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Importance of heavy quark longitudinal structure function
measurements at future circular collider energies
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Abstract: In this article, we consider the ratio of structure functions for heavy quark pair production at low values

of x. The importance of this ratio for charm and beauty pair production is examined according to the Hadron Elec-

tron Ring Accelerator (HERA) data. The behavior of these ratios is considered due to the hard pomeron behavior of

the gluon distribution function. The results are in good agreement with the HERA data. Expanding this data to the

range of new energies underscores the importance of these measurements for heavy quarks. The ratio of charm and

beauty structure functions at the proposed Large Hadron electron Collider (LHeC) is considered as a function of in-

variant center-of-mass energy. For top pair production this ratio is extracted with known kinematics of the LHeC and

Future Circular Collider electron-hadron (FCC-eh) colliders. Comparison of the results obtained for the ratio of top
structure functions in LHeC and FCC-eh are proportional to the specified inelasticity y range.
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I. INTRODUCTION

The latest data collected at HERA for heavy quarks
show that the cross-sections for charm and beauty pro-
duction can be considered in a wide range of x and Q?
values from the H1 and ZEUS detectors [1-5]. A combin-
ation method is used at HERA for the cross-section data
with respect to the correlations of the statistical and sys-
tematic uncertainties. In neutral current (NC) deep in-
elastic electron-proton scattering (DIS) at HERA, heavy
quark production is the most important test of quantum
chromodynamics (QCD). The dominant process in the
production of heavy quarks is boson-gluon-fusion (BGF).
The production of heavy quarks at HERA depends on the
mass of these quarks and thus the calculations of cross-
sections depend on a wide range of perturbative scales
u?. The massive fixed-flavour-number scheme (FFNS)
[6-17] and the variable-flavour-number scheme (VFNS)
[18-21] are different approaches for considering heavy
quarks. FFNS can be used on the threshold of y?~m?, and
for u>>>m> VFNS is used where the treatment of resum-
mation of collinear logarithms In (u?/m?) is achieved. In
Refs. [22, 23] a general-mass variable-flavour-number
scheme (GM-VFNS) for calculation of the contributions
of heavy quarks was introduced.

In the process y*g—QQ, where Q is a heavy quark,

heavy quark production is sensitive to the gluon distribu-
tion and gluon momentum transfer in the proton. In ac-
cordance with the heavy quark mass, the gluon mo-
mentum is arranged such that x, > x5 > x{. The HERA
dataset, for production charm and beauty in DIS, covers
the kinematic range of photon virtuality 2.5<Q’<
2000 GeV? and Bjorken scaling variable 3.1075<x<5.1072
[1-5]. The electron-proton center-of-mass energies with
data taken with the H1 and ZEUS detectors correspond to
Vs=319GeV [1] and +/s=318GeV [2] respectively.
Future circular electron-proton colliders are an ideal en-
vironment to increase center-of-mass energy [24-29]. At
the LHeC, the electron-proton center of mass energy is
planned to reach /s ~ 1.3 TeV. The x, Q” values of simu-
lated heavy quark density data used in LHeC studies
reach x<107> and Q?>10* GeV? [27, 28]. The heavy
quark densities will also be checked in the proposed
FCC-eh programme, in which the center-of-mass energy
reaches ~ 3.5 TeV [29].

The heavy quark structure functions obtained in DIS
at HERA, from the measurement of the inclusive heavy
quark cross-sections, are an important test of QCD. These
structure functions are obtained after applying small cor-
rections to the heavy-quark longitudinal structure func-
tions [1-5]. The heavy quark cross-section is defined in
terms of the heavy quark structure functions as
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d209Q ~ 2ma2(0?)
dxdQ?>  x0Q4

{1+ -»FR(x, 0%) - y*FR(x, 0%),
(1)

where y is the inelasticity. The reduced cross-section is
defined as

aa_ d209Q . x0*
red T dxdQ? 27a2(02)(1+(1-y)?)
=F3x, 0~ fO)FP%(x, 0%), ®)
32
where f(y) = m In the HERA kinematic range,
the contribution F fa is small. Therefore, the heavy quark

