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Phase structures of neutral dense quark matter and application
to strange stars”
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Abstract: In the contact interaction model, the quark propagator has only one solution, namely, the chiral sym-
metry breaking solution, at vanishing temperature and density in the case of physical quark mass. We generalize the
condensate feedback onto the coupling strength from the 2 flavor case to the 2+1 flavor case, and find the Wigner

solution appears in some regions, which enables us to tackle chiral phase transition as two-phase coexistences. At fi-

nite chemical potential, we analyze the chiral phase transition in the conditions of electric charge neutrality and 3

equilibrium. The four chemical potentials, w,, pg, us and ., are constrained by three conditions, so that one inde-

pendent variable remains: we choose the average quark chemical potential as the free variable. All quark masses and

number densities suffer discontinuities at the phase transition point. The strange quarks appear after the phase trans-

ition since the system needs more energy to produce a d-quark than an s-quark. Taking the EOS as an input, the

TOV equations are solved numerically, and we show that the mass—radius relation is sensitive to the EOS. The max-

imum mass of strange quark stars is not susceptible to the parameter A, we introduced.
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I. INTRODUCTION

It is well-known that hadrons with strangeness are un-
stable, they can decay into lighter hadrons made of non-
strange quarks through the weak interaction. The hypo-
thesis of stable strange nuclei was first proposed by A.
Bodmer in Ref. [1]. Afterwards, E. Witten proposed
stable dense quark matter containing strange quarks,
based on the assumption that the Fermi momentum of the
system exceeds the strange quark mass in the dense quark
matter, therefore the dense quark matter favors the trans-
formation of some non-strange quarks into strange quarks
[2]. There are plenty of studies on strange quark stars
from that time on [3-9]. Especially after the detection of
gravitational waves from the merging of compact stars,
people are interested in exploring the inner structure of
compact stars [10-13].

The properties of dense QCD play a key role in the
structure of compact stars, but lattice regularized QCD
can not deal with such systems because of a technical dif-
ficulty, that is the "sign problem". Various models are in-

evitably used to study the phase structures of dense QCD
systems, such as the quasi-particle model [14-20], quark-
meson model [21-26], Nambu-Jona-Lasinio (NJL) model
[48, 27-33], and some models of Dyson—Schwinger equa-
tions (DSEs) [34-46]. Based on these model studies,
people believe that there are colorful phase structures in
dense QCD matter. Most of these model studies find
there is a critical endpoint (CEP) in the phase diagram.
The chiral phase transition happens at low temperature
and high density, while the low density and high-temper-
ature region has a crossover. In terms of cold dense QCD,
DSEs are confronted with the difficulty that the quark
propagator has poles at high baryon chemical potential.
The NJL model also has a drawback that there is only one
solution in the non-chiral limit, and the pressure of the
system is discontinuous at the chiral phase transition
point, therefore the equation of state (EOS) is incomplete.
In order to resolve this problem, the quark condensate
feedback approach is proposed in the contact interaction
model [47, 48]. In this approach, the coupling strength
depends on the quark condensates, and the Wigner solu-
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tion appears for some parameter choices.

In this work, we borrow this idea and extend it to 2+1
flavors to study dense QCD phase structure and strange
quark stars. We give a basic introduction to the quark gap
equation and the quark condensate feedback approach in
the 2+1 flavor case in Sec. II, the solutions of the quark
propagator are shown and related parameters are fixed by
pion and kaon observables. In Sec. III, the dense QCD
phase structures are studied in conditions of electric
charge neutrality and g equilibrium. Using the EOS as an
input, the mass—radius relation is given in Sec. IV. Fi-
nally, we summarize our studies in Sec. V.

