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Abstract: We search for a possible relationship between weak gravity conjecture (WGC) and conformal field the-
ory (CFT) in hyperscaling violating and Kerr-Newman-AdS black holes. We deal with the critical points of the black
hole systems using the correlation function introduced in CFT and discuss WGC conditions using the imaginary part
of the energy obtained from the critical points and their poles. Under the assumptions z=1,d=1,and 6 - 07, we
link WGC to hyperscaling violating black holes owing to the existence of ry values larger and smaller than one. For
the second black hole system, we study the conditions of WGC for Kerr-Newman-AdS black holes using rotation
and radius parameters. Then, we show that the conditions of WGC are satisfied when the charged particle near the
hyperscaling violating and Kerr-Newman black holes is % with a ratio 7 < 1.

Keywords: weak gravity conjecture, Kerr-Newman-AdS black holes, hyperscaling violating black holes,

conformal field theory

DOI: 10.1088/1674-1137/ac957b

1. INTRODUCTION

The AdS/CFT correspondence is known as an essen-
tial duality between quantum field theory (QFT) and
gravity that corresponds to the classical dynamics of
gravity in a higher dimension. The duality was first intro-
duced to connect four dimensional conformal field the-
ory (CFT) to Anti-de Sitter space (AdS) in five dimen-
sions [1-3]. The AdS/CFT correspondence has been ap-
plied to a wide range of topics in the physical sciences,
such as strong-coupling dynamics (QCD), the physics of
black holes and quantum gravity, electroweak theories,
and relativistic hydrodynamics [4-33].

One of the most significant challenges in theoretical
particle physics is finding an effective field theory (EFT)
compatible with quantum gravity. Such theories are situ-
ated in the landscape, whereas other incompatible EFTs
live in swampland. A wuniversal test to distinguish
between these two classes of theories is weak gravity
conjecture (WGC). This means that gravity is always the
weakest force and reveals an extremality state of the

black hole [34-74].

In this paper, we attempt to prove WGC from CFT by
studying two critical classes of black holes: hyperscaling
violating (HSV) and Kerr-Newman-AdS (KNA) black
holes. Because WGC is more consistent at critical points,
we use CFT calculations to obtain the critical points asso-
ciated with the black holes under consideration. There-
fore, the remainder of the paper is organized as follows:
In Section II, we briefly explain how WGC could be re-
lated to CFT. In Section III, we investigate the relation-
ship between WGC and CFT in HSV black holes. We
perform a similar analysis for KNA black holes in Sec-
tion IV. Conclusions and remarks are presented in Sec-
tion V.

II. BRIDGE BETWEEN WGC AND CFT

Swampland suffers from a lack of global symmetry
and completeness of the charge spectrum. Consequently,
it cannot present an acceptable explanation for phenom-
ena unless we restrict the global symmetry and there is an
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upper bound on the mass of several charged conditions
[75—79]. Swampland can restrain a complete theory but
not EFTs with low energy. Phenomenologically, it is im-
portant to understand whether all charged particles are
heavy and sufficient regarding black holes or if there are
several concepts for the spectrum completeness that pre-
vails at low energies. Swampland conjectures can be used
to discuss important issues, for example, they may reveal
how close we are to obtaining the status of recovering
global symmetries. One can refresh a global symmetry of
U(1) by transmitting the gauge coupling to 0, which is
not permitted in quantum gravity.

Attempting to comprehend how string theory prohib-
its this issue and what drives the incorrect solution if one
tries to accomplish this can supply information about the
restrictions that EFT must meet to be compatible with
quantum gravity. WGC prohibits this methodology ow-
ing to the existence of unique light-charged forms that ex-
clude the definition of EFT. This supplies an upper bound
on the mass of charged states. In general, WGC includes
magnetic and electric versions, providing a gauge theory
coupled to gravity. Therefore, we deal with electrically
charged Planck units: Q/m > Q/M|ex = O(1) [75— 79].
Here, Q is the charge, and M determines the mass in the
extremal black hole. Moreover, Q = gg, where ¢ and g are
the quantized charges of the state and gauge coupling, re-
spectively.

