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Abstract: Exclusive vector meson production is an excellent probe for describing the structure of protons. In this

study, based on the dipole model, the differential cross sections, total cross sections, and ratios of the longitudinal to

transverse cross section of the J/y and p° productions are calculated with the analytical solution of the Balitsky-

Kovchegov (BK) equation. In addition, we consider the influences of two meson wave function models on the res-

ults. Our predictions, which are slightly sensitive to meson wave functions, agree with the experimental data. The

analytical solution of the BK equation is reliable for description of exclusive vector meson productions in a certain

range of Q2.
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I. INTRODUCTION

Color glass condensate (CGC) [1-5] is an effective
theory for describing physics in the proton saturation re-
gime. Inside a proton, gluons cannot grow infinitely
without breaking the unitary limit. Consequently, in the
small x regime, the recombination and multiple scatter-
ing of gluons reach a balance, and then, the number of
gluons does not increase. This is called gluon saturation,
which can be described by the CGC effective field the-
ory. For studying the proton structure in the saturation re-
gime at the high energy limit, deep inelastic scattering
(DIS), deeply virtual compton scattering (DVCS), and ex-
clusive diffractive vector meson production are excellent
probes [6-8].

For analyzing DIS and vector meson production, the
color dipole model and CGC effective theory are power-
ful tools [9—16]. In the dipole model, a virtual photon
splits into a quark anti-quark pair (dipole), which inter-
acts with protons by exchanging gluons. Then, the dipole
recombines into a meson or photon. The Golec-Biernat
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and Wusthoff (GBW) model [17] and the CGC model
[18] describe the dipole scattering process well.
Moreover, two impact-parameter dependent models, the
b-CGC model, [19, 20] which is a modification of the
CGC model and the IP-Sat [21, 22] model are successful
at describing the applications of DIS and the exclusive
vector meson production process [18, 23—26]. The satura-
tion effect in the b-CGC model and the IP-Sat model is
related to the Balitsky-Kuraev-Fadin-Lipatov (BFKL)
equation [27-30] and the Dokshitzer-Gribov-Lipatov-Al-
tarelli-Parisi (DGLAP) equation, [31— 33] respectively
[34]. These models are also applied to the Large Hadron
Collider (LHC) experiment [35-38].

Besides, the evolution of the dipole-target scattering
amplitude can be dominated by the Balitsky-Kovchegov
(BK) equation [39—42] with a nonlinear term for gluon
saturation, which is regarded as the mean field approxim-
ation of the Jalilian-Marian-lancu-McLerran-Weigert-Le-
onidov-Kovner (JIMWLK) equation [43—46]. There is a
considerable amount of research on the BK equation. The
influence of the impact parameter b was numerically ana-
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lyzed for the BK equation in [47]. The solution of the b-
dependent BK equation with a collinearly improved ker-
nel has been studied [48]. A discussion of the behavior of
the numerical solution of the running coupling BK equa-
tion with the Runge-Kutta method was presented in [49].
Reference [50] showed a numerical solution to the BK
equation in coordinate space for the next-to-leading or-
der.

In momentum space, it has been shown [40, 41] that
the nonlinear evolution equation with the Balitskii-Fadin-
Kuraev-Lipatov (BFKL) kernel can be obtained form the
BK equation by proper approximation. Then, by variable
substitution, this nonlinear evolution equation [51— 53]
is simplified to the Fisher-Kolmogorov-Petrovsky-Pis-
counov (FKPP) equation, [54] which is a kind of reac-
tion-diffusion nonlinear equation. The analytical solution
of the BK equation is obtained by solving the more con-
cise FKPP equation. The analytical solution [55—59] of
the BK equation has been studied by different methods.
We also obtain the analytical solution of the BK equation
[60] in momentum space. In this work, the analytical
solution that we have obtained is used to explain the scat-
tering process between protons and a color dipole.