II. QUARK PROPAGATORS IN VACUUM

The quark propagator plays a central role in many is-
sues. It satisfies the Dyson—Schwinger equation,

d4
570 =530+ [ S LDup=am'S TP,
()

where S o(p) is the bare quark propagator with flavor f,
S r(p) is the dressed quark propagator, #“ (a=1,2,---,8)
are half of the Gell-Mann matrices, I'%(p,q) is the ampu-
tated quark—gluon vertex, D,,(p—g) is the dressed gluon
propagator. It is an exact equation, which is derived from
a QCD generating functional. The quark propagator (two-
point Green function) is related to the quark—gluon ver-
tex (three-point Green function), and the three-point
Green function is related to higher-point Green functions,
so that there are infinite coupled integral equations. Thus,
specific truncation for DSEs is necessary. We will use
rainbow truncation, which is simple and preserves chiral
symmetry, so that it is widely used in hadron physics as
well as thermal and dense QCD:

(p.q) — wit. @

The quark DSE is closed if the dressed gluon propagator
is specified. We use the contact interaction model from
Ref. [49], that is

1

2

8 D,uv(p_CI) = _6/”- (3)
Mg

The quark DSE turns to be
4

-1 -1 4 N dYg
Sf (P):Sf()(p)"'%f W'}/ﬂsf(p)%r 4

The integration in Eq. (4) with this model is divergent.
The 3-dimension cut-off is performed in Ref. [50]. The

inverse quark propagator has the general structure

SN (p) =iy pAs(p*) + Br(p°), (5)

where A¢(p?) and B(p?) are two scalar functions. Substi-
tuting Egs. (2), (3) and (5) into Eq. (1), one can obtain
Ap(p¥) =1, By(p*)=M;. M_f is a constant mass, which
satisfies

4 A
My=ms+— | TrplS
F=my 2 f plS r(p)]
4 (N ddq AMy
3MZ 2m)* g% + Mj%

2M¢
=mf+—2f A A2+ M2
3M;n? f

}. (6)

=mf+

There are four parameters in this model, namely
my, =my, ms, Mg and A, which are fitted by pion mass
my, pion decay constant f;, kaon mass mg, and light
quark condensate (yy [51, 52]. The meson masses m,,
my are the solutions of their Bethe—Salpeter equations,

Io(P) = —ifA&—q Su@TR(PS @y (7

B= 5 2yt S @R PIS (G- (7
4 A d4

Ik(P) = _Wf ﬁ)’ysu(%)rK(P)Ss(CI—))’;u 3
G

where ¢, = q+P/2, g_ =q—P/2, and P> = —-m2 for pion,
P? = —m3 for kaon. The pion decay constant in 3 mo-
mentum cut-off is [50]

A d3é> 1
@) @+ MY

f2=N.M? 9)

The parameters and corresponding observables are
listed in Table 1. To analyze the solution of the quark
DSE, it is helpful to define a function

oM
F(M7) =M —ms— ——2L_C(M;, M), (10)
P =M=y CMy

with

A A?
C(My,A)=A A2+ M2 = M3In| —+ [T+ —|. (11)
FoT T My M;

One can plot the function F(My) for u- and s-quarks,
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Table 1. Model parameters and observables in vacuum (all quantities in MeV).

my ms Mg A M, M Mz mg Jr —(ﬁu)% —(Es)%
43 110 189 799 314.6 547.5 139.3 498.2 933 292.2 327.6
as shown in Fig. 1. We can see that both functions have 04
only one zero point, which implies there is only one solu- 03f |~ uquark
tion in vacuum. _ — squark
According to the gluon DSE, the inverse gluon z 0.2
propagator includes two parts, namely the pure Yang- 2 o1t
Mills terms and the quark-loop term. The effective inter- g
action between quarks, which is related to the dressed = 00
gluon propagator, should depend on the feedback of the —0.1 \/
quark-loop. Therefore, the effective interaction would be

different for different solutions. Inspired by Ref. [47], we
use the interaction

1 1 1 (ff)
2
gDv(k):(Sv_:év{_,_ —— | (12)
=00y =0\ g 2 WE
where
_ N-My
(ffr= o C(My,N). (13)

