6" x*(Gq)(g?GG) 3 (G0t q"yo
27648 8

B <q’7’;q MYu i

. . 61]

d4ke—1k-x

@2n)* / {k’ —my,
8sGapti; TP +my) + (§ +Mb)tf"ﬁ
4 (k2 —m2)*

 8DaG ([ + 1)

3k —md)*

Z(tatb)l]Ga Gh (faﬁuv+fayﬁv+fauvﬁ)

AR —m2y’

+} (12)

U'(x) =

BY(x) =

where (g2G?) = (gSG” G"By,
An
r=S =1,

are color indices; g = u(d); oop = Z[ya,yﬁ] and f1# and

D, =0, —ig;Ght", and

.,8) are the Gell—Mann matrices; 7 and j

% have the following forms:

LY = o+ myp )y B+ my)y™ B+ mp)y" (K +my), (13)

TR =+ my )y (] +mp)yP (K +mp)
Y +mp)y” (H +mp). (14)
As stated in Sec. II.A, the different correlation functions,
ie., I, IT,, , and I, , in Egs. (7)—(11) can be expan-
ded into different tensor structures:
Mu(p,p") =TL(p*, p"*,q")pu+ T (P”, p*. 47\
o (p.p") =TN(p*. . 4" emapp” P,
o (p.p') =L (P%, p*. 4D Pugver
+TL(p, P2 ) pupvpo + 1307, P, )l pvpo
+TL(p. P2 ) Poguy + s, P 4" PuP P
+T6(p. P2 a)Py8ve + Tl (P, P*. 47 Pupy Dty
+T0s(p°. 2. 4P} 8o + o (p*. P'*. )PP, P
+TLo(p”, P2, 4P + T (0%, P>, 7 P Pv
+12(p”, P2, ) pupy Py + Tha(p?, P2 ) Py8uo

+TLa(p*. P>, a*) PP, Dl (15)

where g,, is the metric tensor. On the right side of the
above equations, I without the Lorentz index is com-
monly called the scalar invariant amplitude. To obtain the
strong coupling constant, an appropriate scalar amplitude
should be selected to carry out the analysis [14]. Consid-
ering vertex B*B*Y as an example, its correlation func-
tion IL,, has fourteen tensor structures. In principle, it is
reasonable to perform the calculations with each struc-
ture; in this paper, we choose the structure p,g,, to ana-
lyze the strong vertex B*B*T.

The scalar invariant amplitudes on the QCD side are
represented as IT°PE, which can be divided into two parts:

HOPE TIPert 4 pnon— pert (16)

where TIP*" refers to the perturbative part, and TI"°"Pert
denotes the non-perturbative contributions including (gq),
(82G?), (Ggs0Gq), (f*G?), and (Gq){g>G*). The perturbat-
ive part and the (g2G?) and (f3G>) terms can be written
as follows according to the dispersion relation:

_ p(s,u,q%)
H(p,p’) = // = p2)u— p/z)de”’

where
p(s,u,q%) =pP"(s,u,4%) +p¢ (5,1, 4%)
+0 7 (s,u,¢%) (17)
and s=p?, u=p? and g=p-p’. The QCD spectral

density p(s,u,q*) can be obtained by Cutkosky's rules
[49] (see Fig. 1), the calculation for which is detailed in
Ref. [29]. Moreover, we consider the contributions of
(qq), {qg;0Gq), and (Gq){g>’G*). The Feynman diagrams
for all of these condensate terms can be classified into
two groups, as illustrated in Figs. 2 and 3.