The arrangement of the article is as follows. In Sec.
I1, the dipole representation of the exclusive vector meson
production is reviewed, and overlaps between the photon
and vector mesons ( J/y, p°) wave functions are shown.
In Sec. III, our solution of the BK equation in mo-
mentum space is introduced. In addition, the results of the
fitting to the structure function F, of a proton using our
solution are provided. In Sec. IV, the figures of our calcu-
lations for the vector meson ( J/y, p°) production differ-
ential cross section with t and the total cross section as
functions of the center of mass energy W and the photon
virtuality Q? are presented. The ratios of the longitudinal
to the transverse cross section for J/y and p° are shown.
Finally, in Sec. V, a discussion and summary are given.

II. DIPOLE DESCRIPTION OF EXCLUSIVE VEC-
TOR MESON PRODUCTION

In the proton rest frame, for exclusive vector meson
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Fig. 1.

production in the dipole model representation [20, 34,
61], as shown in Fig. 1 (right), even though the mo-
mentum transfer A # 0 (t = —A?), the imaginary part of its
amplitude can be similarly expressed as [19]

1
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where (‘P’{,‘I‘)TL is the amplitude of the conversion of a
virtual photon into a vector meson. dog/ d’b is the di-
pole scattering differential cross section where b is the
impact parameter. The total dipole-target cross section
04q 1s obtained by the BK equation. Jy is the first kind of
Bessel function. To determine the real part of the amp-
litude, the ratio of the real to the imaginary parts of the
scattering amplitude are used.

Thereby, the differential cross section for exclusive
vector meson production is given by [14, 16, 20, 21, 61]

. 2 _R_JZ? Y p-Vpl 2
—— (v Q)= (A (148). @

where B denotes the ratio of the real to the imaginary
parts of the scattering amplitude. 3 is written as

oIn(ALL™YP)
=tan(r/2), with 1= — 7 3
B=tan(rd/2), wi ST 3)
Rg reflects the skewed effect, given by [62]
223 T(1+5/2)
R, = —_— 4)
Vi T(A+4)
v z) V=p, JI¥
L T ’_
1-z : L 2 :
o o .
00000000008 !
o o .
: b
S |
3 :
P — P’

(left) Elastic scattering amplitude for DIS and (right) amplitude of exclusive vector meson production in dipole model.
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If the dependence of ¢ on the amplitude ﬂ{f_)w is
exponential [63], then Eq. (2) is rewritten as

y'p—Vp
da’T7L

- AL ”*Vf’f S(1+B7)e ()

(x.0%1) ~ Ton ‘

Then, the total cross section is obtained as
2

R
7 0)= T,

‘ y p—>Vp'2
=

2
J[1HB).©
A (5G) = f T (. @) o (5. 07).

(7

2

Levz) 1] with N = 0.55 GeV ™2
M
for p® [63]. For J/y, Bp is written as [64, 65]

where Bp = N(14 0(

4.15+4x0.1161 2<1 2

. 5+4x0 6n(90GeV) 0% < 1GeV?, 8

D — W ) ) ()
472+4x0.07In[ —— 1
724+4x0.07 n(90GeV) 0% > 1GeV?,

where W is center of mass energy of y*p, which is re-
lated to x and Q? by

2 2
"+ M;,

x = xpj(1+My/Q%) = Wit

€

where My is the mass of the vector meson, and xp; is the
bjorken scale. For J/y, My = 3.097 GeV, and for p°,
My = 0.776 GeV.