Although there are three energy scales Ay, we reduce
the parameters, namely, use the same value A, =
Ag=A;=A,,in this work. The modified interaction in-
troduces two new parameters, M;, and A,. As the first
step, we fix Mg = Mg in the Nambu solution and dis-
cuss the dependence of the parameters. This implies

Mr2=M(2;[1— > %] (14)
f=ud,s q

The quark DSEs of 3 flavors are coupled to each other.
We can define two functions,

2M,,
Fu(M,, M) =M, —m, — WC(MM’A)’

2M
Fy(My,My) = My—my— —==—=C(M;,A).  (15)
3MZm

. 1 . L
with —— as presented in Eq. (12). The solution is loc-

ated at ce(f)fnditions F,.M,M,)=0 and F;(M,,M;)=0. We
plot these in Fig. 2. The green curved surface is
F.(M,,M,) and the red is Fy(M,,M,). We can see that
there is only one solution if A, >0.381 GeV. When A,
decreases to 0.381 GeV, the second solution begins to ap-
pear. The third solution arises if A, <0.381 GeV, but A,

05002 02 06 03 10
MgGeV)
Fig. 1. (color online) The function F(My) for u and s quarks.
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(c)Aq = 0.35 GeV. (d)Ag = 0.30 GeV.

04
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0.0
(e)Ag = 0.15 GeV.

Fig. 2. (color online) F, and F, as functions of M, and M;.

The green curved surface is F,, the red is F,, and the yellow

is F =0. The intersections of three surfaces are the solutions

of the quark DSEs.

should be restricted between 0.30 GeV and 0.381 GeV if
we require that the largest mass of the solution is the
same as the original Nambu solution's mass. To this
point, the model parameters are fixed except A,. We use
A, =0.38 GeV to study the properties of neutral dense
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quark matter in the next section. Afterwards, we will dis-
cuss the EOS and mass—radius relation dependence on
Ay

III. THE CHIRAL PHASE STRUCTURE IN
NEUTRAL DENSE QUARK MATTER

We now turn our attention to the QCD system at fi-
nite chemical potential. The general structure of the in-
verse quark propagator is [1]

S (poup) =iy PAf(p.pip) + Br(p.piy) = vaCr(ppp). (16)

Inserting Eq. (16) into Eq. (4), one can easily find that
Ap(pus) =1, By(p.us) = My, and Cy(p,py) = uj are con-
stant quantities, where My and M can be regarded as ef-
fective mass and chemical potential respectively. They
satisfy

Y 4 f d* 4M;
=ms+ :
re 3M2, Qry* g2 + M2. - ,,1;2 +2ip}q4

A d3g f 4My
=myf+ — 2
am2.J (2ot qi +2ipq4 +E§Mf—uf2

(17
. 4 A ddyg 2(i614—u})
Wy =pp—
e 3M§ff 2n)* ¢ +E2Mf /,zf +21,ufq4
8 f d*q f iq4 =y
=,Llf— a2 .k ‘ %27
3MZ; @n qﬁ +2ip5qa + E;Mf _Hfz
(18)
with
Equ = CY2+M]2‘ (19)
After some algebraic derivations, one finally obtains
Mfsz+3 2M2 D(/lf,Mf) (20)
. 2 “2 N2
Wy =y W—Mzﬁ(uf -Mp) e -Mp. @D
€
1 1 1 N.Ms
— = + =D(uy, My),
72 / 2 f f
M Mg f:pzt,;z,s MGA; 2m
(22)
with

—— o, (A A2
DCU;,Mf): A [\2-‘1-1‘4]2r M In E'F 1+ﬁ
b

—ew;—Mf>[u; N

*2 2
My =My
i Y )
My My
(23)

There is no difficulty in principle to solve the coupled
Egs. (20), (21) and (22) iteratively. Each quantity, such as
effective mass and quark number densities, is a function
of three different chemical potentials. In this work, we
will focus on the phase structures in conditions of elec-
tric charge neutrality and g8 equilibrium. The g equilibri-
um requires

Hd = M+ Hes (24)
Hs = M- (25)

