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Abstract: We continue our endeavor to investigate lepton number violating (LNV) processes at low energies in the
framework of effective field theory (EFT). In this work we study the LNV tau decays 7+ — K’P;P;. , where £ = e, p
and P:]. denote the lowest-lying charged pseudoscalars 7, K*. We analyze the dominant contributions in a series of
EFTs from high to low energy scales, namely the standard model EFT (SMEFT), the low-energy EFT (LEFT), and
the chiral perturbation theory (yPT). The decay branching ratios are expressed in terms of the Wilson coefficients of
dimension-five and -seven operators in SMEFT and the hadronic low-energy constants. These Wilson coefficients
involve the first and second generations of quarks and all generations of leptons; thus, they cannot be explored in
low-energy processes such as nuclear neutrinoless double beta decay or LNV kaon decays. Unfortunately, the cur-
rent experimental upper bounds on the branching ratios are too weak to set useful constraints on these coefficients.
Alternatively, if we assume the new physics scale is larger than 1 TeV, the branching ratios are well below the cur-
rent experimental bounds. We also estimate the hadronic uncertainties incurred in applying yPT to 7 decays by com-
puting one-loop chiral logarithms and attempt to improve the convergence of chiral perturbation by employing dis-
persion relations in the short-distance part of the decay amplitudes.
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I. INTRODUCTION

Whilst neutrino oscillation experiments provide defin-
ite evidence for the existence of neutrino mass, its origin
and the nature of neutrinos remain mysterious. As neut-
ral fermions, neutrinos might well be Majorana particles
as it naturally happens in conventional seesaw mechan-
isms of neutrino mass generation thus resulting in lepton
number violation. In the meantime, one searches for new
heavy particles presumably involved in Majorana mass
generation at high energy colliders through like-sign
dilepton production; hence, it is important to explore
lepton number violating (LNV) signals in precision low
energy processes. The nuclear neutrinoless double beta
decay (0vBB) has so far provided the largest data sample
and set the strongest constraint on lepton number viola-

tion in the first generation of leptons and quarks [1-3].
Under these circumstances, we should keep conscious
that new physics might first reveal itself in processes in-
volving heavier leptons and quarks as the usual wisdom
indicates. Indeed, in recent years, the LNV decays of
mesons such as K*, D*, Di, B* and the 7 lepton have
been continuously searched for in many experiments, in-
cluding LHCb [4-7], BaBar [8—10], Belle [11,12], CLEO
[13] and others [14—17], and significantly improved con-
straints on some of the decays are expected in upgraded
or proposed experiments [18,19]. From the theoretical
point of view, it is advantageous that we avoid complic-
ated nuclear physics in these decays, although we have to
cope with hadronic uncertainties in most cases.

In previous publications [20,21], we investigated the
LNV decays K* —>7r’?£§£’;§ (with fz’ﬁ:ei, u*) com-
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pletely in the framework of effective field theory (EFT),
including both short-distance (SD) and long-distance
(LD) contributions. Note that K* are the lightest hadrons
whose decays could violate lepton number conservation
in the charged lepton sector. In this work, we expand our
study to the single charged lepton which can decay had-
ronically while violating lepton number conservation, i.e.,
the three-body 7 lepton decays, 7" — ({ZP;7P7, with

i; =", K*. The best upper limits on the branching ra-
tios of these decays were obtained from the Belle experi-
ment [12] as

B(r~ > etn ) <2.0x1078,
Bt~ »u ) <3.9%1078, (1)

B(r~ > K K)<33%x1078,
Bt~ > K K)<47x1078, )

Bt - etK n)<32x1078,
Bt~ - uK ) <48x1078. (3)

These are expected to be improved in the Belle II experi-
ment [19]. Though the bounds are approximately two or-
ders of magnitude weaker than those on the LNV K* de-
cays, they still provide unique information on lepton
number violation involving the 7 lepton and are therefore
worth further exploration. We continue to work in the
EFT framework. The most salient feature of the EFT ap-
proach is its universality. To study physics below the
electroweak scale, we only have to assume whether there
are any new and relatively light particles; meanwhile, dif-
ferent high-energy-scale physics is reflected in the
Wilson coefficients in EFT at low energy.

This paper is organized as follows. By assuming no
new particles to be lighter than the electroweak scale
Agw, we start in Section 2 with the standard model EFT
(SMEFT) whose dimension-5 (dim-5) and -7 operators
provide the dominant effective LNV interactions. At the
scale Agw we perform matching calculations between the
SMEFT and low energy EFT (LEFT) up to dim-9 operat-
ors in the latter; these are relevant to the decays under
consideration. Then, in Section 3, we study the chiral
realization below the chiral symmetry breaking scale A,
of the effective interactions in the LEFT, and we calcu-
late the decay amplitudes. Next, in Section 4, we estim-
ate the hadronic uncertainties produced by the relatively
large mass of the 7 lepton by computing one-loop chiral
logarithms, and we attempt to improve the convergence
of the chiral perturbation using dispersion relations. Our
master formulas for the decay branching ratios are
presented in Section 5, together with the numerical estim-
ates. We summarize our main results in Section 6.