To have WGC with the existence of charge and mass,
a charge/mass greater than that in the extremal black hole
must be applied. The most specific topic coordinates with
Maxwell's theory, which is coupled to gravity; no mass-
less scalar fields exist. Hence, we can construct solutions
of R-N black holes by providing a p-form gauge field in d
dimensions. WGC indicates the presence of a (p—1)-
brane that can meet p(d—p-2)T*/d-2<Q*M3?* [13,
61-69, 77, 79]. Here, we note that the motivation for un-
derstanding WGC can be found in the physics of black
holes. This conjecture expresses that the entire lattice of
authorized gauge charges must be settled by physical
conditions in an approach with a gauge coupled to grav-
ity. This is not required in quantum field theory because a
charged particle can be decoupled from this theory by
transmitting the mass to co. The second issue involves
breaking global symmetries. There are fascinating rela-
tionships between the lack of global symmetries in
quantum gravity and spectrum completeness. A typical
method of breaking higher form global symmetries in-
cludes charged conditions. However, exclusively, if the
entire charged condition spectrum exists, can one break
the entire group [36—44, 61-69].

In this paper, we want to prove or present the emer-
gence of WGC from CFT equations. Hence, we discuss
the mixed Klein-Gordon equation against the back-
ground of the black hole as a general perturbation and fo-
cus on a charged scalar ® with charge g and mass m [80]

\/_—g u(g'w \'% _gavq)) - 2iqg”VAu(9v(D

~ P ALA D —mPD = 0. (1)

By inserting @ = e “/¢(x), we obtain its scalar function,
and o is related to the energy part. Then, we use CFT to
find the two-point correlation function of the scalar oper-
ator J;. We can also find the correlation function based
on the ratio of its sub-coefficients as follows [81, 82]

B
(W) =< Ji(~w)Jp(w) >= AZEZ; )

Setting Ax(w) =0, we can find the location of the poles in
the Green function. In such a case, we have
w = Re(w) + Im(w), which has a real part (normal mode)
and imaginary part (quasi-normal mode). The imaginary
part, which is negative, introduces the inverse relaxation
time 74 ofthe desired mode as w = Re[w] +iIm[w] = Re[w]-
i2n/t4. Moreover, it describes exponential damping with
a characteristic time scale set by 7.

On the other hand, quasi-normal modes play the role
of controller for the black hole ringdown to decay or col-
lapse perturbed black holes towards their hairless cases or
induce relaxation toward thermal equilibrium after a per-
turbation period. In addition, quasi-normal modes with
the smallest value of Im[w] have a less damped state and
supervise the thermalization time- scale. Because the
black hole ringdown is dual to the thermalization process
of CFT [83], the quasi-normal modes appear as the poles
of the Fourier transform of the retarded Green function in
the context of Ruelle resonances [84].

In the context of WGC, we encounter 7, > 0 because
the negative values of 7, correspond to an exponentially-
growing unstable fundamental state, which threatens the
stability of the geometry of black holes. Besides the pos-
itive value, it should have a specific bound because the
thermalization process cannot occur arbitrarily fast.
Hence, we engage a conjecture [81]

; €

N =

Tg 2>

further discussions on which can be found in Refs. [83,
85-90]. Perturbations from different thermalization time
scales decay extremely rapidly to satisfy the condition
74 > ¢/T. By removing the perturbations from the metric
background, it may be found that for a near-extremal
charged black hole, there must be at least one particle ful-
filling the thermalization rate 74, > ¢/T .

In fact, considering a particle near a black hole leads
to the production of perturbations that may be described
by the Klein-Gordon equation (1) as the equation of mo-
tion of the particle. By solving this equation, we find an
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imaginary value of energy for the particle, which is con-
nected to Eq. (3). However, the existence of such perturb-
ations makes the black holes unstable so that they ap-
proach the extremal limit and consequently connect to the
WGC condition. Using the above relationship between
Eq. 3) and WGC and also the polarity quantity w ob-
tained during our calculations, we can study the WGC
condition from the universal equation (3) (see Refs. [81,
86, 91)).

In the next section, we use the above description for
two black holes: HSV and KNA black holes.