F;’ﬁ is obtained from the measured

heavy quark cross-sections. The measurements of oﬁ?,
based on data from HERA I and HERA I, are shown as a
function of x for fixed values of Q? in Refs. [1-5]. The

measured values of the heavy quark structure functions

structure function

F ?Q were obtained using

FQE( 2y _ dzo.gt/ dxdQ QQNLO 2
00 = o g e ) )
Tq /dxdQ
The differential cross section for the jet production meth-
od is defined in the literature, and NLO QCD predictions
have also been obtained from the FFNS using the
HVQDIS program [30]. This method is also used to ob-
tain the cross-section from the heavy quark longitudinal
structure function. Heavy quark cross-sections are de-
termined and extracted in analogy to F' fa. In this way no

assumption on F fa is required. Indeed,

o9 = FQ(x, 02)[1 - f()FRQ(x, 02)/FR(x, 0. (4)

red
Future circular colliders will extend the ratio Ffa/FgJa
into a region of much smaller x and higher Q. Indeed,
the LHeC is the ideal place to resolve this ratio [27, 28].
An overview of the kinematic plane of the LHeC pseudo-

data [31, 32] is given in Table 1 for the x,Q* values of
simulated heavy quark density data [27, 28, 33]. These

data provide additional constraints on the gluon.

This paper is organized as follows. In Sect. II, we
give a summary of the ratio of heavy quark structure
functions. Then we introduce a method to calculate the
ratio FEIQ/FSX’2 , applying the gluon exponent. After re-
viewing the essential features of the charm and beauty
structure functions at HERA in Sect. III, we study the
heavy quark structure functions at the LHeC and FCC-eh
kinematics. Section IV contain the results and discussion.
A summary and conclusions are given in Sect. V.

II. SHORT THEORETICAL INPUT

The dynamics of flavor-singlet quark and gluon distri-
bution functions, ¢* and g, are defined by:

q*(x,np,p?) =Z[ﬁ(x, np,p®) + fi(xnp 1),
I=1
gCe,np,1*) =fo(x,np, 1%, (5)

where ny is number of active quark flavors. The heavy
quark structure functions derived using the zero-mass
VFN scheme (ZMVFN) are

FEMVEN _ Zai(n-f +1) Z Cz(f?(”f +1)®fi(ns+1)  (6)
Jj=0 i=4.8:Q

where the C's are the Wilson coefficients at the j-th or-

der and k=2 and L. Here a, = s is the QCD running
coupling. Equation (6) is valid at asymptotically large
momentum transfer 0*>my,. For Q*~mZ, VFNS is valid,
which includes a combination of the ZMVFN with FFNS.
In this case the heavy quark structure functions are

Fig® = altny) ), Himpafinp. ()

J=0 i=q.g

where the H's are the Wilson coefficients for DIS heavy
quark production [34]. In the following, we suppress the
dependence on the active flavor ny. In GM-VFNS, one
should take quark mass into account, as the rescaling
variable y is defined into the Bjorken variable x by the
following form [35]

Table 1. Kinematic coverage of simulated heavy quark structure functions used in LHeC studies, showing the number of pseudo-data
points, Ngy , and the integrated luminosity, Li,[ab™'] [27, 28, 33].
Observable E./GeV E,[TeV Kinematics Ngat Lin/ab™!
F$Nep) 60 7 7x1070<x<0.3, 4<0?<2x10° GeV? 111 1.0
F2NC(ep) 60 7 3x1079<x<0.3, 32<02<2x10° GeV? 77 1.0
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4 2
e=s{1+28) ®

where the rescaling variable, at high Q% values
(m%,/Q* < 1), reduces to x, y—x. Here mq is the heavy
quark mass.