For overlaps between the photon and vector meson
wave functions [19], the transverse and longitudinal po-
larization parts are

(¥y¥), =ése

N,
-2 {mJZcKO(er)q)T(r, 2)

- [+ (1= 2| eKi(end,r(r,2)},
Ne
(wyw), =e re—=202(1 = )Ko(er) [Mydv(r,2)
m? -Vv?
+6—— " ¢1(r,2)], 10
Mye=2) PL(r. Z)] (10)
where e= V4r@em, Ne=3, V2=(1/r)0,+0%, €=, /z(l—z)Q2+mJ2f,
N, = 3 is the number of colors, and the effective charge
éris 2/3 or 1/ V2 for J/y or p°, respectively. my is the

quark mass. Ky and K; are the second kind of Bessel
function. For the scalar wave functions, ¢;(r,z) and

¢7(r,z), there are two models, "Gaus-LC" [21] and "boos-
ted Gaussian" [61]. It should be noted that we follow the
works of other researchers in using 6 =0 for the "Gaus-
LC" model and 6 =1 for the "boosted Gaussian" model,
as mentioned by H. Kowalski et al. [19].

For the "Gaus-LC" model, the scalar wave functions,
¢1(r,z) and ¢r(r,z) are written as

¢1(r,2) =Nrlz(1 =) exp(~r*/2R7),
¢1.(r.2) =Nra(1 - 2)exp(-r*/2R} ). (11)

For the "boosted Gaussian" model, ¢1 (r,z) and ¢1(r,z) are
given by

’"?RZ 2z(1 — 2)r? .\ M;RZ]

i :NTZ(l—Z)eXp[— 821-2 R 2

mjerZ _2z(1- r? . m?'Rz
8z(1-2) R2 2
(12)

éL(r,z) =Npz(1-2) eXP(—

The parameters in the Eq. (11) and Eq. (12) can be found
in [19]. Transverse and longitudinal overlaps between the
vector meson functions and the photon function integ-
rated over z as a function of the dipole size r are presen-
ted in Fig. 2.

In the following calculations, both models, "Gaus-
LC" and "boosted Gaussian," are used. We compare the
effects of the two models on the calculation results.

III. ANALYTICAL SOLUTION OF BK EQUATION

In addition to wave functions, the dipole-target scat-
tering amplitude also determines the exclusive vector
meson production process. In 'ﬂyk" —vp |t_ of Eq. (6), the

dipole scattering differential cross section do;/d?b is in-
tegrated and written as

dogg 2 2
b (x,r,b)d"b = 0 yq(x,r) = 27R,N(x, 1), (13)

where R, is the proton radius, which will be obtained by
fitting with the structure function F, data of the proton
from the DIS process, and the scattering amplitude N(x,r)
comes from the BK equation.

In momentum space, with the proper approximation,
the BK equation can be represented as a nonlinear evolu-
tion equation [51]

ON(K,Y) N, (_ 0

Y  x alnkZ)N(k’Y)_

aNe 2 y), (14)
T
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(color online) Transverse and longitudinal overlaps between the vector meson and photon functions as a function of dipole

size r, which are integrated over z. Solid line is for the "Boosted Gaussian" (BG) model, and dashed line is for the "Gaus-LC" (GLC)

model.

1 Ay 1T (Ay.
where (1) = y(1) - Ew(l - 5)— Ew(z) is the BFKL ker-
nel with y(1) =T"(21)/T(Q). Iln addition, ag is a strong
coupling constant, and ¥ = In—.
x

When fixing the running strong coupling constant and
expanding the BFKL kernel y(1) [56], we obtain

N 8N PN
AN -N*———-A 1YA,——=0. (1
()N N Y 1 Z( ) P anr 9P L =0 ( 5)
. . . agN,
Here, we need to clarify that the unit of Y is @ = >
and L=Ink*/k}. For the calculation, we have fixed

@ =0.191 and kj = Adcp =0.04GeV?. For P=2, the
simplified BK equation is given by

IN IN PN
2 _
AN =N -y A — T Az—azL =0. (16)

The analytical solutions of Eq. (16) have been given as
[60]

AgeSAY/3
N(LY) = 5 (17)
[GSAOY/6 4 el—0+ VA 6A(L-4, Y)]]

In this work, the values of Ay, A;, A, and 6 are given
by fitting to the proton structure function F, with the fol-
lowing relationship between F, and N(L,Y) [66]:

2
Pa(ng?) - S g f &z, (12,22 02 ML)
(18)
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where N. is the number of colors. Here x = xp;. A
shown in Fig. 1 (left), the wave function "i’y (kz,z; Qz)'

expressed in momentum space represents the probability
of a virtual photon splitting into a quark-antiquark pair. It
is given by [66]

2 40> Y
6.0 <5 el a7
4 (k% + Q?)
K2 (k2 +40%)
k> - 2Q§, 40%2(1 -2)% + m}
— + —
@
K+ Q_% 4Q_f4f+2Q_§k2+k4
% 02\ I (k> +402)
o k

X arcsmh(z—Qf)] }, (19)

where QJZ, =z(1-2)0? +m§, esand my are the charge and
the mass of the quark, respectively.

In [66], the fitting range for Q° is 0.045 < Q*<
150 GeV?, because the corrections from the DGLAP
equation should be considered to be in a Q? range that is
too high. Therefore, the kinematic fitting range we
choose is

arcsinh (L_)
20y

x <001, 1< Q®<45GeV>. (20)

The fitting results are presented in Figs. 3, 4. The val-
ues of the parameters obtained by fitting to 85 F, data
points from H1 and ZEUS [67, 68] with
my 5. = 0.14 GeV and m, = 1.4 GeV are listed in Table 1.
x? is also provided in Table 1.

Then, in the following calculation, we need the di-
pole scattering amplitude N(x,r) in the coordinate space.
N(x,r) is related to N(x, k) by the Fourier transformation,

1 d’r .
N(x, k) = ﬂfﬁe‘k"N(x,r). 21)

By inverse Fourier transformation, we can get

2 ) 0
N(x,r)= — f ke " N(x, k) =12 f dkkJo(k - )N (x, k).
0

r
2r
(22)

Then, we apply Eq. (22) to the total cross section cal-
culations of the J/y and p° productions.

IV. NUMERICAL RESULTS

The cross sections of the vector mesons are calcu-
lated with the dipole-amplitude and overlaps between the
vector meson and the photon wave functions. In this
work, the wave functions of vector mesons adopted are
according to two models. The solution of the BK equa-
tion shown in the previous section is employed for the di-
pole-amplitude. We examine whether the solution of the
BK equation is valid in these calculations.

We present the differential cross sections, total cross
sections and ratios of o and ot of the p° and J/y pro-
ductions, respectively, using our analytic solution of the
BK equation. For the wave functions of the total cross
section, we consider the influence of the "Gaus-LC" mod-
el and "boosted Gaussian" model. Finally, the total cross
sections are calculated theoretically and compared with
the experimental data.

First of all, the results of the differential cross sec-
tions of the J/y and p° productions as a function of t are
presented compared with experiment data [69— 72], as
shown in Fig. 5. Then, we predict the W-dependence total
cross sections of two mesons in two wave functions mod-
els with our solutions of the BK equation. As shown in
Fig. 6, for exclusive J/y and p° productions, we com-
pare our results with the experimental data [69-71, 73], in
the case of 7.0<(Q?<224GeV? and 83<(Q?<
32.0 GeV2. From the results, the calculations are reason-
able within the range of uncertainty allowed. Moreover,
we can find the results obtained by the "Gaus-LC" model
and the "boosted Gaussian" model approaching each oth-
er as Q? increases. For J/y, the total cross sections ob-
tained by the two models are even flipped-over at higher
Q?. This is mainly a contribution from the wave func-
tions. As shown in Fig. 2, for the transversely polarized
part of p° and J/y, the difference between the two mod-
els is gradually reduced as Q? increases. For the longitud-
inally polarized part of p°, the two models are basically
the same. However, for J/y, there are some differences
between the two models.

Secondly, the total cross sections as a function of Q?
are presented in Fig. 7 when W =90GeV for J/y and
W =75GeV for p°. It can be seen that the predictions
agree well with the experimental data. Then, to summar-
ize, the solution of the BK equation is valid for calcula-
tions of the cross sections of vector mesons in the dif-
fractive process.

