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Abstract: -corrected dark energy (DE) models  in  gravity  have been widely investigated in  recent  years,
which not only removes the weak singularity potentially present in DE models but also provide us with a unified pic-
ture of the cosmic history, including the inflationary and DE epochs. Towards the unified interpretation of dynamic-
al DE all over the cosmic history in the class of -corrected DE models, we explore the universal features of the
scalaron dynamics in the radiation-dominated epoch, along with the chameleon mechanism, by keeping our eyes on
the inflationary and DE epochs. We show that the scalaron evolution does not follow a surfing solution and is mostly
adiabatic  before  big  bang  nucleosynthesis  (BBN),  even  properly  including  the kick by  the  nonperturbative  QCD
phase transition, hence a catastrophic consequence claimed in the literature is not applied to this class of DE models.
This is due to the presence of the gigantic scale hierarchy between  correction and DE, so is the universal feature
for the class of -corrected DE models. The prospects for the post- or onset-inflationary epoch would be pretty dif-
ferent from what the standard  inflationary scenario undergoes due to the presence of the chameleon mechanism.
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I.  INTRODUCTION

w < −1/3
F(R)

F(R) F(R)

Growing observational  evidence  indicates  two  accel-
erations of cosmic expansion: the early-time inflation ex-
pected  to  occur  before  radiation  domination  [1, 2],  and
the  late-time  acceleration  sourced  by  dark  energy  (DE)
[3,4] (See [5] for reviews). There are two ways to realize
an accelerated phase: to modify the matter content by in-
troducing  a  new  component,  with  the  equation  of  state

,  into  the  matter  Lagrangian,  or  to  modify  the
gravitational  theory  [6, 7].  For  instance,  gravity  is
one of  the simplest  extensions of  general  relativity (GR)
by improving  the  Ricci  scalar R to be  an  arbitrary  func-
tion  [8]. As a result,  gravity introduces one dy-
namical-field degree of freedom, dubbed scalaron, which
has the gravitational origin and could source the inflation
and  DE  without  requiring  exotic  components  into  the
matter Lagrangian.

F(R)

|R| → ∞

Although phenomenologically successful, it is known
that  viable  DE  models  in  gravity  generally  suffer
from  a  problem  of  the  weak  curvature  singularity  with

 at finite field value [9, 10]. A promising way to

αR2 R2

R2

R2

R+αRn−βR2−n

F(R)

cure  this  problem is  to  add  higher-curvature  corrections,
for instance, the  term [11–14]. Moreover,  gravity
is also well known as the inflation model [15], which has
proven very successful in light of the cosmic microwave
background  observation  [1].  The  two  successes  above
may imply  gravity as a viable unified theory. In addi-
tion  to  removing  the  curvature  singularity, -corrected
DE  models  could  naturally  realize  the  two  accelerations
by  the  same  scalaron  field  [16– 23].  Other  setups  have
also  been  considered,  for  instance,  [24]
and  its  constraints  [25, 26], and  a  single  scalar  field  ex-
tension to  gravity [27, 28].

F(R)

R2 F(R)

One may then wonder if such a unified model of 
gravity can reproduce the overall cosmic history as much
as  we  currently  know.  Although  the  fact  of  a  gigantic
hierarchy between  the  inflation  and  DE  scales  has  al-
lowed  us  to  ignore  one  of  two  epochs  in  studying  one,

-corrected DE models in  gravity should be able to
explain  the  intermediate  epochs  in  the  early  Universe,
such as the radiation-dominated epoch. The modification
for  DE  might  have  nontrivial  effects  on  the  potential
structure  of  the  scalaron,  even  in  the  early  Universe.  In
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that case,  the  complete  picture  of  the  whole  cosmic  his-
tory should be examined along with the nontrivial contri-
butions to a link bridging over the early and later epochs.
The research on such a link will shed light on the particle
cosmology inspired by modified gravity in the early Uni-
verse.

F(R)

GeV2

This work makes the first step along this new avenue:
we investigate the dynamic scalaron evolution in the radi-
ation-dominated  epoch,  including  dynamics  of  matter
fields,  in  correlation  with  the  inflation  and  DE  epochs.
The  exponential  coupling  with  matter  fields  makes  the
scalaron possess an environment-dependent mass, so that
it can pass gravitational constraints in the local and dense
solar  systems  and  act  as  DE  at  the  sparse  cosmic  scale
[8]. Due to such a chameleon mechanism, the decoupling
of SM particles from the thermal equilibrium in the early
Universe has a significant impact on the dynamics of the
chameleon  field  in  terms  of  scalar-tensor  theories  or  the
scalaron in  gravity. In particular, it was shown that
there  exists  a  novel  solution,  called  the  surfing  solution,
so  that  chameleons  would  be  kicked  by  matter  fields
through  the  chameleon  mechanism,  and  be  surfed  in  a
constant  and  over  the  velocity, resulting  in  non-
adiabatic  changes  in  the  chameleon's  effective  mass  and
the explosive production of scalarons with trans-Plancki-
an momenta [29, 30].

F(R)

Besides  the  SM-particle  ensemble  kicks  (SMPE
kicks) due to the particle decoupling, we show that there
is another powerful kick due to the QCD phase transition,
which we call the QCDPT kick in this work. The QCDPT
kick would  exacerbate  the  catastrophic  consequence  re-
ported in [29, 30]. Using data on the temperature depend-
ence of the equation of state observed as the crossover re-
ported  from  the  nonperturbative  lattice  QCD  simulation
[31],  we  convert  it  into  the  change  in  the  energy-mo-
mentum tensor  around the QCDPT epoch and show that
the QCDPT kick is more significant on the scalaron evol-
ution than those estimated from the conventional thermal
decoupling of the SM particles based on the perfect fluid
approximation.  Nevertheless,  in  terms  of  the  scalaron  in

 gravity,  we find  that  the  surfing  solution  is  always
absent,  owing  to  the  unique  and  weak  matter  coupling.
Thus, the kicks will be harmless and merely stabilize the
scalaron at its effective potential minimum.