M; M,

0 u(d) X

(@) (b)
Fig. 1. Perturbative contributions for T(1,) (a) and B(B*) (b)
off-shell. The dashed lines denote the Cutkosky cuts.
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We take the change in variables p?> — —P?, p> — —P",
and ¢*> — —Q? and perform double Borel transformation
on both the phenomenological and QCD sides. The vari-
ables P? and P’ are replaced by T? and T3, respectively,
where T and T, are called the Borel parameters. In this

article, we take T2 = T? and T3 = kT? = kT?, where k is a

constant related to meson mass, with different values for
different vertices, as presented in Table 2. Finally, the
sum rules for the coupling constants can be obtained by
matching the phenomenological and QCD sides accord-
ing to the quark-hadron duality. The momentum depend-
ent strong coupling constant can be written as

M. M, M, M, M,
y y y y
b b b b b b b b b b
M.
M~ Mz N, " E E E
u(d) X 0 u(d) ¥ ¥ Mg ua) X W Mg u(d) — M Mg u(d) W
(a) (b) (©) (d) ©)
M, Mg M2
y y
b b b b b b
B T HarE . e
®) @ (h) 6) )
M, M, M, M, M,
y y Y, Y
b b b b b b b b b b
M M M g E E My My M. M. E E M
R o u X g Mo e M Mo
&) o) (m) (n) (0)
M, M, M, M,
y Y Y,
b b b b b b b b
M- E E E E.
ey e Mg M e Mgt
P (@) (r) (s) (®
w7 Mg 'u/ ol M 0/$ Yo Mg X
(u) () (w) (x)

Fig. 2. Contributions of the non-perturbative parts for Y(r;,) off-shell.
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Mo M

M,

s M,
y Yy y Y
b u(d) b u(d) b u(d) b u(d)
" \ N
M My > N My My > My M

0 b 0 x M
(a) (b) (©) (d
M2 M2 MZ
Y y y
b u(d) b u(d) b u(d)
My 0 b X Ms M o bE X M M, 0 b X My
(e) (H) €] (h)
M, M, M, M,
Y Y Y Y
b u(d) b u(d) b u(d) b u(d)
M. - E g - [V
0 b M M 0 b Mo iy 0 b _x’_M3 w0 Eb _x'_M3
(1) €); (k) @

M,
y Y
b u(d) b (o)
M, E M 2 a Ms

Elidis

(m) (n)

M, M,
y ¥
b u(d) b u(d)
My EBE oM M E MV

(0) (P)

Fig. 3. Contributions of the non-perturbative parts for B(B*) off-shell.

_ffp(s,u, Q2)e—s/Tze—u/kT2dsdu+%%[Hnon—pen]

Sy Uy

8(0%) = Z

(m3y, + 0)

e—mﬁh /T? e—mi,; /kT?

(18)

where £ stands for the double Borel transformation,
and F is a factor related to meson masses and decay con-
stants (see Table 2). From this equation, we can also see
that the threshold parameters sp and ug in the dispersion
integral are introduced. These parameters are used to

eliminate the contributions of higher resonances and con-
tinuum states in Eq. (3). They commonly fulfill the rela-
tions m? < so <m!> and m2 <up <m/? , where subscripts i
and o represent incoming and outcoming mesons, re-
spectively. m and m’ are the masses of the ground and
first excited states of the mesons. Generally, m’ =m+A,
where A is taken as a value in the range of 0.4 ~ 0.6 GeV
[24].

The strong coupling constant in Eq. (18) is mo-
mentum dependent, similar to the run coupling constant
a,. To obtain the final results of the strong coupling con-
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Table 2. Parameters £ and E for different vertices and off-
shell cases.
Vertices off-shell k E
Imy frmy
T 1 T
BBY
B m%r 2f, ém‘}; Sfrmy
m%, ﬂ’llz)
2
Mg,
g —
mp
. e o fgempe femy
BB*Y B —~ _ B B e Jrme
mp. mp
2
oM
2
’TlB
T 1 —f2.m>. frmy
B*B*Y m2
T
B* — —Zf[%* m%* frmy
mp
2
I’I’lb,,<
o 2 2 2
my meBfB*mB*fnbmqb
2 - 2
m m
" b b
BB, B —
e
2 2 2,2 2 2
. my, fmy fprmp fo,my, (my, +mp. —mg)
m% Zmimé*
b 1
2.2 ¢ 2
B*B*n 2 _fB*mB*fmimﬂb
b B* Mo 2m?
2 b
mm

stant, it is necessary to extrapolate the results obtained
from Eq. (18) into time-like regions (Q? <0). This pro-
cess is realized by fitting g(QZ) into appropriate analytic-