Within this scheme, heavy quark densities arise via
the g—»QQ evolution. In the small-x range the heavy
quark contributions are given by these forms:

FR(x, 0*) =Cx,£)8G (x.4%),
F®(x, 0) =Cx,£)8G (x.4%), ©)

2
m
where & = —? The coefficient functions up to NLO ana-

lysis, C», and Cy 4, were demonstrated in Refs. [6-17, 34,
36-41]. ® denotes convolution between two functions of

x, as [f@gl() = [ ([dy/Mfeg/y) = [ 2/ f(x/2)8().
Here G(x,u?)(= xg(x,u?)) is the gluon momentum distri-
bution and the default renormalisation scale u, and fac-

torization scale u; are set to u=pu, =puy; = \|Q*+4m3.

Within the pQCD, and up to the NLO corrections, the
coefficient functions C», and Cy , read

Cig@8) = CL @O +a4A)CL@o.  (10)

The behavior of the heavy quark structure function is
governed entirely by hard pomeron exchange, in accord-
ance with the Regge theory. The heavy quark cross-sec-
tion depends strongly on the gluon distribution, which the
density of gluons enters at

2 2 2
Q@ OP+M? M
xg—m—xbj(]+§ , (11)

where M; is the transverse mass of the produced heavy
quark pair QQ [42-45]. The standard parameterization of
the gluon distribution function at low x has the following
form:

G(x,0%)1ms0 = fo(QP)x~4(@), (12)

Over a wide range of Q?, the gluon density behaves as a
fixed power of x, as the quantity A, is the hard-pomeron
intercept minus one". Equation (12) gives the origin of
heavy quarks from gluons in the proton. Indeed, the
heavy quark structure functions can be described by a

fixed power of x behavior [46-54] as

FSO) = fo(QP)xtr, (13)

The gluon exponent at low values of x is described by
the hard pomeron, as the fixed coupling LLx BFKL solu-
tion gives the value 1,~-0.5, although dependence on
Q? is expressed in the effective exponent defined in Refs.
[55-58]. In the literature, fits to experimental data sug-
gest that hard pomerons dominate the behavior of the
heavy quark structure function. It is suggested that this
behavior can be shown in the form of Eq. (13), where we
assume that 25.~A’.. The heavy quark behavior at low x
is determined by the gluon behavior, so /lgff:/li’ﬂ =A,.

Within the dipole formulation of the y*p scattering
[59-62], the gluon density is modelled as xg(x,u*) =

3

o . ) )
——0, where Rop(x) is the saturation scale. This
dn?ag RY(x)

. 1 A
function decreases when x—0 as Rg(x): 2(1) .
GeV~ \xo

The parameters of the model (i.e., oy and xp) are defined
in Refs. [59-62]. In the color dipole model (CDM), the
saturation exponent A is defined from a fit to low-x data
as 1,~0.3. In this analysis, we will try to select the gluon
exponent value corresponding to the average of the hard
pomeron and color dipole model, where 0.3<4,<0.5.
Here the lower limit corresponds to the saturation expo-
nent and the upper limit corresponds to the hard pomeron
exponent.

In recent years [63-77], various successful phenomen-
ological methods have examined charm and beauty struc-
ture functions. This importance, along with the t-quark
density, can be explored at future circular collider ener-
gies. One of the important top quark production modes is
1t photoproduction [78-89]. The total cross-section pre-
diction at the LHeC is 0.05 pb [90]. These studies may
lead us to new physics in the future.

II1. METHOD

Based on the hard pomeron behavior of the distribu-
tion functions, the ratio of heavy quark structure func-
tions is formulated based on the coefficient functions and
gluon exponent. After integrating over z, the ratio F,/F»
for heavy quarks can be rewritten in a convolution form
as the ratio FfQ / Fgm, defined by

F % poxt
L _ LemrT (14)

F el eoxt

1) Authors in Refs. [46-53] obtained a good numerical fit to the output of the DGLAP evolution for the gluon distribution at low x by the following form
G(x, 0% =fg(Q2)x'E(J where € is hard pomeron exchange. Over a wide range of Q? values, the charm structure function behaves as a fixed power of x as