R2

R2 R2

F(R)

R2

We further find that the scalaron evolution at the radi-
ation-dominated  epoch  is  mostly  adiabatic  before  BBN,
so the catastrophic consequence claimed in the literature
is not applied to this class at all. The null of catastrophe is
universal  in  this  class  of -corrected DE  models  be-
cause it essentially stems from the hierarchy between the

 correction  and  DE  scales.  Thus,  the  correction  is
also a solution to the catastrophic consequence, as well as
the  curvature  singularity  in  general  DE  models  of 
gravity.  The  prospects  for  the  post-  or  onset-inflationary
epoch  would  differ  from  the  standard  inflationary

scenario, which will also be briefly addressed.

R2 F(R)

R2

R2

This  paper  is  organized as  follows.  In  Section II,  we
briefly review the -corrected DE model  of  grav-
ity  and  formulate  the  scalaron  field  equation  in  the  flat
Friedmann-Lemaître-Robertson-Walker (FLRW)  space-
time. In Section III, we investigate the chameleon mech-
anism  in  the  radiation-dominant  epoch  and  demonstrate
the  kick  solutions  by  the  SMPE  and  QCDPT  kicks.
Moreover, we evaluate the time evolution of the scalaron
mass  to  show  that  the  term suppresses  the  nonadia-
baticity. In Section IV, we briefly discuss the prospects of
the post- or onset-inflationary epoch characteristic of the

-corrected DE models.

φ′ = dφ/dÑ Ñ

Throughout  this  paper,  a  "dot"  or  "prime"  denotes  a
derivative with respect to cosmic time or the argument of
a function, respectively. Especially , where 
is the number of e-folds with "tilde" denoting a physical
quantity in the Einstein frame. 

F(R)II.   GRAVITY THEORY
 

F(R)A.    Rudiments of  cosmology
F(R)We begin  by  introducing  the  action  of  gravity,

which is given by 

S =
∫

d4x
√−g

[
1

2κ2
F(R)+LM

(
gµν,ΦM

)]
, (1)

κ2 ≡ 8πG ≡ 1/M2
Pl

gµν LM

gµν ΦM

gµν

where , g is  the  determinant  of  Jordan-
frame metric ,  and  is  the  matter  Lagrangian  as  a
function of  and matter fields . Varying the action
with respect to  gives the field equation 

F′(R)Rµν−
1
2

F(R)gµν−∇µ∇νF′(R)+gµν□F′(R) = κ2T (M)
µν ,

(2)

□ ≡ ∇µ∇µwhere . One finds that a dynamical field degree
of freedom shows up when taking the trace 

3□F′(R)+F′(R)R−2F(R) = κ2T µ(M)
µ . (3)

Under the Weyl transformation, 

g̃µν = e2
√

1/6κφgµν ≡ F′(R)gµν , (4)

this  field φ,  dubbed  scalaron,  appears  explicitly  in  the
Einstein-frame action, 

S̃ =
∫

d4x
√
−g̃

[
1

2κ2
R̃− 1

2
g̃µν(∂µφ)(∂νφ)
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−V(φ)+ e−4
√

1/6κφLM

]
, (5)

V(φ)where the potential  is defined as 

V(φ) ≡ 1
2κ2

RF′(R)−F(R)
F′2(R)

, (6)

R = R(φ)

g̃µν

with  given  by  the  Weyl  transformation  in  Eq.
(4).  Varying  Eq.  (5)  with  respect  to  the  Einstein-frame
metric  yields 

R̃µν−
1
2

R̃g̃µν− κ2
[
− 1

2
g̃µνg̃ρσ(∂ρφ)(∂σφ)

+ (∂µφ)(∂νφ)− g̃µνV(φ)
]
= κ2T̃ (M)

µν . (7)

T µ(M)
µ = −ρM+3PM

In flat FLRW spacetime with perfect fluid approxima-
tion, ,  Eq.  (7)  gives  the  Friedmann
equation, 

3H̃2 = κ2
1
2

(
dφ
dt̃

)2

+V(φ)+ ρ̃M

 , (8)

and the acceleration equation, 

¨̃a
ã
=− κ

2

6

2(
dφ
dt̃

)2

−2V(φ)+ ρ̃M+3P̃M

 . (9)

H ≡ ȧ/aHere, a is the scale factor and  is the Hubble
parameter. Varing Eq. (5) with respect to φ, the equation
of motion of the scalaron reads 

d2φ

dt̃2 +3H̃
dφ
dt̃
= −dV

dφ
− κ√

6
e−4
√

1/6κφT µ(M)
µ , (10)

from which we define the effective potential ignoring the
φ-dependence in the matter Lagrangian 

Veff(φ) = V(φ)− 1
4

e−4
√

1/6κφT µ(M)
µ . (11)

Then the mass of the scalaron is defined as 

m2
φ ≡ V ′′eff(φ) = V ′′(φ)− 2κ2

3
e−4
√

1/6κφT µ(M)
µ . (12)

ρ̃m
ρ̃r fm ≡ ρ̃m/ρ̃r Σ ≡ (ρ̃r−

3P̃r)/ρ̃r ϕ ≡ κφ
Ñ ≡ ln(ã/ãi)

For later convenience, we define some dimensionless
quantities:  the  density  ratio  of  cold  matter  and radi-
ation ,  i.e. ,  the  kick  function 