al functions and setting (Q? = -m2,_..1)-

III. NUMERICAL RESULTS AND DISCUSSIONS

All input parameters are taken as the standard values
such as the hadronic masses and decay constants
mp=528 GeV [50], mp =533 GeV [50], my=
9.46 GeV [50], my,, =9.399 GeV [50], f3=0.192+0.013
GeV [51], fp =0.213+£0.018 GeV [51], fr=0.7 GeV
[50], and f;, = 0.667+0.007 GeV [52]. The vacuum con-
densates are also adopted as the standard values, which

are  (gq)=—(023+0.01)> GeV3[50], <{(gg,0Gq)=
m3Gg)[50], m3=08+0.1 GeV? [53-55], (g2G*)=
0.88+0.15 GeV* [53-55], and (f°G’)=(8.8+5.5)

GeV*(g2G?) [53—55]. The MS mass of light and heavy
quarks is adopted from the Particle Data Group [50],
where  my(u=1GeV) =0.006+0.001  GeV  and
mp(mp) =4.18£0.03 GeV. In principle, both the vacuum
condensates and the MSmasses of light and heavy quarks
are energy-scale dependent. For the B meson, the influ-
ences of vacuum condensates and the masses of light
quarks are smaller than that of the bottom quark. More
specifically, the mass of the bottom quark has a signific-
ant influence on the results, and its energy-scale depend-

ency should be considered and discussed. The energy-
scale dependent MS mass of bottom quark can be ex-
pressed as follows according to the re-normalization
group equation,

as(u) e
mb(u)=mb<mb)[ - }
(]!S(I’I’Zh)
1 by logt
asm)_bot{ b} t
2(1 —logt—1
b 2(log?t Ofl )+bob2}’ (19)
bjr?
2
u 33 -2n; 15319
r=1 by = ; e T B
where og+ 0 or > O SIS
5033 325
by = (2857 — nf+ > n7)/(1287°); and Aqcp =210

9
MeV, 292 MeV, and 332 MeV for the flavors ny =5,4 ,

and 3, respectively [50]. In the framework of QCDSR,
the final results should be obtained by selecting an appro-
priate energy-scale. In some similar research, the masses
of heavy quarks in the energy-scale u=mp were em-
ployed to obtain the coupling constants [24, 28]. In the
present study, the mass of bottom quark in the energy-
scale p=m; is also used to obtain the strong coupling
constants [50]. The dependence of the strong coupling
constants on energy-scales will be discussed at the end of
this section.

According to Eq. (18), the strong coupling constant is
a function of some input parameters such as the Borel
parameter T2, continuum thresholds so and up, and
square momentum Q. The Borel parameter T2 is de-
termined by two conditions, which are the pole domin-
ance and convergence of OPE. To analyze the pole con-
tribution, we first write

N (T%) = - / / POFE(s,u, Q%) 7 e 7 dsdu
8y u,

Mo (T%) = - / / pOPE(s,u, QP e Hrdsdu.  (20)
So YUy

Meanwhile, the pole and continuum contributions are
defined as [24]

Pole = gﬁg a
IONE(T2) + TIQNE(T?2)
HOPE (TZ)
Continuum = cont . 1)
ORE(T2) + TIQNE(T2)

In addition, the continuum threshold parameters sp and
up are employed to include the pole contribution and sup-
press the contribution of higher resonances and con-
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tinuum states. Their values commonly satisfy the rela-
tions so = (m; +A;)> and wug = (m, +A,)*, where the sub-
scripts i and o represent the incoming and outcoming
mesons, respectively. The values of A; and A,should be
smaller than the experimental value of the distance
between the ground and first excited states. In general, A;
and A, are considered as 0.5 GeV.

Taking the strong coupling constant gl asan ex-
ample, we introduce the method of selection for the
above parameters. FixingQ®> =3 GeV? in Eq. (18), we
first plot the strong coupling constant g}z, for the Borel
parameter T? at different values of sy and ug; this de-
pendence is shown in Fig. 4, indicating that the results
have good stability when so and uo are 31.14 ~ 35.76
GeV? (the corresponding values of A; and A, are 0.3 ~
0.7 GeV). The pole and continuum contributions with
variation of the Borel parameter T? are depicted in Fig. 5.
In can be seen from this figure that the condition of pole
dominance (>40%) is satisfied in the range 17
GeV2<T?< 19 GeV2. The contributions of the total,
perturbative, and all vacuum condensate terms for vertex
BBY are explicitly shown in Figs. 6 (a) and (b). These

25 20
——— 5,=31.14GeV? —— u,=31.14GeV?