FE(x,02) = fu(@QDx.
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where [f0gl(0) = [ (dy/y)f()g(). In analytical form, the
power-like behavior of the heavy quark structure func-
tions is generically written as follows:

9 FQEI X, 2 _ _
“In L Q):AQQ—)L?Q
dny FPx.0%)

9, CHx, )ox"

=—Inh— . (1)
Oln Cg?(x, E)oxk

The exponents A; and A, for heavy quark production
are defined by the derivatives of the heavy quark struc-
ture functions in the following forms:

A2 =510 F(x, 0)/81n(1 /),
AR =51 F9(x, 0%)/91n(1 /). (16)

The importance of the relationship between o-?eg and

Fga(x, 0?) in Eq. (4) depends on the functions of f(y)

and the ratio FSQ / F?Q. With high inelasticity, where
f)—1, the importance of the longitudinal structure
function in the production of heavy quark pairs will be re-
vealed in the LHeC and FCC-¢h. In comparisons with the
latest data collected in HERA [3], we can see an increase
in values of Q? and a decrease in values of x at new ener-
gies.

HERA data are expressed in terms of two variables, x
and Q. At low x we define a new variable such that
Q?/x=W?. W? refers to the photon-proton center-of-mass
energy. Indeed, the heavy quark structure functions are
given by the single variable W? as

F?E)(x’ QZ) :F§Q(W2 — é’ QZ)’
FR(x,0?) :F§Q(W2 - é 2). (17)

According to power-like behavior, the heavy quark struc-
ture functions can be stated as:

FRWH~WAY,  FRWH~WHE (18)

The exponents now are defined by the following
forms:

@ dln FE3(W?)
L Alnw?
QQ (1172
g _ O FSAW?) (19)
2 dln W2

_ _ _ FQE W2
= A =2 9 = g >In W) (20)
OlnW F?Q(wZ)

IV. RESULTS

A. Charm and beauty

In Refs. [1] and [2], the reduced cross-sections and
structure functions of the charm and beauty quarks at cen-
ter-of-mass energies +/s=319GeV and +/s =318 GeV
can be observed respectively. The masses of the charm
and beauty quarks are set to m.=15GeV and
myp =4.75 GeV respectively. The extracted values of %

sz ?
and % from the HERA data in Refs. [1] and [2] are giv-
F
2
en in Figs. 1 and 2 respectively. In these figures the ratio
of structure functions for the charm and beauty quarks is

A ° Charm data |
:_. e H1 2010
1 N e ZEUS 2014 |
] L4 ° ]
[ J
® °
oo 8 o oekp o
s % oo.‘
[ ] : ®
0.1 4
] ° ]
[ ]
— : : —
4 5
10 Wz[GeVZ] 10
Fig. 1.  (color online) Ratio of charm structure functions,

with respect to HERA data (H1 2010 [1] and ZEUS 2014 [2]),
shown as a function of W? values.
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Fig. 2.  (color online) Ratio of beauty structure functions,

with respect to HERA data (H1 2010 [1] and ZEUS 2014 [2]),
shown as a function of W? values.
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plotted over a wide range of the invariant mass W2. Cal-
culations allowed the invariant mass W? to vary in the in-
terval 5000 < W? < 60000 GeV?> when x and Q? vary ac-
cording to the HERA data. We observe that these ratios
of structure functions are statistically very scattered.
However, according to Eq. (19), the linear fit of these
HERA data indicates the difference between intercepts
for charm and beauty quark production. The results of
this linear fit are given in Table 2. Our belief is that the
behavior of /1‘2’20 corresponds to hard pomeron behavior.
Based on this, the /lfa intercept can be determined based
on the HERA data. Nevertheless, the data have the strik-
ing property that the ratio of structure functions behaves
according to the following form:

QQ QQ
FOAW?) fs

(Wz)M;??
QQ " QQ ’
F35(W2) f7

21

where F?f(Wz)'—v fff.(Wz)”“. Figure 3 shows this ratio
(i.e., Eq. (21)) according to Table 2, and shows that the
importance of measuring the longitudinal structure func-
tion for the beauty quark is not less than that of the charm
quark. In this figure, A1 = A, — A, is obtained from a lin-
ear fit to the heavy quark structure functions into the in-
variant center-of-mass energy. Because the heavy quark
longitudinal structure function data scatter is high for H1
and ZEUS (according to Figs. 1 and 2), the linear fit of
the data shows a noticeable difference in this figure.
However, these fits can give comparable results below.

According to Eq. (14), our results for the ratio F?E/FgJa

are described in Fig. 4 for charm and beauty quarks over
a wide range of invariant mass W2. The masses of the

Table 2. A/l?za = /lfa - /lg’a determined for heavy quark pair
production (HQPP) according to HERA data in Refs. [1, 2].
HQPP A% Coll. Data

cc ~—0.68 Ref. [1]

cc ~=0.77 Ref. [2]

bb ~=-0.24 Ref. [1]

bb ~-041 Ref. [2]

s 12010 ob H1 2010 -

107 b
] - - -bb ZEUS 2014

- - -cc ZEUS 2014 ]

(WZ) A

N1 107 - S q
10" +————rrrry I ——rrrr]
10° 100 10 40 10 10°
WGeV’] W? [GeV]
Fig. 3. (color online) Behavior of function (W?)21, for (left)

charm and (right) beauty, with respect to HERA data (H1
2010 [1] and ZEUS 2014 [2]), shown as a function of W? val-
ues. Al= 1,1, is obtained from a linear fit to the structure
functions into the invariant center-of-mass energy.
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V. [ ]
020 0 TooTmeeeeeesooooooooone 4 0204 = SEECECOCCOIIITITITTeT
L)
0.18 o E
Q?=60 GeV? Q%=80 GeV?
[ cc This work [ cc This work
® ccH12010 ® ccZEUS 2014
0.16 . 0.15 .
104 10° 10 10°
0.14 . 0.16 .
~
3
~
w
___e
_______________ ..
0.13 4 4 015 PR e o E
G/ 7/7/4///4/7/7/47777/77
WO vl sdidivdsdrsinsnsa V000000 S
0.12 | 4 0144 ° i
Q=60 GeV? Q=80 GeV?
bb This work bb This work
© bb H12010 ® bbZEUS 2014
0.1 T 0.13 T
10 10° 104 10%

W2 [GeV?]

W2 [GeV?|

Fig. 4. (color online) Obtained Ffa / anZz for charm and beauty pair production, shown as a function of W? for Q% =60 and 80 GeV?.

The error bands show the mass error and the gluon exponent error added in prediction. The combined HERA data [1, 2] are also shown.
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charm and beauty quarks are defined according to Table
3. In this figure, our results at Q> =60 and 80 GeV? are
compared with HERA data from Refs. [1, 2]. These res-
ults are comparable with HERA data. As we see in this
figure (i.e., Fig. 4, the value of this ratio is almost con-
stant over a wide range of invariant mass. This ratio for
the charm quark at both Q? values is almost 0.21 and for
the beauty quark it is almost 0.13—0.15. This conclusion
for the charm quark is close to the results given in Refs.
[36-41, 63-71, 91-93]. In Fig. 5 we present the ratio
F?Q/Ffa for charm and beauty quarks as a function of
0% at W =200 GeV. We can see that the obtained results
are in agreement with those from experiment. The max-
imum value for charm and beauty ratios is the same and
is equal to ~0.21 over a wide range of Q? values. This
maximum value shifts to larger 0 values for the beauty
quark. Indeed, it shifts from Q>~60 GeV? for charm to
0?~800 GeV? for the beauty quark. In these calculations,
the errors are due to calculation errors related to the
charm and beauty quark masses and the gluon intercept.
Indeed, the average of the hard pomeron and color dipole

Table 3.
ic uncertainties [3].