,  the  scalaron ,  and  the  number  of e-folds
. Then, Eqs. (8) and (10) can be recast as 

H̃ = κ

√
V + (1+ fm) ρ̃r

3
(
1− 1

6ϕ
′2
) , (13)

and 

V + (1+ fm) ρ̃r

3
(
1− 1

6ϕ
′2
) ϕ′′+ (

V +
2+3 fm+Σ

6
ρ̃r

)
ϕ′

=− dV
dϕ
+

1
√

6
(Σ+ fm) ρ̃r , (14)

ϕ′ = dϕ/dÑ
fm ≲ 10−6 fm

where .  Since  in  the  radiation  dominated
epoch,  [30],  we  shall  hereafter  ignore . Fi-
nally,  the  scalaron  velocity  with  respect  to  the  cosmic
time can be easily read off as 

dφ
dt̃
= ϕ′

√
V + ρ̃r

1− 1
6ϕ
′2
. (15)

 

R2B.    -corrected DE models
R2We now consider -corrected DE models with 

F(R) = FDE(R)+αR2 , (16)

and take the Starobinsky's DE model as a benchmark: 

F(R) = R−βRc

1− (
1+

R2

R2
c

)−n+αR2 , (17)

β > 0 n > 0 Rc ∼ Λ ≃ 4×10−84 [GeV2]

+∞ > R > Rb
Rb ≃ 0.93Rc β = 2 n = 1

α < 1022 [GeV−2] α =

1/(6m2
0) ∼ 10−27 [GeV−2] αR2

m0 ∼
1013 [GeV]

where , ,  and  are
model parameters.  The  potential  is  a  multi-valued  func-
tion (see, e.g., Refs. [10, 32]). In the present study we fo-
cus on the case where  with the branch loc-
ated at  for  and . The fifth force ex-
periment  constrains  [33],  and 

 if  one  improves  to be  re-
sponsible  for  the  inflation  with  mass  scale 

.
R2

R2

φ ≃ 0.11MPl

R2

As is in the case of the  inflation, the scalaron po-
tential has a flat  plateau,  which realizes the slow-roll  in-
flation,  as  shown in Fig.  1.  On  the  contrary  to  infla-
tion, the potential possesses a shallow plain with a global
minimum at , responsible for the DE vacuum
in the current Universe. Therefore, one can ignore the DE
modification only when discussing the inflationary epoch
triggered  by  the  term;  as  will  be  clarified  later,
however, the DE modification can alter the standard cos-
mic history after the inflation, even in the early Universe.

R2
We  note  that  the  structure  of  the  potential  above  is

common  among  the  unified  models  of  the  inflation
and DE. There should be two (almost) flat parts of poten-
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ϕ > 0

ϕ < 0

tial  to realize the two accelerations in the early and late-
time Universe,  because cosmological  observations indic-
ate that  inflation  is  described  by  quasi-de  Sitter  space-
time in the early Universe and that DE almost acts as the
cosmological  constant  in  the  late-time  Universe.  Since
the viable DE model should reproduce the Λ-CDM mod-
el  in  the  large-curvature  limit,  the  model-dependence  is
negligible in the regime where . Moreover, consider-
ing  the  matter  contribution  to  the  effective  potential,  the
flat  potential  for  the  DE background is  overwhelmed by
the  trace  of  the  energy-momentum  tensor  in  the  region
where . In other words, we can discuss the interme-
diate stage between the above two accelerations in a mod-
el-independent  way,  although our  analysis  in  the present
work specifies the DE model to the Starobinsky model.

R2

R2

R2

Furthermore,  the  potential  structure  connecting  two
flat  potentials  by a  gigantic  scale  difference is  related to
the  hierarchy  problem of  DE.  Thus,  even  though  the 
correction  will  not  be  identified  as  inflation, satisfy-
ing the constraint on the parameter α, the flat potential for
the DE background is always smaller than that for the 
correction. The details of potential analysis and argument
about the  model  independence  are  summarized  in  Ap-
pendix A. 

III.  SCALARON IN RADIATION DOMINATION
 

A.    Absence of surfing solution

ρr(T ) Σ(T )

After the production of SM particles via the reheating
epoch,  the  Universe  is  almost  full  of  radiation,  with  the
trace  of  the  energy-momentum tensor  vanishing.  Due  to
the cooling  of  the  Universe,  however,  SM  particles  de-
couple successively from the thermal plasma, resulting in
nonzero  contributions  to  the  trace  of  the  energy-mo-
mentum tensor, and thereby affect the scalaron dynamics
due to the matter coupling. Therefore, first of all, we es-
timate  the  energy  density  at  the  radiation-dominated
epoch, , and .

Assuming the conventional ensemble of SM particles
in  the  perfect  fluid  to  well  describe  the  early  Universe,
the trace of the energy-momentum tensor for each relativ-
istic particle is evaluated 

ρi−3Pi =
giT 4

2π2 x2
∫ ∞

0
dy

y2√
x2+ y2

1

exp
( √

x2+ y2
)
±1
,

(18)

gi x ≡ mi/T y ≡ Pi/T
+/−

ρr

where  is  the  degree  of  freedom, , ,
with "i'' labelling different SM species, and " " are ap-
plied  to  fermion  and  boson,  respectively.  The  energy
density of thermal bath  is obtained by 

ρr ≡
π2

30
g∗(T )T 4 , (19)

g∗(T )where  is relativistic effective degrees of freedom.
Σ(T )Then the kick function  reads 

Σi(T ) =
ρi−3Pi

ρr
=

15
π4

gi

g∗(T )
x2

×
∫ ∞

0
dy

y2√
x2+ y2

1

exp
( √

x2+ y2
)
±1
. (20)