5,=32.26GeV? u,=32.26GeV?

20 — 5,=33.41GeV? —— u,=33.41GeV?

- 2
5,=34.57GeV? 1,=34.57GeV’

15 ——— u,=35.76GeV?
——— 5,=35.76GeV? 0

«—
>
°
0]
®
n
o
S \
=10 e
=8 ~8 10
o o

10 15 20 25 10 15 20 25
T4(GeV?) T(GeV?)
(@ (W)
Fig. 4. (color online) Strong coupling constants g, for the

Borel parameter 72 at different values of so(a) and uo(b).

pole
continuum

0.8}

I

0.2

o
o

Contributions
o
»

016 17 18 19 20
T%(GeV?)

Fig. 5. (color online) Pole and continuum contributions with

variation of the Borel parameter 72 for the vertex BBY in the

Y off-shell case.

results demonstrate good stability with variation of Borel
parameter T2 in the range 17 GeV?>< T? < 19 GeV?, in-
dicating that the condition of OPE convergence is also
satisfied. This flat region (17 GeV2<T? < 19 GeV?) is
usually called the "Borel Window" and is used to extract
the final results. According to a similar analysis with
gspv» the Borel Window for other strong vertices are also
determined with A; = A, = 0.5 GeV, as shown in Fig. 6.

Considering different values of Q?, the momentum
dependent strong coupling constant g(Q?) canbe ob-
tained with the values of Q? being taken as 3 ~ 28 GeV?
uniformly. The on-shell values of these coupling con-
stants can be obtained by extrapolating the results (g(Q%))
to the time-like regions (Q* < 0). This process is imple-
mented by fitting g(Q%) with appropriate functions and
setting the intermediate meson on-shell (Q* = —m2,_.11)-
To choose appropriate fitting functions, two conditions
should be satisfied: first, the strong coupling constants
should be well fitted in the space-like regions (Q? > 0);
second, the values of the strong coupling constants in
deep time-like regions should converge. In addition, the
on-shell values for the same vertex in different off-shell
cases should be as close to each other as possible. Con-
sidering the above requirements, the uncertainties of the
fitting function selection can be greatly reduced. Taking
the strong coupling constant ggpy as an example, 2(0?)
can be fitted into two functions with T and B being off-
shell cases, expressed as

Cl: ggBT(QZ) =11.43¢70013¢°
By (02) = 7.99e709020 _ | 2
C2: gl (0% =11.78¢"02¢" (450>
¢Bpn(0?) = 68470020 _0.030%.  (22)

Their fitting curves are shown in Fig. 7, where we can see
that both the fitting curves C1 and C2 are well fitted in
the space-like regions for " and B off-shell cases, and the
on-shell values are well convergent. For the case of ghz,
the curve C1 (the blue solid line) is better fitted in the
space-like regions than curve C2 (the blue dashed line).
Thus, fitting function C1 is selected for gppy in the Y off-
shell case. For the B off-shell case, the curves C1 and C2
almost overlap each other in the space-like regions (the
black solid and dashed lines). As stated above, the on-
shell values for same vertex in different off-shell cases
should be close to each other. We can see that curve C1 is
more appropriate for this condition. Thus, C1 is selected
to fit gppy in the B off-shell case.