III. HYPERSCALING VIOLATING BLACK
HOLES

The metric of a HSV black hole with mass M and
charge Q is given by [81, 83, 85, 92]

=20 d 2
A5 = 17 |- f(NdP + ———+ 2402, |, (@)

rf(r)

where z and 6 are dynamical and hyperscaling violation
parameters, respectively. Moreover, f(r) takes the form

k (d-1)? M 0? s
2 (z+d—0-2)2 rrdo TG 5

fr)=1+

Here, k=-1,0,1 determines the hyperboloid, planar, and
spherical topologies for the black hole horizon [92]. In
this study, we consider k = 0; hence, we have

-20 d 2
ds? =r7 |=rZ2f(ndf + rzjf(r) +ridx? |,
M 0?
f@r)=1- patd—0 + r2z+d-0)’ ©)

where dx? = 3¢, dx?, and x; are spatial coordinates of a d
dimensional space. By setting f(ry) =0, we obtain the
event horizon radius ry for a charged black hole solution,

r?{(d+z—€—l) _Mr;11+z—9—2 + Q2 =0. (7)

z+1
Using the formula T = :ﬂ |f(rg)| and Eq. (6), we can ob-
tain the Hawking temperature [93, 94]

- (z+d-0)r;, 1— (Z+d_9_2)Q2r2(—z—d+9+]) ()

4n z+d—0 H '
Therefore, by setting T = 0, the extremality bound is ob-
tained by

2z+d—o-1)  (2+d—0-2)

=———~0°. 9

"H +d-g 2 2

In this case, we use relations (7) and (9) and rewrite f(r)
in terms of ry

. 2z+d-60-1) rH)Z+d—9
r === == (r
z+d—-0 rH)2<Z+d—9—‘>
—_— | — . 10
+Z+d—9—2( r (10)
Furthermore, the potential is given by [92]
4 o N2CH AT g L]
! 7+d—0-2 H perd=6-2 z+d—6-2 |’
an

By changing the corresponding coordinates and examin-
ing r near the event horizon, we can write the geometry
of AdS, x R [93] as

- i r=— 12
R o g Y e e

Here, note that Egs. (12), (10), and (6) are obtained with
the limit € — 0 as follows

2-2 —dr? +d2?
=r
A 1 @+d-0)(z+d-0-1)

+dx?|. (13)

Also, we have

__ 0@ .
T Grd—6)z+d—6-1¢ " H

(14)

Now, using Egs. (1), (13), and (14) with respect to the
fact that the metric allows for the separation of variables,
O(1,¢,x) = e “Teik*¢(), we can calculate

gr? N2+ d=0)d-0))

2

0O+ oF T era—o-nr ) *©
k2+m2r121(1_§)

_(z+d—0)(z+d—9—1)§2¢(§):0' (15)

According to the above equation, —k? is the eigenvalue of
the Laplacian in the flat base sub-manifold. Regarding the
above equations, ¢(¢) is obtained in terms of the Whit-
taker functions, which are given by
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Whittaker 1 ~igr;7* 2z +d—-0)(d-9) o
¢() =c1 ittaker Grd—0)rd—6-1) , Vi, 21rw
Whittaker W —igryi? \2G+d=0)(d—0) .
+ ¢, Whittaker G d—0Geid_6-1 Vi 2irw)|.
(16)
Moreover, with respect to the above equation, vy is defined by
1 K2 2y 224(z+ d - 0)(d -6 o
VE= [+ _ A X )+mzr12q(1 “, (17)
4 (z+d-0)(z+d-0-1) (z+d-0)*(z+d—6-1)?