Summing up  all  contributions  from  the  thermal  de-
coupling of SM particles, we find four peaks correspond-
ing to what we call the SMPE kicks, which would affect
the scalaron evolution significantly, as will be seen later.

sa3 =
2π2

45
g∗s(T )T 3a3 =

const. Σ(Ñ)

Using the conservation of the entropy density per co-

moving volume in the Jordan frame, 
, one can extract  by making a replacement 

Tg1/3
∗s (T ) = g1/3

∗s (Ti)Tie
√

1/6(ϕ−ϕi)−Ñ (21)

T (Ñ)to obtain .
It  has  been  shown  that  there  exists  a  novel  solution,

dubbed  surfing  solution,  in  scalar-tensor  theories,  which

 

R2 F(R)
α = 1/6×10−26 [GeV−2] β = 2

n = 1
ϕ = κφ

V0 ≡ Rc
2κ2
∼ ρΛ ≈ 10−47 [GeV4]

V(φ)→∞
φ→−∞ R2

Fig.  1.    (color online) Black solid  curve shows the potential
of  the  scalaron  in  the  class  of -corrected  model  for 
gravity,  where  we  have  chosen , 
and .  The  scalaron  field  has  been  normalized  by  the
Planck scale in the plot ( ). The potential minimum is set
so  as  to  realize  the  DE  scale .
Though  being  visibly  shallow  at  the  potential  minimum,  the
potential  asymptotically  reaches  infinity, ,  when

. The red dashed curve shows  inflation for compar-
ison.
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F(R)

would cause  nonadiabaticity  and  explosive  particle  pro-
duction [29, 30]. Here, however, we show that in the case
of  gravity, there exists no surfing solution.

Qi

In scalar-tensor theories, the conformal factor, related
by  the  Weyl  transformation,  as  in  Eq.  (4),  includes  free
parameters dependent of particle spices, , like 

g̃µν = e2Qiκφgµν . (22)

F(R)
Q = Qi = 1/

√
6

V(ϕ)≪ ρr dV/dϕ

In  the  case  of  gravity,  we  have  the  universal
coupling .  Since  the  DE  scale  is  very
small, one can assume that  and  is negli-
gible compared to the driving term in Σ in the early Uni-
verse. Then Eq. (14) is reduced to 

ϕ′′ =

(
1− 1

6
ϕ′2

)[
−
(
1+
Σ

2

)
ϕ′+3QΣ

]
. (23)

ϕ′′ = 0 ϕ′ = 1/Q
Eq. (21) allows for the existence of a surfing solution,

i.e.  and . This solution is valid if and only
if the kick function satisfies 

Σ(Ts) ≥
2

6Q2−1
. (24)

F(R)
Q = 1/

√
6

F(R)

1+Σ ≃ 1

F(R)
Qi

One  finds  that  this  condition  does  not  hold  in 
gravity  with . Thus,  the  surfing  solution  is  ab-
sent in  gravity no matter how the kick function var-
ies.  Note that  our condition is  different  from that  in [29,
30]  since  we  do  not  assume  that  in  this  work.
We also  emphasize  that  the  absence  of  the  surfing  solu-
tion  is  independent  of  specific  models  because  the
consequence  relies  only  on  the  coupling  constant 
uniquely determined  by  the  Weyl  transformation,  al-
though  it  is  an  arbitrary  parameter  in  the  general  scalar-
tensor theory. 

B.    SMPE and QCDPT kicks

T = 114−305

Σ ≃ 0.1
Σ ≃ 0.6

It  turns  out  that  even  without  a  surfing  solution,  the
SMPE and QCDPT kicks have a nontrivial impact on the
dynamics of  scalaron.  Utilizing  data  about  effective  de-
grees  of  freedom from Ref.  [34]  together  with  the  result
on the equation of state from the lattice QCD simulation
[31],  ranging  from  MeV, we  plot  the  ef-
fective degrees of freedom for the energy density and en-
tropy density in Fig.  2,  compare the trace of the energy-
momentum tensor with the energy density in Fig.  3,  and
thereby  obtain  the  kick  function  in Fig.  4.  We  find  that
the strongest kick among the SMPE kicks comes from the
electron-positron  annihilation,  which  yields ,
while  the  QCDPT  kick  is  by  six  times  greater: .
The detail of data handling is shown in Appendix B.

We discuss the implications of the QCDPT kick to the
scalaron evolution,  in  comparison  with  the  four  conven-

 

Fig. 2.    (color online) The effective degrees of freedom as a
function  of  the  Jordan-frame  temperature  for  entropy  (solid
blue line) and energy density (orange dashed line).

 

Fig. 3.    (color online) Comparison of the trace of the energy-
momentum  tensor  and  the  energy  density  of  radiation  as  a
function of the Jordan-frame temperature.

 

Fig. 4.    The kicks as a function of the Jordan-frame temper-
ature during the radiation-dominant epoch, including the QCD
phase  transition  and  the  perfect-fluid  description  ensemble
SM  particles  in  the  thermal  equilibrium.  The  solid  curve
around the center of the plot denotes the contribution from the
QCDPT kick.  The  dashed  curves  have  been  drawn  by  accu-
mulating the ensemble contributions from the thermal decoup-
ling of SM particles.
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φ ≥ 0

0.64 MPl
1.41 MPl

Q ≥
√

2+Σ(Ts)
6Σ(Ts)

≳ 0.85

ϕ′ = 1/Q ≳ 1.17

tional  SMPE  kicks.  First  of  all,  we  note  that  due  to  the
big hierarchy of the inflation and DE scales, the scalaron
cannot climb up the potential barrier at , so that it re-
bounds  after  hitting  the  potential  barrier,  as  seen  from
Fig. 5. Meanwhile, we observe that the four SMPE kicks
and full five kicks push the scalaron at most  and

, respectively, which means that the QCDPT kick
is more effective than the SMPE kicks. In terms of scalar-
tensor  theories,  the  surfing  solution  takes  effect  if

,  and  the  velocity  can be  as  large
as , which  exacerbates  the  existing  cata-
strophic results claimed in [29, 30].