Heavy quark masses, with statistical and systemat-

models for the gluon exponent is assumed as A, = 0.4+
0.1. In this figure we also compare our results for the ra-
tio of structure functions for charm and beauty with
HERA data [1, 2]. Although errors related to the experi-
mental data are not available, the comparison of these
results with HERA data are very good. It should be noted
that the data collected from HERA are related to
175 < W <225 GeV, and this is the reason for the error
between our results (at W = 200 GeV) and HERA data.
Now we focus attention on the energy shift from
HERA to the LHeC. LHeC data will also allow us to in-
crease our knowledge of heavy flavour structure func-
tions [94, 95]. Due to the increase in center-of-mass en-
ergy in new colliders, the LHeC will provide data on
charm and beauty structure functions extending over
nearly 5 and 6 orders of magnitude in x and Q? respect-
ively [27, 28]. According to the predicted energy range
for the LHeC, the center-of-mass energy will be in the
range 10°<W?<10° GeV2. In Fig. 6, phenomenological
predictions of the charm and beauty structure functions
are determined at center-of-mass energy +/s=13TeV.
We can see that as the energy increases, the maximum
values for these ratios are still ~0.21. However, the value
of Q% increases slightly, as the maximum ratio value
FE/FS is of the order O(100 GeV?), and the maximum

ratio value F ZB/F é’z is of the order O(1000 GeV?). In this

Quark Mass exp/fit Model Parameterization
. 1290 Gev 0006 0002 20003 figure (i.e., Fig. 6, we show the Q? dependence of the
- —0.041 -0.014 —0.031 .
00 00 003 heavy quark structure functions evaluated at NLO analys-
b 4.049 GeV +0.104 +0.090 +0.001 .
~0.109 —0.032 —0.031 is.

0.25 T T T 0.25 T T T

o °

<
0.20 + 0.20 + -
0.15 4 0.15 -
0.10 0.10 H -
0.05 4 cc data 0.05 4 bb data E

* [ This Work with W=200 GeV/ [Z7] This Work with W=200 GeV
® H12010 with 175<W<225 GeV ® H12010 with 175<W<225 GeV
*  ZEUS 2014 with 175<W<225 GeV *  ZEUS 2014 with 175<W<225 GeV
0.00 T T T 0.00 T T T
10! 102 10° 10! 102 10°
o 025 . . . Q2 [GeV?

w

5
0.20
0.15
0.10
0.05 W=200 GeV

—[cc
—[ZZAbb
0.00 T T T
10’ 10? 10°
Q?[GeV?

Fig. 5. (color online) The ratio Ffa / F?ZZ for charm and beauty pair production, shown as a function of Q? for fixed W2. The error

bands show the mass error and the gluon exponent error added in prediction. Our results for charm and beauty are shown for
W =200 GeV and compared with H1 2010 [1] and ZEUS 2014 [2] data in 175 < W <225 GeV .
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08 T ":"| bk B LR B Rtk I B B ML B
Ty cc-LHeC bb- LHeC
Ty Q%=1 GeV? 1 1 = @*=1cev?
064 © Q%=10GeV? 1 4 e a*10Gev? 4
A Q%=100 GeV? A Q%=100 GeV?
Q%=1000 GeV? 1 Q?=1000 GeV?

o4 ¢ @°=10000 GeV? ¢ Q%=10000 GeV?

y= 6E-5, 6E-4, 6E-3, 6E-2, 6E-1 y= 6E-4, 6E-3, 6E-2, 6E-1

0.2 - A A A ] 4
A A #

L] ] ] ] ] o o o °
0.0 4 - ] ] n

bk Bk LA ML b B bbbk Bk B B Bk B
10' 10% 10°® 10* 10° 10° 10" 10% 10° 10* 10° 10°
W2 [GeV?] W2 [GeV?]
Fig. 6. (color online) Theoretical predictions for the ratio of
(left) charm and (right) beauty structure functions at
vs=13TeV (LHeC center-of-mass energy) shown as a func-
tion of W? for different Q? values. The predictions for differ-

ent inelasticity y values are also shown.