II. SMEFT, LEFT, AND THEIR MATCHING

In light of the null result in searching for new
particles of masses up to the TeV scale, it is plausible to
assume that new physics appears at a scale Anxp well
above the electroweak scale Agw and that there are no
new particles with a mass of order Agw or below. Thus,
we can establish an EFT, the SMEFT, between the two
scales that is composed of the standard model (SM) fields
and respects the SM gauge symmetries: SU(3)cX
SUQR).xU(l)y. Its Lagrangian is the SM Lagrangian
Lsym augmented by an infinite sum of effective interac-
tions involving higher and higher dimensional operators,
which are suppressed by increasingly large powers of
ANPI

Lsverr = Lsm+ Ls+ Lo+ Ly +---. 4)
Here, L5 = CZ'ZSO‘;ﬁ contains the unique dim-5 Weinberg

operator [22],

OF = sy (L L HIH'", (5)

which induces Majorana neutrino mass when the Higgs
doublet field H develops a vacuum expectation value.
Here, Lg refers to the left-handed doublet lepton field of
flavor B, and ijmn are the SU(2), indices in the funda-
mental representation. L collects the effective interac-
tions of dim-6 operators [23,24], and £; is a sum of dim-
7 operators [25,26]. For the decays under consideration
here, LNV L5 and £; have a dominant contribution. The
dim-7 operators were first systematically studied in [25];
their basis was established in [26] by removing redundan-
cies and further refined in [21] by making the flavor sym-
metries manifest. For an earlier survey on LNV effective
operators, see [27]. The dim-7 operators that violate
lepton number conservation by two units but conserve ba-
ryon number [21] are listed in Table 1.

The SM electroweak symmetries are spontaneously
broken into U(1)gy by the vacuum expectation value of
the Higgs field (H) = (0,1)”v/ V2, which defines the elec-
troweak scale Agw. Upon integrating out the heavy
particles in SMEFT (i.e., the Higgs, W*, and Z bosons
and the top quark), we arrive at the LEFT for the remain-
ing SM particles; this is another infinite sum of effective
interactions involving higher and higher dimensional op-
erators suppressed by increasingly large powers of Agw.
For dim-6 and dim-7 operators in the LEFT, we adopt the
basis given in [28] and [29], respectively. The short-dis-
tance contribution to the 7 decays under consideration
arises from dim-9 LNV operators involving four quark
and two lepton fields, whose basis was determined in
[20]. All the operators relevant to our discussion here are
collected in Table 2. They are classified according to the
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Table 1. Basis of dim-7 LNV but baryon number conserving operators in SMEFT. L, Q are the left-handed lepton and quark doublet
fields, respectively; u, d, e are the right-handed up-type quark, down-type quark and charged lepton singlet fields, respectively; and H
denotes the Higgs doublet. D, is defined for the gauge symmetries S U(3)c xS U(2)L x U(1)y, and D*H" is understood as (D*H)"

v2H? Ot = &ijemn(LS L") H/H' (H' H) Osviin = &ijemn@L)(LEILH"
Y2H3D Ovetip = £ijEmn(LCTy, ) HI(H™iD* H) Odorm = €ijemn(@QNLETL H"
Six Ovp = 816 ,-a,,m(LTier’")HfH"BW yH Odoriin = &i jsmn(gO',vai)Lm(r“VL’”)H"
Ornw = 28ij(eT mn (LS 0, L™YHI H WY Odron = Eij(dy ) LE ' e)H
. OLpi = &ijemn(LET D, L)Y H" D*H") Oguwin = €ii(QuLELYHI

- - — .
OLoi2 = sinejn(L L)) DH" D' H") yD Odurpr, = 8@y (LTI DHLY)

Table 2. Relevant LEFT operators (middle column) and their Wilson coefficients (right column) obtained from matching at the scale
Agw to those of SMEFT dim-5 and dim-7 effective interactions. The Wilson coefficients carry identical indices as corresponding oper-
ators in both SMEFT and LEFT. Here, j = (Efg), j{;ﬁ = (Eysfg), D, refers to gauge symmetries SU3)c X U(1)gm, and (---) and [---]
denote two color contractions