F(R)

F(R)
F(R)

On  the  other  hand,  as  seen  from Fig.  5,  the  matter
contribution related to the chameleon mechanism in 
gravity  gets  the  opposite  effect  compared  with  that  in
scalar-tensor theories. The chameleon mechanism indeed
protects the scalaron from leaving the potential minimum.
In other  words,  the  balance  between  the  kicks,  bare  po-
tential,  and  Hubble  friction  will  eventually  stabilize  the
scalaron at  the  potential  minimum.  This  brings  two  ad-
vantages to  gravity compared with other models: 1.
surfing solution is absent in  gravity; 2.  No specific
initial conditions are required.

mi

m̃i = mi exp
(
−
√

1/6κφ
)

To examine the second point,  we determine the scal-
aron  field  value  in  the  BBN  epoch.  First,  note  that  the
Weyl  transformation,  in  Eq.  (4),  implies  that  a  constant
mass scale  in the Jordan frame will be modified due to
the φ dependence  like  in the  Ein-
stein  frame.  Thus  the  proton-neutron  mass  difference
could also be altered by the presence of the scalaron field
with  somewhat  a  large  field  value.  As  was  addressed  in
[5],  the  size  of  the  scalaron  filed,  normalized  to  the

−0.33 ≲ κφBBN ≲ 0.15
φi ≳ −0.97 MPl φi ≳ −1.74 MPl

−0.05 ≲
κφBBN ≲ 0.03 φi ≳ −0.69 MPl

φi ≳ −1.46 MPl

Planck scale, is constrained so as not to spoil the success-
ful  BBN.  When  a  conservative  limit  of  10%  in  size  (in
the unit of the Planck scale) is taken, we find that the al-
lowed interval of the scalaron field value during the BBN
epoch  is ,  which  requires  the  initial
value  as  or  under  the
SMPE kicks or the total five kicks. More stringent bound
as  evaluated  in  [35]  might  be  placed,  where 

. In that case, we would have 
with  only  the  four  SMPE  kicks  taken  into  account,  or

 with the total kicks considered1). Thus, the
QCDPT  kick  is  also  significant  in  relaxing  the  initial
value of the scalaron field. 

IV.  NONADIABATICITY IN DYNAMICS OF
SCALARON

The  DE  scale  is  extremely  small  compared  to  other
characteristic scales in the early Universe, in which scale
distance  the  scalaron  travels.  Hence  the  motion  of  the
scalaron could get  too fast  to  be adiabatic.  The adiabati-
city is violated when ∣∣∣∣∣∣ d

dt̃
1

mφ
(
t̃
) ∣∣∣∣∣∣ ≳ 1 . (25)

From Eqs. (12) and (15), we have 

∣∣∣∣∣∣ d
dt̃

1
mφ

(
t̃
) ∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣∣∣∣∣∣
−ϕ
′

2

√√√√√ V(ϕ)+ ρ̃r

3
(
1− 1

6
ϕ′2

) V ′′′(ϕ)− 8

3
√

6
Σρ̃r(

V ′′(ϕ)+
2
3
Σρ̃r

)3/2

∣∣∣∣∣∣∣∣∣∣∣∣∣
. (26)

φi/MPl = −(1.2,0.6,0.11,0.01) Ti = 10000 g∗s (Ti) = 106.75
Fig. 5.    (color online) The scalaron evolution under the SMPE kicks (blue solid line) and total kicks (orange dashed line), where just
as sample points, we have chosen initial conditions  at  [GeV], with .
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1) We have assumed the field value to be negative at this point since we just regard the unified model as a dark energy model and have not related it with inflation
yet.
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In Fig. 6 we plot this discriminator of the adiabaticity
as a function of the Jorndan-frame temperature in the ra-
diation dominated epoch.

T ∼ 10−5 GeV

T = 10−5 GeV

As shown in Fig. 6, the strong signals of the nonadia-
baticity appear  just  after  the  electron-positron  annihila-
tion at . Although the results depend on the
initial condition  we  have  chosen,  we  numerically  con-
firmed  that  the  large  violation  of  adiabaticity  below

 is  insensitive  to  the  DE potential  and thus
the energy density of matter.  Neglecting the DE scale in
Eq. (26), the discriminator is approximated to be 

∣∣∣∣∣∣ d
dt̃

1
mφ

(
t̃
) ∣∣∣∣∣∣ ≈

∣∣∣∣∣∣∣∣ϕ′
√

1

3Σ
(
1− 1

6ϕ
′2
)
∣∣∣∣∣∣∣∣ . (27)

Σ(T )

T = 10−2

From this form, we see that since in the conventional
perfect fluid description, the kick function  goes van-
ishing after the electron-positron annihilation as shown in
Fig. 4, it is unavoidable that the adiabaticity is badly viol-
ated. The rapid drop of the kick function is mainly due to
the fast decrease of the energy density of radiation, com-
pared  with  the  trace  of  the  energy-momentum tensor,  as
shown in Fig. 3. One also notes that the adiabatic condi-
tion  is  slightly  violated  at  around  GeV,  as
shown in the upper panel in Fig. 6. Again, it is due to the
faster  drop  of  the  trace  of  the  energy-momentum  tensor
than  the  energy  density.  Those  rapid  drops  might  be
smeared to be not so much sharper than what we observe
in Fig. 4, by taking into account not only the convention-
al  ensemble  of  single  free  quanta  but  also  interacting
multi-body processes (as encoded in collision terms in the
Boltzmann  equation)  in  evaluating  Σ.  Therefore,  we
claim that  emergence  of  the  nonadiabaticity  could  be  an

artifact  coming  from  the  invalidity  of  the  conventional
ensemble description.