To examine the obtained function ¢(/) near the event ho-
rizon, we use the limit £ — 0. Given the properties of the
Whittaker function and the definition Ay = % - Vi, WE
have

. T(Q2v)(=2iw): ™"
$(&)e—o F(l igri+? 2(z+d—9)(d—9))§

2

2T T rd—0)G+d-0-1)

. [(=2v0)(2iw): " e

r(l igri;f** V2(z+d—60)(d - 6) 9)]

2 T T v d=0)rd—6-1)
=Bu(w){™ + Ar(w)d ™™,
(18)

Using Egs. (2) and (18), the correlation function is ob-
tained with following equation:

igry 7 2z +d—0)(d—0
X:r(zvk)r[%—vk—lqr’f (Z X )],

(z+d-0)(z+d-0-1)

igr;2 \R(z+d—0)(d—0
Y ZF( - 21@1‘[% + Vi — ] e+ X )],

(z+d-0)(z+d-0-1)

T () =Q2w) e x g

(19)

According to Eq. (19), there is no w with an imaginary
part; as a result, WGC can not be discussed. Now, we

2
E€ry

ider the conditi
consider the condiion ru = i+ g+ d—6- 1

with respect to Egs. (13) and (14) and hence obtain

_2
d
2 "'y

5o =
(z+d-0)(z+d—-6-1)2

A - - o, 2-% . 5
—l—g—z dre+ 1—? d§ +rH dx, (20)

0 0

X

and

= V2erd=Old=6) rH“z(l - £). Q1)

(z+d-0)(z+d-6-1) &
The temperature associated with the metric in Eq. (20) is
T =1/2n¢y. Using Egs. (1), (20), and (21) with respect to
the fact that the metric allows for the separation of vari-
ables, O(,Z,x) = e “Telk*¢(), we can calculate

2{
() + === 0,6()
—7+2 ( f) 2
qry N2z+d-60)(d-0)|1- =
140
(z+d-0)(z+d—-0-1)

2
-5
&
K2 4 2209
- f () =0. (22)
(z+d-0)(z+d-06- 1)52(1 - 5—]

w+

$({)

2
0

By solving the above equation, ¢({,w) is obtained using
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—42 \r a0

1 1 —iFV 0+[i“’§0*i%ﬁ 1
¢k(4,w>~(———) (g ) F{

Eivk+iw{0—1

¢ b H-¢

g \2@+d=0)(d—-0r 1 2 }
1 sV, ———¢.
(z+d-0)(z+d-6-1) "2 NG

q\2@+d=0)(d- 0 1
Grd—O)+d—0-1) "2

Vi

(23)

We examine the above solution on the AdS boundary. In this case, using the properties of the hypergeometric func-
tions and Eq. (2), we obtain the retarded Green function as follows:

1
A ZF(] +2Vk)r(§ —Vi— ——=+

27T (z+d-60)(z+d—-6-1)

1 w

3%

iw igr 2@ +d-0)(d-0) )r( 1 igrF? V2@ +d—0)(d—0) )

(z+d-6)(z+d—-6-1)

B ZF(I —2Vk)r(§ + Vi -1

T (w) =(4nT) ™" x g.

Here, we use the explicit definition of 7 instead of .
When we obtain the polarity of Eq. (2), w has two parts,
real and imaginary, as w = Re(w) + Im(w).

—z+2
_qry \/2(Z+d—9)(d—9)_' 1
w= Grd—0Grd—6-D 127TT(§+n+Vk). (25)

Here, we can discuss WGC because we have a quasi-nor-
mal mode. Hence, note here that we are interested in the
system's response at low frequencies [83, 86, 91].

74 =100 = —1
T +v)

227 2 +d=0)d=60) Hax

1
_4 1 26
Yo \/4 Gtd—62G+d—o-17 "'H (26)

Now, using Egs. (3) and (26), we obtain the following
condition:

e g NI
(mr” T G+d-0)z+d—0-1) )
" arf TGO
X(mrH’+ (c+d—O)+d—0-1)

] <0.  (27)

The WGC condition is satisfied when we have the fol-
lowing expression

—7+2
e rF DR d-0)d—0)
"HoT (z+d-0)(z+d-6-1) (28)

According to Eq. (27), we can rewrite the radius of the
event horizon in terms of dynamic parameters as follows:

o, igrif ™ V2@ +d—0)(d—-0) )r( 1 igri7 ™ V2@ +d—-0)d—0) )
2T (z+d-0)z+d-6-1) k g

2 T T d—0G+d—0-1)
(24)

P V2(z+d-0)(d-6)
1 IGEd=0d=0) 9

'H T C+d-0)Gc+d—0-1)

This relation shows the compatibility of WGC and
CFT only on the horizon of a specific event obtained
from Eq. (29). According to the relation in Eq. (9), » is
positive when z+d - > 2. The solution to the above rela-
tionship is when z=1,d=1,and 6 50" or z > 1*,d =1,
and 6=0.