Types and dim. Operators in LEFT Matching LEFT (left) with SMEFT (right) at Agw
. 1 — S| .
MM: dim-3 Ly = —Emaﬁvgvﬁ Mep = —V2CZZS - EV4CZg
LS 5 RLS _ V_ wpaB
Oﬁraﬁ = (uZd'L)(anV;? ) Cprap = NG VW’CQuLLH
LRS _ D N7 LRS _ _V_ ~rpaps
Opmﬁ = (uidlr?)(flﬂvg ) prof = "5 dQLLH]
. - — LLV _ VY v
LD: dim-6 0#,;; = (W] yud) )(Cra¥*vg) prop = 5 VirClenp
R,V P > RRV _ V. ~rpBax
Oﬁrdﬁ = (uZyﬂdge)(gRﬂyﬂy[g) pref \ﬁ duLeH
> o — LRT _ V. rpap«
O‘IL)I:(),Z = (ui(Tyydk)([LaO'HVVg) Cpmﬂ - %CJQLLHZ
LLVD _ /D, N T, C LLVD _ Bak o
LD: dim-7 Oprap = (4 yud)Crat DHVG) Chreg = ~Vor (4CT 0y +2CT )
S RVD _ D —. S, RRVD _ o ~rpafs
Oﬁraﬁ = (ugYudp)(lial Dﬂyﬁ) Cpmﬁ - ZCJMLDL
LLLLS/P _
LLLLS/P _ By e\ 5a, gt 1 B Coraras - = —2V2GFVp Ve
Oprsl,(lﬁ - (”Ly dL)[uL'y;ldL]](s) Caﬁé Cﬁa* C(y[f* 1Caﬁ*
X( aw T Caw T Cpm t 2 LDHZ)
SD: dim-9 LRRLS/P _ P g5 gt 108 LRRLS/P _
prsta (uLdIr?)[u;d;‘]](S) prstaf T 0
SLRRLS/P _ /P rqrs it~ @B ~LRRLS/P _ rsafx
Oprst,zy/j - (MLdlr?][uéRdZ)j(S) CP"Sf-a’ﬁ =4 \EGFthCd_uLDL
+ +
/ / P;
+ + + * v * - 4
Pj P T ‘ / l + //
/ / T ‘ I
+ fy A - P+ P+ N
r [ @ ! i j N
/ / N +
P
1 1 _ )
+ % l

(a) (b) (c)
Fig. 1. (color online) Feynman diagrams for decay r* — CP{P; in yPT. The heavy blob denotes effective LNV interactions, and the
arrow on the lepton (meson) line indicates lepton number (positive charge) flow. Crossing diagrams in (a, b) are not shown

types of contributions finally entering the v decays: Ma-
jorana neutrino mass insertion (MM), long-distance (LD),
and short-distance (SD), see Fig. 1. Here long distance
refers to the exchange of a light neutrino and short dis-

tance indicates contact interactions between the initial
and final particles in the 7 decays.

The two EFTs, the SMEFT at scales above Agw and
the LEFT below, are related by matching conditions at
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scale Agw. Here, we perform tree-level matching; the res-
ults are shown in Table 2. Our convention in the LEFT is
that we work with mass eigenstate fields of quarks and
charged leptons but with flavor eigenstate fields of neutri-
nos because the neutrino mass appears only in the form of
a matrix in flavor space. Some operators (e.g., dim-7
tensor operators) that generically exist in the LEFT are
not induced at this level from the SMEFT. Some other
operators that are not induced at the matching scale Agw
are however generated at lower scales from other operat-
ors by renormalization-group running effects (e.g., the
dim-9 operator OX*RES/Py Some of dim-7 SMEFT oper-

prst

ators (Ogurir> Odgrini» Odgrrmas OLenn, and Og,r ) in-
duce LNV dim-6 LEFT operators that involve a charged
lepton, a neutrino, and a quark bilinear. These operators
supposedly generate the leading contributions in Fig. 1(b).
The other set of operators in SMEFT (Orpy1, Ornw, and
O5,.p.) generates dim-7 LEFT operators that carry an ad-
ditional covariant derivative D,, which would contribute
at the next-to-leading order in Fig. 1(b). Finally, among
many possible LNV dim-9 LEFT operators involving
four quarks and two charged leptons [20], only a few can
be induced from dim-7 operators in SMEFT (i.e., Orgw,
O..o1» Orprt, and Opppp). This significantly simplifies
calculations.

We aim to calculate the r decays at even lower ener-
gies; hence, we match the effective operators in LEFT to
those in yPT at the scale A, =4nF, ~ 1.2GeV. For this,
we first must perform the renormalization-group (RG)
running of the Wilson coefficients in LEFT, using the
matching results in Table 2 as the initial conditions. At
this stage of study, it suffices to include the one-loop
QCD effects previously computed in [20,21]. For dim-6
scalar and tensor operators, the RG results are

C5(Ay) = 1.656C° (Agw), C° € {Chs C o),

LR,T LR,T
CERL(Ay) = 0.845CLRT (Apyy). (6)

The other dim-6 and -7 operators involve a quark vector
current and therefore do not run owing to the QCD Ward
identity. As mentioned above, the renormalization of
dim-9 operators induces operator mixing as well as run-
ning:

CHLESIP(A ) = 0.78CHEES 1P (A gy, ™
CHELSIP(A ) = 0.88CHELS P (Agy), ®)
CHERLSIP(A,) = 0.62C LS P (A, ©)

Here, the RG running from higher to lower scales repres-
ents a mild suppression, with the exception of the dim-6

scalar operators which are enhanced.