ρi−3Pi ≈ ρ ∝ T 3/2e−m/T

ρr ∝ T 4

We could qualitatively  argue the  validity  of  the  con-
ventional  ensemble  description  applied  in  the  existing
works.  First  of  all,  note  that  the  matter  contents  can  be
categorized into two, i.e., relativistic radiation and nonre-
lativistic  matter.  When  the  temperature T is  lower  than
the  mass m,  Eq.  (18)  suggests .
Since ,  the  kick  function  Eq.  (20)  in  the  thermal
equilibrium evolves as 

Σ(T ) ∝ T−5/2e−m/T . (28)

Thus, as the temperature decreases, the kick function
exponentially  decreases  to  zero,  which causes  the strong
nonadiabaticity in Eq. (27).

n ∝ a−3

a ∝ T−1

ρ = mn ∝ T 3

On  the  other  hand,  the  above  picture  is  invalid  after
the  thermal  decoupling  of  SM particles,  and  the  number
density n satisfies  to  produce  the  thermal  relic
abundance.  Because the scale factor and temperature are
related  to  each  other  as ,  the  energy  density
should  follow  after  the  decoupling.  Thus,
taking into account the effect of decoupling, we find 

Σ(T ) ∝ T−1 . (29)

Therefore,  the  kick  function  no  longer  decreases
monotonically, which  can  prevent  the  scalaron  from be-
ing nonadiabatic. It is remarkable that the decoupling sig-
nificantly  affects  the  scalaron  dynamics  in  the  thermal
history, and it shows an adaptive limit of the convention-
al  ensemble  description  in  the  study  of  the  chameleon
mechanism.  Note  that  the  chameleon  mechanism  works

Fig. 6.    (color online) The nonadiabaticity as a function of the Jordan-frame temperature, where the solid-blue line and orange dashed
line denote that the scalaron is under SMPE kicks and total kicks, respectively. The initial conditions are chosen as the same as in Fig. 5.
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to  stabilize  the  scalaron  with  the  thermal  relics  of  SM
particles and to avoid the nonadiabaticity. 

V.  CONCLUSION AND DISCUSSIONS

F(R)

0.64 MPl 1.41 MPl

The  unification  of  DE  and  inflation  in  gravity
has been widely investigated. This work has explored the
scalaron evolution with a specific potential structure com-
bining  the  DE  and  inflationary  epochs.  The  scalaron
should  have  been  frozen  around  its  de  Sitter  vacuum  in
the  radiation-dominated  epoch  due  to  Hubble  friction.
However,  as  shown  in  this  work,  the  decoupling  of  SM
particles  from the thermal  bath  would drive  the  scalaron
to  evolve  and  climb  its  effective  potential.  In  particular,
the contribution  from  the  QCD  PT  has  a  nontrivial  im-
pact  on  the  scalaron  dynamics.  We  found  that  the  kicks
with/without  the  QCD PT would  pull  the  scalaron  up  to

 and , respectively.

R2

F(R)

As  a  result,  successful  BBN  is  preserved  as  long  as
one  chooses  the  proper  initial  conditions  of  the  scalaron
field  at  the  beginning  of  the  radiation-dominated  epoch.
Unlike usual  chameleon  models,  due  to  the  scale  hier-
archy  of  inflation  and  DE,  we  clarified  that  the  term
protects  the  scalaron  mass  from  receiving  nonadiabatic
change in time. On the other hand, the nonadiabaticity re-
lies on  the  choice  of  the  initial  value,  which  is  determ-
ined by the inflationary epoch. Therefore, to estimate the
impact  of  the  plain  part  of  the  potential  on  the  scalaron
dynamics,  one  has  to  study  the  inflation,  reheating,  and
radiation-dominated epochs  systematically  and  inclus-
ively. Studying such intermediate  stages is  crucial  in  as-
sessing the validity of  gravity, and we will leave the
complete analysis in future work.

R2

R2

φ < 0

In  closing,  we  make  possible  prospects  for  the
post/onset-inflationary  epoch  and  particle  production  to
supply the reheating of the Universe. In the current work,
we have discussed the impact of the  term at the radi-
ation-dominated  epoch,  whose  potential  is  so  steep  that
the scalaron hardly climbs up even under the most potent
QCDPT  kick.  Although  we  demonstrated  the  numerical
analysis  for  four  different  initial  conditions  chosen  by
hand, the ambiguity of the initial condition can be embed-
ded into the inflation dynamics if we consider the whole
cosmic  history.  Thus,  it  is  inevitable  to  investigate  the
scalaron  dynamics  between  the  inflation  and  radiation-
dominated epoch.  We  shall  briefly  discuss  the  connec-
tion  of  inflation  to  DE.  Although  the  DE  scale  has
little impact on the dynamics of inflation [23], the post in-
flationary dynamics,  i.e.  (p)reheating,  would  be  signific-
antly changed due to the presence of plain at .