The condition of electric charge neutrality is

2 1 1
gnu - gnd - gns -n,=0, (26)
where n,, ng, ny and n, are particle number densities for
u-, d-, s-quarks and electron. We define the mean quark
chemical potential by

_ Hulty + Ualg + Ushg
ny+ng+ng

@7

The four independent chemical potentials are con-
strained by three conditions, meaning there is only one
independent chemical potential, so we are free to choose
Hg as independent. Effective masses of quarks varying
with yu, are displayed in Fig. 3. We can see from Fig. 3
that the Nambu solutions stay constant at u, <315 MeV,
and disappear thereafter, while the Wigner solution ex-
ists on the whole region of quark chemical potential. In
principle, the physical solution has a maximum pressure,
and the bag constant, which is the pressure difference
between Nambu and Wigner solutions in vacuum, is of-
ten introduced as a parameter in the NJL-like models. We
assume the chiral phase transition happens at the location
where the Nambu solution disappears, that is ug =315
MeV.

The dependencies of the quark number densities with
ug are displayed in Fig. 4. The densities of u- and d-
quark for the Nambu solution appear at 314.6 MeV and
are very small compared to the densities of the Wigner
solution. The densities suffer a discontinuity since nature
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Fig. 3. (color online) Effective masses of quarks for both

Nambu and Wigner solutions. The superscript N' means
Nambu solution, 'W' means Wigner solution.
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Fig. 4. (color online) Quark number densities as functions of

Hq-

chooses the Wigner solution at y, > ug. We can see that
the s-quark appears very early because the quark con-
densates are smaller in the Wigner phase, which in turn
affects the effective interaction strength. Nature also
chooses the Wigner solution for the s quark, as its effect-
ive mass MY (1, =315MeV) =339 MeV is lower than its
effective chemical potential 1 (u, = 315MeV) = 367 MeV.
Based on our calculations, the densities of up and
down quarks are very small, and the strange quark does
not exist in the Nambu phase. After the chiral phase
transition, nature favors the Wigner solution, all quarks
have lower effective masses, and densities suffer discon-
tinuities. The strange quark appears simultaneously. The
transfer of chemical potentials is illustrated in Fig. 5.

IV. APPLICATION TO STRANGE QUARK STARS

The EOS of cold and dense quark matter plays a sig-
nificant role in studying the structure of compact stars.
We plot the EOS in Fig. 9, which is based on the phase

5 (x10°GeV?)

4
3
2
1

0

Fig. 5.
chemical potentials and quark number densities in the chiral

(color online) Schematic illustration of the change of

phase transition. Quark number densities are represented by
darkness.

properties of dense quark matter in conditions of electric
charge neutrality and g8 equilibrium. The pressure is cal-
culated by [53]

My
P(ug) = fo (ma 0 gt + ma 4, dpea ()
g () + nedue())). (28)

This is related to the energy density:

2ttg) = ~Plg) + Y piligIniluty). (29)

The pressure, energy density and sound velocity

[oP . R .
vs = 4/ 7— as functions of u, are shown in Fig. 6, Fig. 7

and Fig. % The main range of sound velocity for strange
quark matter is 0.52 <v,/c <0.62, which meets the re-
quirement of relativity.

In Fig. 9, we can see that the EOS tend to coincident
in the large pressure region, while they have little differ-
ence at low pressure. This implies that the EOS is not too
parameter-dependent in this model.

The relation between mass and radius of compact

stars is governed by Tolman-Oppenheimer-Volkoff
(TOV) equation,
dP(r) _ Gle+P)(M+ 4nr3 P) (30)
ar r(r-2GM)
MO _ g2, G1)
dr

where natural units are used, & =1 =c. Taking the EOS
as input into Egs. (30) and (31), one can solve the TOV
equation numerically. The mass—radius relation is illus-
trated in Fig. 10. We can see that the curves are appar-
ently separate from each other, which indicates that the
mass—radius relations are very sensitive to the EOS. The
maximum mass of the strange quark star is (2.39, 2.45,
2.51)M, for A, = (0.30, 0.35, 0.38) GeV respectively.
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Fig. 6. (color online) Pressure as function of u, with three
parameters.
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Fig. 7.  (color online) Energy density as function of p, with

three parameters.
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Fig. 8. (color online) Sound velocity as function of y, with

three parameters.