III. DECAY AMPLITUDES IN yPT

At the chiral symmetry breaking scale A,,the ap-
proximate chiral symmetry G =SU(3), xS U3)g for the
g=u,d, s quarksin the QCD Lagrangian is spontan-
eously broken to H=SU(3)y by the quark condensate
{0lgql0) = —SBF(Z). This generates an octet of Nambu-
Goldstone (NG) bosons living in the coset space G/H.
When the small quark masses are taken into account, they
become the so-called pseudo-NG bosons and can be iden-
tified with the lowest-lying octet of pseudoscalar mesons
n*, 1%, K*, K%, KO, 5. Their strong interactions at low en-
ergies are best described by chiral perturbation theory
(xPT) [30,31]. The framework of yPT is flexible enough
to describe additional interactions of the mesons inher-
ited from effective interactions of light quarks in the
LEFT. This is exactly what we want to do next for the
nonperturbative matching at the scale A, where the light
quark degrees of freedom give way to the mesons. This is
based upon the analysis of linear versus nonlinear realiza-
tions of the chiral symmetry. For effective interactions in-
volving a single quark bilinear (i.e., the dim-6 and -7 op-
erators in Table 2), the products of other fields multiply-
ing the bilinear are treated as external sources coupled to
light quarks in the QCD Lagrangian. For effective inter-
actions with more quark bilinears, we can apply the tech-
nique of spurion analysis, which has been elaborated
upon in [20,32] in the context of the dim-9 operators in
Table 2.

In xPT, the meson fields are parameterized by [33,34]

2(x):exp(l\/§ﬂ)’
Fy
n n
L N * Kt
vV
n=| . g (10)
V2 Ve ’
K- K° e
21

where Fj is the decay constant in the chiral limit. The
leading-order O(p?) Lagrangian incorporating the scalar
and pseudoscalar (x) and vector (,, r,) external sources
is given by

2

F? F
L= TOTr(Dﬂz(Dﬂz)T)+ T(’Tr()(zT +3'), (D)

where DX = 0,X—il,X +iZr,. The external tensor sources
(#", ") first appear at O(p*) [35]:

073102-4



Effective field theory approach to lepton number violating 7 decays

Chin. Phys. C 45, 073102 (2021)

L2 inTr (2" (D) UD,U) +4"D,UUD,U). (12)

By inspecting the dim-6 and dim-7 operators in Table 2
(which appear as additional terms in the QCD Lagrangi-
an when multiplied by their Wilson coefficients), we can
read off the external sources relevant to the decays under
consideration, as

()i == 2 V2G pVii(Cray*va) + Cry (Cra¥VS)

+ CHAPC i DY)+ " (13)
()i = R CrayvS) + CERSP T i DIVG) +-, (14)
O i = 2BChd (CraV$) +++, (15)
(i = 2BCied (CLaV§) ++-, (16)
(1" = Crivg (CLao®vE) +---, (17)
()i =0, (18)

where i =d, s (or i =2, 3 when labeling the ¥ matrix in-
dices), V is the Cabibbo-Kobayashi-Maskawa (CKM)
matrix, and the ellipses denote irrelevant terms. These
source terms are the LNV interactions of the mesons with
a charged lepton—neutrino pair, and they produce the dia-
grams in Fig. 1(b) when the neutrino field is contracted
by a usual interaction vertex which defines the meson de-
cay constant [see the first term in Eq. (19)]. Because each
tensor term includes at least two mesons, it only contrib-
utes to the four-body decays of the 7 lepton. We reserve
this more complicated case for the future study, because
the resonances must be explicitly included. Finally, when
both neutrinos in the mass term Ly are contracted to two
usual vertices mentioned above, we obtain the diagram in
Fig. 1(a).

Using all of the above details, we can now write down
the interactions entering the LD contribution to the = de-
cays,

.E)((zp)vr DFyGF (Vudaﬂﬂ_ + VusaﬂK‘) (E),.“y&)

+Fy iB(c;fﬂ_ + c(;f; K_)(EV/‘;)

(e o) G

~(Bon +B0,K) (Ei(ﬁ"vg )] (19)

where the first term is the usual one and the others repres-
ent new LNV interactions. We have introduced the para-
meters

af _ V2 (CRL,S _ CLR,S),

€p1 = 5 \Cuiop ™ Cuiop
of _ ﬁ (CLL,V _ RR,V)
“p2 = 73 \“uiep ~ “uiap )
B _ ‘/5 LLVD RR,VD
P3T 4 (Cuiozﬁ - Cuiaﬁ )’ (20)

which are implicitly defined at the scale A,, with
P;=n, K for i=d, s. Employing the matching condi-
tions in Table 2 at Agw and the one-loop QCD running
effects in Eq. (6) from Agw to A,, we connect the above
parameters at A, with the SMEFT Wilson coefficients
defined at Agw:

ag _ Vv af aB _ V0B B \/E o
Cpy = 5(1.656)MP‘1, Cpy = Zym, Cpsy = T‘ym,
21
where
aff _ . wlaps _ ilaf*

ypy] _VWZCQuLLH(AEW) Cd_QLLHl(AEW)’