Assuming the cold inflation, the reheating after the in-
flation induces  the  radiation-dominated  epoch.  In  ab-
sence  of  matter  fields  during  the  inflation,  one  observes
that the equation of motion is reduced to 

ϕ′′ = −3
(
1− 1

6
ϕ′2

)(
ϕ′+

dV
Vdϕ

)
. (30)

φ ≃ −0.11MPl

V ′′(φ)

By solving the equation of motion, as shown in Fig 7,
we find the scalaron would quickly pass its potential min-
imum  at ,  experiences  one  single  rebound,
and eventually oscillates at around the effective potential
minimum.  We  also  reevaluate  the  nonadiabaticity  in  the
scalaron mass in Eq. (26) with the matter contribution ig-
nored.  As  in Fig.  8,  we  find  that  the  nonadiabaticity  is
triggered when the scalaron passes through its bare poten-
tial  minimum.  Note  that  is  negative  during  the
slow-roll inflation, and we cannot define the mass in Eq.
(26).

R2

φ = 0 R2

F(R)

The  strong  nonadiabaticity  around  the  bare  potential
minimum originates from the hierarchy between the infla-
tion  and DE scales:  that  is,  the  role-shift  of  the  scalaron
from  the  inflaton  to  dynamical  DE  triggers  the  huge
change in  time  for  the  scalaron  mass  from the  inflation-
ary epoch  to  the  post-inflationary  epoch.  The  nonadia-
baticity  indicates  the  nonperturbative  self-production  of
the scalaron  quanta  and  the  breakdown  of  classical  ana-
lysis  [29, 30].  Consequently,  compared with the original

 inflation,  the  perturbative  oscillation  picture  around
 disappears, thus, in the unified -corrected class of

models  in  gravity, we  need  to  alter  the  post-infla-
tionary  dynamics  of  the  standard  cosmology. This  con-
sequence relies  only  on  the  hierarchy  between  the  infla-
tion and DE scales, irrespective of the details of DE mod-
els [36, 37].

R2

F(R)
Therefore, refining the early cosmology in -correc-

ted  DE  models  of  gravity  is  mandatory.  With  the
results based  on  the  current  study,  the  following  ap-
proaches would be plausible:
 

●  In  light  of  the  nonadiabaticity  of  the  scalaron,  the
effective scalaron mass would presumably include correl-

 

Ñ

ϕi = 5.5

Fig.  7.    The  scalaron  evolution  in  absence  of  matter  fields,
where  is the number of e-folds in the Einstein frame. In or-
der  for  enough  e-folds  during  inflation,  we  have  chosen

.
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Ñ ≲ 67.5

φ = 0

Ñ

φ = 0

ation  functions  of  the  scalaron  quanta  [29, 30].  As  in
Fig. 8, the scalaron self-production due to the large non-
adiabaticity could happen when the scalaron rolls the po-
tential,  but  before  it  passes  through  the  DE vacuum and
rebounds  ( ). Then,  the  produced  and  accumu-
lated scalaron  quanta  can  highly  dominate  in  the  effect-
ive potential over the bare potential of the DE scale. Then
it acts as the potential barrier to push the scalaron back to

.  In other words,  the energy density of the scalaron
quanta  serves  as  the  chameleon  mechanism.  It  lifts  the
potential,  which  prevents  the  scalaron  from going  to  the
bare potential  minimum.  This  barrier  would  instantan-
eously  be  present  and  gone  when  the  nonperturbative-
scalaron  quanta-production  ends.  Then  the  background
scalaron could get escaped back to the standard DE vacu-
um.  Such  a self-chameleon  mechanism could  trigger  the
nontrivial  scalaron  dynamics  after  the  inflation.
Moreover, when  the  nonperturbative  production  is  in-
cluded,  the  e-folding  could be  also  affected.  It  is  in-
triguing to study the possible scalaron oscillation around

 on  the  effective  potential  and  consecutive  particle
production and  investigate  how  to  connect  to  the  radi-
ation-dominant epoch.
 

φ→ +∞
exp

(
−
√

1/6κφ
)

R2

●  The  motion  of  SM  particles  (number  densities)
coupled  to  scalaron  can  be  nonadiabatic  when 
due  to  the  exponential  coupling  form, .
This  implies  that  nonperturbative  production  of  the  SM
particles could happen during or immediately after the 
inflation, in the manner called the preheating [38–42] (for
reviews, see e.g., [42–44]). This also tells us a possibility
that the chameleon mechanism works even right after the
inflation  is  over,  hence  the  scalaron  might  not  smoothly
move  down  to  the  DE  vacuum.  This  scenario  might  be
similar to the situation known as the warm inflation [45]

instead of the standard cold inflation, the model paramet-
ers  can thereby severely  be  constrained by cosmological
observations.  It  is  worth  pursuing this scalaron preheat-
ing along with the SM particle production in detail.
 

F(R)
At any rate,  the  prospected  scenarios  above shall  fill

the  missing  link  in  the  gravity  cosmology,  which
deserves in other publications. 
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APPENDIX A: POTENTIAL ANALYSIS FOR
NUMERICAL ANALYSIS

F(R)

Despite  the  successful  connection  between  inflation
and DE, we face the hierarchy problem numerically. The
smallness of  the  DE  scale  suggests  the  gigantic  separa-
tion from any other physical scale; however, we are inter-
ested  in  physics  at  such  an  intermediate  scale.  For 
model  (16),  we  examine  the  scalaron  field φ in  Eq.  (4)
and scalaron potential  in Eq. (6) in terms of Ricci scalar
R: 

e2
√

1/6κφ = F′DE(R)+2αR (A1)
 

V (φ(R)) =
1

2κ2

[
RF′DE(R)−FDE(R)

]
+αR2[

F′DE(R)+2αR
]2 . (A2)