We find that the maximum mass is not sensitive to the
parameter A,. In order to show the details of the radius
dependence of pressure, P(r) is plotted in Fig. 11. We
take the central pressure P(0) = 1.2x 10™* GeV* as an ex-
ample for three cases of parameters
Ay =1(0.3,0.35,0.38) GeV.

V. SUMMARY AND DISCUSSION

We have generalized the two-flavor contact interac-

10,
-
8t g
."'
—~ -
<t -~
> -~ ]
()
]
5 _
= Ng=0.3GeV
Ng=0.35GeV | ]
Ny=0.38GeV
Ok . : ]

00 05 10 15 20 25
P(1073GeV*)

Fig. 9. (color online) EOS for three different parameters.
3.0 . :
_— Ng=0. V
5 sl =0.30GeV | ‘
Ng=0.35GeV |- p
20 Ng=0.38GeV
o]
= 15
=
10 2
05f =
008 : : :
6 8 10 12 14
R(km)
Fig. 10.  (color online) Mass-radius relation for strange

quark stars.

14 T T T . . .
12 .
£~ 10} ) ]
T T,
O 0.8} ]
T
% 0.6f ]
T o4l —  A=0306eV |\, _
Ng=0.35GeV
020 ... 74=0.38GeV S
00 . ; . . . e
0 2 4 6 8 10 12 14
r(km)
Fig. 11.  (color online) Radius dependence of pressure at

P(0) = 12x107* GeV* for A, =(0.3,0.35,0.38) GeV.

tion model to the three-flavor case, with the model para-
meters fitted by pion and kaon observables. Analyzing
the solution of the quark DSE, there is only one solution,
Nambu solution or chiral symmetry breaking solution, in
vacuum. Based on the ideas from Refs. [47, 48], we intro-
duce a feedback term from quark condensates to the
coupling strength. The Wigner solution appears at some
region of A,. We mainly discuss A, €(0.3,0.381) GeV,
since the Nambu and Wigner solutions coexist and the
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largest mass equals the original Nambu value.

After fixing the model parameters, we studied the
chiral phase transition in the conditions of electric charge
neutrality and B equilibrium. During the phase transition,
all quark masses and number densities suffer discontinuit-
ies. The strange quark appears since nature favors the
lower effective mass, and p; > M,. At the phase trans-
ition point, the two phases coexist. The u-quark has smal-
ler chemical potential in the chiral symmetry partially re-
stored phase, while d-quark has larger value of chemical
potential. Therefore, the system would need more energy
to produce a d-quark than a s-quark if the density of the
s-quark is very small.

The EOS of dense quark matter with neutrality is
shown for three different A,. They are almost coincident
in the large pressure region, and have little difference at
low pressure. Taking EOS as inputs to the TOV equa-

tions, the mass—radius relation for strange quark stars are
drawn, which are very sensitive to the EOS. The maxim-
um mass of strange quark stars is not susceptible to the
parameter A,. Its value reaches 2.39M;, or even 2.51 M.

The strange quark has two effects on the EOS; one is
the quark condensate feedback, another is the nonzero
strange quark number density diminishing the energy
density. Comparing with the two flavor case of the NJL
model, the maximum mass of strange star is larger than
that of neutron star [54]. The strange stars are investig-
ated with various models, such as the quasi-particle mod-
el and the NJL model [55, 56]. The mass—radius relation
is qualitatively consistent with these studies. In Ref. [57],
the authors analyze strange stars using observational data
of the GW170817 and GW190425 binary mergers. The
inferred mass—radius relation is close to our curve with
Ay, =0.38 GeV.
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