Y, =VuCllonpBew) = i (Aew),

Y =V [AC (M) + Clpryy (Aw))|
—2C"P* (Apw). 22)

duLDL

Now we turn to evaluate the SD contribution in
Fig. 1(c) that arises from the matching with the dim-9
LEFT operators in Table 2. We refer to our previous
work [20] for details of matching based on spurion ana-
lysis, and we show the results in Table 3. This matching
leaves behind a low energy constant (LEC), which is
multiplied by a mesonic operator that can only be determ-
ined by nonperturbative methods. Note that different
components in the same irreducible representation of the
chiral group share the same LEC in the chiral limit; for

. LLLLS/P ALLLLS/P LLLLS/P
instance, all of O, """, Oygs ™', apd O,is sha.re
the same LEC g,7x;. Operators belonging to the same ir-
reducible representation but arising from different color
contractions generally have different LECs, as is the case
with the LECs gg . and ggxg. . Fo.rtunatel.y, these three
parameters are already determined in the literature; here,

we use the values from [36], which in our notation are

827x1 = 0.38£0.08,
2

S =5.5£2GeV?,

8ows = 1.55+0.65 GeV?. (23)
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Table 3.
C=e, pu; Pi=nm, K fori=2,3; and js :jfg) or j(TSf)

Chiral realizations (fourth column) of dim-9 LEFT operators (second column) contributing to decays v+ — ¢~ P} P7 with

Decays LEFT operators Chiral irrep. Hadronic operators
i 27, x1g % gari Fo(zia,=h  zions™) | jtb
ivsan 8. x8r(@) ggngTg(z“'),-'(m Lt
oo e 8118 PRSIy
it 8. % 8r(b) & FTS eHie) i
s B840 ha 200 %
OHLLSIP 27, x1g f—zgszg(Zia,,Z"'); Eio*s")) (jl js)
o Ot g 8, x8r(a) g§x8%3<2*>2‘ ©1Gi/js)
D" 8, x85(b) Zixs FTS(E*); ©.G1js)
OfiSIP 27 x1g %gszg(zmHz*); @i (il js)
™ > CK*K* OLRRESIE 81 % 8(a) 880 %g(2+)31 @4l js)
Oais” 81 X 8r(b) g‘gng73<2*>; )1l Js)
OHLLSIP 27, x1g %gzm F3(io, =) (Zio" =) (j/ js)
BB a1
> K Ot ™"" 8, X 8p(a) gﬁxs%g@*); ®.(1js)
s 8, X85 (b) g‘gng73<2*>2‘ ©1Gjs)
Ouiud™"" 8. 8x(b) géxs%ga*); ®7 (1)

Expanding the hadronic operators in Table 3 to their first
terms and attaching their corresponding LEFT Wilson

uiuj

5 L _
L35 pepr =2 Fo82110" P 0,P; [CLLLL’S (Aaly

6

uinj

~LRRL,S b o pC LRRL.,P
+C (AX)gSXg)é’wt’ﬁ +(c

Utilizing the QCD running effects [Eqs

and the LEFT-SMEFT matching results in Table 2, we

obtain
5D _2EGGE e o pe ot gipeg p
TmrPrP;_T&i,-[‘l,i.i i F s i O

where the parameters ¢ 5 are defined as

uinj

J

(M-

|eues,

(25)

uiuj

coefficients defined at the scale A, yields the SD interac-

tions for £;(; P} Pf :

a

uiuj

— 1 o
+ CHEELP (N EystS ] +SF2PTP; [(CLRRL’S (Ag s

2
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(A8Es + CE (A gh ) st +(1 =6, j)] the.  (24)
T a b T

cff = =2V2(0.62g5,5+0.8880,5) X175 5 .

Cﬁfi,- = ~2V2(1.3g2751) Vi Vi X5 (26)
Here,
XiTpp, Z2VuCls (ew) +2Vi CoTL ) (Agw),
X5 =200 (Agw) +2CT5  (Agw)

+2C 1 (AEW) + Cl iy (AEW), 27
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are given in terms of the SMEFT Wilson coefficients
evaluated at the electroweak scale Agw.

With all relevant interactions between the mesons and
leptons at hand, we can compute the Feynman diagrams
in Fig. 1 to obtain the complete amplitude for the decay

™ (p1) = € (PP (qDP}(q2),

M :F(Z)GF[TSDV_TPRMg + T, oYy Pru§
+ TopVey™y ¥ PRUS + T3V Y'Y P LM?] (28)

where Tsp denotes the SD term and the others are the LD
ones; that is,

Tsp=-2 (cﬁj —cgﬁj(q1 '6]2)), (29)

Ty =GpV,iVujmyee (611y42vt_1 + 42,4611VM_1)
+ [Vui (Bcffjl - 6’2730 - P%)) q1.(P1—4q1)y
= Vi (Bel, = cist=pD) (o1 = )z |
+ Vi (Belr, = 3= pD)) qau(p1 — q2)y

Vi (Be} ) =53 u=pD)) (1 = gy Ju ™,

(30)

Tvap :VujC;thqlp(pl - q1)vq2pt71
+ Vuic}fgchy(m —@)vqipu”", (1)

T3;4vp =Vui0§>T,2611;1(P1 —41)v612pl‘_1
+VuiCs @1 = q2)vqipu " (32)

with s = (g1 +¢2)% t=(p1 —q1)*, and u = (p1 — g2)*.