Thirdly, Fig. 8 shows the ratios of the longitudinal to
transverse cross section, o /o, as a function of Q? for
fixed W. For J/y production, o /ot o Q*. Moreover, for
the y*p — p°p process, o /ot based on two wave func-
tion models grows rapidly with Q. As Q? increases, the
ratio calculated by us exceeds the experimental data. In
[19], a reasonable explanation is given for this situation.
The ratios of the longitudinal to transverse cross section
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Table 1. Parameters from the fit to the F, data [67, 68] and x? per data points (nop means "number of points").

x  Q%GeV? myuqs/GeV m./GeV as ko/ GeV A

Ay Aj 0 Rp/GeV'l Xz/nop

<0.01 (1,45] 0.14 1.4 02 02

0.696 + 0.0187 0.661 +0.0295 0.112 +8.0x 1073 —0.463 +0.0493 5484 +0.106 0.979

are sensitive to the wave functions.

Briefly, when the running coupling constant «; is
fixed, the solution of the BK equation with the paramet-
ers fitted by us in this work is efficient in the prediction
of meson production. As Q7 increases, @, vanishes
asymptotically. Only at large Q?, we can assume that its
dependence on Q? diminishes. Accordingly, the F, data
of Q> < 1GeV? is not considered. In addition, a very
high @? is also not taken into account, because the
DGLAP corrections could work in a region of very high

0*[66].

V. DISCUSSION AND SUMMARY

In this work, the good values for the parameters in the

solution of the BK equation are obtained by fitting the F,
data first. Then, we use the solution of the BK equation
and two wave function models (the "Gaus-LC" model
and the "boosted Gaussian" model) to determine the total
cross sections of the exclusive p° and J/y productions
and the ratios of the longitudinal to transverse cross sec-
tion. The results show that the analytical solution of the
BK equation with fixed ay is suitable for within a certain
Q? region. Moreover, the difference between the results
caused by the two wave function models decreases with
an increase in Q> for p°. However, for J/y, at higher Q?,
the difference still occurs.

To be more precise, our solution of the BK equation
with the parameters fitted by us is valid within a region

093101-7
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Fig. 5. (color online) (above) Calculations of differential cross section of y*p — J/yp as a function of |7| compared with experimental
data from ZEUS 2004 [69] and H1 2005 [70] using two different meson wave functions. (bottom) Prediction of differential cross sec-
tion of y*p — p'p as a function of |¢| compared with experimental data from ZEUS 2007 and H1 2010 [71, 72].
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Fig. 6. (color online) (left) Prediction of total cross sections of y*p — J/yp as a function of W compared with experimental data from
ZEUS 2004 [69] and H1 2006 [70] using two different meson wave functions. (right) Prediction of total cross sections of y*p — pp as
a function of W compared with experimental data from ZEUS 2007 [71] and H1 2000 [73].
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Fig. 7. (color online) (left) Prediction for cross sections of y*p — J/yp as a function of Q%> with two different meson wave functions
compared with experimental data from ZEUS 2004 [69] and H1 2006 [70]. (right) Total cross sections of y*p — pp as a function of Q?
compared with experimental data from H1 2000 [73] using two different meson wave functions.
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Fig. 8. (color online) (left) For y*p — J/yp, the ratio of o and o1 as a function of @? with two different meson wave functions com-
pared with experimental data from ZEUS 2004 [69] at W = 90 GeV. (right) For y*p — p°p, the ratio of o, and o1 as a function of @?
compared with experimental data from H1 2010 [72] using two different meson wave functions at W = 75GeV.

where Q?is not too high. If this region is exceeded, it may
be more appropriate to use the DGLAP equation or the
improved BK equation [74, 75].

In summary, vector meson production is effective in

measuring the properties of protons. In the future, EIC
[76] and EicC [77] experimental data will offer more tests
of the BK equation.
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