B. Top

Top quark pairs can be produced the LHeC and FCC-
eh from y*p—rtt reactions. DIS measurements at LHeC
and FCC-eh will allow determination of the top distribu-
tion function. The production of top quarks in electron-
proton collisions at LHeC and FCC-eh can provide a
stringent test of new physics at ultra-high energy (UHE),
with the proposed center-of-mass energies being 1.3 and
3.5 TeV respectively. One of the QCD corrections in top
quark production is the QCD coupling ay(u?) (u*o8%s
where g is the QQ relative velocity and 5= 4m?) [94, 95].
The running coupling constant at the LHeC is the H1 res-
ult at NNLO analysis with 0.2% uncertainty from the
LHeC and 0.1% uncertainty when combined with HERA
data [24-29, 96]. Here we use the active number of fla-
vors ny = 6 in the running of a;, [27-29]. Because the top
threshold is high enough, the range of inelasticity changes
is very important in determining the ratio F’Z/F’; . For
Q% = 40000 - 50000 GeV?, where Q> >m? (m, =172+
0.5 GeV), the area available in the future colliders covers
the inelasticity from 0.300<y<0.800 and 0.080 <
vy <0.850 at LHeC and FCC-eh respectively. The Wilson
coefficient functions experience a slow rescaling by re-
placing z—y. This changes the integration range of z in

2
t

the convolutions to x(l + %)QQ with the Bjorken
variable x [34]. In the following we will discuss the ratio
F’L’ /Fg in ¢ production at the LHeC and FCC-¢h. In Fig.
7 we present this ratio for 0% = 40000 and 50000 GeV? as
a function of W?. Because 0<y<l, the range of «x
changes is very limited. Notice that the large inelasticity
is only for scattered electron energies much smaller than

0.20 : . .
Ty fi- LHeC fi- FCC-eh
w m  Q2=40000 GeV? B Q2=40000 GeV?
045] © Q>=50000Gev2 | | ® Q%=50000GeVv* |
y= 0.4, 0.5,0.6,0.8 | y= 0.08,0.14,0.33,
{ 0.41,0.82
0.10 ° 4 4 o ©® i
u [ ]
Hy -
[ |
0.05 — 4 4 i
[ ]
0.00 —r — e
10° 108 107
W2 [GeV?E] W2 [GeV?]
Fig. 7. (color online) Theoretical predictions for the ratio of

top structure functions at +/s=1.3 TeV (LHeC center-of-mass
energy, left) and at +/s=3.5TeV (FCC-ch center-of-mass en-
ergy, right) shown as a function of W? for Q% =40000 and
50000 GeV?. The predictions for different inelasticity y values
are also shown.

the electron beam energy (i.e., E,<E, and y=1-E./E,).
In this region where E/ is small, the electromagnetic and
hadronic backgrounds are important [27, 28]. The max-
imum value for the ratio F’E /Fg with respect to the in-
elasticities (i.e., 0.300 < y < 0.800 and 0.080 < y < 0.850 at
LHeC and FCC-eh, respectively) is almost ~0.1. Of
course, this value for the ratio F ’L’ /Fg also increases to
~(.21, when both Q? and x values increase. In this re-
gard, the Q2 value must be of order O(100000 GeV?) at
LHeC and of order O(1000000 GeV?) at FCC-eh, with the
x value of order O(0.1). All these predictions can be seen
in Fig. 8. In this figure, the ratio of structure functions
results for charm, beauty and top pair production are vis-
ible for the range of energies available for future acceler-
ators. However, this range of x and Q* will be seen in fu-
ture accelerators.