Rc≪ RThe  intermediate  scale  indicates ,  and  in
Starobinsky's DE model 

FDE(R) = R−βRc

1− (
1+

R2

R2
c

)−n , (A3)

one finds 

−βRc

1− (
1+

R2

R2
c

)−n ≈ −βRc . (A4)

F(R)
R2

And thus,  the  total  function is  approximated as
GR with the cosmological constant and  correction: 

F(R) = R−βRc+αR2 . (A5)

F(R) F(R)

F(R)

The above is common even in other viable DE models of
 gravity  so  that  DE  models  of  gravity repro-

duce  the  Λ-CDM  model  in  the  large-curvature  limit.
Thus, using the above  model for the large-curvature

 

Fig. 8.    (color online) The nonadiabaticity of the scalaron in
the  absence  of  matter  fields,  depicted  by  the  orange-dashed
line. The blue-solid line corresponds to the field evolution (the
same as Fig. 7), while the black-dotted line marks the corres-
ponding e-folding number when the scalaron reaches the bare
potential minimum.
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Rc≪ R R2region ,  we  can  investigate  the -corrected  DE
model or the unification of the inflation and DE in a mod-
el-independent way.

For the model (A5), the scalaron field and potential in
terms of the Ricci scalar are given as 

e2
√

1/6κφ = 1+2αR , (A6)
 

V (φ(R)) =
1

2κ2
βRc+αR2

[1+2αR]2 . (A7)

Figures.  A1 and A2 shows  the  scalaron  field φ and

V(φ)

R2

φ ≥ 0 φ < 0
φ→ 0 V(φ)→ const. R→∞

potential  in terms of the Ricci scalar R. One can find
that the approximated model for the intermediate scale is
consistent  with  the  full -corrected  one  for  the  range

, and it is not valid for the range  (see Fig. 1).
Note  that  and  when ,  which
shows the singularity problem [10].

Furthermore, one  finds  an  analytic  form  of  the  scal-
aron potential in terms of the scalaron field, 

V(φ) =
βRc

2κ2
e−4
√

1/6κφ+
1

8κ2α

(
1− e−2

√
1/6κφ

)2
. (A8)

V(ϕ)
R2

φ ≥ 0
φ < 0

T µµ

R2 F(R)

Note that the second term in the potential  repres-
ents  the  inflation  potential.  Thus,  the  potential  for

 is  approximately  described  by  Eq.  (A8)  (see,
Fig.  1).  Although the  potential  for  should be  writ-
ten by  the  Starobinsky  model  (A3),  the  matter  contribu-
tion  in the effective potential Eq. (11) overwhelms the
bare  potential  because  of  the  hierarchy  between  the  DE
scale and  the  other  physical  scale.  Finally,  one  can  con-
clude  that  in  the  existence  of  matter  and  chameleon
mechanism,  Eq.  (A5)  and  the  trace  of  the  energy-mo-
mentum  tensor  determines  the  scalaron  dynamics  in  the

-corrected DE models of  gravity. 

APPENDIX B: CONSTRUCTION OF KICK
FUNCTION

T = 114−305

In  this  section,  we  show  how  to  handle  data  from
Refs. [31, 34]. Data regarding the degrees of freedom for
energy density ρ and entropy density s together with tem-
perature have been listed in Table A1 in Ref. [34]. In or-
der to study the effect of QCD PT, however, we also use
the  result  on  the  equation  of  state  from  the  lattice  QCD
simulation [31], ranging from  MeV, where
data  regarding  entropy  density s,  energy  density ρ,  and
pressure P of  quarks  and  mesons  plasma  have  been
provided1). We  extract  the  degrees  of  freedom  for  en-
tropy density from 

g∗s(T ) ≡ 45
2π2

s(T )
T 3 , (B1)

g∗ = g∗sFurthermore,  we  have  assumed  that  during
QCD  PT,  whose  differences  only  appear  after  electron-
positron annihilation.

T = 305 T = 114

14.25
π0

Then,  we  set  MeV and  MeV as  di-
viding points to separately deal with quantities before, in,
and  after  QCD  PT.  In  particular,  we  add , the  re-
maining  degree  of  freedom  after  the  annihilation  of ,
into  that  during  QCD  PT  by  hand.  With  the  degree  of

 

R2

R2

n = 1 β = 2 αRc = 10−10

Fig. A1.    (color online) Comparison among the -corrected
Starobinsky  model  (gray  solid)  in  Eq.  (17),  the  Starobinsky
model (blue dashed) in Eq. (A3), approximated model for in-
termediate scale (green dot-dashed) in Eq. (A5), and the  in-
flation model (red dotted) with respect to the scalaron fields φ
as  the  function  of  the  Ricci  scalar R.  The  parameters  are
chosen as , , .

 

V(φ)

R2 R/Rc =
√
β/αRc ∼ 10−5

Fig. A2.    (color online) The same as Fig. A1 with respect to
the  scalaron  potential .  Eq.  (A7)  suggests  that  DE  term
and  correction are comparable when 
in this setup.

Hua Chen, Taishi Katsuragawa, Shinya Matsuzaki Chin. Phys. C 46, 105106 (2022)

Pz

1) In the literature [31] the lattice simulation has also incorporated nonzero magnetic fields so that the system gets anisotropic, hence the pressure P is actually meas-
ured along the z-direction, .  The data plots that we quote in the present study, include the cases with and without the applied magnetic field, from which we have
taken only the case with zero magnetic field.
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freedom  for  the  energy  density  in  hand,  one  obtains  the
energy  density  in  Eq.  (19)  and  thereby  obtains  the  kick

function  from  Eq.  (20).  The  tabulated  data  regarding
Fig. 2 is available in degrees_of_freedom.dat on arXiv.
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