IV. DISCUSSIONS OF HADRONIC
UNCERTAINTIES AND IMPROVEMENT

So far, we have been working to the leading order in

/
\
P P’

i N /
o @S>
(a)

xPT. It is well-known that chiral perturbation does not
converge fast enough for hadronic t decays owing to its
large mass m, compared to A,; thus, in this section, we
estimate the uncertainties due to ignored higher order cor-
rections and seek to improve our leading order results. To
estimate uncertainties, we compute chiral logarithms
arising from the one-loop diagrams associated with an
LNV vertex, which (as in the usual case) cannot be can-
celled by higher order counterterms. Futhermore, to im-
prove convergence we employ the dispersion relation
technique, by incorporating experimental data regarding
phase shifts. Inspection of Fig. 1 shows that this is non-
trivial only for the SD part, which unfortunately is nu-
merically less significant than the LD one, as will be seen
in Section 5. In short, we are effectively considering one-
loop uncertainties or dispersion-relation improvements to
the matrix element <P;r(ql)P}r(q2)|0irrep(0)|0>s where Ojrrep
is a dim-9 LEFT operator in the chiral representation ir-
rep in Table 3, whose lepton bilinear has been stripped
off for simplicity and whose chiral realization is also
shown in the table.

To assess the relative importance of one-loop chiral
logarithms to tree-level terms, we compute the one-loop
diagrams in Fig. 2 at the kinematic point (g; +¢»)> = 0, as
seen in [20] for LNV K* decays. The results are

5
x1 = §gz7x1Fﬁm§(1 +3Ly), (33)
Mg? = gy F2(1+ L), (34)
5 1{m% +m?>
M =S g Frmi| 1+ 2| =5 Ls
3 N
7m%< —m,zr
+4Lg + ——5— L,,)], (35)
m
1
KKalb _ _alb 2
M8><8a —ggngK[l_Z(L”_gLK+3L77)]’ (36)
d AN
/ \
+ \ / +

(b)

Fig. 2. (color online) One-loop diagrams for SD contributions to (P} P;\OmePIO) with an insertion of Ojp in shaded circle

073102-7



Yi Liao, Xiao-Dong Ma, Hao-Lin Wang

Chin. Phys. C 45, 073102 (2021)

5 1(17m2 —9m?>
MKﬂ —_ = F2 2+ 2 1-= T K
27x1 12827><1 w(my +my) —Z(m%(—m,zr) T
Sm%(—m,zr 3
‘WWEL’?)}
(37)
1 Om2 —m>
Knalb _ a/b 2 s K
Mg §g8><8F [ (z(m%_m%) n
m2 + 3m?2 3
) -
my, — My

where Lp = m3/(4nFo)*In(u? /m3%) with u being the renor-
malization scale. The results for the K& channel coincide
with those in [20], whilst those for the KK and sz chan-
nels are newly computed. We have taken into account
both renormalization of decay constants and wavefunc-
tion renormalization collected in [20]. As a rough estim-
ate, the relative corrections at u = A, (u=m;) in the ar,
Kn, and KK channels (each placed in a pair of square
brackets) and in the order of the chiral representations
27, x1g, 8, x8g(a/b) (separated by a comma within a
pair of square brackets) in each channel are, [27%, 17%]
([29%, 18%]), [50%, 28%] ([55%, 27%]), [65%, 50%]
([73%, 56%]), respectively. The neglected higher order
corrections are thus about 20%-70%.

Here, we improve the leading order terms using the
dispersion relation technique. For its recent application to
7 decays, see, [37-42]. The aforementioned matrix ele-
ments are parameterized as

MG (s) =(P} (q1)P] (g @ry" dp)lury,d 7110)

=_(q1 'qZ)F27X1(S)(1 +6ij), (39)
MEE(5) =P (g1 P (gl i) TR 10)

=Fg i “(s)(1+6), (40)
MEE(5) =(PF ()Pt (gl diird))I0)

=FL 5P (5)(1+63), (41)

with s = (g +¢»)>. The form factors are, to leading order
in yPT, normalized to

1
—F2gd%  (42)

PP, D P.P,alb
F27><1(0) - gF 51 058x8:

082x1s  Faud(0) =

To construct the dispersion relation, we decompose
the elastic meson scattering amplitude into partial wave
amplitudes f/(s) with orbital angular momentum / and

isospin /. Application of the Cutkosky cutting rules to
Fig. 2(b) (where the meson scattering vertex is replaced
by a general scattering amplitude), yields

”2<s>
Im FiT (s)= FI7 ()Ufo (] 0(s—500),  (43)