To drive WGC from the CFT viewpoint, we must
specify a series of specific points and discuss the compat-
ibility of these two structures at these points. Because ry
represents the position of the entire horizon, we cannot
discuss the relation between the WGC of CFT for the
parameters of the entire horizon. Therefore, we must in-
evitably determine a specific value for rg by setting sev-
eral important parameters, such as z, d, and 6, to find spe-
cific points of ry. Consequently, by setting ry < 1 and for
a series of specific points, WGC and CFT are aligned. As
shown in Fig. 1, when @ is closer to zero, WGC holds for
larger values of ry. In this case, it is set for both ry great-
er and less than one. As shown in Fig. 2, when z is closer
to one, ry can be established for different values;
however, when z is slightly larger than one, WGC for
ry <1 will be established. When 6 < d, we have a solu-
tion for a value of ry < 1. As shown in Fig. 3, when we
consider 6 to be a number less than zero and z and d to be
greater than one, WGC will hold for ry < 1.

IV. KERR-NEWMAN-ADS BLACK HOLES

Analogous to the previous type of black hole, we at-
tempt to obtain the wave function and energy spectrum of
KNA black holes. Here, we find that our black hole is un-
stable, which is proof of WGC. To observe such a condi-
tion for the corresponding black hole, we consider the
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2k //’/ 42 //’/ 4
1+ 4 1k ,// 4
o i : : i e i : : i :
H  H
Fig. 1. (color online) Left plot: z=1, d =1, and 6 = -0.01. Right plot: z=1,d =1, and 6§ = -0.1.
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L o 1.0 (z+d-6) (z+d-6-1) L 7
2k //’/ 42k //// 4
L /// 1 1: //// ]
o ; ; 5 ; o i ; 5 ; ;

rH rH
Fig. 2. (color online) Left plot: z=1.01, d=1, and #=0. Right plot: z=1.1,d=1, and =0.
] ; ; or asin’6
Boyer-Lindquist-type coordinates [94],

2
f(r)( asin® 0 ) P P
ds? =— 2 |dr—- ———d¢| + L—dr* + £—do
= = Y 0" e
2, 2 2
+%sin29(adt—@d¢) :
where

2
£ = (2 +a2)(1 + ;—2)—2Mr+ 02,

2
f@)=1- Z—z cos26,

p* =r*+a*cos®6,

a2

=1 3—2

[1]

(30)

G1)

Here, a is a rotational parameter, and Q is the electric
charge. £? is related to the cosmological constant; when it
is positive, we have dS, and when it is negative, we have

AdS . Its vector potential is considered as follows

A= (32)

(d, _

The Hawking temperature, entropy, and angular velocity
of the horizon are obtained using

0y

02

o2 Ere)
) 2
TH: - s
4r(r2 +a?)

S:ﬂ(r$+a2)

a=
Qy=——7r. 33
" r2+a? (33)

We can rewrite f(r) near the event horizon in the quad-
ratic order as follows [95]:

a> 6r
Ff) =k(r—r)(r—r.), k=1+€—2+€—2+, (34)

where r, is the radius of the external event horizon, and
r. 18 the radius of another horizon. In the extremality lim-
it, the following conditions also apply [95]
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(r=2) 3[ 2(d-6)
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(z+d-6) (z+d-6-1)

15
H

20

0.0

Fig. 3. (color online) Left plot: z=1.5, d=2, and §=-1. Right plot: z=2,d=3, and 6 = -2.