We know that the mass of the bottom quark is
strongly energy-scale dependent, which also influences
the final results obtained by QCDSR. Taking the coup-
ling constant g},(Q?) asan example, we plot this de-
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Fig. 6. (color online) Contributions of different vacuum condensate terms with variations of the Borel parameter 72 for BBY (a—b),
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Fig. 7.  (color online) Fitting curves of the coupling con-
stants for vertex BBY in Y and B off-shell cases.

pendence in Fig. 8 , for which the values are fitted by the
Clfunction. From this figure, we can see that the results
are indeed strongly dependent on the energy-scale u. Ac-
tually, it is difficult to determine the appropriate energy-
scale when calculating the coupling constants with QCD-
SR or LCSR. In some previous studies, similar calcula-
tions were carried out by QCDSR and LCSR with differ-
ent energy-scales of heavy quarks [45, 47]. In the present
study, the strong coupling constants are obtained with the
mass of the bottom quark in the energy-scale p = m;[50].

Finally, the momentum dependent strong coupling
constants can be uniformly fitted into the following ana-
lytical function:

g(0*) =Fe %% + H, (23)

where the values of parameters F, G, and H are as listed
in Table 3. The fitting diagrams of strong coupling con-
stants for each vertex are shown in Fig. 9.

Then, g(Q?) is extrapolated to the time-like regions
(Q* <0) by Eq. (23), and the on-shell condition is satis-
fied by setting Q> =-m2,_, .. The on-shell values of
strong coupling constants for different off-shell cases are
obtained and listed in the last column of Table 3.

For each vertex, the on-shell values of coupling con-
stants for different off-shell cases should be equal to each
other. For vertex BB*Y as an example, the central values
for different off-shell cases are grp =11.35 GeV~!,
g8py=1136 GeV~! | and gB,. =12.04 GeV~!, which
are consistent with each other. Thus, it is reasonable to
determine the final values of the strong coupling con-
stants by taking their average values. Finally, the results
of the strong coupling constants for different strong ver-
tices are determined as

40
p=mp
- — = - 1=3.5GeV
1=3GeV
30l - — — - i=2.5GeV
=
~ @20
(=]
10 1
0 ‘ ‘ ‘
-100 -60 -20 20

Q?%(GeV?)
Fig. 8. (color online) Dependence of strong coupling con-

stant g5, on bottom quark mass with different energy-scales.

Table 3.
ling constants for different vertices and off-shell cases.

Fitting parameters in Eq. (23) and the strong coup-

Vertex  off-shell F G H 8(Q* = *mﬁn_sheu)
T 1143 0.013 0 36.9233)
BBY 1
B 799 0062 —120 444271159
T 317 0014 0 11354101 Gev!
BB*Y B 239 0057 -0.39 11.361231 GeV!
B 217 0061 =033 12,0432 Gev!
T 1624 0014 0 55.107467
BB .
B 1163 0058 —1.84 58.93+3%8
1.84
b 6.72 0015 0 25.52%30¢
BB B 471 0064 —-0.66 27.31%63
B 239 0071 -028 17344693
5B, b 3.48 0.014 0 1 1,97j}:2? GeV™!
B 246 0060 -039  13,00320Gev
7.55
gspr =40.6775,
gppy =11.58"210Gev™!
532
gB‘B‘T 257.02i5.31
474
g8, =23.39753
g, =12.497212Gev ! (24)
8B'B, A7 1350€eV .

IV. CONCLUSIONS

In this work, we systematically analyzed the strong
vertices BBY, BB*Y, B*B*Y, BB*ny, and B*B*n, using
the QCD sum rules, considering all off-shell cases for
each vertex. Under this physical sketch, the momentum
dependent coupling constants were first obtained in
space-like (Q? > 0) regions and then fitted into appropri-
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Fig. 9. (color online) Fitting curves of coupling constants for vertices BBY (a), BB*T(b), B*B*Y(c), BB*n,(d), and B*B*n(e). In these

figures, all possible off-shell cases are considered.

ate analytical functions. By extrapolating these functions
to time-like (Q® <0) regions and taking Q? = -m2,_ .\,
we obtained the strong on-shell coupling constants. For
each vertex, we considered the average value of the
strong on-shell coupling constants for all off-shell cases

as the final result. These coupling constants are valuable

in describing the dynamical behaviors of hadrons. For ex-
ample, these coupling constants are important input para-
meters to analyze the final-state interactions in heavy
quarkonium decays or to calculate the absorption cross
sections for understanding heavy quarkonium absorp-
tions in hadronic matter.
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