KK ”2<> KK
Im F' ()_ A F

irrep 1rrep

(I 0(s—skk),  (44)

1/2
Im F{7 (s)= A )F{;’;p< () 0(s—skx),  (45)

where spp, = (mp, +mpj)2, and App (s) is the basic three-
particle kinematic function:

2mp, \[s —2mp .
(46)

App,(s) = mP+mP+s 2umP

The partial wave amplitude for elastic scattering can be
expressed in terms of the phase shift 5{ (s):

fl(s) = ——— sin!(s)e!. (47)

e

The above dispersion relations imply that the phase of
mep(s) is equal to the corresponding phase shift, similar

to the Watson's final-state theorem for elastic scattering
states [43]. Eqgs. (43)-(45) then have a universal solution
of

where the Omnés factor Qf(s) [44] for a once-subtracted

dispersion relation is
0o 61 4
2 f ay )| (49)
s, S =)

The phase shifts 62 and 63/ % have been measured experi-
mentally [45,46]. We have taken the fits of 6(2) from [47]
and of 63/ % from [48]. To the best of our knowledge, no
data are available for the (/,/)=(1,0) channel. These
phase shifts and corresponding magnitudes of

f:;:;;( )/Fﬁf};(O) = Qf(s) are shown in Fig. 3, in which a

Q/(s) = exp[

cutoff sy = m2 has been chosen for the integral. As ex-
pected, no resonance is indicated in these channels. The
above results are applied to our decay rate evaluation in
the next section.
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0
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Fig. 3.
the nr (left panel) and K (right panel) channels, displayed as a function of +/s

(color online) Phase shifts (blue/solid curve, left vertical axis) and |F. Fi ’(s)/F

irrep irrep

V. MASTER FORMULAS FOR DECAY RATES

Here, we present our master formulas for the decay

L
1.25
Vs [Gev]

Il I
1.50 1.75

f(O)l (red/dashed curve, right vertical axis) in

re|(Es+E? - ((E? - m; + \E2 - m§)2,

2
rates and branching ratios of the 7+ — ¢~ P; P} decay. We (E3+E3)* - < \/ E?—m \/ E? - g) ] (52)
omit the kinematic details because they are similar to the .
LNV K* decays [20,21]. The spin-summed and -aver- ~ With
aged decay width is
1
E} = ——(s—mp +mh
1 2 p, Thp ),
ds [ de S IMP 50 2s
1+5U2m,128n3 f f ZI " G I P 2
E; = 2—\/E(mr—s—m[). (53)
for which the integration domains are
Using the LECs in Eq. (23) and the SM parameters for
€ [(mP, +mp)?, (m - mt”)z]’ (51)  the 7 lepton width, various particle masses, and the Fermi

constant G [49], the decay branching ratios become

B( i Ed +) 2'4X10_34| T€|2 eT Te - (4 et
. ;;6” da v ’"V2 +031|ya [ +0.21] ﬂ1|2+1.9><103(| ,,2|2+|y,,2|2)
+5.8x107 X7o, [+ 1078 (58 x5+ 33|55+ 223 ine, (54)
Bt - puatat)  8.1x107% [y, 12 12
T e 026 |+ 019+ 1710 (s +vesf?)
+5.6x107 X{f‘mfno— (53|XT"| +29|y7[ +2.2|y] )+1nt (55)
B(r" = e K*KY)  3.1x10738 |my,?
RRY: SRRV +23x 1073 |V [+ 1.5% 103 Y [P +1.0x 1074 | X7,
2.0 107 ([WRe ] + Yl + 107 (420035 + 034 w5i 40,23 X ) ime, (56)
B(rt - KTK*)  2.5% 10738 |my,? .
- e #2110 YA+ 13x 107 [ [ +9.9% 107X |
+ 19107 (W + [y )+ 107 (3.7 A + 0.33 045 [+ 0.25[XF ) i, (57)
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B(r"* - e K'n") 62X 10730 g |?
GeV* GeV®  eV?

+5.5x 102 |y [ +4.8x 102 |y [ +1.5x 102 [y

+107° (290|y;i|2 + 93|V [ + 48| Vg P+ 13|X7 P+ 5.0lY) + 2.6|y;§|2)

107 (130[55 P+ 26+ 171955+ 36 s 0

Bt - K n*)  4.2x1073 my,|?
GeV® GeV®  eV?

|2)+int., (58)
+5x 1072 [V P +43x 1072 Y2 P + 1.2% 1072 |y
1050yl e solaf s a3yl 2 ezt 200
Y 4331V )+8.5x 1070y i, 59)

410 (10| + 24| X7+ 16]

where the Wilson coefficients of the dim-7 SMEFT oper-
ators are contained in the X (for the SD part) and Y (for
the LD part) parameters defined in Egs. (27) and (22), for
which the interference terms (int.) are not explicitly dis-
played. We have incorporated the dispersion-relation-im-
proved hadronic matrix elements into the SD part.