612

e

2
a
+12€—2—

2
a
1+—

2
+ €2

r. >

a2 o

. .. a . ..
In the limit — < 1, we can consider the minimum

value of r, equal to a. By setting f(r) =0 and Ty =0, we
can obtain the extreme state of the black hole with the
condition r, = a as follows

M,
exe +

Iy

452

+

k= 5

(36)

We now use Eq. (1) to solve Klein Gordon's equation
in the background of the KNA black hole and obtain the
correlation function, which is calculated using the follow-
ing equation [95]

_T(1-2hp)
" T@he-1)
.wp—Qrug . WR — ORUR
I'\ho+i————|T'|hp+i———
% (Q ! 27TTL ) (Q ! 27TTR )
oL —0rug wr— Orug\
ri-hp+i———\I'{1-hp+i———
( eI, ) ( eI T T, )
(37)
where
ri+r§+2a2 r%r+rf+2a2
W =——F——w, W= —F——w-M,
2a= 2a=
OL=0r=e
_Q(ri+rf+2a2) _O(ry+r1)
M= m vy PR " 2aE
k(r2 + 12 + 242 k(ry — 7.
L:M’ = (r+—:), (39)
4raZ(ry +14) draZ

and we also have

1 1
_+_

7t 39

ho =

where K is the separation constant [95]. The pole of Eq.
(37) is given as follows:

wr—Q0rur _

-n, 1-
271'TL "

1—hg+i
(40)

Because the above two relations are similar, we consider
only one of them and place it in Eq. (3) with the condi-
tion Ko = —3k to obtain the following equation:

£>1.

p (41

Using Egs. (35), (36), and (41) along with the condition

a .
7 < 1, we obtain

eaQ
4q3
7

> 1. (42)

Mexe +

The above statement satisfies the WGC condition for
a 1
—<xlande=-.

The initial grguments on WGC are presented for the
physics of black holes, followed by several expansions in
different parts.

The primary characteristics of black holes are ad-
dressed through the laws of thermodynamics and its rela-
tion with gravity based on the AdS/CFT correspondence.
In this study, we show that WGC is related to the
thermalization dynamics governing the relaxation pro-
cess after a perturbation process. The validity of such a
result is guaranteed by having a lower bound on the
thermalization time scale. In fact, CFT gives a lower
thermalization bound on the thermalization time-scale to
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charged-near-extremal black holes, which can be used as
a necessary condition to reach the definition of WGC.
Using the model's free parameters, we determine a series
of parametric points and regions and then check WGC at
these points. Note that imposing more restrictions might
allow one to determine the exact range of compatibility
between WGC and CFT. After considering common
points originating from gravity, thermodynamics, and the
relationship between gravity and WGC, the thermody-
namics of black holes can be chosen to enter WGC and
challenge different theories for a better understanding of
the link between gauge theories and quantum gravity.

V. CONCLUSIONS AND OUTLOOK

The idea of WGC has been applied in many cosmolo-
gical structures, such as inflation, dark energy, and black
holes physics. On the other hand, CFT is widely used the
literature of theoretical particle physics, particularly in
AdS/CFT correspondence. However, the connection
between the two theories navigates us to several interest-
ing results. The main aim of this paper is to study the re-
lationship between WGC and CFT using HSV and KNA
black holes. To fulfill this, we use the correlation func-
tion of CFT. Hence, we obtain proof for predicting WGC

on the CFT side, which indicates the emergence of WGC
from correlation function calculations in the considered
black holes. Because WGC at critical points offers com-
patibility results, it also appears in the extremality bound
of black holes. Assuming this and the CFT correlation
function, we calculate the critical points of the black
holes. Hence, WGC appears for both black holes. In addi-
tion to proving WGC, we also show the exciting close re-
lationship between WGC and CFT. In this case, we use
the correlation function in CFT and its poles. Moreover,
we obtain the energy spectrum of the black holes, includ-
ing two parts, that is, real (normal mode) and imaginary
(quasi-normal mode). We find that when z=1, d =1, and
0 — 0", WGC emerges in HSV black holes because it
contains ry values larger and smaller than one. In other
cases, WGC is only valid for ry values less than one. The
condition of WGC for KNA black holes is related to the
rotation and radius parameters if the charged particle near

the black hole is 1 and has a ratio such as % < 1. Be-

a
cause a relationship between these two ideas has some-
how emerged, we can perform further calculations to ana-
lyze the results and even reach a correspondence between
the two theories, which we shall examine in future stud-
ies.
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