For the calculations presented, we considered the
mass error and the gluon exponent error. In all figures,
bandwidth errors are included. In Fig. 9, we consider the
effect of the renormalization/factorization scale uncer-
tainty in the ratio F,/F, for charm and beauty due to the
LHeC center-of-mass energy. The left and right panels of
Fig. 9 show the ratio F/F, for charm and beauty as a
function of @ for x =0.001 respectively. Our NLO res-

ults for pep) = 2mepy and pep) = ‘,4’"3(17) +Q? are presen-

ted in this figure, where they are compared with the
quantities represented in Refs. [36-41] (A. Y. Illarionov,
B. A. Kniehl and A. V. Kotikov, Phys. Lett. B 663, 66
(2008)) and [63-71] (N. Ya. Ivanov, and B. A. Kniehl,
Eur. Phys. J. C 59, 647(2009)). In both references, the ra-
tios are independent of the choice of the gluon distribu-
tion. These approaches based on perturbative QCD and
kr factorization give similar predictions for the ratio of
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also the ratio of top structure functions at LHeC and FCC-eh center-of-mass energies shown as a function of @ for y=0.2, 0.4, 0.6 and

Fig. 8.
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Fig. 9. (color online) Comparison of F/F, calculations for

(left) charm and (right) beauty vs.Q®> with two different
choices of u. These results are compared with LO (solid lines)
and NLO (dashed lines for u = v/4m?+ Q2 and dotted lines for
u =2m) quantities from Refs. [36-41] (A. Y. lllarionov, B. A.
Kniehl, and A. V. Kotikov, Phys. Lett. B 663, 66 (2008)) and
also with results Refs. [63-71] (N. Ya. Ivanov and B. A.
Kniehl, Eur. Phys. J. C 59, 647 (2009)) (black points) at x =
0.001.

the heavy quark structure functions. One of these studies
(N. Ya. Ivanov, and B. A. Kniehl, Eur. Phys. J. C 59,
647(2009)) provides an analytical result for the ratio of
structure functions for arbitrary values of the parameter
A, in terms of the Gauss hypergeometric function. They
consider compact formulae for the ratio in two particular
cases, 1, =0 and 1, =0.5. The simplest case leads to a

non-singular behavior at small x for the structure func-
tions and the other (i.e., 1, =0.5) originates from the
BFKL resummation of the leading powers of In(1/x). In
the other reference, the authors provide compact formu-
lae for the ratio of structure functions with respect to the
Mellin transform. In the following, for low and moderate

0?, one should take quark mass into account. We there-
2

nm
fore replace x— (1 + Q—za]x in the formula for the ratio of

heavy quark structure functions. The behavior of the ra-
tios is much less sensitive to the choice of scale u at low
and moderate values of Q?, as seen by comparing the cor-
responding curves in the two figures. For Q2>>4mf(b), the
NLO predictions exhibit an appreciable scale depend-
ence. One can see that all the considered NLO predic-
tions agree with the results in the literature, with a good
accuracy.

V. SUMMARY AND CONCLUSIONS

We have presented the ratio F ?Q /F gza for charm and
beauty pair production with respect to HERA data. The
behavior of these ratios are in good agreement with ex-
perimental data over a wide range of W? values. A
power-law behavior for the ratio of structure functions for
heavy quark pair production is predicted. Results as a
function of Q? for an invariant constant value are in
agreement with those found in the literature in the frame-
work of perturbative QCD. We have also studied the pro-
duction of heavy quark pairs in future electron-proton
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colliders (LHeC and FCC-eh). The ratio of charm and
beauty structure functions were studied at the center-of-
mass energy +/s=1.3TeV, which is proposed for the
LHeC. For top quark pair production, which will be an
important production channel at both LHeC and FCC-eh,
the ratio of structure functions was determined and com-
pared with respect to the center-of-mass energies in the
future colliders. The results of numerical calculations for
heavy quarks in the LHeC and FCC-¢h are available with
respect to the inelasticity, defined in accordance with the
center-of-mass energies. These results highlight the im-

portance of measuring the longitudinal structure function
in the production of heavy quarks in the future, with re-
spect to the energies available in the new accelerators.
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