The above results show that the contribution from
neutrino mass insertion in Fig. 1(a) can be entirely neg-

Table 4.
aff _ P
XP = X

lected. If we assume that the Wilson coefficients of LNV
dim-7 operators in the SMEFT are of a similar size, their
relative importance is then controlled by the prefactors of
the X and Y parameters. The LD contribution from Y,
dominates, whilst those from Y, and Y3 are suppressed
by factors of p and p/Agw, respectively. The SD contri-
bution of X; has an order of magnitude similar to Y5,
whilst the X, term is suppressed by p?/A7 and has a sim-

Lower bounds (in units of GeV) on |X;|"'/3 or |¥,|"!/® parameters for combinations of Wilson coefficients. Note that

™t Sentat ™ > e KtK*

™ > e Ktnt

Name Bounds Name Bounds Name Bounds Name Bounds
vl 158 vzl 64 vzl 109 v 107
vzl 148 vl 60 el 88 vzl 67
_1
s 5 6.8 X 38 VAN 5.5 VAN 5.0
sl 2 ™ 29 S +0
_1
xre [ 5.5 MR 29 VA 34 e[S 3.1
ez 18 el 07 e 13 vl 09
Vil L6 v/ 03 el Lo
ol 10 e 04 el 07 vl 08
™Sy ntat ™ > u KKt ™ s u Kt
Name Bounds Name Bounds Name Bounds Name Bounds
A 137 vl 60 vl 10 vt 08
1 1 1 1
vz 130 vl 55 A 79 vzl 62
_1
VA 59 PE 36 vl 5.1 VA 46
1 _1
VA 59 vl 27 XTa| 3.7
| 49 o 27 o g oz 2
ey L5 vl 07 vl L1 vl 08
v 14 b 04 e 09
i Lo Vil 04 A 06 v 03

073102-10



Effective field theory approach to lepton number violating 7 decays

Chin. Phys. C 45, 073102 (2021)

ilar size to Y3. To obtain concrete constraints, we must
make a simplifying assumption, because there are too
many Wilson coefficients; hence, we assume that only
one of the X and YV parameters is nonzero at a time. The
experimental upper bounds on the 7 decays in Egs. (1)-
(3) translate to the bounds on those parameters, as shown
in Table 4. These bounds are significantly weaker than
those from the nuclear OvB8 decay and LNV K* decays,
owing to the much smaller data samples; and being of or-
der GeV they should not be taken literally. But they are
the first bounds obtained thus far for the LNV Wilson
coefficients in the SMEFT that involve the third genera-
tion of leptons, and they are comparable to those that
would be expected to set at the LHC on the yu compon-
ent of the Weinberg operator, (see [50] for a recent dis-
cussion). If we parameterize all Wilson coefficients by
the same scale C; = A=3, the branching ratios will be pro-
portional to A®, as shown in Fig. 4. For A > 1TeV, we
have

B(r~ >etnn)<3.1x107"7,

Bt~ »pTn ) <2.6x107Y, (60)

B(r~ - e K K)<23x1072,
Bt~ - uTK K7)<2.1x1072, (61)

Bt - etK n)<55%x107%,
Bt~ > pTK 1) <5.0x107%, (62)

which are several orders of magnitude smaller than the
current experimental upper bounds.

VI. CONCLUSION

We studied the LNV 7 decays 7" — {7P; P} within
the framework of EFT. One merit of these decays is that
they could potentially probe LNV interactions in the third
generation of leptons, which are not accessible in either
nuclear 0vBB decay or LNV K* decays. Assuming the ab-
sence of new particles of masses below the electroweak
scale, we started from the effective interactions of LNV
dim-5 and -7 operators in SMEFT; first we matched them

10-8 Excluded by the current experimental search
10—13
2
<
o 10—20
[=
£
(%]
s
2 10-27
o 10
10734
10—36
Aew 1 10 100 103 10*
A[TeV]
Fig. 4.  (color online) Branching ratios for r* - " P/P}

shown as a function of the new physics scale A under the as-
sumption of identical Wilson coefficients C; = A=* for dim-7
operators in SMEFT. The upper horizontal line denotes cur-
rent experimental bounds and the lower ones denote the neut-
rino mass contribution alone.

to effective interactions in the LEFT at the electroweak
scale; then, we matched them to those in yPT at the chir-
al symmetry breaking scale. We computed the decay
branching ratios and expressed them in terms of the
Wilson coefficients in the SMEFT and hadronic low en-
ergy constants. As seen in the case of LNV K* decays,
the LD contribution from the exchange of a neutrino gen-
erically dominates over the SD one arising from LNV
dim-9 operators in LEFT involving four quarks and two
like-charge leptons. We estimated, by computing one-
loop chiral logarithms, the theoretical uncertainties due to
neglect of higher order terms in chiral perturbation for the
hadronic 7 decays, and found them to be large. Thus, we
attempted to improve the convergence in the SD part by
appealing to dispersion relations. We found the decays
™ > e ntnt, wntn" to have the largest branching ra-
tios among the six channels; however, these are still well
below the current experimental bounds for a reasonable
choice of a new physics scale.
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